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Abstract

Causal learning tackles the computationally demanding
task of estimating causal graphs. This paper introduces a
new divide-and-conquer approach for causal graph learn-
ing, called DCILP. In the divide phase, the Markov blanket
MB(X;) of each variable X; is identified, and causal learn-
ing subproblems associated with each MB(X;) are indepen-
dently addressed in parallel. This approach benefits from a
more favorable ratio between the number of data samples and
the number of variables considered. In counterpart, it can be
adversely affected by the presence of hidden confounders, as
variables external to MB(X;) might influence those within it.
The reconciliation of the local causal graphs generated dur-
ing the divide phase is a challenging combinatorial optimiza-
tion problem, especially in large-scale applications. The main
novelty of DCILP is an original formulation of this reconcili-
ation as an integer linear programming (ILP) problem, which
can be delegated and efficiently handled by an ILP solver.
Through experiments on medium to large scale graphs, and
comparisons with state-of-the-art methods, DCILP demon-
strates significant improvements in terms of computational
complexity, while preserving the learning accuracy on real-
world problem and suffering at most a slight loss of accuracy
on synthetic problems.

Code — https://github.com/shuyu-d/dcilp-exp
Extended version — https://arxiv.org/abs/2406.10481

1 Introduction

Discovering causal relations from observational data
emerges as an important problem for artificial intelligence
with fundamental and practical motivations (Pearl 2000;
Peters, Janzing, and Scholkopf 2017). One notable reason
is that causal models support modes of reasoning, e.g.,
counterfactual reasoning and algorithmic recourse (Tsirt-
sis et al. 2021), that are beyond the reach of correlation-
based models (Peters, Biihlmann, and Meinshausen 2016;
Arjovsky et al. 2019; Sauer and Geiger 2021). In the lit-
erature of causal discovery and Bayesian network learn-
ing, there are two main categories of methods, namely
constraint-based methods (Spirtes et al. 2000; Meek 1995)
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and score function-based methods (Chickering 2002a; Loh
and Biihlmann 2014) (more in Section 5). Depending on the
specific method, strategies for learning large causal graphs
include restricting the search space of directed graphs to that
of sparse graphs (Ramsey et al. 2017; Loh and Biihlmann
2014), or transforming the underlying combinatorial prob-
lem into a continuous optimization problem (Zheng et al.
2018; Aragam, Amini, and Zhou 2019; Ng, Ghassami, and
Zhang 2020; Ng et al. 2021; Lopez et al. 2022). While these
strategies have resulted in significant improvements in re-
ducing the complexity, their scalability is still limited when
the number of variables and/or the degree of the sought
causal graph are high.

To better tackle the computational challenges in learning
large causal structures, a growing number of works consider
breaking down the large-scale causal discovery problem into
smaller ones defined from subsets of variables, and conduct-
ing a divide-and-conquer strategy. Such subsets of variables
might be incrementally built and refined (Gao, Fadnis, and
Campbell 2017); they can be based on hierarchical clus-
tering (Gu and Zhou 2020), recursive decomposition based
on conditional independence tests (Zhang et al. 2020), or
through the Markov blanket (defined in Section 2) associated
with each variable (Tsamardinos et al. 2003; Wu et al. 2020,
2022, 2023; Mokhtarian et al. 2021). A main challenge lies
in the conquer step for the fusion or reconciliation of the
partial solutions identified in the divide step; most conquer
approaches are rule-based which limits their applicability.

In this paper we present the original Divide-and-Conquer
causal modelling with Integer Linear programming ap-
proach (DCILP) to address the scalability challenge inher-
ent to causal discovery. Formally, DCILP consists of three
phases:

* Phase-1 estimates the Markov blankets MB(X;) associ-
ated with each observed variable X;, that are used to di-
vide the causal discovery problem into smaller subprob-
lems;

Phase-2 independently tackles each causal subproblem
defined by the variables in MB(X;). Note that these
causal subproblems offer a more favorable ratio between
the number of samples and the number of variables; in
counterpart, they may no longer satisfy the assumption
of causal sufficiency (section 2) — as variables external
to a Markov blanket might act as hidden confounders,



having an impact on the variables within it;

* Phase-3 is a conquer phase, reconciling the causal rela-
tions identified for each subproblem into a globally con-
sistent causal graph.

