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Abstract

In this study, we consider an optimization problem with un-
certainty dependent on decision variables, which has recently
attracted attention due to its importance in machine learn-
ing and pricing applications. In this problem, the gradient of
the objective function cannot be obtained explicitly because
the decision-dependent distribution is unknown. Therefore,
several zeroth-order methods have been proposed, which ob-
tain noisy objective values by sampling and update the iter-
ates. Although these existing methods have theoretical con-
vergence for optimization problems with decision-dependent
uncertainty, they require strong assumptions about the func-
tion and distribution or exhibit large variances in their gra-
dient estimators. To overcome these issues, we propose two
zeroth-order methods under mild assumptions. First, we de-
velop a zeroth-order method with a new one-point gradient
estimator including a variance reduction parameter. The pro-
posed method updates the decision variables while adjust-
ing the variance reduction parameter. Second, we develop
a zeroth-order method with a two-point gradient estimator.
There are situations where only one-point estimators can be
used, but if both one-point and two-point estimators are avail-
able, it is more practical to use the two-point estimator. As
theoretical results, we show the convergence of our methods
to stationary points and provide the worst-case iteration and
sample complexity analysis. Our simulation experiments with
real data on a retail service application show that our methods
output solutions with lower objective values than the conven-
tional zeroth-order methods.

Code — https://github.com/Yuya-Hikima/AAAI25-Zeroth-
Order-Methods-for-Nonconvex-Stochastic-Problems-
with-Decision-Dependent-Distributions

Extended version — https://arxiv.org/abs/2412.20330

Introduction
In this study, we consider the following problem:

(P) min
x∈Rd

F (x) := Eξ∼D(x)[f(x, ξ)],

where F : Rd → R is generally non-convex. The main fea-
ture of this problem is that the probability distribution D(x)
depends on the decision variable x. This feature appears in
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a wide range of applications such as performative predic-
tion (Perdomo et al. 2020) and price optimization (Ray et al.
2022; Hikima and Takeda 2024). Because of its importance
for applications, various studies have addressed this problem
(Perdomo et al. 2020; Mendler-Dünner et al. 2020; Ray et al.
2022; Chen et al. 2023).

In general, problem (P) is a non-convex problem: even
if f(x, ξ) is convex with respect to x, it is generally non-
convex since the probability distribution D(x) depends on
x. Moreover, there exists a difficulty: we cannot access the
gradient of the objective function because the probability
distribution D(x) is unknown in practical applications.

Recently, several studies (Ray et al. 2022; Liu, Li, and Wai
2024; Chen et al. 2023) have proposed zeroth-order methods
for (P). Concretely, (Ray et al. 2022) proposed a condition
under which the objective function of (P) is strongly convex,
and employed a zeroth-order method based on the following
one-point gradient estimator:

gk :=
d

µ
f(xk + µvk, ξk)vk,

where vk is a unit vector sampled uniformly from the unit
sphere in dimension d, ξk ∼ D(xk + µvk), and µ ∈ R≥0.
(Liu, Li, and Wai 2024) considered non-convex problem (P)
with a state-dependent setting where the distribution evolves
according to an underlying controlled Markov chain. They
proposed a zeroth-order method based on the above one-
point gradient estimator and showed its convergence to a
stationary point. (Chen et al. 2023) supposed that their opti-
mization problem can be reduced to convex ones, and they
employed a zeroth-order method based on the following gra-
dient estimator:

gk :=
d

2µ

(
f(xk + µvk, ξ

1
k)− f(xk − µvk, ξ

2
k)
)
vk,

where vk is a unit vector sampled uniformly from the unit
sphere in dimension d, ξ1k ∼ D(xk + µvk), ξ2k ∼ D(xk −
µvk), and µ ∈ R≥0.

Although these existing studies have successfully pro-
posed zeroth-order methods with theoretical convergence
for problem (P), there exist limitations. First, zeroth-order
methods with one-point gradient estimators (Ray et al. 2022;
Liu, Li, and Wai 2024) exhibit large variances of their gra-
dient estimators, which may increase the number of iter-
ations and sampling. Specifically, although the variances

The Thirty-Ninth AAAI Conference on Artificial Intelligence (AAAI-25)

17195



of their gradient estimators are bounded by using G :=
supx,ξ |f(x, ξ)|, G is generally large or unbounded. Second,
the existing zeroth-order method (Chen et al. 2023) with a
two-point gradient estimator supposes that the distribution
D(x) is included in a special exponential family and the
function f is required to satisfy a certain (intuitively diffi-
cult to understand) inequality (Chen et al. 2023, Section 3,
Appendix F).

