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Abstract

In this paper, we present generalization bounds for the unsu-
pervised risk in the Deep Contrastive Representation Learn-
ing framework, which employs deep neural networks as rep-
resentation functions. We approach this problem from two an-
gles. On the one hand, we derive a parameter-counting bound
that scales with the overall size of the neural networks. On
the other hand, we provide a norm-based bound that scales
with the norms of neural networks’ weight matrices. Ignor-
ing logarithmic factors, the bounds are independent of k, the
size of the tuples provided for contrastive learning. To the best
of our knowledge, this property is only shared by one other
work, which employed a different proof strategy and suffers
from very strong exponential dependence on the depth of the
network which is due to a use of the peeling technique. Our
results circumvent this by leveraging powerful results on cov-
ering numbers with respect to uniform norms over samples.
In addition, we utilize loss augmentation techniques to fur-
ther reduce the dependency on matrix norms and the implicit
dependence on network depth. In fact, our techniques allow
us to produce many bounds for the contrastive learning set-
ting with similar architectural dependencies as in the study
of the sample complexity of ordinary loss functions, thereby
bridging the gap between the learning theories of contrastive
learning and DNNS.

Arxiv URL — https://arxiv.org/abs/2412.12014

Introduction

Contrastive Representation Learning (CRL) is a powerful
framework that focuses on learning good data representa-
tions in an unsupervised learning manner. The CRL frame-
work can be informally described as follows: given a dataset
comprising of data tuples S = {(z;, xj, Tipsee s Ti) o
where each data instance belongs to an input space X, the
key idea of CRL is to pull similar pairs (x;, xj) closer to-
gether and to push apart dissimilar pairs (z;, %_z) in a rep-
resentation space R C R?. This is accomplished by training
a representation function f : X — R that minimizes the
empirical unsupervised risk:

Copyright © 2025, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

17186

-~ 1

Lunlf) =+ ié({f(xjf(f(xf) — s} ) w

where k is the number of negative samples per input data
tuple and ¢ : R¥ — R, is a contrastive loss function for
which popular choices include the hinge and logistic losses:

Hinge loss: {(v) = max {0, 1+ 12?5(19{_%}}’

> 2)

The learned representations are then used for downstream
tasks like classification, clustering or visualization.

Owing to its simplicity and effectiveness, CRL has been
applied in a wide variety of machine learning tasks, rang-
ing from computer vision (Chen et al. 2020; He et al. 2019;
Gidaris, Singh, and Komodakis 2018), graph representation
learning (Hassani and Khasahmadi 2020; Zhu et al. 2020;
Velickovic et al. 2019), natural language models (Gao, Yao,
and Chen 2021; Zhang et al. 2021; Reimers and Gurevych
2021) and time-series forecasting (Lee, Park, and Lee 2024;
Yang, Zhang, and Cui 2022; Niel et al. 2023; Eldele et al.
2021). Despite the aforementioned successes, very few con-
tributions have been made to explain the good performance
of CRL. Even though there are several empirical studies that
demonstrate the effectiveness of CRL (Chen et al. 2020; He
et al. 2019), there are limited theoretical analyses conducted
to explain its generalization behaviour.

In the work of Arora et al. (2019), a theoretical frame-
work to study the generalization behaviour of CRL is pro-
posed. Let F = {f : X — RY||f(z)|2 < B} be a class
of representation functions and assume that the loss function
is ¢>°-Lipschitz with constant > 0, where || - ||, denotes
the /P norm for p > 1. The authors provided a bound that
scales in the order of O(nBvVkRs(F)/n), where Rs(F)
is a measure of complexity for the function class F. How-
ever, the v/k dependency on negative samples is inconsis-
tent with some of the works that suggest large number of
negative samples implicitly implies better generalization or
at least does not degrade generalization capability (Awasthi,
Dikkala, and Kamath 2022; Tian, Krishnan, and Isola 2020;

k
1+ Z exp(—v;)
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Logistic loss: £(v) = log (



Henalff et al. 2020; Khosla et al. 2020). Therefore, the bound
does not fully explain the good generalization behaviour in
existing empirical works.

