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Abstract

Time series forecasting requires reliable uncertainty esti-
mates. Gaussian process regression provides a powerful
framework for modelling this in a probabilistic fashion. How-
ever, its application to large time series is challenging, due
to its cubic time complexity and quadratic memory require-
ment. In this work, we present KernelMatmul, a novel method
that accelerates Gaussian process inference and thus facili-
tates scaling of Gaussian process regression to large, irregu-
larly sampled and multi-output time series. Leveraging con-
jugate gradients in combination with sparsity approximation,
KernelMatmul achieves time and memory complexity linear
in the number of samples. We thoroughly benchmark our new
method against multiple baselines to demonstrate its benefits
and limitations, both in efficiency and accuracy.

Implementation —
https://github.com/Turakar/kernel-matmul

Experiments —
https://github.com/Turakar/kernel-matmul-benchmark

1 Introduction

Time series data is common in our modern society. Ex-
amples include environmental sensors, medical monitoring
data, machine operation, and traffic measurements (Chan-
dola and Vatsavai 2010; Diirichen et al. 2015; Chandola and
Vatsavai 2011; Godahewa et al. 2021). These time series
contain a wealth of information about the underlying pro-
cesses. When performing predictions on these time series,
we require not only an estimate of the expected value but
also of the prediction confidence. Many predictions become
uncertain the further away we move from our initial data due
to unforeseen influences (e.g., weather changes).

Gaussian processes (GPs) provide us with a mathemati-
cally rigorous way to model these uncertainties (Rasmussen
and Williams 2006). To this end, a probabilistic method is
employed. GPs model the covariance between samples to
obtain a prior distribution. The covariance matrix over all
samples is called the kernel matrix. Given this prior, a pre-
dictive posterior distribution can be obtained from existing
observations by Bayesian principles; this distribution is mul-
tivariate normal and provides both a mean and a confidence
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estimate. As such, the application of GPs to time series
seems beneficial, but there is one important restriction: For
inference of the posterior distribution, we need to perform
costly linear algebra operations on the kernel matrix, which
incur a computational complexity of ©(/N?) and a memory
requirement of ©(N?) for N samples when using the tradi-
tional approach to inference with the Cholesky decomposi-
tion (Rasmussen and Williams 2006). This quickly becomes
infeasible for large N.

Thus, other inference schemes are required for analysing
large time series using GPs. Often, this includes approxima-
tions: We can approximate the posterior of the GP, e.g., us-
ing variational inference (Hensman, Matthews, and Ghahra-
mani 2015), or the prior kernel matrix, e.g., using structured
kernel interpolation (Wilson and Nickisch 2015). In this
work, we will focus on accelerating inference using conju-
gate gradients (CG) (Gardner et al. 2018), which replaces the
Cholesky decomposition by an iterative solver and mainly
requires one central operation: The multiplication of the ker-
nel matrix by an arbitrary right-hand side (RHS). Thus we
can avoid storing the kernel matrix in memory and instead
compute it on-the-fly. Further, we add a sparsity assumption,
assuming that the covariance of distant samples is zero.

Our core contribution is KernelMatmul, an implementa-
tion of the kernel matrix multiplication operator with key
benefits:

* on-the-fly computation of the kernel matrix to reduce the
©(N?) memory requirement to O (N );

* an (optional) sparsity assumption suitable for large time
series, reducing the computational complexity of kernel
matrix multiplication from ©(N?) to O(N);

* GPU acceleration using CUDA (NVIDIA 2023b), which
partially hides the latency of on-the-fly computation be-
hind the global memory latency.

These benefits are implemented by a single CUDA kernel
with accompanying Python bindings that performs the ker-
nel matrix multiplication and is easily integrated into exist-
ing frameworks, such as GPyTorch (Gardner et al. 2018).
After the introduction of the background (Section 2) and
a discussion of related work (Section 3), we introduce Ker-
nelMatmul (Section 4). Our work includes a benchmark of
multiple approaches to kernel matrix multiplication perfor-
mance (including KeOps (Charlier et al. 2021)). This bench-



mark demonstrates improved performance of KernelMat-
mul on many configurations (Section 5.1). An investigation
of the residuals (Section 5.2) showcases the low error in-
troduced by our sparsity approximation. Additionally, we
provide a comparison (Section 5.3) to other approximation
schemes, such as variational inference (Wu, Pleiss, and Cun-
ningham 2022) and structured kernel interpolation (Wilson
and Nickisch 2015). Finally, we end with a short conclusion
(Section 6).