In this paper, we propose two zeroth-order methods under
mild assumptions, which do not restrict f and D(x) to any
particular one. First, we develop a new zeroth-order method
with an improved one-point gradient estimator. Specifically,
we propose the following gradient estimator including vari-
ance reduction parameter ck:

gk :=
1

µk
(f(xk + µkuk, ξk)− ck)uk, (1)

where uk is sampled from the standard normal distribution
N (0, Id) in dimension d, ξk ∼ D(xk + µkvk), µk ∈ R>0,
and ck ∈ R. Then, we theoretically show that if ck is close to
Eξ∼D(xk)[f(xk, ξ)], the variance of the above gradient es-
timator is reduced. Based on this fact, we propose a zeroth-
order method that updates the iterates xk using the proposed
gradient estimator (1) while adjusting ck. Second, we de-
velop a zeroth-order method with the following two-point
gradient estimator:

gk :=
1

2µk

(
f(xk + µkuk, ξ

1
k)− f(xk − µkuk, ξ

2
k)
)
uk, (2)

where uk is sampled from the standard normal distribu-
tion N (0, Id) in dimension d, ξ1k ∼ D(xk + µvk), ξ2k ∼
D(xk − µvk), and µk ∈ R>0. Although our method is sim-
ilar to the zeroth-order method employed by (Chen et al.
2023), it does not assume strong assumptions for the distri-
bution D(x) and the function f . Moreover, we also include
the Gaussian homotopy technique (Iwakiri et al. 2022) in
both proposed methods to find potentially better stationary
points.

As theoretical results, we show the convergence of our
methods to stationary points and provide the worst-case it-
eration and sample complexity analysis. In particular, we
show that the worst-case sample complexity of our methods
is O(d

9
2 ϵ−6). Since the sample complexity of the existing

zeroth-order method (Liu, Li, and Wai 2024) for the non-
convex problem (P) is O(G6d2ϵ−6), the proposed method
has an advantage when G = supx,ξ |f(x, ξ)| is large or un-
bounded.

We conducted simulation experiments with real-data on a
retail service application. The results show that our methods
output solutions with lower objective values than conven-
tional zeroth-order methods.

Our contributions are as follows.
• We propose a new zeroth-order method with an im-

proved one-point gradient estimator. When G :=
supx,ξ |f(x, ξ)| is large or unbounded, the sample com-
plexity of the proposed method has an advantage over
existing zeroth-order methods (Ray et al. 2022; Liu, Li,
and Wai 2024), which also utilize one-point gradient es-
timators.

• We develop a zeroth-order method with a two-point gra-
dient estimator under milder assumptions than the exist-
ing ones (Chen et al. 2023), which utilize a two-point
gradient estimator. Although (P) is generally non-convex
under our loose assumptions, we show the convergence
of the method to stationary points and provide its sample
complexity.

Notation. Bold lowercase symbols (e.g., x,y) denote vec-
tors, and ∥x∥ denotes the Euclidean norm of a vector x. Let
R>0 (R≥0) be the set of positive (non-negative) real num-
bers. The gradient for a real-valued function F (x) is denoted
by ∇F (x). A binomial coefficient of a pair of integers m
and n is written as

(
m
n

)
. Let [N ] be the set of {1, 2, . . . , N}.

The standard normal distribution in dimension d is written as
N (0, Id).

Related Work
Zeroth-order Methods
Zeroth-order methods are a class of powerful optimization
tools to solve many complex problems, whose explicit gra-
dients are infeasible to access. Various types of zeroth-
order methods have been proposed and their convergence
has been analyzed (Ghadimi and Lan 2013; Nesterov and
Spokoiny 2017). Since then, multiple techniques for zeroth-
order methods have been proposed, such as techniques to re-
duce the variance of the gradient estimator (Liu et al. 2018;
Ji et al. 2019), to make the methods scalable through vari-
able selection (Wang et al. 2018), and to deal with regular-
ized problems (Cai et al. 2022).

Recently, zeroth-order methods have also been proposed
for problems with decision-dependent uncertainty (Ray et al.
2022; Liu, Li, and Wai 2024; Chen et al. 2023). (Ray et al.
2022; Liu, Li, and Wai 2024) proposed zeroth-order meth-
ods using one-point gradient estimators for (P) where the
distribution changes dynamically with time. (Chen et al.
2023) showed that (P) can be reduced to a convex optimiza-
tion problem for particular combinations of the distribution
D(x) and the function f . They then employed a zeroth-order
method using a two-point gradient estimator. In this study,
we propose a new zeroth-order method that extends the con-
ventional one-point gradient estimator used in (Ray et al.
2022; Liu, Li, and Wai 2024) by including a variance reduc-
tion parameter. Moreover, we also develop a zeroth-order
method with a two-point gradient estimator without strong
assumptions on the distribution and function.