Later in Lei et al. (2023), an improvement is made by
making the reliance on & at most logarithmic, obtaining the
bound in the order of O(nBRs(F)/n) (where the O nota-
tion hides logarithmic terms). However, in the case of Deep
Contrastive Representation Learning (DCRL) where F is a
class of neural networks with L layers, the authors made use
of the peeling technique proposed by Golowich, Rakhlin,
and Shamir (2018) to derive the following complexity order

for the class 7: Rs(F) = O (Bz VndL T, Bg)r) , where
B, is the upper bound on the ¢? norm of input vectors in
the input space X and Bg)r is the Frobenius norm of the
weight matrix at the [ layer. Due to the product of Frobe-
nius norms in non-logarithmic terms, the bound suffers from
a strong dependency on the neural networks’ depth. Unfor-
tunately, this downside is particularly unfavourable in prac-

tice when the network architectures are usually deep and the
constraints on the weight matrices are not strict.

In terms of proof techniques, both Arora et al. (2019) and
Lei et al. (2023) focus on general function classes and rely
on vector contraction inequalities (Ledoux and Talagrand
2011; Maurer 2016) and inequalities between various com-
plexity measures of the loss class and the feature mapping
(Anthony and Bartlett 2002; Srebro, Sridharan, and Tewari
2010; Lei et al. 2019, 2023). This approach is prone to in-
troducing architectural information (final layer’s dimension)
and dataset size information (number of negative samples)
into the generalization bound. Even though the dependency
on negative samples is resolved by Lei et al. (2023) using
fat-shattering dimension and worst-case Rademacher com-
plexity, the use of the peeling technique makes the bound
scale impractically for (deep) neural networks.

In this work, we demonstrate how to achieve generaliza-
tion bounds for the Contrastive Learning setting with more
flexible tools such as covering numbers. This is achieved
through the construction of auxiliary datasets consisting of
all individual samples involved in any of the input tuples
(for further details, cf. Appendix D, ‘Basic Bounds’). This
immediately allows us to prove generalization bounds for
the DCRL setting with a spectral-type complexity term for
the neural network component, a great improvement over
the product of Frobenius norms present in the previous
state-of-the-art results. Furthermore, by exploiting the £>°-
Lipschitzness of popular losses such as the hinge loss and
logistic loss, we show that this approach can naturally al-
leviate the strong reliance on the number of negative sam-
ples (with at most logarithmic dependency) without the need
for other complexity measures such as fat-shattering dimen-
sion or peeling techniques. Moreover, we further tighten the
complexity bound for neural networks by applying loss aug-
mentation technique (Nagarajan and Kolter 2019; Wei and
Ma 2019; Ledent et al. 2021b) to incorporate data-dependent
terms in the bounds. Finally, we derive a parameter-counting
bound that scales with the number of neurons in the network
with no dependence on the number of negative samples.
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Related Work

Arora et al. (2019) developed a framework to study the gen-
eralization behavior of CRL in terms of Rademacher com-
plexity. The analysis there based on ¢2-Lipschitz continuity
implies generalization bounds with a linear dependency on
the number of negative examples. This linear dependency
was recently improved to a logarithmic dependency in Lei
et al. (2023) by arguments relying on ¢°°-Lipschitz con-
tinuity inspired from work on multi-class and multi-label
classification (Lei et al. 2019; Mustafa et al. 2021; Wu
et al. 2021). These discussions were later extended to CRL
with adversarial training examples (Wen et al. 2024; Zou
and Liu 2023). The above discussions are mainly based on
Rademacher complexities. Other than this approach, there
are also increasing discussions on CRL from the perspective
of PAC-Bayesian analysis (Nozawa, Germain, and Guedj
2020), mutual information (Tsai et al. 2020), spectral clus-
tering (HaoChen et al. 2021), gradient-descent dynamics
(Tian et al. 2020), distributionally robust optimization (Wu
et al. 2024) and causality (Mitrovic et al. 2021). There is
also some work on the generalization analysis of pairwise or
triplet wise loss functions in a similar i.i.d. setting as we con-
sider (Lei, Ledent, and Kloft 2020; Alves and Ledent 2024,
Yang et al. 2021; Lei, Liu, and Ying 2021). However, such
works do not control the dependence on the number of sam-
ples in each input tuple. The benefit of representative learn-
ing to improve the generalization of downstream classifica-
tion tasks were also studied extensively (Arora et al. 2019;
Zou and Liu 2023; Chuang et al. 2020; Bao, Nagano, and
Nozawa 2022).