2 Gaussian Processes for Time Series

Instead of estimating a single function f to explain our data,
we model a distribution over functions using a GP (Ras-
mussen and Williams 2006). A GP is defined by its mean
and covariance function, which define a normal distribution
for every finite set of samples. For a scalar input like in time
series, we obtain the following definition for all finite sets of

locations x = (21,...,zy) ' € RV:
f~GP(u(), K(-)) M
& (f@1),- - flan) " ~ N(u(x), K(x,%), @)

where 1 : RN — R defines the expected mean (often
set to a trained constant) and K : RN x RN — RNXN
defines the covariance of all samples. Importantly, the ker-
nel matrix K (x,x) has to be positive semi-definite for arbi-
trary inputs and is defined element-wise by the kernel func-
tion (K'(x,x)); ; = k(xi,z;), 1 < 4,j,< N. Commonly,
one uses the radial basis function (RBF) kernel. This ker-
nel function is stationary and thus expressed by the distance
7 = x — z’. In the following, we use k(7) and k(x,z’) in-
terchangeably for stationary kernels.

where A > 0 defines the lengthscale of the covariance ex-
pressed by the kernel function. Given a certan prediction
horizon 7., we want to choose \ large enough for meaning-
ful predictions at that horizon. If A is too low, k(7,) would
be close to zero, and the prediction would be dominated by
the mean. Thus, we choose A such that k(7.) > 0.9, where
0.9 is an arbitrarily chosen threshold. This is fulfilled by

72
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for the RBF kernel (derivation provided in the supplemen-
tary material).

To model periodic patterns in time series, we decided to
use the spectral kernel function (Wilson and Adams 2013):

7_2

2.2

K(r) = exp (— 3

“

7_2
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k(1) = exp (— > ccos(2-m-v-T) Q)
where v > 0 defines the frequency of the modelled periodic
signal. Periodic patterns are often found in time series, and
they have proven beneficial in previous studies (de Wollff,
Cuevas, and Tobar 2021; Altamirano and Tobar 2022). With
an RBF kernel, no proper predictions can be made beyond
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a trivial interpolation to the mean. Note that this kernel con-
verges to the RBF kernel for v — 0. We use the same length-
scale as for the RBF kernel, as the periodic component is
only a modulation of the RBF kernel.

Before training, we initialise the parameters from the
peaks of a Lomb-Scargle periodogram (Press and Rybicki
1989) of the training data, similar to the work by de Wollff,
Cuevas, and Tobar (2021). The Lomb-Scargle method fits a
mixture of sine and cosine waves to the signal to find its pe-
riodic components. In contrast to the fast Fourier transform
(FFT), it is applicable to time series with non-equidistant
sampling. To model multi-output time series and multiple
frequencies of the spectral kernel, the standard linear model
of coregionalization (LMC) (Bonilla, Chai, and Williams
2007) is employed. As such, if there is only one output, as
it is the case in our experiments, the LMC corresponds to
replacing the kernel function by a weighted sum of spectral
kernel functions with different parameters. We provide more
details on this initialization in the supplementary material.

For inference, the following posterior is obtained for the
expected values £* at new locations x* given the GP prior
and the observed values y containing i.i.d. Gaussian noise
with variance o > 0 for the training locations x:

| x*, x,y ~ N(p, )
with g = p(x*) + K (x*,x)- K !y
and ¥ = K (x*,x*) — K(x*,x)- K ' K(x,x*)
where K = K(x,x) + a1

(6)

For training, we optimise the likelihood of the training data

—logp(ylx) =5 (y-w" -K'-(y—p)+ O

N~ N -

N
-log(| det K|) + 5 log(2 - )

using gradient descent with Adam (Kingma and Ba 2017)
until convergence on the parameters.

