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Abstract

The problem of constrained Markov game has recently at-
tracted interests in the study of multi-agent reinforcement
learning (MARL). The existing literature has focused on safe
MARL problems where safety constraints are imposed for
each agent individually. In this work, we consider Markov po-
tential game (MPG) with a shared constraint, where the cost
function with respect to the constraint depends on states and
joint actions of all agents. We adopt a primal-dual framework
to tackle the problem and establish the Slater condition to
ensure the strong duality. Moreover, we propose our primal-
dual learning algorithm for learning approximate Nash equi-
librium in MPG with shared constraint. Thanks to the novel
design of the dual update, we provide asymptotic conver-
gence on the weighted output policy. Specifically, we prove
that both the value function gap and the constraint violation
of the output policy converge at the rate O(e+1/+/T), where
€ is the accuracy level of the primal update, and 7" is the num-
ber of iterations. We further show that the weighted output
policy outperforms the existing uniformly chosen policy.

Introduction

The problem of multi-agent reinforcement learning (MARL)
focuses on analyzing the strategic interactions among mul-
tiple players in a shared dynamic environment, where re-
ward and state transitions jointly depend on all players’ ac-
tions. The goal of MARL is to find Nash equilibrium (NE),
under which no player can benefit from a unilateral devia-
tion. It has broad applications in practical scenarios, includ-
ing autonomous driving (Shalev-Shwartz, Shammah, and
Shashua 2016), traffic signal control (K.J., A.N, and Bhat-
nagar 2014), and market pricing (Kononen and Oja 2004).
Although MARL has been extensively studied, its ap-
plicability is limited because in many real-life applica-
tions, agents are subject to certain constraints, such as anti-
jamming system where jamming signal is subject to aver-
age power constraint (Hanawal, Abdel-Rahman, and Krunz
2016). In those applications, agents aim to maximize their
rewards while ensuring their joint policy satisfies the con-
straints, which motivates the formulation of constrained
Markov games (Altman and Shwartz 2000). In the exist-
ing constrained Markov game literature, most works consid-
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ered individual cost functions for each agent, which depends
on the state and the action associated with that agent (in-
stead of the joint actions). There is limited work on Markov
games with shared constraints (Jordan, Barakat, and He
2024) where cost functions of the constraints depend on the
joint state and joint action space.

In general, finding NE in MARL turns out to be PPAD-
complete (Deng et al. 2022; Jin, Muthukumar, and Sid-
ford 2022), and an alternative goal of finding correlated
equilibrium (CE) or coarse correlated equilibrium (CCE)
has been widely adopted (Liu et al. 2021; Mao and Bagar
2022; Song, Mei, and Bai 2022; Jin et al. 2022; Mao et al.
2022; Daskalakis, Golowich, and Zhang 2023; Wang et al.
2023). Finding NE for a special class of Markov games,
called Markov potential games (MPGs), has been studied
in Macua, Zazo, and Zazo (2018); Leonardos et al. (2022);
Zhang, Ren, and Li (2022); Ding et al. (2022); Mao et al.
(2022); Zhang et al. (2024); Maheshwari et al. (2023);
Narasimha et al. (2022); Perolat et al. (2017); Guo et al.
(2024); Zhou et al. (2023). In MPGs, it is assumed that there
exists an underlying potential function that can measure the
change of the expected reward of any player caused by devi-
ating from his own policy. If such a potential function is pub-
licly available, then an NE policy can be simply obtained by
finding the global optimum of the potential function. Even if
the potential function is unknown, such structural assump-
tion on the Markov game model can be beneficial in the al-
gorithm design. Moreover, the MPGs cover a wide range of
mixed cooperative and competitive Markov games, includ-
ing identical interest Markov games and congestion games.

The concept of constrained MPGs has been recently in-
troduced in Alatur et al. (2024), and they proposed a co-
ordinate accent algorithm for finding an NE. Later Jordan,
Barakat, and He (2024) proposed an independent proximal-
policy algorithm to relax the coordination requirement be-
tween agents. A more natural duality approach has been
shown to fail when the strong duality does not hold (Alatur
et al. 2024; Jordan, Barakat, and He 2024). In this work, we
consider the problem of finding NE in MPGs with a shared
constraint, and re-investigate the primal-dual approach. Our
contributions are summarized below.

First, we investigate the Lagrangian function in MPGs
with a shared constraint, and introduce the Slater-type con-
dition to establish the strong duality. Moreover, a sample-



efficient algorithm for checking Slater condition is proposed
based on a reduction of the original MPG with a shared
constraint to an unconstrained two-player zero-sum Markov
game. At the same time, the algorithm also outputs the safe
margin defined in the Slater condition, which is of great im-
portance in the analysis of our subsequent primal-dual based
MARL algorithm.