CRL often learns nonlinear features by neural networks,
and therefore one needs to study the complexity of neural
networks to get the corresponding generalization bounds.
Nearly tight VC dimension and pseudodimension bounds
were developed (Bartlett et al. 2019). Rademacher complex-
ity bounds were developed for neural networks under a norm
constraint, which, however, exhibit an exponential depen-
dency on the depth (Neyshabur, Tomioka, and Srebro 2015).
This exponential dependency was improved to a square-
root dependency by using the homogeneity of ReLLU net-
works (Golowich, Rakhlin, and Shamir 2018). Spectrally-
normalized margin bounds were developed based on induc-
tion arguments with covering numbers (Bartlett, Foster, and
Telgarsky 2017; Hsu et al. 2021). The benefit of weight shar-
ing in convolutional neural networks was also studied based
on covering numbers (Ledent et al. 2021b; Lin et al. 2022)
and parameter counting (Long and Sedghi 2020; Zhou and
Huo 2024). The benefits of connection-sparsity in CNNs
and related architectures was also ingeniously investigated
in Galanti et al. (2024).

Problem Formulation

We begin by briefly describing the theoretical framework
from Arora et al. (2019) for unsupervised learning task,
which we will use to formulate our generalization bounds
for unsupervised risk. Let & denote the space of all possi-
ble data points and let C denote the set of all latent classes.
Let p be the discrete probability measure over C and for any



¢ € C, denote D, as the class-conditional distribution such
that for any x € X, D.(x) quantifies the likelihood of x
being relevant to class c. We also define the distribution D..:

Zzec,z;ﬁc p(z)Dz(I)
Zzec,z;éc p(Z)
which quantifies the conditional distribution of z € X, con-
ditionally given that the class is not equal to c. Then, we can

define the population unsupervised risk for a representation
function as follows.

Definition 1. (Unsupervised risk). Let f : X — R C R?
be a representation function and ¢ : R¥ — R, be a loss
function. The population unsupervised risk of f is:

Lun(f) =

D.(z) =

) 3

“

)|

A natural way to find a representation function with low
expected unsupervised risk is via empirical risk minimiza-
tion. Specifically, given a hypothesis class F and a dataset

n

, the best rep-
j=1

k
Ecwp, (z,2T)~D?

— - =~k =1
(x5 )~Dy

lé({f(m)T(f(f) ~ 1)

of the form S = {(xj,xj',mj_l, . ,xj_k)}
resentation function is then determined as the empirical risk
minimizer fn = argminger iun(f).

In this paper, we are interested in the performance of
fn on testing dataset. More precisely, we are concerned
with its capability to generalize to unseen data. This is of-
ten quantified by the generalization gap between the ex-
pected unsupervised risk and the empirical unsupervised risk
Lun(fn) - ﬁun(fn) We bound this gap by controlling the
Rademacher complexity sf%s(g ) of the loss function class,
which we define for a general loss function ¢ : R¥ — R, as
follows:

g = {(.’177.’17+,$177..-,CL‘];) =
E
T +) - .
({r@7 @ - ey} ):rer)
More specifically, we are interested in the case where F is

a class of multi-layered deep neural networks and the loss
function £ is £>°-Lipscthiz.

&)

Main Results
Contributions

We aim to establish a solid theoretical foundation for DCRL
using the flexibility of covering number arguments. The ad-
vantages of our bounds are two-fold. Firstly, we manage
to alleviate the strong reliance on the number of negative
samples and the product of spectral norms using only cover-
ing numbers without introducing complexity measures other
than Rademacher complexity. Secondly, through loss func-
tion augmentation schemes, we are able to further alleviate
implicit depth dependency by incorporating data-dependent
properties in the bounds. We summarize our key contribu-
tions as follows:
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. Basic generalization bound (Thm 1): Using a pure cov-
ering number approach, we establish a bound for ¢>°-
Lipschitz loss functions with logarithmic dependency
on the number of negative samples, which involves a
spectral-type complexity measure for the neural network
component, but features the square of the spectral norms.