In the previous two equations, one can observe the com-
putational issues associated with GP regression; in partic-
ular, the computation of the terms involving the inverse
of the kernel matrix and its log determinant is challeng-
ing. Traditionally, one computes the Cholesky decomposi-
tion K = L - L'" defined by the lower triangular matrix L.
Once L is obtained, the mentioned computations can be per-
formed efficiently. As mentioned, the computational com-
plexity of obtaining L is in ©(N?), and we need to store L,
which requires ©(N?) memory.

3 Related Work

Usually, one uses the Cholesky decomposition of the kernel
matrix for inference and training, as outlined by Rasmussen
and Williams (2006). However, this incurs a computational
complexity of ©(N?) and a memory requirement of ©(N?),
as the decomposition has to be stored in memory. This ren-
ders this naive scheme infeasible for large values of N.
Several approaches have been developed to account for
this issue. The ones presented here can be categorised into
three groups: (a) improving the inference for exact GPs, (b)



approximating the GP prior and (c) approximating the pos-
terior (Liu et al. 2020).

For (a), Gardner et al. (2018) proposed to use CG for in-
ference. For this, one reformulates K~! - (y — ) to a lin-
ear equation system K - « y — p and solves it itera-
tively by minimizing the squared error || K - — (y — p)||?.
Interestingly, one can even estimate log | det K| by adding
additional columns to the RHS of the linear equation sys-
tem. For our purposes, we use the CG inference imple-
mented in GPyTorch (Gardner et al. 2018). To use CG for
inference, we must compute the kernel matrix multiplica-
tion h(A) = K (x,x’)- A for an arbitrary matrix A € RV*D
in every iteration. Here, D is the number of RHS columns,
which is D = 11 - L for L latent models in the LMC with
default GPyTorch settings, i.e., the original y — p plus 10
additional columns for the estimation of the log determi-
nant. CG provides us with two important benefits: First, it
removes the need for the costly Cholesky decomposition by
replacing it with a series of kernel matrix multiplications.
Secondly, this allows us to focus on the kernel matrix mul-
tiplication operator h(A). One can employ multiple GPUs
for higher memory capacity and increased througput when
computing h(A) (Wang et al. 2019). However, it is not nec-
essary to store K(x,x’) to compute h(A). For example,
KeOps (Charlier et al. 2021) can be used to implement /(A)
using an on-the-fly computation of K (x,x’), reducing the
memory requirement to ©(N). Of course, this comes at the
cost of re-computing the entire kernel matrix on every CG
iteration, demanding an efficient implementation.

For (b), Wilson and Nickisch (2015) proposed to approxi-
mate the true kernel matrix by interpolation on a regular grid
of Njyq points. Thus, all interpolation points must be equidis-
tant. With this setup, the kernel matrix has Toeplitz structure,
i.e., its main and off-diagonals are constant. This allows for
the computation of the matrix product using the FFT (Go-
hberg and Olshevsky 1994). Thus, the complexity is reduced
t0 O(N + Ning - log(Ning)) and the memory requirement to
O(N + Ning). We refer to this strategy as structured kernel
interpolation (SKI). Alternatively, one can let the kernel in-
fer a sparsity pattern during training (Noack et al. 2023).

For (c), one can try to approximate the posterior of the GP.
This is often achieved with variational inference (Hensman,
Matthews, and Ghahramani 2015), which has recently been
extended by Wu, Pleiss, and Cunningham (2022) to account
for locality in the data. In this variational nearest neighbour
Gaussian process (VNNGP) framework, one only consid-
ers a small neighbourhood of Ny, points for each point.
By exploiting this locality, the complexity can be reduced
to O(N - N3 ) while the memory requirement is reduced to
O(N2,) by splitting the training dataset into multiple fixed-
size batches. Note that CG-based inference can be combined
with variational inference (Pleiss et al. 2020).

4 KernelMatmul: Large Sparse Kernel
Matrix Multiplication
KernelMatmul builds on CG (Gardner et al. 2018) and fo-

cuses on the optimisation of the kernel matrix multiplication
operation h(A) = K(x,x’) - A. To this end, we employ
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Figure 1: The KernelMatmul multiplication scheme. Shaded
areas are dense. The black lines mark the elements partici-
pating in a single block of matrix multiplication. K (x,x")
(blue) is computed on-the-fly and follows the special spar-
sity structure. The input is marked green, while the output is
shown in orange.

two important tricks: First, we observe that distant values
are approximately uncorrelated, and we thus enforce spar-
sity in the kernel matrix, which leads to a time complexity
of ©(N). Second, the entries of K (x,x’) are computed on-
the-fly, reducing the memory requirement to ©(NV).