Second, we propose our primal-dual algorithm for find-
ing NE in MPGs with a shared constraint. The primal up-
date calls for an oracle for learning an approximate e-NE in
an unconstrained MPG, which can be solved efficiently by
existing algorithms including independent and decentralized
learning in MPGs (Maheshwari et al. 2023). For the dual
update, we propose two variants of dual projected descent,
which can lead to weighted mixed output policy.

Third, we show that both the value function gap and the
constraint violation of our output policies under two differ-

ent dual update rules converge at the rate of O(e 4 1/v/T),
where € is the accuracy in the primal update and 7' is the
number of iterations. We observe that the weighted mixed
output policy achieves a better performance under compared
to the state-of-the-art uniformly chosen policy.

Related Work

Markov potential games. Macua, Zazo, and Zazo (2018)
introduced MPGs as an extension of normal form potential
games (Monderer and Shapley 1996) and state-based poten-
tial games (Marden 2012). Leonardos et al. (2022) proposed
independent stochastic policy gradient methods and Zhang,
Ren, and Li (2022) proposed a model-based algorithm, and
they both achieve O(¢~%) to reach the e-approximate NE.
Maheshwari et al. (2023) proposed two timescale algo-
rithm for independent and decentralized MPGs where play-
ers do not have knowledge of model and cannot coordinate.
Narasimha et al. (2022) provided structural assumptions for
verifying whether a Markov game is an MPG and proposed
several algorithms for solving MPGs. When coordination
between players is available, Song, Mei, and Bai (2022) pro-
posed a coordinate ascent algorithm for achieving O(¢~3)
sample complexity. Guo et al. (2024) introduced a new class
of a-MPGs generalizing the MPGs by allowing its potential
function to deviate at most .. Zhou et al. (2023) recently in-
troduced a class of networked MPGs and proposed localized
actor-critic algorithm with linear function approximation.

Constrained Markov games and constrained MPGs.
There has been a thrust in MARL with safety constraints
in practice (ElSayed-Aly et al. 2021; Gu et al. 2023). Con-
strained Markov games were first introduced in Altman and
Shwartz (2000), and they provide sufficient conditions for
the existence of NE. Chen, Ma, and Zhou (2022) introduced
the notion of CE in constrained Markov games and pro-
posed a primal-dual algorithm for finding CE. Ding et al.
(2023) developed an upper confidence learning algorithm
and established the regret guarantees for two-player zero-
sum constrained Markov games. Constrained MPGs were
first studied in Alatur et al. (2024), and they proposed a co-
ordinate ascent algorithm for finding NE. Inspired by the
recent progress in nonconvex optimization under noncon-
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vex constraints, Jordan, Barakat, and He (2024) removed the
requirement of coordination and proposed an independent
learning algorithm for finding NE in constrained MPGs. Our
work is closely related to Jordan, Barakat, and He (2024)
and we re-investigate the primal-dual approach for con-
straint MPGs by introducing the Slater condition assump-
tion and an algorithm for checking such condition. Based
on the Slater condition, we further propose the primal-dual
algorithm for finding NE in constrained MPGs.

Preliminaries

Notations. Denote [N] as the set of integers ranging from
1 to N. We also define function (a); = max{0,a}. For
i € [N], we define —i = [N]\ {i}.
MPGs with a shared constraint. Consider an N-agent
MPG with a shared constraint M = (N,S, A4 = A; X
oo X AN, Pt (e, @), 7, p), where N is the number of
agents, S is the (joint) state space, .4; is the action space for
agent i, P(s'|s, a) is the transition probability from state s to
state s’ upon taking a joint actiona € A, r; : S x A — Ris
the reward function for agent i, ¢ : S x A — R is the shared
cost function and « is the threshold, -y is the discount factor,
and p is the initial state distribution. We assume that the re-
ward and cost functions are bounded, i.e., 0 < r;(s,a) < R,
0 < c¢(s,a) < C for any valid ¢, s, a.
Policy and value function. Each agent ¢ decides its own
policy m; : S — A(A;) and the set of policies for agent 7 is
denoted as II;. A joint policy 7 is a collection of individual
agents’ policies, 7 = {m1,..., 7}

Given a joint policy 7 of N agent and a state s, the value
function of i-th agent is defined as: For all s € S,

So = S] ,

where (P, ) specifies the dynamics of the induced stochas-
tic process {(s¢, a;),t € N}. Similarly, given a joint policy 7
of N agents and a state-action pair (s, a), the Q-value func-
tion of i-th agent is defined as

o0

VI (s) = E(sya0)~(Pym) [Z Vri(se, ar)

t=0

oo
Qr,(s,a) = E(sy ap)~(Pm) {Z V'ri(se, ar)

t=0

(s0,a0) = (s,a)] .