. Loss function augmentation (Thms 2 & 3): We im-
prove the basic bound through loss function augmenta-
tion: Theorem 2 replaces the extra factor of the prod-
uct of spectral norms by an empirical maximum output
norm, whilst Theorem 3 further improves depth depen-
dency by introducing empirical estimates of intermediate
norm activations.

. Parameter counting bound (Thm 4): In a different style
from the above results, we derive a bound that scales with
the overall size of the neural networks, i.e. the total num-
ber of neurons.

In table 1, we provide a comprehensive summary of our
main results as well as the results from the previous works.

Remark 1. We note that in table 1, the original bounds from
Arora et al. (2019) and Lei et al. (2023) involve an upper
bound B on the output’s £2 norm that is assumed to hold
for any representation function in the class. Since we are
dealing with a class of neural networks, the upper bound B

is expanded to B, H1L:1 pISI-

Notations
Let L > 1, dy,dy,-..,dr, be known natural numbers and
M® g R%xdi-1 be fixed reference matrices. Let {a;}~,,

{si}E, be sequences of positive real numbers. We define
the following matrix spaces:

B = {A(l) e RAxdi—1 A0, < 5,

(6)
14D = M) |]o1 < i},

where || - ||, denotes the spectral norm and || - ||2,; denotes
the entry-wise matrix norm quantified by the sum of ma-
trix columns’ ¢2 norms. The reference matrices M) are
fixed before training and often interpreted as initializations
of weight matrices (Bartlett, Foster, and Telgarsky 2017;

Ledent et al. 2021b). We define the product A = H1L:1 B; as
the parameters space for the class of neural networks F 4:

Fa=FpoFp_10---0F7, (7
where F; = o0; o V; such that:
s 0y : R — R% are ¢2-Lipschitz activation functions
with constants p; chosen a priori.
RV {z — AWz . AW ¢ B} are classes of linear
maps corresponding to pre-activated linear layers.
For a given set of weights A = (A .../ A)) where
foreach1 <1 < L, AD e B, we denote F € F4 as

the corresponding neural network parameterized by A. To
be specific, for any z € X

Fa(z) =0y (A(L)O'L_l ( ...01 (A(l)z> .. ))



References Analysis Technique Generalization Bound Result
Arora et al. (2019) Peeling technique (’)("B VhdL Hz 1 plslB( )) -
Lei et al. (2023) Peeling technique *é)<n3;%§ﬁ;IIk:1pl&13%1> -
~ /B2 2/% 3/2
Ours Covering number *O (nTnT 15, 02,82, {Zl 1 } > Thm. 1
2/3 3/2
Ours Covering number & augmentation ("RB H —1 PmSm [Zz L5 3} ) Thm. 2
S
3/2
Ours Covering number & augmentation O (% {21:1 (atbi—1p1) 2/ 3} ) Thm. 3
Ours Parameter counting o (1 /% log (WL”B?C T, 2 512)) Thm. 4

Table 1: Summary of main results for Deep Contrastive Representation Learning (DCRL). We assume that the loss function of
concern is £>°-Lipschitz with constant 7 > 1. The O notation hides poly-logarithmic terms of ALL variables and (*) marks the

bounds that have hidden logarithmic dependency on k.

In the results that follow, we present generalization
bounds for unsupervised risk applied for neural networks in
the hypothesis class F 4. However, we note that our results
can be easily made post-hoc to apply for any neural network.

Basic Bound

In this section, we present the basic generalization bound
without applying loss augmentation. We begin by stating the
definition for £°°-Lipschitz continuity (Lei et al. 2019).

Definition 2 (Lipschitz continuity). We say that a function
¢ : R*¥ — R, is Lipschitz continuous with respect to the />
norm with a constant > 0 if and only if:

[£(v) = L@)] < - [lv = 0los, ®)

Theorem 1. Let £ : R* — [0, M] be a loss function that is
£°°-Lipschitz with constant 1 > 0. Then, for any Fa € F4

Yo, 7 € R¥.

and & € (0,1), the following bound holds with probability
of at least 1 — 6:
o log2/8
Lun(Fa) — Lun(Fa) < 3M Og27/+
nB L L 2/37%2 ©)
O( “flog Hpms [Zéw‘| )»
m=1 =1 Sl

where W = max; <<, d; (maximum hidden width), B, =

SUp,c x ||||2, and the O notation hides logarithmic factors
in all relevant quantities.