To implement the sparsity approximation, we assume
k(t) = 0if 7 > ¢, where ¢ > 0 defines the cutoff dis-
tance. As the cutoff ¢ might be hard to specify in general,
we use the following observation:

Theorem 1. For an RBF kernel and a relative error of € >
0, the requirement

[ woiar=a-o- [ wolar @
leads to the solution
c=V2-XNerf 11 —e), 9)

1 . .
where erf~~ denotes the inverse error function.

This can be proven by first observing that |k(7)| = k(7)
for an RBF kernel, then rewriting the integrand to the PDF
of a normal distribution and applying the known relationship
between the CDF of the normal distribution and the error
function. A detailed proof is presented in the supplementary
material. For a cutoff ¢ defined by Theorem 1, a fraction of
€ of the total mass of the kernel function is lost. The cutoff
scales proportionally with the lengthscale A\ and the inverse
error function of 1 — e.

As the magnitude of the spectral kernel is bounded by
the RBF kernel, and an analytical solution could not be re-
trieved, we use the same equation for the spectral kernel.
Thus, the targeted mass (defined by €) might differ from
the achieved mass (defined by c) for the spectral kernel. We
conducted a numerical study to estimate the resulting error,
shown in Figure 2. Each plot shows the relative error ex-
pressed by

(1—e)- [7 [k(r)|dr
JE k()] dr

target mass

achieved mass

(10)
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Figure 2: Relative error of the estimate of the approximated kernel function mass, i.c. 1 — (1 —e¢)- [~ _|k(7)[dr/ [©_|k(7)|dT

of a spectral kernel function with the approximation by Theorem 1. All values are computed using integral quadrature. The
spikes are caused by numerical integration failure due to round-off errors. Without loss of generality, we set A = 1, as this

merely corresponds to a scaling of 7 and v.

Thus, this measure is positive if the achieved mass is higher
than the target mass, i.e., if our approximation of the ker-
nel function is better than expected. On the more interesting
negative side, where we underapproximate the kernel func-
tion, we observe a maximum error of €/2 which quickly van-
ishes with higher frequencies. We note that these considera-
tions also apply for the case of the LMC, as the integral in
Theorem 1 can be decomposed into a sum of integrals in this
case.

Combined with a block-wise computation and ordered
x,x’, this cutoff leads to the special sparsity structure illus-
trated in Figure 1. We note that the layout of this sparsity
pattern can be computed efficiently in O(N) time by iter-
ating. To do this, we use the following technique: During
iteration over the rows of the kernel matrix, we keep track of
the start and end points of the previous row. Then, on each
iteration, we know that the next start point cannot be before
the previous one, and that the next end point cannot be be-
fore the previous one, because x is sorted.

To perform the kernel matrix multiplication under spar-
sity efficiently, we implemented a custom CUDA kernel.
To parallelise the computation of the kernel matrix prod-
uct, we split the problem into blocks, as shown in Figure 1.
As stated previously, we compute the corresponding block
of K(x,x’) on-the-fly to reduce GPU memory usage. Due
to the comparatively low throughput of memory operations,
we can hide the added computations partially by the use of
instruction-level parallelism (ILP) (NVIDIA 2023a, Chap-
ter 4). The blocks are distributed to the processors of the
GPU by the NVIDIA driver. Each block iterates along the
corresponding rows of the kernel matrix and aggregates the
values using multiple threads. For increased parallelisation,
the iteration along the rows can be split into multiple sub-
blocks, and the number of threads per block is configurable.
As the RHS entries and x’ values corresponding to each
block are used multiple times in every step, we cache these
values in the shared memory.

The correctness of our KernelMatmul implementation
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was assured by means of an extensive suite of unit tests. Ex-
cept for the block size, all other parameters of the kernel,
including the number of threads, are auto-tuned on each first
call. The block size cannot be autotuned easily because it
defines the sparsity pattern which is computed beforehand.