The original contribution of the proposed DCILP is
twofold. Firstly, Phase-2 is parallelizable by design; the fact
that it can handle the causal discovery subproblems asso-
ciated with each Markov blanket, allows it to scale up to
a few thousand variables. The causal insufficiency issue is
mitigated by only retaining the causal relations involving the
center variable of the Markov Blanket. Secondly, and most
importantly, we show that the reconciliation of the causal
subgraphs learned in Phase-2 can be formulated and effi-
ciently solved as an integer linear programming (ILP) prob-
lem. Binary ILP variables are defined to represent the causal
relations (causes, effects, spouses, and v-structures); logical
constraints are defined to enforce their consistency, and the
optimization of the ILP variables aims to find a causal graph
as close as possible to the concatenation of all local sub-
graphs, subject to the consistency constraints. The resolution
of this ILP problem can be delegated to highly efficient ILP
solvers.

Overall, DCILP defines a flexible framework where dif-
ferent algorithmic components can be used in each phase:
(1) For the Markov blanket discovery task in Phase-1, we
restrict ourselves to linear structural equation models (Sec-
tion 2) following the setting of (Loh and Biihlmann 2014);!
(ii) for the causal discovery subproblems in Phase-2, we
consider GES (Chickering 2002b) and DAGMA (Bello,
Aragam, and Ravikumar 2022) as they are two representa-
tive and efficient state-of-the-art algorithms for causal mod-
eling; (iii) for Phase-3, we use the Gurobi ILP solver (Gurobi
Optimization 2025).

The paper is organized as follows. After presenting the
formal background in Section 2, we describe DCILP in Sec-
tion 3. Section 4 presents the experimental setting and re-
sults of DCILP. Section 5 discusses the position of DCILP
with respect to the related work. Section 6 concludes the pa-
per and presents some perspectives for further work.

2 Formal Background

Definition 1. Let X = (X1,..., X4) be a set of d observed
random variables. The linear Structural Equation Model
(SEM) of X is a set of d equations:

Vi<i<d, X;j=pB1,X1i+ -+ PBsiXa+e

with ¢; an external random variable, independent of any X;
for j # 4. Coefficient 3; ; = 0; at most one of 3; ; and 3; ;
is nonzero. If 8; ; # 0, X; is said to be a cause, or parent, of
X;; X; is said to be an effect of X;.

The graph G := (X, F) with adjacency matrix B =
(B:.7), referred to as causal graph, is the directed graph such
that the edge set E is the set of pairs (¢, j) with §; ; # 0.

The directed graph of a linear SEM is usually required to be
acyclic (DAG).

'The case of non-linear causal relations is left for further
work, using for instance feature selection to elicit Markov blankets
(Tsamardinos et al. 2003).
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Definition 2. Consider a DAG G = (X, B) defined on X =
(X1,...,X4). The Markov blanket of variable X;, denoted
as MB(X), is the smallest set M C X such that

X Le X\(MU{X,}) given M,

where 1 denotes d-separation (Peters, Janzing, and
Scholkopf 2017, Definition 6.1, Definition 6.26).

Causal learning commonly involves two assumptions.
The Markov property states that the joint distribution
of X exactly reflects the dependencies and independence
relations in causal graph G, implying that P(X)
H?zl P(X;| Pa(X;)) with Pa(X;) denoting the set of vari-
ables parent of X; in G. The Markov sufficiency assumption
states that all confounders (variables causes of at least two
observed variables) are also observed.

Under these assumptions, the Markov blanket MB(X) is
the smallest set M such that X; is independent of all other
variables in X given M; and MB(X;) contains exactly the
variables X; that are causes or effects of X; (i.e., 3;; # 0 or
Bi,; # 0) and the spouse variables X}, (i.e., such that there
exists a variable X, that is an effect of both X; and X}).
A triplet (X;, X;, X},) form a v-structure if X; and X are
causes of X, while the first two are not directly linked.