Remark 2. Whilst it is standard practice to assume that
the loss function is bounded by a fixed constant (Long and
Sedghi 2020; Bartlett, Foster, and Telgarsky 2017; Ledent
and Alves 2024; Ledent et al. 2021a; Shamir and Shalev-
Shwartz 2014), even in the case where the loss function is
not bounded, we can still find an upper bound M for the
loss owing to the fact that the weight matrices have bounded
norms. Specifically, for all Fpo € F4, we can make the

O(nBC% M-, p%s%) Further-
more, no additional dependence on the number of classes is

following estimation M =
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introduced implicitly through 7 when working with the lo-
gistic and hinge losses as we do: indeed, the L°° Lipschitz
constant is bounded by = 1 in both cases, as shown in
Appendix H. Furthermore, we discuss the relationship be-
tween the cross-entropy loss from standard classification and
its analogues used in CRL. Among the most common ana-
logues are the N-pair loss (which is the logistic loss) and the
InfoNCE loss (van den Oord, Li, and Vinyals. 2018). The
results in this paper extend naturally to the InfoNCE loss.

The above bound is the result of directly using covering
number to bound the Rademacher complexity. Unlike the
vector contraction inequality approach in Arora et al. (2019)
where the vk dependency creeps into the bound, we im-
mediately observe an absence of significant reliance on the
number of negative samples in this result.

However, the bound also features a factor of the square
of the product of spectral norms of all layers. This is in
contrast to existing norm-based generalization bounds for
ordinary neural networks, which typically feature a single
product of spectral norms (Bartlett, Foster, and Telgarsky
2017). Roughly speaking, this new square dependency in the
Contrastive Learning Setting is a byproduct of the presence
of multiplicative interactions between f(z) and f(z™) or
f(x7), which means that the errors propagate through the
network twice. In the next section, we discuss how we can
make use of data-dependent properties to alleviate this issue
with simple loss augmentation techniques.

Loss Augmentation

In previous works dedicated to multi-class classification
problem (Nagarajan and Kolter 2019; Wei and Ma 2019;
Ledent et al. 2021b), it has been shown that we can ob-
tain tighter Rademacher complexity bound by incorporating
data-dependent quantities. Informally, this is accomplished
by augmenting the original loss function in a way that the
augmented loss collapses to a large value if certain data-
dependent well-behaved-ness properties do not hold. For in-
stance, given the list of data-dependent properties {7;}",
and their corresponding desired bounds B = {b;}]",, Wei



and Ma (2019) employ an augmentation scheme involving
products of soft indicators of the data-dependent properties:

—1 H)\bl ’W

where £ : R*¥ — [0,1] is the orlgmal loss function and Ay,
are soft indicators with margins b; (whose definition is iden-
tical to that of the ramp loss), defined as follows:

Ux) =1+ (¢ (10)

0 r< =y
M(r)=<1+r/y re[-7,0]. (11)
1 r>0

Another example of loss augmentation is the work of
Ledent et al. (2021b) where the augmented loss is the max-
imum value between the original loss and the maximum of
the soft indicators themselves:

U(x)

= max E(x),lrgziﬁ/\bl(m(x)) . (12)

These soft indicators act as validation filters for the intended
data-dependent properties. Specifically, the value of ¢ will
coincide with the original loss value if all bound condi-
tions are met. On the other hand, when ~;(z) > 2b; for
any 1 < I < m, ¢ will collapse to the upper bound of /,
making the augmented loss uniformly larger than the orig-
inal loss. As a result, we can bound the excess risk of the
original loss indirectly via the augmented loss. To be more
precise, let D be a distribution over an input space X and
S ={x1,...,x,} € X™ be a dataset drawn i.i.d from D.
Define the excess risk for a particular loss ¢ : R¥ — R as
El; 8] = Egnpll(@)] — 5 Y7, €(x;), we have:

IB

gl 8) < £l 8) + =2 (13)

where 7g = ‘{x] € S dlsty(z;) > bl}‘, which is the

count of data points that do not satisfy all bound conditions.
Notice that we can bound the augmented generalization gap
Esopll(z)] -1 Z;'L=1 £(x;) by controlling the Rademacher
complexity of the augmented loss class (which we denote
by default as G). The difficulty of this approach is that the
Rademacher complexity of the augmented loss class can be
much more complex than the original class.