With a little abuse of notation, we use V., (m) to repre-
sent the corresponding value function when the initial state
follows from distribution p. That is,

Vii(m) = Eonyp [V(5)] -

The value functions V,(-), Q.(-) given the cost ¢(-) and a
joint policy 7 are defined analogously. Define permissible
policy set as II C ®;I1;, where for any permissible policy
7 € II, it holds that V.(7) < «. For ease of exposition,
let Rmax Z {maxﬂ,i ‘/r,i (ﬂ')}’ Cmax 2 {ma‘XT( Vc(ﬂ-)7a}
be upper bounds on the total discounted reward and cost,
respectively. Proper choices can be Ry.x = ﬁR and
Crnax = max{a, ﬁC}

For an MPG, there exists an underlying potential function
¢ : II — R such that Vrr;, 7w, € 11;, Vo_; € II\IL;, Vi € [N],

Vii(miymi) = Vo (i, moi) = d(mi, i) — ¢, m—y).



We remark that the underlying potential function is not re-
vealed in the learning process.

Properties of MPGs with a shared constraint. It is well-
known that for unconstrained Markov potential games, the
maximizer of the potential function has to be an NE pol-
icy. It remains valid for Markov potential games with shared
constraints, as summarized below.

Lemma 1. Let ¢ be a potential function for an MPG with
shared constraints, and 7* € arg max e ¢(), where IT is
the permissible policy set. Then 7* has to be an NE policy
for such MPG with shared constraints problem.

Proof. The proof is by contradiction, which is essentially
the same as that in MPG. Suppose 7* is not an NE pol-
icy. Then, there exists an agent ¢’s policy m; such that
Vi, (ms, %) > Vo, (m}, m%,;). Therefore, we have

o(mi, m25) = (") = Vo (i, w2y) = Vo (w7, 725) > 0,
which contradicts that
arg max e (7).

*
—1

¥

to :

the assumption €

O

Nash equilibrium and Learning objective. Recall the def-
inition of permissible policy set IT under which any permis-
sible policy 7 € II satisfies the safety constraint V,.(7) < a.
For constrained MPGs, a permissible joint policy 7 is an
Nash equilibrium (NE) if it satisfies the following two prop-
erties: First, a joint policy 7 is a product policy where each
agent takes independent action at each decision state; Sec-
ond, for any agent ¢ € [N] and any policy 7, of i-th agent,
it holds that V,.,(w) > V,..(w},m_;) where m_; denotes the
joint policy of all agents’ policies excluding agent . In other
words, for an NE policy © € II, no agent can improve its
value function without violating the shared constraint by de-
viating from its own policy.

For ease of exposition, we use 772 (m_;) to denote the best
response of the ¢-th agent when other agents’ joint policy is
7_; under constrained MPGs. Here policy (] (1_;),7_;)
still satisfies the safety constraint. A joint permissible policy
m = (m1,...,7n) € Il is an e-approximate NE policy if for
all i € [N]

V;’i, (WT (,/T—i)7 ’/T—i) -

Our goal is to design sample efficient algorithm for learning
e-approximate Nash equilibrium (NE) of the Markov poten-
tial games with a shared constraint.

Ve (m) <e.

i

Strong Duality for Markov Potential Games
with a Shared Constraint

In this section, we establish the strong duality for MPGs with
a shared constraint by first introducing the Slater-type con-
dition in this context, and then proposing an algorithm for
checking if such a condition is met for a given MPG with a
shared constraint.

Since a policy maximizes the potential function is an NE
policy (Lemma 1), we begin with our original optimization
problem

max @(m), s.t. Vo(m) < a.
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Consider the equivalent Lagrangian primal problem

mT&rxxr/\nZlglL(w, A),

where the Lagrangian function L(7, \) is defines as
L(m,A) = ¢(m) + Ma = Ve(n)).
The Lagrangian dual problem is defined as

(D

min max L(m, A).
A>0 well
By the minimax inequality, weak duality can thus be estab-
lished, which claims that the optimal value of the primal
problems upper bounds the optimal value of the dual prob-
lems.

We first show that the inner optimization problem of the
dual problem (1) is equivalent to optimizing the potential
function of an unconstrained MPG with certain modified re-
wards.

Lemma 2. Given A > 0, define 5(77) = o(7) + Ma —
V.(7)). Then the inner optimization problem of (1) is equiv-
alent to finding a policy 7 € arg max, ¢(7) under the un-

constrained MPGs with potential function ¢(-) and modified
reward functions: for any ¢ € [N], for any (s,a) € S X A,
ri(s,a) = ri(s,a) — (s, a).

Proof. Fix dual variable A. For any policy 7 = (m;, 7_;)
and 7;, The difference between ¢(7;, 7_;) and () is
O(Ti, i) — ()

= o, i) — o(m) = A(Ve(Ti, i) = Ve(m))

= Vo (i, i) = Vo (1) = A(Ve(ms, mi) — Ve(m))

= Vrioxe(mi, m—i) = Vi ae(),

which is exactly Vz, (7, m—;) — Vi, (7). O

We will make use of this property in our primal-dual al-
gorithm, as elaborated in the next section.