5 Results

We performed a total of three experiments to assess the ben-
efits and limitations of KernelMatmul. First, we did a thor-
ough benchmark for kernel matrix multiplication. Second,
we quantified the error introduced by the sparsity approxi-
mation in terms of the residual. Finally, we compared Ker-
nelMatmul to other GP scaling methods. All experiments
were run on an NVIDIA H100 GPU with CUDA 12.1 on
Linux. Detailed information on the software versions can be
found in the code repository.

5.1 Performance Comparison

At the core of KernelMatmul is its acceleration of kernel
matrix multiplication. To assess its effectiveness, we per-
formed an extensive benchmark on many matrix multipli-
cation tasks, for which we used the RBF kernel with varying
kernel matrix sizes NV, number of RHS columns D and cut-
off values c. We benchmark on 50 randomly spaced inputs
x,x’ and compare on the dense case (¢ — ©0), too. The
RHS is fully random as it does not affect performance. With
this design, the performance is independent of the length-
scale (as opposed to using € values via Theorem 1), which
we set to A = 1. As baseline methods, we chose naive dense
matrix multiplication using the industry-standard cuBLAS
implementation by NVIDIA, blocked sparse matrix multi-
plication using cuSPARSE, also developed by NVIDIA, and
the previously mentioned on-the-fly approach KeOps (Char-
lier et al. 2021). For all sparse methods, we optimised the
block size for maximum performance using some example
configurations beforehand. The results are shown in Fig-
ure 3. We perform all experiments without the fast math
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Figure 3: Benchmark of multiple baseline kernel matrix multiplication schemes and KernelMatmul. Columns correspond to
increasing cutoff values, where the last value corresponds to a dense matrix without a cutoff. In the top row, each cell indicates
the fastest method for this configuration. In the bottom row, each cell indicates the relative speedup of KernelMatmul (dense
or sparse) over the best baseline method. For reference, the powers of two shown are 20 = 1, 22 = 4, 2* = 16, 26 = 64,
28 = 256, 211 = 2048, 2'* = 16384 and 2!7 = 131 072. Performance is measured as the median wallclock time of 50 runs
on an NVIDIA H100 GPU. All differences are significant according to a Wilcoxon signed-rank test with a false-discovery-rate
correction (¢ = 0.05).

compiler setting. With fast math, the accuracy of some func- is less pronounced there, due to the inefficiencies of KeOps.
tions would be unspecified beyond a certain range (NVIDIA At the largest tested kernel matrix size of N = 2'7, the
2023a, Chapter 13.2). The reciprocal of the lengthscale is naive approach runs out of memory. Thus, KernelMatmul
computed ahead of time for KernelMatmul and KeOps to performs best on these configurations, even for higher num-
avoid expensive divisions during the matrix multiplication. bers of RHS columns.
For each configuration and algorithm, we collect 50 samples The sparse complement of cuBLAS, namely cuSPARSE,
of the wallclock time. All measured differences are signifi- is a competitor for KernelMatmul on very sparse matrices,
cant by a Wilcoxon signed-rank test (Wilcoxon 1992) with i.e., for low cutoff values. In these cases, the highly opti-
o = 0.05 and false-discovery-rate correction. mized implementations of cuSPARSE offer a distinct advan-
Notably, KernelMatmul outperforms KeOps on all tested tage over KerneIMatmul. However, even for very sparse ma-
configurations. We thus conclude that KernelMatmul is bet- trices, KernelMatmul still outperforms cuSPARSE on cer-
ter suited for large kernel matrix multiplication for time se- tain configurations, e.g. on a mf)defate n_umbef (_)f RHS
ries (i.e., single-dimensional input) than KeOps in general. columns and large kernel sizes. With a medium to high cut-
During development, we identified two main reasons for off, KernelMatmul outperforms cuSPARSE on most config-
this: For one, KernelMatmul makes use of the shared mem- urations.
ory, and second, KernelMatmul decreases the computational The speedups achieved by KernelMatmul over the base-
load by combining computed kernel matrix entries with mul- lines can be quite high. While only achieving medium
tiple RHS entries if applicable. We suspect that KeOps might speedups for cases with a high number of RHS columns,
be limited by its generic approach. KernelMatmul is up to 4 times faster than the baseline meth-

ods on configurations with a low to medium number of RHS
columns. The highest speedup is achieved in the dense case
for very large kernel matrices and a high number of RHS
columns. As cuBLAS runs out of memory in those cases,
we observe a 9-fold improvement over the next best method,
KeOps dense. As an example, this situation occurs in long
time series with multiple outputs if an LMC is used.