In this section, we consider augmentation schemes that
tighten the generalization bound and improve on the result
in Theorem 1. By default, we consider the original loss func-
tion £ : R¥ — R, to be /*°-Lipschitz with constant > 0
and, without loss of generality, we assume that £ is bounded
by 1. Our first attempt is through imposing bound conditions
on the representation output of the neural networks. To be
more precise, let R > 0 be a fixed real constant intended to
be the upper bound for the output representation’s £ norm,
we consider the following augmented loss function class:

G = {X(in> = (2,2, 27, (14)

J)

LTy )
k

max {Z({FA(:E)T(FA(QC-'_) - FA(x;)}

max An(|[Fa(@)]2)] : Fa € Fal.
FeX(in)
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Bounding the Rademacher complexity of the above class re-
sults in the following theorem, which is our second main
contribution.

Theorem 2. Let ¢ : R¥ — [0,1] be a loss function that is
£°-Lipschitz with constant 1 > 1 and let R > 1 be given.
Then, for any Fa € F 4 and § € (0,1), the following bound

holds with probability of at least 1 — 0:

~ T log2/6

Lun(Fa) — Lun(Fa) < &F 3\/g7/+
n 2n
a
log(W) [] pmsm | > 475
f m=1 =1 /
where W = maxi<i<r, di, By = sup,cy ||z||2, and Za r
IA,R = ‘{ } )

L L 2/373/2
B,
o L as)
]
is defined as:
input tuple

X(m €S: ma(X)HFA( )2 > R

where X§in) = (z;,x
from the dataset S.

Remark 3. Note that if all samples satisfy
MAX; i) IFa(Z)]]2 < R, then = 0. Further-

more, by a union bound, it is not difficult to show that a
similar result holds even if R is selected from the data by
observing the value of max__y i [|Fa(Z)l|2. For further

details, we refer the reader toJAppendlx G, ‘Post Hoc
Analysis’. This remark also applies to Theorem 3.

Further, although Theorem 2 assumes the original loss
function is bounded by 1, we can easily generalize to any
loss function £ : R* — [0, M] by considering a slightly dif-
ferent augmentation scheme where the original loss is nor-
malized to M ~1¢ inside the max function. Then, an equiv-
alent bound to theorem 2 for loss functions bounded by an
arbitrary M > 0 is:

+ - th
j ,zjl,...,zjk) is the j

the

Za.Rr

= MT, log2/§
LUH(FA)fLun(FA) < ¢+3M o8 / +
n 2n
L 2/3713/2
nRB, a;
0 log(W) | | pmsm . (16)
("5t T e 325 )

Compared to theorem 1, we have successfully reduced the
product of squared spectral norms dependency down to a
single product of spectral norms at the cost of a multiplica-
tive factor of the more well-behaved empirical quantity R
and an additive term of Z g /n, which is the proportion of
inputs in S that do not satisfy the output bound condition.
In the following, we illustrate that the bound can be im-
proved further by considering an augmentation scheme that
enforces bounds on all the hidden layers’ activations. Specif-
ically, given B = {bg, b1, ..., br} a sequence of known pos-
itive constants, we consider the following augmented class:

G = {X0 = (@,at, a7, (17)

max {5({FA($)T(FA(:U+) - FA(m;)}izl)

} :FAe]-'A}.