Next, we introduce the strong Slater condition, which is
the key to establish the strong duality result.

Assumption 1 (Slater Condition). For any agent ¢ and any
joint policy m = (m;, m—;), there exist a stochastic policy 7;
and positive real number u such that V,.(7;, 7—;) < o — w.

The Slater condition assumes that any agent ¢ can always
find a strictly feasible policy given a fixed policy n_; for
all other agents. With the above Slater condition, the strong
duality can thus be established.

Theorem 1 (Strong Duality). Let Assumption 1 hold, then
the strong duality holds for Markov potential games with a
shared constraint.

Next, we first propose Algorithm 1 for checking Slater
condition in a given MPG with a shared constraint. Re-
call product policy set ®;¢c[n)Il;, and we define II_; =
®ie [N\ {i}11;. Assume we have access to an oracle for com-
puting the NE policy (m;, 7_;) € (II;,II_;), which can be
solved efficiently (Feng et al. 2024). We remark that find-
ing NE in the two-player zero-sum Markov games can be



Algorithm 1: Algorithm for Checking Slater Condition

1: Input: shared constraint threshold «, accuracy € > 0.

2: fori<1,...,Ndo _ o

3:  Find an €’-approximate NE policy 7* = (7!, 7°;) un-
der the unconstrained zero-sum Markov game

Ve(mj, mly(m))) — Vel

%
—1

+ i /

~ (m',), 7o) < €.
i =a—Vo(ri,mt,) — €.

end for

: Return: @ := min;en U;.

AN

solved efficiently despite such algorithms do not exist under
multi-player general-sum Markov games.

Algorithm description. For clarity, we use 7, (7_;) to de-
note the best response of agent ¢ under unconstained MPGs.
For each agent i, we view all other agents —i as a com-
bined single agent, and consider the following unconstrained
two-player zero-sum Markov games: The combined single
agent —¢ serves as the max-player, and plays against the
min-player agent ¢. That is, the agent ¢ aims to minimize V,
while combined agents —: aim to maximize V. The reward
specified in the algorithm is the joint cost function ¢ of the
original MPGs with a shared constraint. The newly defined
unconstrained two-player zero-sum Markov game focuses
on finding the ¢-th agent “duality gap” with respect to the
original cost function (rather than the original reward func-
tion). The next lemma establishes the relationship between
Algorithm 1 and the Slater condition (Assumption 1).

Lemma 3. For any policy 7_; € II_;, agent i’s policy t
satisfies the inequality V.(},7_;) < a if u; > 0. Further,
the gap a — V.(w?, m_;) is upper bounded by ;.

Proof. Since 7' = (r{, 7% ,) is an €-approximate NE of
the unconstrained zero-sum Markov game specified in line 3
and the combined single-player —i plays as the max-player,
Vo(rl,m_y) < Vo(ml,7t,) + € for any joint policy 7_,. If
u; > 0, it holds that

Vc(ﬂ-q?aﬂ-—i) S ‘/c(ﬂ-;ﬂ-’il) + 6/ S «,

where the last inequality follows from line 4 and w; > 0.
The gap o — V(w}, 7_;) can be bounded as follows

a—Vo(rh i) > a—Vo(nl,nl,) — € =1,

where the first inequality holds since 7’ is an ¢’ -approximate
NE policy, and the last equality follows from the definition
of u; in line 4. O

Thanks to Lemma 3, if all those gaps u; are positive (line
6), Slater condition (Assumption 1) holds and @ serves as
the duality gap. If u < 0, then we say that the original prob-
lem may not satisfy the Slater condition (Assumption 1).
We remark that obtaining a negative u does not necessarily
mean that the Slater condition fails, since raising the accu-
racy level (selecting a smaller €’) could result in a positive
Uj.
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Algorithm 2: Primal-dual Algorithm for finding NE in
MPGs with a shared constraint
1: Initialization: \; = 0, p; = log(t+1),n =n; = 1/V/T,
€ = 2H Ryax /u where w is the duality gap.

2: fort=0,..., T —1do
3:  primal update: solve the unconstrained MPGs with
reward r; — A\sc to obtain an approximate N E 7y
mE}X Vl“,;*)\c(ﬂ-;a 7'(-71'715) - Vl‘if)\c(ﬂ-t) S €, VZ (2)
T
4:  Dual update: update \;4; via projected dual descent
At+1 = Projig ¢ ((peAe = nVAL(me, Ae)) /pe+1)  (3)
or  Ae1 = Projp ¢ (At — meVaL(me, At)) 4)
5: end for
6: Output: 7, where t' is sampled from {0,1,...,7 —

1} with weight {pg,p1,...,pr—1} for (3) and

{no,m,...,nr—1} for (4).

