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Abstract

In this paper, we delve into the utilization of the negative mo-
mentum technique in constrained minimax games. From an
intuitive mechanical standpoint, we introduce a novel frame-
work for momentum buffer updating, which extends the find-
ings of negative momentum from the unconstrained setting to
the constrained setting and provides a universal enhancement
to the classic game-solver algorithms. Additionally, we pro-
vide theoretical guarantee of convergence for our momentum-
augmented algorithms with entropy regularizer. We then ex-
tend these algorithms to their extensive-form counterparts.
Experimental results on both Normal Form Games (NFGs)
and Extensive Form Games (EFGs) demonstrate that our
momentum techniques can significantly improve algorithm
performance, surpassing both their original versions and the
SOTA baselines by a large margin.

Code — https://github.com/kkkaiaiai/NM-Method

Introduction

In recent years, a broad spectrum of applications in
machine learning and robust optimization have been
cast as a minimax optimization problem in the form
of mingecxy maxycy f(x,y). Examples formulated un-
der this framework include generative adversarial net-
works (GANSs) (Goodfellow et al. 2020), adversarial train-
ing (2018), fair statistical inference (Madras et al. 2018),
market equilibrium (Kroer et al. 2019), primal-dual rein-
forcement learning (Du et al. 2017) and numerous others.
This optimization problem can be conceptualized as a zero-
sum game involving two players: the first player minimizes
f(x,y) by tuning @, while the other player maximizes
f(x,y) by tuning .

With the inextricably intertwined advancement of on-
line learning and game theory, several algorithms have be-
come foundational solvers for minimax games, including
the Online Mirror Descent (OMD) (Warmuth, Jagota et al.
1997), Follow-The-Regularized-Leader (FTRL) (Abernethy,
Hazan, and Rakhlin 2008), and particularly Regret Match-
ing (RM) (Hart and Mas-Colell 2000), which is an al-
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gorithm more closely aligned with game theory and be-
comes the building block of solving imperfect-information
games (Moravcik et al. 2017; Brown and Sandholm 2018).
However, these algorithms are known to exhibit rotation be-
haviour and fail to converge pointwise even in simple bi-
linear cases (Vlatakis-Gkaragkounis, Flokas, and Piliouras
2019). A corpus of studies aim to address this divergence
issue through plain modifications of standard algorithms,
with a specific focus on achieving an enhanced conver-
gence rate and/or securing last-iterate convergence guaran-
tees (Golowich, Pattathil, and Daskalakis 2020).

Among these techniques, regularization and optimistic
gradient are two widely used methods, with Magnet Mirror
Descent (MMD) (Sokota et al. 2023) and Optimistic Gra-
dient Descent Ascent (OGDA) (Mertikopoulos et al. 2019)
as their respective representative algorithms. MMD provides
a linear convergence rate to the regularized equilibrium by
utilizing the influences of regularization on last-iterate con-
vergence. OGDA, on the other hand, introduces an opti-
mistic gradient estimate to guide the convergence process
more effectively by predicting future gradients. In addition,
Negative Momentum (NM) is introduced as an enhancement
technique in recent research (Gidel et al. 2019), achieving a
linear convergence rate comparable to Extragradient (Kor-
pelevich 1976) and OGDA in unconstrained bilinear games.
Subsequent works have further delved into the convergence
properties of NM (Zhang and Wang 2021; Lorraine et al.
2022). However, recent analysis of NM predominantly focus
on the impact of its integration with GDA and the learning
dynamics over the unconstrained setting, leaving a gap in
discussions concerning its interaction with game-solver al-
gorithms and its performance in constrained settings. Hence,
this paper places particular emphasis on the following two
questions:

* Can NM be extended from the unconstrained setting to
the constrained setting?

* Can NM provide a significant empirical improvement
over existing methods like regularization and optimistic?

To provide affirmative answers to these questions, we
make the following contributions in this paper:

* We introduce a negative momentum updating frame-
work tailored for the constrained setting, coupled with
an intuitive paradigm for updating the momentum buffer,



which can be seamlessly integrated with classic al-
gorithms. Furthermore, by using the dilated distance
generated function (Hoda et al. 2010) and regret de-
composition framework (Farina, Kroer, and Sandholm
2019a), we propose momentum-augmented versions of
their extensive-form counterparts.