STy )
k

by lel
mwax max Ay ([Fa™(2)]l2)



where Fi~! denotes the sub-network that consists of the
first [ layers of Fa € JF.4. Bounding the above class
Rademacher complexity yields the following result:

Theorem 3. Let ¢ : R* — [0,1] be a loss function that is
£ -Lipschitz with constant ) > 1. Let B = {bo, b1, ...,br}
be a sequence of known positive constants such that by > 1
forall0 <1 < L. Then, forany Fa € F4andé € (0,1),
the following bound holds with probability of at least 1 — §:

~

Lun(FA) - Lun(FA) S

(2R T llog2/6  (18)
(9(” LRA log(W)> + 71;’]3 +3 7og2n/ ;

NG

where R A is defined as follows:

L

7%?4/3 = Z(albl—lﬁl)z/ga
=1

where py = prsup,s; byt [T, 111 Smpm and

IaB = ‘{X§in) €S :dlst iren)?(xl) [FA7 (@)2 > bl}’.

Again, without loss of generality, we can derive an anal-
ogous bound to the above result for loss functions bounded
by any M > 0. Unlike the previous result which depends on
the full L layers product of spectral norms, the [*" term in
the above result only involves spectral norms of layers [ + 1
up to L (but not necessarily all the way to L).

Parameter Counting Bound

Inspired by previous works developed for neural networks
used in multi-class classification (Long and Sedghi 2020;
Graf et al. 2022; Srebro 2004; Mohri, Rostamizadeh, and
Talwalkar 2018), our result below scales with network’s size
rather than the magnitude of weight matrices norms like the
bounds presented in the previous section. The advantage of
this type of bounds is the absence of a product of spectral
norms (outside logarithmic factors), which effectively elim-
inates the strong dependency on neural network’s depth.

Theorem 4. Let ¢ : R* — [0, M] be a loss function that is

0°°-Lipschitz with constant ) > 0 and W = ZlL:l d;. Then,
forany Fa € Fyand § € (0,1), the following bound holds
with probability of at least 1 — 6:

~

Lun(FA) - Lun(FA) S 3M

+

L
0 (M, W 10 (1+ 24nLn B2 H;ﬁ%)) .
n
=1

Essentially, the above result scales with the total num-
ber of parameters of the neural networks. This characteris-
tic can be disadvantageous compared to the previous norm-
based results because (1) the bound can become unreason-
ably large for massive architectures and (2) the bound will
still scale with W even if the weight matrices are arbitrar-
ily close to the reference matrices. Even though the above

log2/6
2n (19
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bound might scale unfavourably in the case of large neu-
ral networks, we note that it has no reliance on the num-
ber of negative samples. Hence, it can be particularly useful
in cases when the networks are small and we have a large
amount of negative samples.

Downstream Classification

In this section, we discuss the application of the generaliza-
tion bounds for unsupervised risk in the downstream clas-
sification task. We begin with the following definition of a
classifier’s population supervised risk.

Definition 3. (Supervised risk). Fixing a (K + 1)-way su-
pervised task 7 = {ec1,...,¢x+1} € C (where C is the
set of latent classes defined in the previous section). Let
g : X — RE*! be a multi-class classifierand £ : RX — R
be a loss function. The population supervised risk of g is de-
fined as follows:

Lu(T.9) = By [(({o(@)e —g@)e} )]

where D is the joint distribution over X' x 7.

In particular, we are interested in the class of mean clas-
sifiers from Arora et al. (2019). Let 7 C C such that
|T| = K + 1and f : X — R be a representation function.
A mean classifier g : X — T is defined as g(z) = W f(x),
where W € RUK+H1)xd j5 3 weight matrix such that for
each ¢ € T, the ¢! row of W* is the expected representa-
tion of z € X given that x is relevant to class c. Specifically,
W# =E,p,[f(z)]. Consider the average supervised loss:

() = Erepss [Laun (T, W F) e # .

which is the expectation of the mean classifier’s supervised
loss taken over (K + 1)-way supervised tasks (with unique
classes). In a general sense, the average supervised loss can
be translated to a performance metric for the representation
f when it is used to build a mean classifier. In the follow-
ing lemma from Arora et al. (2019), it is shown the average
supervised loss can be upper bounded by the population un-
supervised risk:

L

sup

Lemma 1. Fixing a class of representation functions F and
let f, = argminser Ly, (f). There exists a function p :
CE+1 5 R, ! such that:

ETND p(T)LSup(fn) < Lun(ﬁl)a

where D is a distribution over (K + 1)-way supervised tasks
T € CK+1 such that there are no repeated classes in 7.