Primal-dual Based Algorithm

In this section, we propose a primal-dual algorithm for learn-
ing e-approximate NE in MPG with a shared constraint.
Our algorithm builds upon the primal-dual algorithm for
constrained Markov games (Chen, Ma, and Zhou 2022) and
features a special design of the dual variable update. Specif-
ically, we introduce two variants of projected dual descent,
and the resulting output policies are weighted mixed poli-
cies, which outperforms the uniform policy in certain cir-
cumstances.
Primal Update: Oracle for finding NE in unconstrained
MPGs. For the primal update (line 3), instead of conduct-
ing projected primal ascent step to update primal variable,
we seek to find the optimal primal variable 7, given fixed
dual variable );. Thanks to Lemma 2, such step is essen-
tially equivalent to finding e-approximate NE policy for cer-
tain unconstrained MPG (line 3). We employ an oracle (any
existing algorithm) for finding an e-NE policy in the uncon-
strained MPG (e.g. Maheshwari et al. (2023), Song, Mei,
and Bai (2022)) with reward r; — A\;c.
Projected dual descent. Dual variable \; is updated via
projected dual descent with fixed primal variable 7. In
dual update rule (3) and (4), VL(m, A\t) = a — V(7).
Note that the projection set [0, £] must contain the optimal
dual variable. Instead of the vanilla dual update A\;y; =
Projjg ¢ (At = VA L(¢, A)) where 7 is the parameter to
be optimized, we consider two different dual update rules
(3) and (4). Note first that both can be reduced to the vanilla
dual update with appropriate choices of parameters p;, n and
1¢. The benefits of our new update rules lies in the versatility.
By proper choices of parameters p;, n and 7, the resulting
mixed output policy weighs more on the recent iterations
while their mixed output policy uniformly sample from all
iterations.
Compare with Chen, Ma, and Zhou (2022). Our algo-
rithm is inspired by the primal-dual algorithm therein with
the following differences. First, we consider the MPGs with



a shared constraint while they study the Markov games. De-
spite their model is more general, they focus on finding an
approximate CE rather than NE (as efficient algorithms for
finding NE does not exist). Thanks to the special structural
assumption on the MPGs, we are able to find an approx-
imate NE. Second, Chen, Ma, and Zhou (2022) identified
the Slater-type condition in constrained Markov game, while
in our work, besides identifying the Slater-type condition in
constrained Markov potential games, we also propose an ef-
ficient algorithm for checking Slater condition. Third, we
provide two variants of dual projected descent update rules,
and the resulting mixed output policy weighs more on the
recent iterations while their mixed output policy uniformly
sample from all iterations. Our convergence results suggest
weighted policy can outperform the uniformly chosen policy
and can be potentially used to improve existing result.

Theoretical Guarantees

In this section, we provide the theoretical guarantees for our
proposed primal-dual algorithm and their proof sketches.
Define value function gap of -th agent as

Dy(r) = Vo, (@i i) —

max i
permissible 7,

Vi (7).

Here permissible policy set contains all policies that satisfy
the shared constraint.

The performance of our algorithm is evaluated by both
the value function gap and the constraint violation, and the
theoretical guarantee is summarized as follows.

Theorem 2. Let Assumption 1 holds. Run algorithm 2 for
T iterations with dual update rule (3), the output policy 7,
is sampled from iterations [1,2,...,T — 1] with increasing
weight [po, p1, - - ., pr—1] and its value function gap and the
constraint violation satisfy

E[Di(7)] < €+ 4C2 0 - Z”T Vi € [N,
t=0 pf
BV (R )] € e (23 gt
(Zt 0 pt) 5 t=0
4TnC?
£ <Z||pt prial + ool ) AT
n €
45 T—1
+ 2Cmax(pr — po) + n Z pe(per1 — pr)].
t=0

Similarly, Run algorithm 2 for 7T iterations with dual up-
date rule (4), the output policy 7, is sampled from iterations
[1,2,...,T—1] with weight [9, 1, . . ., p7—1] and its value
function gap and the constraint violation satisfy

Zt 077t

E[D(7r)] = € + 202, ==0_1 |
Zt 0 UG

9 T-1
E[(Va(Fe) — a),] € 2 4 =y <s+ ACmae n$> .
£ t=0 "It 3 t=0

The above theorem establishes the performance guaran-
tee of Algorithm 2 for both value function gap and the con-
straint violation associated with the output policy 7;. Note
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that the dual update reduces to standard projected dual de-
scent when p; = 1 under (3) or 77, = 1 under (4), and the
corresponding value gap and the constraint violation is of or-
der O(e+1/+/T). In the following, we show that by properly
selecting parameters in the update rules (3) and (4), the over-
all value function gap and the constraint violation remain the
same.