Other Methods for Stochastic Problems with
Decision-dependent Uncertainty
We describe different techniques, other than zeroth-order
methods, for solving (P).1

1Another formulation dealing with decision-dependent uncer-
tainties is decision-dependent distributionally robust optimization
(Luo and Mehrotra 2020; Basciftci, Ahmed, and Shen 2021), which
aims to find an optimal solution in the worst case when the prob-
ability distribution has ambiguity. Although such formulations are
effective when the ambiguity set of the probability distribution is
known, we consider situations where the probability distribution is
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Retraining methods (Perdomo et al. 2020; Mendler-
Dünner et al. 2020) Retraining methods update the cur-
rent iterate by fixing the distribution at each iteration. Specif-
ically, (Perdomo et al. 2020) proposed repeated gradient
descent: xk+1 := projC(xk − ηkEξ∼D(xk)[∇xf(xk, ξ)]),
where C is the feasible region and projC is the Euclidean
projection operator onto C. They showed that the repeated
gradient descent method converges to a performatively sta-
ble point defined as xPS := argminx Eξ∼D(xPS)[f(x, ξ)].
However, these methods assume the strong convexity of
f(x, ξ) w.r.t. x and are not applicable to our problem.

Stochastic gradient descent methods (Hikima and
Takeda 2024; Sutton and Barto 2018). These methods
update the current iterate by the stochastic gradient such as
xk+1 := xk − ηkg

†
k, where g†

k is an unbiased stochastic
gradient for the objective function. Although these meth-
ods converge to stationary points, they require access to
Pr(ξ | x) and ∇xPr(ξ | x) to find an unbiased stochas-
tic gradient g†

k. Since we assume that the probability density
function of D(x) is unknown, these methods are not appli-
cable to our problem.

Two-stage approach (Miller, Perdomo, and Zrnic 2021)
This approach estimates a model of the distribution map
D(·) in the first stage and optimizes the proxy function of
the objective function by using the estimated distribution in
the second stage. Since this approach assumes that the dis-
tribution map is included in location-scale families (Miller,
Perdomo, and Zrnic 2021, Eq. (2)), it is not applicable to our
problem.

Bayesian optimization (Brochu, Cora, and De Freitas
2010; Frazier 2018) This method is a process of learning
for global optimization of black-box functions. When this
method is applied to our problem, it is necessary to obtain
a large number of samples ξ ∼ D(x) in order to widely
search the entire space of decision variables. This is not de-
sirable from a practical point of view, since it is necessary to
deploy decisions (x) in the real-world to obtain ξ ∼ D(x).

Preliminaries
Problem Definition
We restate the problem under consideration:

(P) min
x∈Rd

F (x) := Eξ∼D(x)[f(x, ξ)],

where F is generally non-convex. Note that problem (P) is
a broad problem class that also includes the following opti-
mization problem:

min
x∈Rd

Eξ∼D[f(x, ξ)].

Our goal is to obtain better solutions with low sample
complexity for D(x). This is because, to obtain a sample
ξ ∼ D(x), a decision (x) must be deployed in the real-world
(e.g., a decision maker must sell some products at price x to
obtain a sample of demand ξ ∼ D(x)), so the fewer samples
the better.

completely unknown.

Assumptions
We make the following assumptions.

Assumption 1. For any x ∈ Rd, there exists a constant
σ ∈ R≥0 satisfying

Eξ∼D(x)[(F (x)− f(x, ξ))
2
] ≤ σ2. (3)

Assumption 2. For any x ∈ Rd, there exists a constant
α ∈ R≥0 satisfying

W (D(x), D(x′)) ≤ α∥x− x′∥,

where W represents the Wasserstein-1 distance.

Assumption 3. f(x, ξ) is Lξ-Lipschitz continuous in ξ.
Moreover, f(x, ξ) is Lx-Lipschitz continuous in x.

Assumption 4. F (x) is HF -smooth.

For Assumption 4, the following lemma has been given as
a sufficient condition.

Lemma 1. (Ray et al. 2022, Lemma 1) Suppose that there
exist matrix A and distribution D′ such that

ξ ∼ D(x)⇐⇒ ξ = ν +Ax,

where ν has mean ν̄ := Eν∼D′ [ν] and co-variance
Eν∼D′ [(ν− ν̄)(ν− ν̄)⊤]. Moreover, suppose that f(x, ξ) is
ρ-smooth with respect to both x and ξ. Then, Assumption 4
holds with

HF :=
√
ρ2(1 + ∥A∥2op)max(1, ∥A∥4op),

where ∥A∥op is the operator norm of A.

Our assumptions are looser than those of an existing
study (Ray et al. 2022) that applies a zeroth-order method
to a problem similar to ours. Assumption 5 in (Ray et al.
2022) implies that Eξ∼D(x)[(F (x)− f(x, ξ))

2
] ≤ (2G)2

for G := supx,ξ |f(x, ξ)|, which yields our Assumption 1.
Moreover, Assumptions 1 and 3 in (Ray et al. 2022) yields
our Assumptions 2–4. Conversely, we do not require As-
sumption 1(c) and Assumption 2 in (Ray et al. 2022). The
price of our loose assumptions is that our problem becomes
a non-convex problem. Therefore, we develop zeroth-order
methods that converge to stationary points, rather than opti-
mal solutions.