3 Overview of DCILP

After describing the divide-and-conquer strategy at the core
of DCILP, this section details the Integer Linear Program-
ming approach used for the reconciliation of the local causal
graphs. In the remainder of the paper, we assume the Markov
property and causal sufficiency.

3.1 Divide-and-Conquer Strategy
As illustrated in Fig. 1, DCILP is a 3-phase process:

* Phase-1 aims to identify the Markov blankets MB(X;)
for each variable X; with ¢ € [d]. Under the assumption
that it is accurately identified, MB(X;) contains all vari-
ables relevant to predict X; (Tsamardinos et al. 2003),
that is, the causes, effects and spouses of X;.

Phase-2 tackles the local causal subproblems defined on
S; .= {X,;} UMB(X;), fori € [d]. The restriction to the
S;s usually makes the causal subproblems much smaller
than the overall causal discovery problem; in counterpart,
they no longer satisfy the causal sufficiency assumption
as variables in MB(X;) may be influenced by variables
external to MB(X;). This issue will be partially miti-
gated by only retaining the causal relations involving X,
i.e. the causes and effects of X;.

Phase-3 tackles the building of a global causal graph
based on the Markov blankets and the cause-effect edges
respectively found in Phase-1 and Phase-2. This task is
formalized as an ILP problem. ILP binary variables are
associated with the cause-effect, spouse and v-structure
relations among the causal variables. ILP constraints ex-
press the consistency of these relations. Lastly, the ILP
objective states that the overall causal graph should be
aligned to the best extent with the local causal graphs,
subject to the consistency constraints.
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Figure 1: DCILP: (a) observational data; (b) data subsets on
S;; (c) output matrix B of Phase-2; (d) final solution B.

DCILP (Algorithm 1) defines a general framework, where
different algorithms can be used in the three phases. Phase-1
extracts the MB(X;)s from the whole observational dataset
D. In Phase-2, the causal learning algorithm considers the
local subproblems associated with the projection of D on
the subset of variables S;s. This phase can be parallelized,
estimating the causal subgraphs related with the S; in an in-
dependent manner. Lastly, these relations are reconciled in
Phase-3.

Algorithm 1 DCILP
Require: Observational data X' € R"™*¢
1: (PHASE-1) Divide:
Estimate Markov blanket MB(X;) for ¢ € [d]
2: (PHASE-2) for i € [d] do in parallel

3: A® « Causal discovery on S; := {X;} UMB(X;)
4: Bj(z,)C — A% ifj=4ork =14, and O otherwise
5: (PHASE-3) Conquer:

B + Reconciliation from {§ @) i € [d]} via ILP

3.2 Conflicts Among Causal Subgraphs

The naive concatenation of the cause-effect relations found
in Phase-2, given as:

d

B=Y B".

i=1

ey

generally fails to be a DAG, because B® might include
undirected edges, and because some conflicts might exist

among different B(*)s.

Definition 3 (Conflicts among causal subgraphs). Let B(Y)
and B be defined as binary adjacency matrices among
variables respectively ranging in V; and V5, such that V; C
X and V, C X. There exists a conflict among B(*) and B()
if and only if (iff) there exists a pair of variables (X;, X;)

such that {X;, X, } C Vi N Va with BY}) # B,
Proposition 4. Fori,j € [d], let B® and BY respectively
denote the i-th and j-th binary adjacency matrix output by
Phase-2 (Algorithm 1, I. 4). A merge conflict between B(")
and BY) is one of the following three types:
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(Type-1) One of the two adjacency matrices includes a
directed edge between X; and X; while the other in-
cludes no edge (X; 1 X;).

(Type-2) The two adjacency matrices include edges be-
tween X; and X; with opposite directions: either one
matrix contains an undirected edge between X; and X
while the other includes no edge; or both matrices in-
cludes a directed edge with opposite direction.