Theorem 3. Under the same assumption as in Theorem 2,
if we select p; = log(t + 1) and = 1/+/T in (3) which
leads to a weighted policy, the value gap and the constraint
violation are of order

02
VT logT) ’

£+ Chax/€ )
\/>logT '

Similarly, if we select , = 1/ VT in (4) which leads to a
uniformly chosen policy, the value gap and the constraint
violation are of order

E[D;(7)] < O <e +

rnax

T

E[(Va(7) — )] < (9(

E[Di(7)] < O (e+ %ﬂf)

Benefit of weighted policy. Note that both the value func-
tion gap and the constraint violation under the weighted pol-
icy have faster convergence rate compared to those under
the uniformly chosen policy. Further, both of our dual up-
date rule (3) and (4) may render better weighted policies by
properly selecting parameters 7, p;, and we leave it as fu-
ture works.

Compare with Jordan, Barakat, and He (2024). If we
choose Nash-CA (Song, Mei, and Bai 2022) as our primal
update oracle, then the total sample complexity of our algo-
rithm is O(e~%) sample complexity, which coincides with
the best existing algorithm proposed in Jordan, Barakat, and
He (2024). Our algorithm follows the primal-dual approach
while their policy update rule guarantees that the sampling
policies are always feasible. Moreover, their algorithm re-
quire the initial policy to be feasible while our algorithm
does not need such assumption. Further, the lower bound
for Markov games is (%), which also serves the lower
bound for the constrained Markov potential games. Both al-
gorithms suffer O(e~2) gap, and it is open whether this gap
can be narrowed.

Proof Sketch of Theorem 2

We provide the proof sketch for the uniformly chosen policy
under the dual update rule (3) and the proof for the weighted
policy under the dual update rule (4) is similar. We focus on
bounding the value function gap in step I-II, and the perfor-
mance of the constraint violation is analyzed in step III-V.
Step I: First, we bound the value difference between pol-
icy (m},,m—i) and policy m;, where 77, w;r(w,iyt) is
player i’s best response policy when other agents choose
policy 7_; ; under the shared constraint.



Lemma 4. Let 7; be the approximate NE policy of the pri-

mal update in the ¢-th iteration and 7}, = WT( i.t). Then,
we have
Z pide(Ve(mi s min) = Ve(mi)) < 20TCh . (5)
Proof. Note that
0> —[lprir|?
o T
= (loedell® = lpesaresa]®)
t=0
(i) LZ1
> Z ([loeAel? = llpeAe — (e — Ve(me))|1?)
t=0
@iy T=1 Y
> —WQZ(HQHHWC(M)H) +2772 prAe(a—=Ve(me))
t=0 t=0
(iv) -1
> - 2T012nax+277 Z pt)‘t(a_vvc(ﬂ-t))
t=0
) T-1
> _4772Tcr2nax + 277 Z pt}‘t(vvc(ﬂ-;k,h ﬂn*i,t) - VC(TFt))7
t=0

where () uses the fact that A\g = 0, ( i) follows from the
fact that 0 € [0, ] and the nonexpansiveness of projection,
(#i1) follows from triangle inequality, (iv) uses the bound
Chax > max{a, max, V.(m)}, and (v) is based on the fact
that (7}, m_;,) is a feasible policy. Rearranging the above
inequalfty gives the desired inequality. O

Step II: We establish the value function gap below.

Lemma 5. Let D; () be the value function gap under ¢-th
iteration policy 7. Then, it holds that

T—1
Z peDi(m
t=0

Proof. Note that

Z Pt + 277T max*

T-1
0< Pt <rpax L((Tst,m—it)y At) — ((77';,5771'71‘,07)\15))
t—0 Ti,t
T-1
< Pt <n~1axVTr>\tc((7~Ti,t7W—i,t)yAt)
t=0 it
_me/\tC((W;(,hW—i,t% )‘f))
() =
< Pt (E+eri—)\tc(7rt) - V;,-—)\tc((wztaﬂf’iyt)v)‘t))
t=0
T-1
<> i (6= (Viy (750, m—ie) — Viy (70)))
t=0
+ Z pt)\t 7Tz s T i) — VC(ﬂ't)) (0)

(i) T=1
< > pele = Di(m)) + 20T Cras
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where () follows from the primal update rule and e is the
accuracy level in the primal update, (i) follows from the
definition of duality gap D;(-) and the bound on the duality
gap (see Lemma 4). Rearranging the above inequality gives
the result.

We remark that 77", is the best response of agent ¢ under
the shared constraint while 7; ; is the optimizer that max-
imizes the Lagrangian function. In general, (7; ¢, m_; ) is
not necessarily permissible.