Gaussian Smoothed Function
To propose our method, let us define the Gaussian smoothed
function for F .

Definition 1. We call the following function the Gaussian
smoothed function of F .

Fµ(x) := Eu∼N (0,Id)[F (x+ µu)].

Function Fµ is an approximation of F . Here, the smoothing
parameter µ controls the level of approximation: when µ is
small, Fµ is close to F .

In this paper, we propose two unbiased gradient estima-
tors for Fµ. Our methods update xk using the proposed gra-
dient estimators while reducing the smoothing parameter µ.
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Proposed Method with One-point Gradient
Estimator

One-point Gradient Estimator
We propose the following one-point gradient estimator:2

g1(x, µ, c,u, ξ) :=
f(x+ µu, ξ)− c

µ
u, (4)

where u ∼ N (0, Id) and ξ ∼ D(x + µu). Here,
g1(x, µ, c,u, ξ) is an unbiased gradient estimator of the
function Fµ as stated in the following lemma.

Lemma 2. For any x ∈ Rd, µ ∈ R>0, and c ∈ R, the
following holds.

Eu∼N (0,Id)

[
Eξ∼D(x+µu) [g1(x, µ, c,u, ξ)]

]
= ∇Fµ(x).

The above gradient estimator is a generalization of the
one-point gradient estimator in (Liu, Li, and Wai 2024):
when c = 0, our estimator is the same as that of (Liu, Li, and
Wai 2024, Eq. (4)). While c does not affect the unbiasedness
of the gradient estimator, it affects its variance. This fact is
shown in the following lemma.
Lemma 3. Suppose that Assumptions 1 and 4 hold. Then,
the following holds for any x ∈ Rd, c ∈ R, and m ∈ N.

Eu∼N(0,Id)

E{ξj}m
j=1

∼D(x+µu)

∥∥∥∥∥∥ 1

m

m∑
j=1

g1(x, µ, c,u, ξ
j
)

∥∥∥∥∥∥
2

≤
3

2
µ
2
H

2
F (d + 6)

3
+ 6(d + 4)∥∇F (x)∥2

+
3σ2d

µ2m
+

3d(F (x) − c)2

µ2
.

From Lemma 3, when c is close to F (x), the variance of
our gradient estimator is reduced. It is widely known in the
field of stochastic optimization that reducing the variance of
the gradient estimator has a positive impact on the conver-
gence of the method (Johnson and Zhang 2013). Therefore,
in the next section, we give a method for setting ck at each
iteration k to reduce the variance of the proposed gradient
estimator.

Discussion. In the existing studies (Ray et al. 2022; Liu,
Li, and Wai 2024), the variance of their gradient estimators
((Ray et al. 2022, (3)) and (Liu, Li, and Wai 2024, (4))) are
bounded by using G := maxx,ξ f(x, ξ). However, since
G is generally large, their upper bounds are also generally
large. In contrast to existing studies, Lemma 3 provides an
upper bound independent of G.

Setting of Variance Reduction Parameter c

To reduce the variance in Lemma 3, the parameter c should
be close to F (x). Therefore, during the iterations of the al-
gorithm, we update ck to bring it closer to the target value

2The term “one-point gradient estimator” in this paper refers to
the gradient estimator obtained by queries of the objective function
at a single point (x+µu). Note that “one-point gradient estimator”
is also used to refer to a gradient estimator obtained by one query
of the objective function, but in our case, Algorithm 1 proposed
later requires additional calculations of f(x, ξ) to set parameter
c. Moreover, if we use mini-batch gradients, Algorithm 1 requires
multiple computations of f(x, ξ) for different ξ.

F (xk). A naive method is to obtain samples {ξjk}
jmax

j=1 ∼
D(xk) for some jmax ∈ N, and set ck as follows:

ck :=
1

jmax

∑jmax

j=1
f(xk, ξ

j
k).

However, this method requires new samples to estimate ck,
increasing the sample complexity. We propose an approach,
inspired by (Jagadeesan, Zrnic, and Mendler-Dünner 2022),
to approximate F (xk) from samples obtained in past itera-
tions. Specifically, using the sample set {ξji }

mi
j=1 ∼ D(xi +

µiui) at each past i ∈ {k− s, . . . , k− 1} iteration, which is
obtained to compute the gradient estimator, we compute ck
as follows.

ck :=
∑k−1

i=k−s

ai
mi

∑mi

j=1
f(xk, ξ

j
i ), (5)

where ai ∈ [0, 1] and
∑k−1

i=k−s ai = 1. Here, ai repre-
sents the importance of the samples of the i-th iteration. For
example, if xk and xi + µiui are close, then D(xk) and
D(xi+µiui) have similar distributions from Assumption 2.
Then, the samples of the i-th iteration are important, and it
is better to make ai larger.