(Type-3) One of the two adjacency matrices include an
undirected edge between X; and X; while the other in-
cludes a directed edge.

The proof is given in (Dong et al. 2025, Appendix B).

As said, only the causal relations involving X; are re-
tained in B(® (Algorithm 1). This restriction considerably
reduces the set of conflicts compared to retaining all causal
relations in A (Algorithm 1, line 3).

When there exists a conflict between any pair of local so-
lutions, and depending on its type, the naive concatenation
B (Eq. 1) is weighted accordingly; details in (Dong et al.
2025, Appendix C.2).

3.3 Reconciling Causal Subgraphs Through ILP

The reconciliation of the B()s found in Phase-2 to form a
consistent causal graph is formulated as an integer linear
programming problem (Wolsey 2020). Let us denote B;;
the binary constraint variable representing the causal rela-
tion X; — Xj; let similarly S;; denote the binary constraint
variable representing the spouse relation between X; and
X ;. Finally, binary constraint variable V;;;, represent the v-
structure X; — X}, < X; among causal variables X;, X;
and X}:

Vijk = Vjir = Liff there is a v-structure (X; — X, + X;)
Sij = S5 = 1ift X; and X are spouses: 3k, Vi, = 1.

Let variables B;;, S;; and V;;, be referred to as ILP vari-
ables for clarity in the following. The ILP variables are cre-
ated if and only if they are consistent with the Markov blan-
kets, that is, B;; and S;; are created if X; € MB(X}) and
X, € MB(X;); and V;j, is created if X; € MB(X;) N
MB(X;), X; € MB(X;) N MB(X;), X, € MB(X;) N
MB(X;).

The following constraints defined on the ILP variables ex-
press the logical relations among Markov blankets and v-
structures, for all 7, j, k such that i # j, j # k, k # i:

Bij + Bji + Sij >1 if {Z,j} C (51 N SJ) 2)

Vijk < Bik, Vijr < By if {i,5,k} C (Si NS; NSk) (3)

B + Bji, <1+ Vy, if {i,j,k} C (SiﬁSj NSk) 4

‘/ijk < Sij if {i,j, k‘} - (Sz N Sj n Sk) (5)

Si; <> Vi if {i,5,k} C (S;NS; NSy) (6)
k

Proposition 5. With same notations as above, under the as-
sumption that Markov blanket MB(X; ) is true for all i € [d),
the ILP variables associated with the sought causal graph B
satisfy all linear constraints (2)—(6).



Proof. Constraint (2) expresses that if X; belongs to
MB(X;) it is either its cause, or its effect, or a spouse.
The fact that X; — X} < X is equivalent to constraints
(3), (5), (4) results from the truth table of the involved ILP
variables. Constraint (6) expresses that if X; and X are
spouses, then there exists at least one k such that ¢, j, k forms
a v-structure X; — X < X;. O

The reconciliation of the causal subgraphs B fori e [d]
is formulated as the following ILP problem which searches
(B,S,V) for B to be aligned with the naive concatenation

B of the causal subgraphs (Eq. 1) subject to the consistency
constraints:

B, B) subject t traints (2)—(6).
g}g}é( , B) subject to constraints (2)—(6)

N

3.4 Refining the ILP Formulation

For tractability, we further leverage the output BWs of
Phase-2, by imposing B;; = 0 if no causal relations between

X; and X are found in B or BU):
(®)

(.e., if ﬁij = Eji = 0 in Eq. 1). The constraints (8) and (3)
imply that, for all ¢, j, k mutually distinct:

— ; n@) _ 5@ _ 5U) _ pl) _
Bijj=0 if B;=B;  =B;;’=B;"=0

Vijk =0 if By, = 0 or Bj, =0, ©9)

which further reduce the set of the ILP variables. Lastly, we
add constraints to forbid 2-cycles:

Bij + le‘ <1 if {Z,]} C (Sl ﬂSj) (10)

Therefore Phase-3 tackles the ILP problem (7) augmented
with constraints (8), (9) and (10).