We theoretically prove that our momentum-augmented
variant with negative entropy regularizer achieves an ex-
ponential convergence rate to an approximate equilib-
rium with an infinitely large buffer or converges to the
set of Nash equilibria with a sufficiently large buffer.

We conduct comprehensive experiments over randomly
generated NFGs and four standard EFGs, including Kuhn
Poker, Leduc Poker, Goofspiel and Liar’s dice. The
experimental results demonstrate that the momentum-
augmented algorithms exhibit significant improvements
over both their original versions and other existing strong
last-iterate convergent baselines. It is noteworthy that our
proposed algorithms MoRM™(MoCFR™) consistently
obtain 10° times lower exploitability than RMT(CFR™),
and outperform another SOTA variant PCFR™. To our
knowledge, this marks the first instance where an algo-
rithm surpasses CFR™ across various types of games.

Related Work

The related work is organized to encompass existing general
techniques for facilitating minimax training and addressing
the convergence problem over both the unconstrained and
constrained setting.

Timescale separation. Timescale separation involves
solving the inside maximization problem initially to get
an approximation of y* and compute the gradient of x
as if y* is fixed, serving as a potential good descent di-
rection. In training GANs, Heusel et al. (2017) utilize a
larger learning rate for the discriminator to ensure conver-
gence to a local Nash Equilibrium (NE). Fiez and Ratliff
(2021) explore more general non-convex non-concave zero-
sum games and elucidate the local convergence to strict local
minimax equilibrium with finite timescale separation. The
two-timescale update rule resembles a softened “learning vs.
best response” scheme (Daskalakis, Foster, and Golowich
2020), which has also been investigated in the literature of
the constrained setting like game solving, guaranteeing the
convergence to the NE (Lockhart et al. 2019). Nevertheless,
the faster-updating player requires training a costly best re-
sponse oracle at each iteration, and asymmetric updates typ-
ically lead to less desirable unilateral convergence.

Predictive updates. Predictive updates come from the in-
tuitions that players could utilize heuristics to predict each
other’s next move (Foerster et al. 2017; Chavdarova et al.
2021). Algorithmically, these methods can be considered
variations of the optimistic/extra-gradient methods, where
the gradient dynamics are modified by incorporating ap-
proximate second-order information (Schifer and Anand-
kumar 2019). Previous studies have investigated the last-
iterate convergence in the unconstrained setting such as
training GANs (Liang and Stokes 2019). In cases where
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a unique NE is assumed, Daskalakis and Panageas (2019)
and Wei et al. (2021) have extended the scope of research
for Optimistic Multiplicative Weight Update (OMWU) in
NFGs. In the context of EFGs, Farina, Kroer, and Sand-
holm (2019b) empirically demonstrate the last-iterate con-
vergence of OMWU, while Lee, Kroer, and Luo (2021) sub-
sequently establish theoretical proofs with the uniqueness
assumption of NE. Recent work by (Farina et al. 2023; Cai
et al. 2023) has extended the analysis to include tighter er-
godic convergence rate and last-iterate convergence. While
the predictive updates algorithms are normally accompanied
by theoretical properties, their practical implementation of-
ten necessitates the computation of multiple strategies at
each iteration. Furthermore, these algorithms may not con-
sistently yield a significant acceleration, especially in games
with more intricate structures (Farina, Kroer, and Sandholm
2021) or with a larger scale (Lee, Kroer, and Luo 2021).

Regularization. Regularization has emerged as a pivotal
tool for accelerating convergence. Pérolat et al. (2021) con-
duct a comprehensive analysis of the impact of entropy
regularization on continuous-time dynamics, and propose
a reward transformation method to achieve linear conver-
gence in EFGs using counterfactual values. However, their
theoretical findings cannot be inherently extended to de-
sired discrete-time results. Abe et al. (2023) propose a vari-
ant of MWU by incorporating an additional regularization
term serving as the mutation dynamic, while Liu et al.
(2023) achieve improved convergence results by regulariz-
ing the payoff functions of the games. Magnet Mirror De-
scent (MMD) (Sokota et al. 2023) investigate the influences
of general-case regularization on last-iterate convergence
and provide a linear convergence rate to the regularized equi-
librium. In a parallel study, Abe et al. (2024) yield compa-
rable results but aim for an exact Nash equilibrium while
imposing a more stringent constraint on the learning rate.