To set ai for each i ∈ {k − s, . . . , k − 1} appropriately,
we first show the following lemma.
Lemma 4. Suppose that Assumptions 1–3 hold. Let ck be
defined by (5). Then, the following holds:

(F (xk)− ck)
2 ≤ 2

k−1∑
i=k−s

a2
i

(
L2

ξα
2∥xk − xi − µiui∥2 +

σ2

mi

)
.

(6)

From Lemma 4, ai that minimizes the right-hand side of
(6) is desirable to bring ck close to F (xk). Such ai can be
obtained in closed form from the following lemma.
Lemma 5. Consider the following optimization problem:

min
a

∑k−1

i=k−s
a2i

(
L2
ξα

2∥xk − xi − µiui∥2 +
σ2

mi

)
s.t. ai ≥ 0, ∀i ∈ {k − s, . . . , k − 1},∑k−1

i=k−s
ai = 1.

Then, the optimal solution is a∗ such that a∗i :=
1

bi
∑k−1

j=k−s
1
bj

, where bi := L2
ξα

2∥xk − xi − µiui∥2 + σ2

mi
.

Using the results of Lemmas 4 and 5, we can show the
theoretical convergence of our method proposed in the next
section.

Proposed Method and Theoretical Results
We propose Algorithm 1. Lines 2–4 of Algorithm 1 update
the iterate based on the gradient estimator (4). Line 5 ad-
justs the smoothing parameter µk: Algorithm 1 starts with a
sufficiently large µ0 and gradually reduces µk so that the
smoothed function Fµk

approaches the original objective
function F . Lines 6–8 calculate the variance reduction pa-
rameter ck+1 from the past samples. We define smax as the
maximum window size, which indicates how far back in the
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Algorithm 1: Zeroth-order method with the improved one-
point gradient estimator

Require: x0, µ0, µmin, c0, smax, β, γ, {mk}Tk=0, M , T .
1: for k = 0, 1, . . . , T do
2: Sample uk fromN (0, Id) and {ξjk}

mk
j=1 from D(xk+

µkuk)

3: gk ← 1
mk

∑mk

j=1 g1(xk, µk, ck,uk, ξ
j
k)

4: xk+1 ← xk − βgk
5: µk+1 ← max(γµk, µmin)
6: s← min(smax, k + 1)
7: ai ← 1

bi
∑k

j=k−s+1
1
bj

for all i ∈ [k − s+ 1, k],

where bi := M∥xk+1 − xi − µiui∥2 + 1
mi

8: ck+1 ←
∑k

i=k−s+1
ai

mi

∑mi

j=1 f(xk+1, ξ
j
i )

9: end for

past the samples are considered for calculating ck+1. Note
that lines 6–8, although requiring oracle computation of the
function f , do not increase the sample complexity since
those do not need new samples.

Remark 1. The proposed method incorporates the Gaus-
sian Homotopy technique (Iwakiri et al. 2022) to obtain bet-
ter stationary points. Specifically, the method starts from
solving an almost convex smoothed function Fµ0

(x) with
sufficiently large µ0 ≥ 0 and gradually changes the opti-
mization problem Fµk

(x) to the original one F (x). It is
known that a better local solution can be potentially ob-
tained by the technique (Mobahi and Fisher 2015; Mobahi
and Fisher III 2015; Hazan, Levy, and Shalev-Shwartz 2016;
Iwakiri et al. 2022).

To demonstrate the convergence of Algorithm 1, we first
present the following lemma.
Lemma 6. Suppose that Assumptions 1–4 hold. Let {xk}
and {ck} be the sequence generated by Algorithm 1 with
mk ≥ mmin for k ∈ {0, 1, . . . , T}, β ≤ µmin

4Lξα
√
d

, and M :=

L2
ξα

2

σ2 . Then, for any setting parameter x0 ∈ Rd, µ0 ∈ R>0,
µmin ≤ µ0, c0 ∈ R, smax ∈ N, and γ ∈ (0, 1), the following
holds:

Eζ[0,k−1]
[δ2k] ≤

(
1

2

)k

δ20 +
µ2
minµ

2
0H

2
F (d+ 6)3

2d

+ 2µ2
min

d+ 4

d
L2

F + 8L2
ξα

2µ2
0d+

5

mmin
σ2,

where δk := F (xk) − ck, k ∈ {1, . . . , T}, and ζ[0,k−1] :=
{u0, ξ0, . . . ,uk−1, ξk−1}.

The above lemma shows that the estimation error of ck
(i.e., δk) is bounded by a constant at each iteration k. In-
tuitively, by keeping the step size below a certain threshold
(µmin/4Lξα

√
d), we ensure that the past iterates are not too

far from the current iterate. This reduces the difference be-
tween the distribution at past iterates and that at the current
iterate, which in turn reduces the estimation error of ck.