We note that the ILP resolution selects by design the edge
orientations consistent with the Markov blankets (Fig. 2).
DCILP thus recovers some properties of the PC algorithm
(Spirtes et al. 2000), with the difference that it exploits the
identification of the Markov blankets, as opposed to condi-
tional independence tests.

05 1 08 B o8

(a) B (b) B © B

Figure 2: Consistency constraints based on Markov blankets
information: if Y belongs to MB(V/), the only feasible solu-
tion is B; otherwise it is B’.

The ILP resolution offers additional possibilities regard-
ing the selection of the overall causal graph. In the im-
plementation of DCILP, Gurobi’s ILP solver (Gurobi Op-
timization 2025) is used for solving the ILP problem, and
it enables returning a pool of ILP solutions attaining the
same optimal value of the objective function. Then we select
the solution with the best DAGness value based on (Zheng
et al. 2018, Theorem 1): the DAGness of B is defined as
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h(B) = tr(exp(B © B)) satisfying h(B) = d iff B is
a DAG, and h(B) > d otherwise. In the case where sev-
eral ILP solutions have same h value, the sparsest one (with

fewer edges) is selected.

3.5 Discussion

A main limitation of the presented framework is that errors
in Phase-1 (e.g. variables missing or spuriously added in the
Markov blankets) adversely affect Phase-2 and Phase-3. The
impact of a missing variable X ; in MB(X;) can be mitigated
if X; is present in MB(X j);2 otherwise, the edge cannot be
recovered. On the contrary, the presence of spurious vari-
ables in MB(X;) can to some extent be compensated for in
Phase-2 and Phase-3. Another limitation is that the ILP solu-
tion is not guaranteed to be a DAG; constraints (10) only rule
out 2-cycles. The ILP formulation however makes it possi-
ble to incrementally add new constraints, to rule out the cy-
cles present in former solutions. The question is whether the
incremental addition of such constraints yield a DAG so-
lution in a (sufficiently) small number of iterations. These
limitations can be addressed by choosing appropriate algo-
rithms involved in Phase-1 or Phase-2. For instance, Phase-1
currently exploits the precision matrix of X to identify the
Markov blankets under the Gaussian linear SEM assump-
tion. An alternative in non-linear cases is to leverage feature
selection algorithms (Tsamardinos et al. 2003) to identify
the smallest subset of variables needed to predict a given
variable X;.

Along the same line, the choice of the causal learning
algorithm in Phase-2 may depend on the prior knowledge
about the data at hand, e.g., whether the causal variables
are expected to satisfy the equal-variance assumption (EV
case) or not (NV case). Some algorithms such as GES are
more robust to the so-called varsortability bias (Reisach,
Seiler, and Weichwald 2021) than others (e.g., NOTEARS
and DAGMA (Bello, Aragam, and Ravikumar 2022)).

Complexity. In Phase-1, the identification of the Markov
blankets is conducted under the assumption of Gaussian
graphical models. Letting ¥ = cov(X) denote the covari-
ance matrix of the data, and noting © = >~ jts inverse
(the precision matrix), it follows from the Hammersley—
Clifford theorem that the support of ©; . is exactly S; =
MB(X;)U{X;}. Its complexity is bounded by O(d?), corre-
sponding to the inversion of the symmetric positive definite
matrix . More advanced methods with reduced complexity
can be used; see, e.g., (Hsieh et al. 2014).

In Phase-2, the causal subproblems, restricted to the sub-
set of variables S;, are solved independently for i € [d]. Let-
ting djsp denote the maximal size of the estimated Markov
blankets, the computational complexity of Phase-2, consid-
ering that the subproblems are handled in parallel and using
e.g. DAGMA (Bello, Aragam, and Ravikumar 2022), thus is
O(di ).