If we define the mixed output policy 7; such that
Pre = 7] = pe/ Zfz_ol pt, we immediately get the value
function gap guarantee:

<et+4C?,  ———— nT )
Zt o Pt

Note that, in the uniform sampling p; 1 for all ¢,
E[D;(7;)] < €+ 4C2 . - n. The proposed weighted sam-

pling provides a tighter bound on the expectation of the gap
given a finite horizon 7.

Step III: For any given X, we first show an inequality re-
garding 7" pr(\r — A)(a — Va(my)).

Lemma 6. Suppose p;11 > p: > 0 for all ¢. For any \e
[0, &], it holds that

E[D;(7)]

T—1
1Y p(h = N(a — Ve(m)) (7)
t=0
1 (& <
<35 (let — prll® + |P0||2> [+ 2Tn*C2 .
t=0
®)
T—1
+ 1€ Cmax (pT — po) + 263 Z pr(per1 —p). (9
t=0

Proof. Given X € [0, ], it holds that

prs1Aes1 — praa Al

< lloee =l = Ve(m)) = pesi Al

= [los(he = X) + (pr = per)X = nla = Ve(m))|®

< lpede = peX]* + 1 (or = per DA + (e = Ve(me)) ||

= 20pe (A — M) (o = Ve(me)) = 2n(pr — per) Ma = Ve(me))
+2pu(pe — pra) AN — A)

(@) N2 2 2 ~2

< lpede = pedll” + [[(pe — pe) Al + 417 Crax
— 2npe(Ae = M) (o = Ve(mr)) + 40€Comax (pr41 — pr)
+4€%pi(prr1 — po),

where (i) follows from the nonexpansiveness of projec-
tion, and (i7) uses triangle inequality and the fact that
pe+1 > pp > 0 for all valid ¢. Summing both sides over
=0,1,...,7 — 1 gives

)

0 < [lprAr — prA|?



T
< (let = pesr|* + llpo*

) I + 4T Chax
t=0

—2'> v = N(a - Vi(m))

T-1

+ 20ECmax(pr — po) + 467 Z pt(pr+1 — pt)-

t=0

The proof is complete by rearranging the above terms. [

Step IV: By the strong duality and the property of MPGs,
we can show that the difference between V., (7}, m_; +) and
Ve (me) — XI(VC(m) upper bounds by Xf(VC(wt) - a)y,

where \; will be specified in the next lemma.
Lemma 7. Define

Xf = arg min max L((T; 4, T 1), Xt),
Xe>0 Tt

then it holds that
Vi (i 4y m—it) > Vi, (1) — X (Ve(m) — a4

Proof. For ease of exposition, we denote II;(7)
{m; : Ve(mi, m—;) < max{a, V.(m)}. Note that

(10)

Q7] s ™—i¢) = max min L((Tip, T 1), At)
it A¢>0

@ min max L((T; ¢, m_i+), )
Ae >0 iyt

(1)
> max  L((Ti4,m_it), AY)

T, €105 ¢ (m¢)
(T, i) + A (@ = Ve(Tie, m—it))

_ max
it €105 ¢ (m¢)

>

max

i, € ¢ (m¢)

G(Tigsmis) + A min{0, o0 — V() }

(#i1) ~
> ¢(7Tt) - )‘: (VC(Wt) - a)+ )

where (i) follows from the strong duality, (i) uses the def-
inition of A} and II; ,(7;) is a subset of the feasible set of
agent ¢ when other agents follows 7_; ;, (i47) follows from
the fact that m; ; € II; ¢ (7).

Now we exploit the property of MPGs, i.e. V;., (m;, m—;) —
Ve, (mhym_i) = ¢(my, m_i) — ¢(wl, m_;), we can obtain the
inequality V.., (7}, m—i 1) > Vi, (m) — N (Ve(me) — a)4.

O

Step V: We are ready to establish the constraint violation
guarantee, as summarized in the following lemma.

Lemma 8. Suppose p:+1 > p > 0 for all ¢. It holds that

t=0
T—1 T
2¢€ € 4T7701%1ax
< 3 St (ZHM — pera|® + |P0|2> T
t=0 n t=0
4£ T—1
+ 2Cmax(pr — po) + n Z pe(pe+1 — pt).
t=0
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Proof. Combining (9) and (10) in Lemma 6-7 gives

T-1
1Y o (A(Velm) = @) = X (Velm) - ). )
t=0
T-1 1 T _
< ne Z Pty <Z||Pt — pen | + Po||2> IXII?
t=0
T-1

t=0
+ 1€ Comax (1 — po) + 262> prlpre1 — pera)
t=0

+ 2T C?

max"*

(an

Similar to Lemma E.1 in Chen, Ma, and Zhou (2022), we
can show that the optimal dual variable A\ < HRax/u
where u is the duality gap in Slater condition (Assump-
tion 1). Recall £ = 2H Ry. /u and A} € [0,£/2]. Selecting