From Lemma 6, we show the convergence of Algorithm 1.
Theorem 1. Suppose that Assumptions 1–4 hold. Let {xk}
be the sequence generated by Algorithm 1 with mk =

Θ(ϵ−2d2) for all k ∈ {0, . . . , T}, M :=
L2

ξα
2

σ2 , µmin =

Θ(ϵd−
3
2 ), µ0 = Θ(ϵd−

3
2 ) such that µ0 ≥ µmin, and

β := min

(
1

12(d+4)HF
, 1

(T+1)
1
2 d

3
4
, µmin

2Lξα
√
6d

)
. Let x̂ :=

xk′ , where k′ is chosen from a uniform distribution over
{0, . . . , T}. Then, for any x0 ∈ Rd, c0 ∈ R, smax ∈
{1, . . . , T}, and γ ∈ (0, 1), the iteration complexity required
to obtain E[∥∇F (x̂)∥2] ≤ ϵ2 is O(d

5
2 ϵ−4). Moreover, the

sample complexity is O(d
9
2 ϵ−6).

Remark 2. The iteration complexity of our method is
O(d

1
2 ) larger than that of the Gaussian homotopy method

(Iwakiri et al. 2022, Theorem C.2), which considers the case
where the oracle of the objective function contains noise, but
the random variables are independent of the decision vari-
ables. This increase in iteration complexity is reasonable,
given that we are dealing with a complex situation where the
random variables depend on the decision variables. More-
over, since the sample complexity of the existing zeroth-
order method (Liu, Li, and Wai 2024) for non-convex prob-
lem (P) is O(G6d2ϵ−6),3 where G := supx,ξ |f(x, ξ)|, the
proposed method has an advantage when G is large or un-
bounded.

Remark 3. In order to set the parameters of Theorem 1, it
is necessary to know in advance σ of Assumption 1 and α
of Assumption 2. While the existing study (Ray et al. 2022)
also needs such information (e.g., γ in their paper), it may
not be known practically. In such cases, it is possible to start
with a sufficiently large value and estimate it from the infor-
mation obtained during the iterations.

Proposed Method with Two-point Gradient
Estimator

Two-point Gradient Estimator
We consider the following gradient estimator:

g2(x, µ,u, ξ
1, ξ2) :=

f(x+ µu, ξ1)− f(x− µu, ξ2)

2µ
u, (7)

where u ∼ N (0, Id), ξ1 ∼ D(x+ µu), ξ2 ∼ D(x− µu),
and µ ∈ R>0.4

Then, the following lemmas hold for the two-point gradi-
ent estimator.

Lemma 7. For any x ∈ Rd and µ ∈ R>0, the following
holds.

Eu∼N (0,Id)

[
Eξ1∼D(x+µu),ξ2∼D(x−µu)

[
g2(x, µ,u, ξ

1, ξ2)
]]

= ∇Fµ(x).

3(Liu, Li, and Wai 2024) claim that the sample complexity of
their method is O(d2ϵ−3), but in our definition of the stationary
point (E[∥∇F (x̂)∥2] ≤ ϵ2), it becomes O(d2ϵ−6).

4Although the two-point estimator is also discussed in (Liu,
Li, and Wai 2024) as g2pt-II, they do not prove the conver-
gence of zeroth-order methods using the estimator without G =
supx,ξ |f(x, ξ)|.
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Algorithm 2: Zeroth-order method with the two-point gradi-
ent estimator
Require: x0, µ0, µmin, β, γ, {mk}Tk=0, T .

1: for k = 0, 1, . . . , T do
2: Sample uk from N (0, Id), {ξ1,jk }

mk
j=1 from D(xk +

µkuk), and {ξ2,jk }
mk
j=1 from D(xk − µkuk).

3: gk ← 1
mk

∑mk
j=1 g2(xk, µk,uk, ξ

1,j
k , ξ2,j

k )

4: xk+1 ← xk − βgk
5: µk+1 ← max(γµk, µmin)
6: end for

Lemma 8. Suppose that Assumptions 1 and 4 hold. For any
x ∈ Rd, the following holds.

Eu∼N(0,Id)

E{ξ1,j}m
j=1

,{ξ2,j}m
j=1

∥∥∥∥∥∥ 1

m

m∑
j=1

g2(x, µ,u, ξ
1,j

, ξ
2,j

)

∥∥∥∥∥∥
2

≤
3

2
µ
2
H

2
F (d + 6)

3
+ 6(d + 4)∥∇F (x)∥2

+
3σ2d

2µ2m
,

where {ξ1,j}mj=1 ∼ D(x + µu) and {ξ2,j}mj=1 ∼ D(x −
µu).