In Phase-3, the number of ILP variables B;; and S;; is
bounded by O(dys pd) with usually dysp < d. The number

Phase-1 currently determines the Markov blankets from the
precision matrix of X, which is symmetric; see (Dong et al. 2025,
Appendix C.1).



of V;j variables is bounded by O(d3%,5d) in view of (9).
The ILP problem is NP-hard and becomes intractable when
the number of variables and the size of the Markov blankets
increases beyond a certain range. The observation from ex-
perimental results is that the computational gains in Phase-2
(solving in parallel the d subproblems as opposed to learning
one causal graph of d nodes) cancel out the computational
cost of Phase-3, for d ranging from medium to large-sized.

4 Experiments

This section reports on the experimental validation of
DCILP, referring to the extended version (Dong et al. 2025)
for more details and complementary results.

4.1 Experimental Setting

Goals. The primary goal of the experiments is to evaluate
the performance of DCILP according to the standard SHD,
TPR, FDR and FPR indicators for causal learning, together
with its computational efficiency.

A second goal is to assess how the causal learner used
in DCILP’ Phase-2 influences the overall performances.
We report on the performances of DCILP-ges (respectively
DCILP-dagma), corresponding to DCILP using GES (resp.
DAGMA) during Phase-2. The choice of GES? (Chicker-
ing 2002b) and DAGMA (Bello, Aragam, and Ravikumar
2022), known as a notable refinement of NOTEARS (Zheng
et al. 2018), is used as they are two representative state-of-
the-art causal learning methods using different techniques:
GES is a greedy search method (optimal in the large sam-
ple limit) for finding the CPDAG while DAGMA is an ef-
ficient continuous optimization method for learning causal
DAGs. DCILP-ges and DCILP-dagma are assessed against
the GES and DAGMA baselines; GOLEM (Ng, Ghassami,
and Zhang 2020) and DAS (Montagna et al. 2023) are also
used for comparison.* We also examine the impact of the
Phase-1 performance on the overall result, by considering
the DCILP (MB*) variants where the ground truth Markov
blankets are supplied to Phase-2.

Benchmarks. Following (Zheng et al. 2018), we consider
synthetic and real-world datasets. The synthetic observa-
tional datasets are generated from linear SEMs, where the
causal graph B* is drawn from random DAGs with an
Erd6s—Rényi (ER) or scale-free (SF) model. The number d
of variables ranges in {50, 100, 200, 400, 800, 1000, 1600}.
The number n of samples is set to 5x,10x or 50 x d. The
real-world dataset is generated using the so-called MUNIN
model (Gu and Zhou 2020; Andreassen et al. 1989), which
is a Bayesian network with d = 1,041 nodes that models a
medical expert system based on electromyographs (EMG)
to assist diagnosis of neuromuscular disorders. Datasets are
generated according to the considered graph B*, with coef-
ficients (edge weights) drawn from the uniform distribution
Unif([—2, —0.5] U [0.5, 2]). The noise variables of the SEM

3We used the implementation from the R package pcalg
(https://cran.r-project.org/web/packages/pcalg/index.html) , which
is a most efficient version of GES to our knowledge.

*Results of DAS are reported from (Montagna et al. 2023).
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data are from either Gaussian, Gumbel or uniform distribu-
tion. All reported results are median values from 3 to 5 runs
with different random seeds.

Computational environment. The parallelization of
DCILP’ Phase-2 is conducted on a cluster via the SLURM
scheduler; each experiment uses at most 400 CPU cores.
For d < 200, Phase-2 is distributed among 2d CPU cores;
each local causal problem is handled on 2 cores. For higher
values of d, the parallelization of Phase-2 is then limited by
congestion. The baseline algorithms and DCILP’ Phase-1
run on one CPU core, and DCILP’ Phase-3 runs on four
CPU cores; CPU specifications are detailed in (Dong et al.
2025, Appendix D.2).

4.2 Results on Synthetic Graphs

DCILP-ges. Figure 3 and Table 2 illustrate the perfor-
mances of DCILP-ges and DCILP-ges (MB*) on the ER2
data with n = 50d and on ER1 data with n = 10d respec-
tively, in comparison with GES and the other baselines.