Other techniques. Other methods modify algorithms with
ad-hoc adjustments to game dynamics. Consensus optimiza-
tion (CO) (Mescheder, Nowozin, and Geiger 2017) and gra-
dient penalty (Gulrajani et al. 2017) improve convergence
by minimizing the players’ gradient magnitude. Balduzzi
et al. (2018) improve convergence by disentangling conver-
gent potential components from rotation Hamiltonian com-
ponents of vector field. However, these approaches require
estimating coupled gradient and Hessian information, which
is computationally expensive, prone to high variance, and
less practical even in centralized settings.

Preliminaries
Problem Formulation
In this paper, we consider the problem of solving a con-

strained bilinear saddle-point problem (SPP):
1

minmaxb' z +x' Gy +c'v,
xzEX yey

where G € [-1,+1]M*N s a known loss function ma-
trix, and X C RM, Y < R¥ are the convex and com-
pact decision sets (i.e. strategies) for min/max players. The



linear terms are not essential in our analysis and thus we
take b c 0 throughout the paper!. This prob-
lem formulation captures several game-theoretical appli-
cations such as finding the NE in norm-form/extensive-
form zero-sum games when X and ) represent simplex
A and treeplex Arp, respectively. We denote the sim-
plex/treeplex of dimension d — 1 as A?/A%. By the cel-
ebrated minimax theorem (v. Neumann 1928), we have
ming ey MaXyey ' Gy = maxyecy Milge x' Gy. The
set of Nash equilibria is defined as Z* X* x Y*
where X* = argming,.y maxyecy x Gy and Y*
argmax,,cy Minge x x " Gy, which is always convex for
two-player zero-sum games. The duality gap (i.e. ex-
ploitability) of a pair of feasible strategies z (z,y) €
Z =X x ) is defined as:

DualityGap(zx,y) = Lr}g§ x' Gy — glen)l( z Gy. (2

Note that DualityGap(x,y) > 0 holds and
DualityGap(x,y) < e implies that the strategy profile
z € Z is an e-Nash equilibrium of the bilinear game.

For notation convenience, we let P = M + N and de-
note the loss vector of the bilinear form in Equation (1) as
F(z) = (F(2:), F(y,) = (Gy,, —G'2)) = (1. —9y)
for any z; = (x4,y,) € Z2 = X x Y C RP, where f, and
g, represent the gradients of the current strategy profile. We
assume ||F'(z)]|c < 1forall z € Z, which can be always
satisfied by normalizing the entries of G.

One way to solve bilinear SPPs is by viewing SPP as
a repeated game between two players: at iteration ¢, play-
ers choose z; € Z and then observe their loss I7 (z;)
(z! Gy,,—x[ Gy,) = (z(,F(z)). The goal of each
player is to minimize their regrets Ry 5, R, across T iter-
ations:

S

t=1
T
Z <gta yt) ’

which measure the difference between the loss accumulated
by the sequence of (z1,...z7) and the loss that would have
been accumulated by employing the best time-independent
strategies z in hindsight. An algorithm is called regret mini-
mizer if the regret grows sublinearly in 7. We denote Rt 3
as the regret of arbitrary & € X.

It is well known that if z; follows the trajectory of a regret
minimizer learning algorithm, %qu x| Gy, converges
to the optimal value of the bilinear SPP (1) as t — oo, and
the average strategies % Y.< Z7 converges to the optimal
solution to the SPP (i.e. NE) if the solution is unique.