X = 1{V,(m) < a} gives
A(Va(me) — @) = Xi (Valm) — )4 > §(Velm) )y (12)

Combining (11) and (12) gives the desired result. O]

Conclusion

In this work, we investigated the primal-dual approach for
learning NE in MPGs with a shared constraint. We first in-
troduced the Slater condition assumption for MPGs with a
shared constraint that leads to the strong duality, and pro-
posed an algorithm for checking the Slater condition. Based
on the result, we developed a primal-dual algorithm that
learns an e-approximate NE at the rate of O(e+1/+/T). Dif-
ferent from the existing literature, our primal-dual algorithm
features two variants of the standard dual updating rules,
which can lead to weighted output policies. We showed that
the weighted output policy can achieve better performance
in certain regimes compared to the uniform output policy.

Appendix A: Proof of Theorem 1

The proof is similar to that in Chen, Ma, and Zhou (2022),
and we provide the proof sketch for completeness.

Let policy-induced measure p,(S1.5,a1.47) be the dis-
tribution of (s1.p,a1.,/) induced by joint policy w. By
Appendix A in Chen, Ma, and Zhou (2022), the value
function and the Lagrangian function can be written as
a linear function of p,, ie., Vi, (m) Vy, (D)
Zsl:H,al:pr(Sleﬂl:H)ZhH:oWhTi(Shaah)- Note that
for any reference policy 7! = (7ief miel), policy

T .
1> )
T = (7 Tyoooy 7ZN) can be decomposed as

)_|__.__|_7_‘,1ref_7_l,ref7

ref

m=m— (mi mog) + (m, T

where adjacent terms are the same except for only one
agent’s policy. By the definition of MPG, ¢(7) = ¢(n*f) +
V(m) — V(7™f) is therefore a linear function in p, since
V(7) is linear in p,.

Let L(py,A) = L(m, \). Based on the minimax theorem
(Lemma 9.2 of Altman (2021)), it suffices to prove the fol-
lowing properties.



1) f/(p,r, -) is convex and lower semi-continuous, and
L(-, \) is concave.

2) Domain of dual variable is convex.

3) Domain of primal variable p, is convex and compact.
The Slater-type condition assumption guarantees there
always exists a feasible p,;, and such domain exists.

The last two properties hold while the first property follows

from the definition of L(-,-) and the linear property with
respect to p, of the Lagrangian function, and the proof is
complete.

Appendix B: Proof of Theorem 3

For ease of exposition, we write y; < x if there exists some
absolute constant C' such that iy, < C'x; for all t € N, and
we we write y; ~ x¢ if there exists some absolute constant
C1,Cy such that Chxy < yp < Coxy forall ¢ € N.

The following lemma is useful for proving Theorem 3.

Lemma 9. The following inequalities hold:
1) Zle logt ~ TlogT.
2) S log?(1+1/t) < X1 1/t < o
3) S logtlog(l+1/t) S 3"/, logt.
Under weighed policy, p, = log(t + 1) and n = 1/v/T

in update rule (3). By Theorem 2 and Lemma 9 1), the value
function gap of agent i is

1/VT-T 02
]ED <€+O§1X' — _|_ max
By Theorem 2 and Lemma 9 1-3), the constraint violation is

_ € 1 £

E[(V, — < - T

(et ®“~§+N%Tyﬁ*

1 T/VT
max Cmax 1 T
TlogT 13 + st T 1/VT \/

6

E max/€
\FlogT VTlogT

Under umformly chosen policy, the upper bounds for the
value function gap and constraint violation under uniformly
chosen policy can be easily obtained by Theorem 2, i.e.,

SNV CE
T-(1/VT)

max

T

max

E[D(7r)] <

IS T

_ E 5 C(ma,x2 T(l/ﬁ)z
At =l S e+ r0/m " e Tagvn
75+L+C§mx
& NVT VT

Appendix C: Sample Complexity
In our algorithm, any existing algorithms for finding e-
approximate NE in unconstrained MPGs can be served
as the oracle for the primal update. In the following, we
choose Nash-CA algorithm developed in Song, Mei, and Bai
(2022), which achieves O(e~3) sample complexity.
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In the following, we aim to provide sample complexity of
finding a policy 7 such that both the value function gap and
the constraint violation are bounded by 2e¢. We will focus
on the sample complexity of the uniformly chosen policy,
and the sample complexity of the weighted policy can be
obtained similarly.

For the value function gap, setting E[D(77)] < € +
Cams < 2¢ gives T > O(&). Similatly, T > O(?)
also guarantees that the constraint violation is bounded by
O(e). Therefore, the sample complexity of finding (2¢)-
approximate NA is T - O(e=3) = O(e~°). By rescaling, we

conclude that our algorithm achieves O~(e’5) sample com-
plexity for finding e-approximate NE policy.
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