Proposed Method and Theoretical Results
We propose Algorithm 2. It changes the gradient estimator
of Algorithm 1 to the two-point gradient estimator (7). From
Lemmas 7 and 8, we show the convergence of Algorithm 2.
Theorem 2. Suppose that Assumptions 1–4 hold. Let {xk}
be the sequence generated by Algorithm 2 with mk =

Θ(ϵ−2d2) for all k ∈ {0, . . . , T}, µmin = Θ(ϵd−
3
2 ),

µ0 = Θ(ϵd−
3
2 ) such that µ0 ≥ µmin, and β :=

min

(
1

12(d+4)HF
, 1

(T+1)
1
2 d

3
4

)
. Let x̂ := xk′ , where k′ is

chosen from a uniform distribution over {0, . . . , T}. Then,
for any x0 ∈ Rd and γ ∈ (0, 1), the iteration complexity
required to obtain E[∥∇F (x̂)∥2] ≤ ϵ2 is O(d

5
2 ϵ−4). More-

over, the sample complexity is O(d
9
2 ϵ−6).

Remark 4. Algorithm 2 has the same sample complexity
as Algorithm 1. However, in practice, if we can use both
the one-point and two-point gradient estimators, the two-
point gradient estimator often achieves better performance
(See the experimental results in Section ). On the other hand,
there are problems where only a one-point gradient estima-
tor can be used. For example, in the case where the distribu-
tion changes with time, sampling in the same environment
is not possible (Ray et al. 2022; Liu, Li, and Wai 2024).

Experiments
We conducted experiments on an application of multiprod-
uct pricing to show that Algorithms 1 and 2 output solu-
tions with lower objective values compared with the existing
methods. We performed simulation experiments with real re-
tail data from a supermarket service provider in Japan.5 All

5We used publicly available data, “New Product Sales Rank-
ing”, provided by KSP-SP Co., Ltd, http://www.ksp-sp.com. Ac-
cessed August 15, 2024.

experiments were conducted on a computer with an AMD
EPYC 7413 24-Core Processor, 503.6 GiB of RAM, and
Ubuntu 20.04.6 LTS. The program code was implemented
in Python 3.8.3. The details of our experiments are in the
supplementary material.

Problem Setup
We consider a variant of (Gallego and Wang 2014) where
a seller determines the prices of multiple (n = 10) prod-
ucts for multiple (m = 40) buyers. Each buyer can
purchase at most one copy of any product. Let x :=
(x1, x2, . . . , xn) ∈ Rn be the price vector for the products.
Let ξ ∈ {0, 1, . . . ,m}n+1 denote a random vector, where
ξ0 represents the number of buyers not purchasing any prod-
uct and ξi for i = 1, . . . , n represents the number of sales
of each product. Let s(x, ξ) and c(ξ) be real-valued func-
tions representing the sales and costs of products, respec-
tively, and defined as:

s(x, ξ) :=
n∑

i=1

xiξi, c(ξ) :=
n∑

i=1

ci(ξi),

where

ci(ξi) :=


2wiξi, ξi ≤ li,

wi(ξi − li) + 2wili, li < ξi ≤ ui,

3wi(ξi − ui) + wi(ui − li) + 2wili, ξi > ui.

Here, li := 0.5m
n , ui :=

1.5m
n , and wi := ρiθi, where ρi is

the random variable generated from a uniform distribution of
[0.4, 0.5] and θi is the normalized recorded average selling
price for each product i. The function ci represents the case
where the cost rate varies with the number of sold products.6
Then, the revenue-maximizing problem is as follows:

min
x∈Rn

Eξ∼D(x) [−s(x, ξ) + c(ξ)] ,

where D(x) is the probability distribution that ξ follows.

Settings of unknown parameters for D(x). We assume
that buyers choose one product stochastically. Each buyer
chooses product i ∈ I := {1, . . . , n} with probability
pi(x) = eγi(θi−xi)

a0+
∑n

j=1 eγj(θj−xj)
or does not choose any prod-

uct with probability p0(x) =
a0

a0+
∑n

j=1 eγj(θj−xj)
. Here, we

let γi := 2π√
6αi

and let a0 := 0.1n. Then, Pr(ξi | x) =(m
ξi

)
pi(x)

ξi . Note that the information of D(x) is not used
by each method.

Compared Methods and Settings
We implemented the following methods.
Proposed-1 (mini-batch). We implemented Algorithm 1
with µ0 := 0.19, µmin := 0.0001, c0 :=∑20

j=1 f(x0, ξ
j(x0)), smax := 10, β := 0.001 · 0.95k+1,

γ = 0.95, mk = 30 + 2k, and M = 0.1, where k is the
current iteration number.

6Such piecewise linear cost functions are considered in existing
studies (Shaw and Wagelmans 1998; Tunc et al. 2016; Ou 2017).
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date Proposed-1
(mini-batch)

Proposed-1
(batch size 1)

Proposed-2
(mini-batch)

Proposed-2
(batch size 1)

CZO-1
(mini-batch)