Online Learning and Regret Matching

Online Linear Optimization Oracles. The online opti-
mization oracles all follow a reminiscent procedure that

It they are not zero, one can translate  and y to cancel the
linear terms by linear transform, see e.g. (Gidel et al. 2019).
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within the operation loop of observing the loss vector
F(z;) and updating the next strategies z;.;. For solv-
ing bilinear SPPs over constrained sets, Online Mirror De-
scent (OMD) (Warmuth, Jagota et al. 1997) and Follow-
The-Regularized-Leader (FTRL) (Abernethy, Hazan, and
Rakhlin 2008) stand out as two most classical online linear
optimization algorithms. With arbitrary zo € Z, the OMD
algorithm proceeds iterations following the rule:

21 = argrr;in {n(z,F(z1)) + Dy (2,21)}, (4
zE

where 1) is a convex function called regularizer, 1(z)

Y(x)+4(y) and Dy (p, q) = ¥ (p) —¢(q) — (Vi (q),p — q)

is the Bregman divergence. The FTRL produces iterations

following the rule:

FTRL can be equivalent to OMD with linearized
loss (Orabona 2023). OMD/FTRL instantiate Gradient De-
scent Ascent (GDA) and Multiplicative Weights Update
(MWU) when regularizer )(z) is specified as the negative
entropy 1(2) = zlogz or the Ly-norm 9 (z) = 1|22,
respectively.

2
Regret Matching. Regret Matching (RM) (Hart and Mas-
Colell 2000) stands as one of the preeminent regret mini-
mizer learning algorithms, extensively utilized in the domain
of game-solving applications. An instantaneous regret vec-
tor is defined as r(x;) = (x¢, F(x;)) - 11, — F(x;),> which
measures the change in regret incurred at iteration ¢ relative
to each dimension of the decision sets. RM keeps an accu-
mulative regret R and updates strategy ;1 by normaliz-
ing the thresholded accumulative regret:

t

>0z F(z) +4(2)

k=1

Zi+1 = argmin
zeZ

t
ra=Y r(z), @ = [REa]T /IR

=0

(6)
where []+ denotes thresholding at zero. Regret Matching™
(RM™) (Tammelin 2014) is a variant of RM that fur-
ther thresholds the accumulative regret at zero at every it-
eration: RY,; = [RY + r(x;)]". Burch, Moravcik, and
Schmid (2019) show that combining RM™ with the alter-
nation trick, wherein the strategies of two players are up-
dated asynchronously, yields faster empirical performance
and is proven to exhibit strict improvement for game solv-
ing (Grand-Clément and Kroer 2024). In contrast to FTR-
L/OMD, the update rules of RM stand out for being
parameter-free and exclusively involving closed-form oper-
ations, specifically, thresholding and normalizing.

Methods
The Negative Momentum Mechanism
‘We recall that in the unconstrained case, the iterations of the
Gradient Descent Ascent with augmented (Polyak) momen-

2L can be either M or N, that is we overload the notation 7 so
its domain depends on the input.



tum (Polyak 1964) term (GDAm) proceed as follows:
zep1 = 2zt — NF(2¢) + B(z1 — 24-1), (N
where 7 is a positive step size. Alternatively, with gy = 0,

the procedure can be written in an equivalent form with mo-
mentum buffer pu, = (2; — 24—1) /7

Be=Buy_y — Fze), ze=zi1+tnm. ()
The convergence process of GDAm can be illustrated by
the Newton’s 2"% law mX = F of a particle of mass m.
Without loss of generality, we henceforth assume the mass
of our object to be unity. By viewing the Fo, = —F(z) as
the curl force of the 2-dimensional X — Y surface (Berry
and Shukla 2016), the discretization of the continuous-time
dynamic Z = —F(Z) with the discretization step size 6 =
/7 can be written as follows:

zir1 =224 — 241 — NF(2y), )]
which is corresponding to setting 5 = 1 in Equation (7).
Equilibrjumy Equilibrium
\ ¢url f(l)'éce
g “dfrietiorr) 7
~~~~~~ curl force S
(@ (b)

Figure 1: The mechanic dynamic of a particle with different
force. In (a), the particle situated within a curl force diverges
from the equilibrium. In (b), the augmented friction results
in a reduction of the particle’s velocity, thereby dampening
oscillations and facilitating eventual convergence.

Nevertheless, as shown in Figure 1(a), the mode of GDAm
with non-negative parameters is divergent in the min-max
objective since the curl force increases the particle’s speed
over time and thus prevents convergence. Therefore, to de-
crease the velocity of particle for convergence, a straight-
forward approach is augmenting the dynamic with an extra
linear friction F'g;c = — uZ as follows:

Z=-F(Z)-uZ, (10)
where 1 can be considered as the coefficient of friction.
Figure 1(b) illustrates that the friction in Equation (10) ef-
fectively dampens oscillation and leads to particle’s conver-
gence. Furthermore, through a combination of implicit and
explicit update steps as Shi et al. (2019), Proposition 1 illus-
trates that the discretization of Equation (10) corresponds to
the GDAm with negative momentum.

Proposition 1. With the discretization step-size § = /1 and
a sufficiently large i > %, Equation (10) can be discretized
in the form of GDAm with negative momentum:

zip1 = 2e — NF(2¢) + Bz — 24-1),
where =1 — ué < 0.

Y
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Algorithm 1: Restarting Aggregated Momentum (RAM)

1: Input: £, u, 3, Restarting interval k
2: ﬁ(ﬁ@,/J,O:O,ZO €z
3: fort =0to T do

4: Ky = 62;1611”’ - F(zt)

5:  ziy1 = Oracle(zy, p,)  following (12) or (13)
6: if L = k then

7: Reset the snapshot profile £ — ()

8: endif

9:  Save current momentum {p,} U L — L

10: end for
11: Output: z;,

Generalization to The Constrained Setting

Motivated by the effect of negative momentum terms, a key
objective of our work is to extend these findings to the con-
strained setting. Inspired by Eq. 8, we introduce a momen-
tum buffer defined by p, = SBp,_; — F(z¢) with g = 0.
This allows us to replace F'(z;) in Eq. 4 with the negative
momentum term g, and propose the Mirror Descent with
Momentum (MoMD) updating rules:

Zt+1 = a‘rgmin{n <za_/1't> +D¢ (Z,Zt)}. (12)
z€Z

Following the equivalence between OMD and FTRL, the up-

dating rules of the FTRL with Momentum (MoFTRL) can

be written as:

Li=L;—p,=Li 1+ F(z¢) = B(Ly—2 — Ly—1),
Zip1 = argn;in {n(z, L) +¥(2)}.
zE

(13)

It is noteworthy that the negative momentum term is kept
in the dual space rather than the prime space. Taking an alter-
native perspective, negative momentum involves leveraging
the buffer to store historical gradients and alternates between
adding and subtracting the gradient at each iteration.

To intensify the focus on (i.e., allocate greater weights to)
gradients from recent iterations, inspired by prior research
on momentum buffer variants (Lorraine et al. 2022) , we ad-
ditionally propose to cache a profile £ saving buffer snap-
shots within a fixed time duration k£ and aggregate them for
the final updates. That is, employing a degree of notation
flexibility, we transform the formula for updating the mo-
mentum from w; = Bu;—1 — F(2z¢) tous = ) ,cp v —
F(z;) in Equation (12) or (13), and the profile is reset
when the length L of £ reaches specified k. This updat-
ing paradigm, denoted as Restarting Aggregated Momentum
(RAM), is illustrated in Algorithm 1.

Taking MoFTRL as an example, if we substitute g, =
L,_; — L, into the aggregation of snapshots profile and can-
cel out the interleave terms, the updating rules of the cumu-
lative past loss in Equation (13) become:

L, =Ly, + F(z¢) — B(Latt — L¢—1),
Latt — Lt—l ift % k=0.

Intuitively, the momentum updating paradigm within Algo-
rithm 1 resembles mounting a spring between a periodically

(14)
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Figure 2: The trajectory plots depict the MoMWU algorithm under varying negative momentum coefficients 8 and intervals k

111

in Bias RPS. The initial strategy is set to (x,y) = (g, 33

). The equilibrium strategy is denoted by a black point, whereas the

blue and red points symbolize the starting and ending points of the trajectory. The learning rate 7 is fixed at 2 in this context.