(20)

In the following results, we directly apply the generaliza-
tion bounds obtained in the previous sections into lemma 1.

Corollary 1. (Norm-based bound). Let £ : R¥ — [0, M] be
aan £°°-Lipschitz loss withn > 1.Let B = {bg, by,...,br}
be a sequence of known positive constants such that b; > 1

!This lemma is an intermediate step in the proof of theorem
B.1 from Arora et al. (2019, equation 26). For the exact form of the
function p, we refer readers to their proof. For the formal definition
of the distribution D, please refer to Arora et al. (2019, section 6.1).
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Figure 1: Graphical comparison of our results to that of previous works (Arora et al. 2019; Lei et al. 2023). The generalization

bounds for all results have their logarithmic terms, constants (1, p;, ...) and O(

log1/0) terms truncated. We present the

comparison at varying depths (Left) and hidden layer’s dimensions (Right).

forall0 <[ < L.Let ﬁA be the empirical unsupervised risk
minimizer, then, for any § € (0, 1), we have:

~ ~ log2/6
Ern [p(T)Lip (Fa)] < Lun(Fa) + 3212820
5 (b3 Ra MTa B

+ (9( Jn log(W) | + -

where R A and Za g are defined in Theorem 3.

2n

)

Corollary 2. (Parameter-counting bound). Let ¢ : RF —
[0, M] be a loss function that is £>°-Lipschitz with constant

n > 1.Let F'a be the empirical unsupervised risk minimizer,
then, for any 6 € (0, 1), we have:

P log 2/0
Erep {p(T)Lgup(FA)} < Lun(Fa) +3M g2 n/
w L
+0 (M\ [~ 1og (1+24nLn B2 lnlp?s%)> L@

Experiments

To compare our results with previous works, we conducted
experiments by training fully-connected deep neural net-
works with the MNIST digits dataset (LeCun, Cortes, and
Burges 2010) with a train-test ratio of 75%/25%. We ran
two ablation studies to test how our bounds vary with net-
work depth and hidden layer dimension compared to the
bounds proposed by Arora et al. (2019) and Lei et al. (2023).
For the first experiment, we fixed the hidden layer dimen-
sions to 64 and trained deep neural networks at different
depths in the [2, 10] range. For the second experiment, we
fixed the depth to L = 3 and trained deep neural networks
at different hidden layer dimensions of 32,64, 128, ... (in
multiples of 32). In both experiments, we fixed the output
dimension to d = 64 and the number of negative samples to
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k = 10 (furthermore, additional experiments with £ = 64
are provided in Appendix J of the full ArXiv version). For all
the neural networks trained in both experiments, we set the
maximum number of training iterations to 1000 and stopped
until the empirical unsupervised loss reached le—4 to en-
sure that all networks roughly converge to the empirical risk
minimizers. A summary of our experiment results is pre-
sented in figure 1: the y axis shows the main factor in our
and competing bounds, ignoring constants and logarithmic
terms in all cases. The results demonstrate that our gener-
alization bounds outperform the competing ones, especially
for larger widths and depths.

Conclusion and Further Works

There is very limited amount of theoretical work explain-
ing the impressive real world performance that CRL has
achieved. Existing works focus on the case of general classes
of representation functions through direct arguments on the
Rademacher complexity. In the case of neural networks, this
introduces strong depth dependency through a product of
Frobenius norms of the weight matrices. In this work, we
provided bounds relied on applying covering number argu-
ments to carefully constructed auxiliary datasets to provide
bounds with a milder dependency on depth. We also illus-
trate that with such a technique, the bounds automatically
admit a weak dependency on the number of negative sam-
ples. Moreover, through loss augmentation, we improve our
results by introducing data-dependent terms into the bounds,
lessening the effect of residual exponential growth with the
neural network’s depth. In further work, it would be inter-
esting to generalize our work to other architectures such as
CNNs, GNNs, ResNets. Furthermore, a particularly tantaliz-
ing direction would be to study the generalization properties
of CRL in the more realistic and challenging setting where
the input tuples are formed from a fixed pool of reusable la-
beled examples. This would be much more challenging due
to the violation of the i.i.d. assumption.
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