While NVIDIA’s cuBLAS implementation, which is in-
herently dense, is quickly outperformed by KernelMatmul
on low cutoff values (i.e., high sparsity), we even outper-
form cuBLAS matrix multiplication on large dense matri-
ces with few RHS columns. While this might seem counter-
intuitive at first glance, as cuBLAS does not perform a re-
computation of the kernel matrix on every call, this type of
matrix multiplication is bound by the speed of the memory

transfers (memory-bound). As such, the on-the-fly compu- 5.2 Sparsity Approximation Error

tation of kernel matrix values trades off memory load time In this experiment, we quantified the error introduced by
with unused compute time in these cases, leading to faster the sparsity approximation. We used N = 10 000 randomly
matrix multiplication. This effect also occurs for KeOps but placed samples of sin(2-7-v-x) for € [0, 100] with Gaus-
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Figure 4: The different coloured lines correspond to varying lengthscales A of the kernel function. Left: Residual of the solution
found with cutoff € under the dense kernel matrix. For each value of )\, the dashed line indicates the residual obtained without
sparsity. The black dashed line indicates the CG tolerance of GPyTorch (Gardner et al. 2018) during inference. Right: MSE of
predictions on a separate test dataset with GPyTorch default CG tolerance. Note that the variance of y as defined is 0.5. In both
plots, the variance of the measurements over 50 random versions of the data x and y is too small for plotting.

sian noise drawn from N(0,0.01) as an example dataset.
The large value of N and the range for = ensured that small €
values, i.e., large cutoff values ¢, do not immediately lead to
a dense kernel matrix. For this dataset, we constructed a per-
fectly matching spectral kernel (i.e., v = 1) with a = 0.01.
Commonly, e.g., in GPyTorch (Gardner et al. 2018), the er-
ror of a solution X to K(x,x) - X = y is assessed by its
residual ||y — K (x,x) - X||. Thus, we first computed a so-
lution using the approximated kernel matrix with a sparsity
of € and a low CG tolerance, and then calculated the residual
under the dense kernel matrix. To additionally account for
the influence this residual has on the prediction, we gener-
ated another 1000 samples after the training data for testing
and report the mean squared error (MSE) in a separate plot.
The predictions for this second comparison were generated
with GPyTorch default settings, i.e., a CG tolerance of 0.01.
The results from both experiments are shown in Figure 4.

After a certain ¢ value, the residual of the solution under
sparsity quickly increases. For both sparse and dense solu-
tions, the higher the lengthscale A, the larger the residual
becomes in general. This is likely caused by the increas-
ingly worse conditioning of the kernel matrix under high
lengthscales, a phenomenon well understood for RBF ker-
nels (Rasmussen and Williams 2006). Thus, even though the
effective cutoff c grows proportionally with A, the residual is
still higher than for a lower lengthscale. Once the residual of
the solution exceeds the GPyTorch tolerance, the test MSE
quickly deteriorates.

In general, the residuals are comparatively low. For an
€ < 107>, the sparse solutions are indistinguishable from
the dense solution with the default tolerance of GPyTorch,
both in terms of their residual and the test MSE. During
training, GPyTorch even chooses a tolerance of 1.0. Thus,
for sufficiently low e, KernelMatmul can make use of the
implied sparsity with a very low approximation error and
almost no influence on predictions.
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5.3 Accuracy Comparison

This experiment compares KernelMatmul-based CG infer-
ence (¢ = 107°) to other scaling methods for GPs. It was
executed on three datasets from the Monash Forecasting
Repository: London Smart Meters, Solar and Traffic (Go-
dahewa et al. 2021). We chose this repository because of its
design as a benchmark dataset collection. The datasets were
selected based on size (many different series) and length (at
least 10000 training samples). Because London Smart Me-
ters contains more than 5000 series, we limited our compar-
ison to the first 1000 series. All datasets contain equidistant
samples. We use the splits into training, validation and test
data provided by the the Monash Forecasting Repository. We
additionally limit the training context to the last 10 000 sam-
ples for all series, in order to equalise compute requirements.