updating attachment point L, and the current point Ly,
transforming the dynamic of friction into an effect reminis-
cent of restoring force of the spring. Algorithm 1 reinstates
the conventional momentum update rules when k£ = 1.

In order to illustrate the effects of RAM on the learning
dynamics of algorithms, Figure 2 demonstrates the trajec-
tory of MoMD with negative entropy variant (MoMWU) in
the context of Bias RPS, where the game matrix is defined
as G = [[0,-1,3],[1,0,—1],[-3,1,0]]. When contrasted
with the original MWU (equivalent to setting 5 = 0 in
MoMWU) depicted in Figure 2(a), the incorporation of neg-
ative momentum contributes to the damping of oscillations.
Furthermore, higher values of 3 exhibit improved effective-
ness in mitigating oscillations within a reasonable range as
shown in Figures 2(b) and 2(c). Extending the buffer length
introduces a distinct periodic updating behavior in the tra-
jectory. The additional attachment point adds a supplemen-
tary “restoring force”, amplifying resistance in each itera-
tion compared to the standard momentum updating approach
with k£ = 1. This heightened resistance significantly damp-
ens oscillations, as observed in Figures 2(d) and 2(e). The
ablation experiments in Appendix C further discuss the ef-
fect of momentum related to & on the algorithms.

The following theoretical analysis supports the experi-
mental results above. Assume that z, is the Nash equilib-
rium (NE) of the following modified game:

minmaxz' Gy — éDw
n

B
a =D, ’ ) 15
min max (T, Tatt) + " (Y Yar), (15)

where (Zatt, Yope) = argmin {n (z, La) + 1¥(2)}. Theo-
z

zE

rem 2 establishes that Algorithm 1, with a constant learning
rate and a profile £ that stores all past snapshots ., con-
verges at an exponentially fast rate to the modified equilib-
rium z,. Theorem 3 indicates that the modified equilibrium
serves as an O(%)—NE of the original game. This implies
that a lower — 3 reduces the duality gap of the modified equi-
librium, while a higher — 3 accelerates the convergence rate,
introducing a trade-off between convergence speed and the
bias of NE attributed to 5. Moreover, with an updating at-
tachment point L., Theorem 4 proves that Algorithm 1
converges to NE with a sufficiently large k. Complete proofs
of our theoretical results can be found in Appendix D.
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Theorem 2. Let k = oo, i.e., Ly = 0. Then, z; derived by
Algorithm 1 satisfies:

B

D@b(z*azt) < Dw(z*vzo) : (1 + 2

)t
(112
() = (p,Inp), =3 < B < 0and0 <y < V=202,
Theorem 3. In the same setup of Theorem 2, the duality gap
for the updated strategy z, of Algorithm 1 can be bounded
as:
DualityGap(z4)

B
2

Zx

3‘75 diam(Z) - [log 2= | + O((1 + D)%),

Zatt

where diam(Z) SUp, ez |2 — 2l zatt equals
(matta yatt) = a’rgnéin {77 <Z7 Latt> + T/J(Z)}
z€E

Theorem 4. Algorithm I with ¥(p) = (p,In p) converges to
the set of Nash equilibria.

We next further extend the concept of negative momen-
tum to RM/RM™. According to recent work on the inter-
esting connection between FTRL/OMD and RM/RM ™ (Fa-
rina, Kroer, and Sandholm 2021), the regret update Ry 1=

[R? + 7(x;)]" of RM™ can be reformulated as:
R; ., = argmin {7}<R,r(wt)> + Dy(R, Rt)} ,  (16)
ReRrY

where ¢y = 1| - ||? and n = —1. Therefore, RM™ is in-
tricately linked to OMD instantiated with the non-negative
orthant (after thresholding) as the decision set and facing a
sequence of loss (7(x1))¢>1. Formally, Lemma 5 draws the
relation for the regret in the strategy sequence 1, ...xz7 and
the regret Ry, ..., Rr.

Lemma 5. (Farina et al. 2023) Let z1,..xr € AM
be generated as xT; = [Rf]+/|| [RE)Y ||y for some se-
quence R, .. R} € Rf. The regret Rt 3 of 1, ...xT fac-
ing a sequence of loss F\(x1),...F(zr) is equal to Ry, p,
i.e., the regret of Ry,..., Ry facing the sequence of loss

r(x1),...r(xT), compared against R = &: Rpp =
T .
21 (r(®e), Ry — R).



Algorithm 2: Momentum RM™ (MoRM™)

I: (RY,RY)=0,(xzo,y,) € Z

2: fort =0to 7T do

3 T = [RY +7(x) — B(RL, — RY)™

xz 1+t xz 1+

4 wm = [Ri] /IN[REG] )
5: Ri’+1 = [R% + I(yt) - ﬁ(REtt - RZtJ)]
6 Y1 = [R?JFJ /H [R?H] ll1

7 if t % k = 0 then

8 Update the attachment regret vector

R}, « R/ | R}, « R/ |

9: endif
10: end for

In light of this correspondence, we integrate the updat-