CZO-1
(batch size 1)

obj sd obj sd obj sd obj sd obj sd obj sd

02/21–02/27 -7.39 1.92 -2.62 4.54 -7.26 1.68 -6.62 2.01 1.83 3.34 2.83 5.10
03/21–03/27 -7.61 1.80 -2.73 4.45 -7.78 1.48 -6.70 1.98 2.41 5.55 4.08 11.55
05/23–05/29 -5.28 1.74 -1.89 3.79 -6.38 1.54 -5.35 1.77 0.21 2.88 0.65 2.94
06/20–06/26 -5.58 1.69 1.81 4.62 -5.54 1.35 -5.61 1.87 7.04 9.73 9.83 11.51
07/18–07/24 -3.52 2.15 3.99 3.53 -4.10 2.024 -4.17 2.082 10.39 11.85 10.29 12.57
08/08–08/14 -6.40 1.68 -2.97 4.79 -7.01 1.29 -6.17 1.54 -1.05 1.35 -0.47 2.05
09/19–09/25 -3.21 2.26 3.32 4.94 -3.88 2.23 -3.83 2.44 10.38 14.92 12.15 12.09
12/05–12/11 -4.61 1.78 2.80 3.89 -4.88 2.10 -4.27 2.84 7.66 7.58 5.57 5.99

Table 1: Results of simulation experiments with real data for 20 randomly generated problem instances. The obj (sd) column
represents the average (standard deviation) of the obj. The best value of the average obj for each experiment is in bold. In all
experiments, the differences between the proposed method with the best value of the average obj and CZO-1 (both types) are
significant (two-sided t-test: p < 0.05).

Proposed-1 (batch size 1). We implemented Algorithm 1
with mk = 1 and other same parameters as Proposed-1
(mini-batch).
Proposed-2 (mini-batch). We implemented Algorithm 2
with µ0 := 0.19, µmin := 0.0001, β := 0.001 · 0.95k+1,
mk = 30 + 2k, and γ = 0.95.
Proposed-2 (batch size 1). We implemented Algorithm 2
with mk = 1 and other same parameters as Proposed-2
(mini-batch).
CZO-1 (mini-batch). This method is a Conventional
Zeroth-Order (CZO) method with a one-point gradient es-
timator. It is consistent with Algorithm 1 where ck = 0 for
all k ∈ {0, . . . , T}, β = 10−5, µk = 0.001, and the other
parameters are the same as Proposed-1 (mini-batch). This
method is analogous to the zeroth-order method used in ex-
isting studies (Ray et al. 2022; Liu, Li, and Wai 2024).
CZO-1 (batch size 1). This method is the same as the
CZO-1 (mini-batch) with batch size mk = 1 for all k ∈
{0, . . . , T}.

We performed our experiments under the following set-
tings.
Initial points. For all methods, we set the initial points as
x0 := 0.5e, where e ∈ Rn is a vector with all elements 1.
Metric. For the output x̂ of each method, we com-
puted obj := 1

103

∑103

q=1 (−s(x̂, ξq(x̂)) + c(ξq(x̂))), where
ξq(x̂) ∼ D(x̂).
Termination criteria. We terminated each method when it
had taken 5000 samples from D(x) for some x.

Experimental Results
Table 1 shows the results of the experiments using real data
from different weeks. All proposed methods were superior
to the baselines (CZO-1) for all weeks of data.

Figure 1 shows the change in the objective value (obj) for
each method with respect to the number of samples. The fig-
ure implies that the proposed methods reduce the objective
value more stably than CZO-1. In particular, the Proposed-2
method shows high performance. While the Proposed-2
method requires twice as many samples as the Proposed-1
method at each iteration, it still reduces the objective value

with fewer samples. Although the Proposed-1 method is
slightly inferior to the Proposed-2 method, it outperforms
the CZO-1 in many cases. This fact shows the advantage of
introducing the variance reduction parameter c.

Conclusion

We proposed two zeroth-order methods for non-convex
problems with decision-dependent uncertainty: a method us-
ing a new one-point gradient estimator including a variance
reduction parameter and the one using a two-point gradient
estimator. As theoretical results, we showed their conver-
gence to stationary points and provided the worst-case itera-
tion and sample complexity analysis. Our simulation exper-
iments with real data on a retail service application showed
good performance of our methods compared to the conven-
tional zeroth-order methods.

In future work, we would like to conduct theoretical anal-
yses of the proposed method in different situations. For ex-
ample, one might apply our method to problem (P) where
the distribution changes dynamically with time (Ray et al.
2022; Liu, Li, and Wai 2024). For such problems, since it
is not possible to sample random variables more than once
in the same environment, only a one-point gradient estima-
tor can be used. Therefore, our improved one-point gradi-
ent estimator may be effective. Another future direction is to
integrate existing techniques (Wang et al. 2018; Cai et al.
2022; Liu et al. 2018) for zeroth-order methods into our
methods. For example, incorporating the variable selection
technique (Wang et al. 2018) may enhance the scalability of
our method. Additionally, applying the variance reduction
technique (Liu et al. 2018) for gradient estimation has the
potential to speed up our methods.
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Figure 1: Change in obj in the first 3000 samples in the simulation experiment with real data. Each graph shows the result in
one problem instance for each week. The horizontal axis indicates the number of samples, and the vertical axis indicates obj.
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