We compared KernelMatmul to VNNGP (Wu, Pleiss, and
Cunningham 2022) and SKI (Wilson and Nickisch 2015),
as these are representative methods of the ideas in Section 3.
We chose VNNGP over the more standard SVGP because of
its neighbourhood approximation, which seems suitable to
time series. SKI used as many grid points as there are sam-
ples in the training set, while VNNGP used 64 neighbours
per sample. The latter value is limited by compute require-
ments.

For each dataset, we compiled a list of 11 randomly se-
lected subsets of 20 series each. Then, we performed indi-
vidual hyperparameter optimizations (HPOs) for each sub-
set and method. Every HPO is performed with SMAC3 (Lin-
dauer et al. 2022) in a multi-instance setting for 4 hours wall
time. The best configuration of each HPO is then evaluated
on all series in the test dataset by retraining on the train-
ing and validation data of that series. In the end, we report
the mean absolute scaled error (MASE) on the test dataset
in Figure 5. The MASE was proposed by Hyndman and
Koehler (2006) for a fair comparison of different forecast-
ing methods. We provide more details on the HPO in the
supplementary material.
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Figure 5: Top: Test MASE on different datasets from the Monash forecasting repository (Godahewa et al. 2021) for KernelMat-
mul, SKI and VNNGP. For each dataset and method, we perform individual HPOs on eleven different subsets of the validation
data. In the end, the models are re-trained with the best configuration on the validation data and evaluated on the test data.
Bottom: Average seconds per trial for each of the optimization runs from Figure 5.

On all three datasets, we observed an improvement of
KernelMatmul over the other methods. This improvement
is significant according to a paired Wilcoxon signed-rank
test (Wilcoxon 1992) (o« = 0.05). We notice that there is
no consistent difference in accuracy between SKI and VN-
NGP. The average time per trial is also shown in Figure 5.
While SKI is slightly faster than KernelMatmul on the tested
kernel size, we note that SKI has a worse scaling.

6 Conclusion

In this work, we present an implementation of kernel ma-
trix multiplication, dubbed KernelMatmul, that is optimised
for very fast GP regression on large time series. We thor-
oughly benchmarked its performance on a wide variety
of configurations. KernelMatmul additionally introduces a
cutoff-based sparsity approximation of the kernel matrix.
Our mathematical analysis allowed us to choose a cutoff
with a known error €. KernelMatmul scales well to low ¢
values with negligible impact on accuracy. In comparison to
other approximation methods, we observed improved fore-
casting accuracy of KernelMatmul. We note that KernelMat-
mul is especially well-suited for irregular time series. By
putting no constraints on the sample distances z;11 — z;,
KernelMatmul can natively adapt to arbitrary spacing of the
samples. This is in contrast to other approaches like SKI.
We believe that it should be possible to extend Kernel-
Matmul by kernel functions with compact support like those
presented by Barber (2020). This would allow for exact in-
ference and maybe a tighter cutoff. Due to its support for
irregularly sampled time series, KernelMatmul applies to
specialised downsampling methods that go beyond averag-
ing; for example, one might consider sampling more recent
and less distant samples for training the GP. More flexible
kernel functions might benefit prediction for the large con-
text sizes achievable with KernelMatmul. Over the larger
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time window that KernelMatmul provides, more complex
dynamics must be modelled by the kernel function. For
deep Gaussian processes (Jankowiak, Pleiss, and Gardner
2020), it is currently unclear how the sparsity approximation
can be deployed. However, kernel functions based on the
Fourier series, the sinc-function (Tobar 2019) or the multi-
objective spectral mixture kernel (MOSM (Altamirano and
Tobar 2022)) might be interesting. Finally, the current pre-
conditioning approach of GPyTorch (Wenger et al. 2022)
does not take into account the sparsity introduced by Ker-
nelMatmul.

Overall, we are convinced that KernelMatmul can enable
new applications of GPs. By using it, more faithful predic-
tions can be obtained, which also include an uncertainty es-
timate, a feature much needed for many applications.
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