ing rules within RAM into the regret updating framework of
RMT, leading to the introduction of variant referred to as
Momentum RM™ (Algorithm 2).

Implementation for Extensive-Form Game (EFG).
Here we briefly elucidate the process of extending our al-
gorithm to accommodate EFG settings. Generally, there
are two approaches to render the resolution of EFG prob-
lems computationally feasible. One avenue of research em-
ploys the regret decomposition framework (Farina, Kroer,
and Sandholm 2019a) adopted by the Counterfactual Regret
Minimization (CFR) (Zinkevich et al. 2007) family. This
framework is founded on the concept that the global regret
of the entire game can be decomposed into the summation
of local regrets associated with each simplex corresponding
to a decision node in EFG. We employ MoRM™ as the local
regret minimizer, leading to the algorithm named MoCFR ™.

Another line of research formulates EFG as a bilinear SPP
over the sequence-form strategy, where X and ) represent
sequence-form polytopes, which equivalently can be viewed
as treeplexes (Hoda et al. 2010). When employing classical
first-order methods such as OMD/FTRL, the class of dilated
distance generating function (Farina, Kroer, and Sandholm
2019b) becomes crucial for efficient computation and con-
vexity guarantees. We create the DMoMD algorithm by ap-
plying the dilated mapping to MoMD. Details on EFGs and
our extensive-form algorithms are in Appendix A.

Experiments

In this section, we validate our methods utilizing the ex-
ploitability metric under two experimental settings of NFGs
and EFGs. Detailed game description and hyper-parameters
can be found in the Appendix B.

Normal-Form Games

For tabular normal-form games, we conduct experiments
on randomly generated NFGs with action dimensions of
25, 50, and 75. The payoff matrix is drawn from a stan-
dard Gaussian distribution with i.i.d realizations using dif-
ferent seed ranging from O to 10, and constrains its ele-
ments to lie within the range [—1, 1] after normalization. We
also verify our algorithms on a 3 x 3 game matrix G =
[[3,0,-3],[0,3,—4],[0,0,1]] that has the a unique Nash
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equilibrium (z*,y*) = ([&, 4. 2], (3, 3. 3]), which
has also been used in Farina et al. (2023) to illustrate the
slow ergodic convergence of RM ™.

We compare MoMWU and MoRM™ to average-iterate
convergent algorithms (RM, RM™) and last-iterate conver-
gent algorithms (OMWU, OGDA). We also include the
comparison to the Magnet Mirror Descent (MMD) (Sokota
et al. 2023). MMD can be adapted into an NE solver by
either annealing the amount of regularization over time
(MMD-A) or by employing a moving magnet strategy that
trails behind the current iteration (MMD-M).

Note that for RMT and MoRM™, we employ alternat-
ing updates, while other algorithms are kept with their de-
fault settings, i.e., simultaneous updates. We plot the average
strategy for RM, linear average strategy for RM™ and cur-
rent strategy for other algorithms. We set the uniform strat-
egy as the initial magnet strategy for MMD-M.

3*3 Matrix Random Game(size=25)
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Figure 3: The performance evaluation of the momentum
variants and other baseline algorithms in NFGs. In all plots,
the x-axis represents the number of iterations for each al-
gorithm, while the y-axis, presented on a logarithmic scale,
illustrates the exploitability.

The results of NFGs are illustrated in Figure 3. Specif-
ically, in the specific 3 x 3 matrix game, MORM™ effec-
tively overcomes the slow ergodic convergence of RM™ as
observed in (Cai et al. 2023), showcasing a notable im-
provement in convergence speed. This observation under-
scores the beneficial impact of the momentum technique on
enhancing convergence properties. The results of the ran-
dom matrix game experiments indicate that our momen-
tum variants (MoRM ™, MoMWU) consistently demonstrate
the fastest convergence rates across all games when com-
pared to their original versions and other rapidly convergent
algorithms. Moreover, our algorithms exhibit stability and
robustness as the game size increases, whereas optimistic
methods (OMWU, OGDA) display a slight oscillation and



slower convergence. This observation is further substanti-
ated in subsequent experiments on EFGs.

Extensive-Form Games

In the tabular setting of EFGs, we utilize games imple-
mented in OpenSpiel (Lanctot et al. 2020), encompass-
ing Kuhn Poker, Goofspiel (4/5 cards), Liar’s dice (4/5
sides), and Leduc Poker. We evaluate DMoMD with L2-
norm (DMoGDA) and MoCFR™ against average-iterate
convergent algorithms (CFR, CFR™). Additionally, predic-
tive update algorithms (OGDA, PCFR™ (Farina, Kroer, and
Sandholm 2021)) along with the regularization algorithms
(MMD-M, Reg-CFR, and Reg-DOGDA (Liu et al. 2023))
are included in the comparison. Note that for algorithms
incorporating RM* updating rules (CFR™, PCFR", and
MoCFR ™), we employ alternating updates, while other al-
gorithms use simultaneous updates. We present the average
strategy for CFR, linear average strategy for CFR™ and the
quadratic average strategy for PCFR™, as recommended in
their default setting. Other algorithms are evaluated based
on their current strategy. The uniform strategy is set as the
initial magnet strategy for MMD-M.
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Figure 4: Evaluating the momentum variants and baselines
in EFGs. Results are arranged by game sizes. The first three
games use a logarithmic x-axis for clearer presentation.

Figure 4 illustrates the results in EFGs. Our momentum-
augmented algorithms significantly enhance the perfor-
mance across all games, demonstrating superior empirical
convergence rates and substantially lower final exploitabil-
ity. Remarkably, MoCFR ™ consistentlz attains significantly
lower exploitability compared to CFR™ and PCFR ™. To the
best of our knowledge, this marks the first instance where
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an algorithm surpasses CFR™ performance across various
types of games. Additionally, DMoGDA also demonstrates
rapid convergence, outpacing all the baselines by a consid-
erable margin. This represents the first occurrence where
GDA-type algorithms demonstrate remarkable performance,
outperforming SOTA variants of CFR in larger games.

Similar to the observations in NFGs, predictive updates
suffer substantial performance degradation with the increas-
ing game size. In contrast, our algorithms can maintain
robustness and consistently demonstrate favorable conver-
gence results. An intuitive conjecture posits that, in contract
to the friction-like dynamic induced by the negative momen-
tum, the incorporation of predictive updates introduces sup-
plementary second-order information, which can be likened
to the application of centripetal force in the learning dynam-
ics, serving to effectively alleviate oscillations (Peng et al.
2020). However, as the game expands, the escalating non-
transitivity poses a significant challenge (Czarnecki et al.
2020).Methods that utilizes the variations in two consecu-
tive gradient, such as optimistic/extra-gradient, may inade-
quately furnish the requisite energy to proficiently guide the
gradient and disentangle the circular behavior in the learning
dynamics. In contrast, our momentum updating framework
utilizes a history of past gradients within a period, providing
increased energy to mitigate oscillations. This potentially
elucidates the robust performance of momentum-augmented
algorithms in larger games.

Conclusion

In this paper, we extend the negative momentum updat-
ing paradigm from the unconstrained setting to the con-
strained setting, seamlessly integrating it with classical al-
gorithms. We formulate the momentum-augmented versions
of FTRL, OMD, and RM+. Leveraging regret decomposi-
tion and the dilated distance generate function, we introduce
MoCFR+ and DMoMD for solving EFGs. Experiments con-
ducted across numerous benchmark games, demonstrate that
momentum-augmented algorithms significantly outperform
SOTA algorithms on all tested games.

This work paves the way for some potential research
directions. For example, enhancing performance through
the combination of predictive and momentum-augmented
approaches for improvements is a valuable considera-
tion (Huang and Zhang 2022). Additionally, the integration
of other momentum updating paradigms from the literature,
such as complex momentum (Lorraine et al. 2022), holds
promise for achieving faster convergence rates or conver-
gence guarantees over more general settings.
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