On these problems, DCILP outperforms GES, particu-
larly in terms of FDR and computational time, except for
small problem dimensions (d < 200), as GES is very fast on
smaller problems. DCILP-ges and DCILP-ges (MB¥*) yield
identical results, as might be expected given the favorable
n/d ratio. The computational time for DCILP-ges increases
with d, though at a much slower rate than for GES. The dis-
tribution of computational time among the DCILP phases
shows that the majority of the time is spent in Phase-2, in-
creasing with d.

—+— GES (pcalg)

—¥— DCILP-ges (MB*) —+— DCILP-ges

1.0
1.00¢ 2~
=" L
o o’ %45
Fors A N
0.50 0.0 K—._'—'
0 500 1000 1500 0 500 1000 1500

Number of variables (d) Number of variables (d)

Figure 3: Learning accuracy of GES, DCILP-ges, and
DCILP-ges (MB*) on ER2 data.

DCILP-ges achieves significant gains over GES in terms
of DAG learning accuracy, which can be explained from two
facts. Firstly, the causal learning subproblems in DCILP’
Phase-2 enjoy a higher effective sample size, in the sense that
the ratio n/|MB(X;)| is higher than for the global problem.
Secondly, the reconciliation achieved by Phase-3 among the
causal subgraphs tends to remove spurious directions and it
avoids 2-cycles, while GES focuses on producing a CPDAG
and might thus retain undirected edges.

Fig. 4 suggests that the speed-up achieved by DCILP-ges
over GES increases for d > 400. For d = 1600, DCILP-ges
achieves more than 5x speedup over GES on ER2 data.

DCILP-dagma. Table 1 and Table 2 show the perfor-
mances of DCILP-dagma and DCILP-dagma (MB*) on SF3
data (for n/d = 20) and ERI1 data (for n/d = 10) respec-
tively, in comparison with DAGMA and the other baselines.



d Algorithm TPR  FDR SHD #of edges  time (sec)
GOLEM 0.987 0.025 46 £+ 14.47 1208 4437.526

GES 0.907 0471 1029 £ 237.57 2048 1330.314

400 | DAGMA 0.999 0.003 3+1.53 1196 3997.719
DCILP-dagma (MB*) || 0.964 0.135 208 4 24.43 1330 1102.636
DCILP-dagma 0.925 0.177 322 + 68.83 1336 974.538
GOLEM 0.964  0.049 187 4 355.73 2426 25533.171

GES 0.878 0.518 2444 +1182.74 4068 12063.320

800 | DAGMA 0.999  0.003 7 £ 8.66 2398 22952.589
DCILP-dagma (MB*) || 0.938 0.250 879 £ 234.64 2994 4104.407
DCILP-dagma 0923 0.250 914 +191.78 2932 3405.801

Table 1: SF3 (d € {400,800}, n/d = 20): Comparative performance of GOLEM, DAGMA, GES, and DCILP-dagma. DCILP-

dagma uses 400 CPU cores in Phase-2.

We observe that DAGMA almost exactly recovers the
underlying DAGs, with TPR and FDR respectively close
to 1 and 0. DCILP-dagma achieves significant gains over
DAGMA in running time for all problem dimensions d, with
a moderate loss in learning accuracy (median TPR circa 0.9;
median FDR around 0.2 on SF3 data and under 0.1 on ER1
data). Complementary results in the non-equal noise vari-
ance (NV) setting (Reisach, Seiler, and Weichwald 2021)
show however that DCILP-ges is much more robust in the
NV case than DAGMA (Figure 5). More details are pre-
sented in the extended version (Dong et al. 2025).
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Figure 4: Computation time of the 3 phases on ER2 data
with different graph sizes (d).

d Algorithm SHD #edges time (sec)
GOLEM 6.0 £0.58 194 686.28

DAS 110 £ 6.60 - 282.00

200 GES 177.2 £ 10.21 361 4.58
DCILP-ges 53 +£16.17 243 68.33
DAGMA 1.6 £ 1.67 200 173.93
DCILP-dagma 15 £5.57 208 59.00
GOLEM 31.0£8.19 990 7885.99

DAS 994 £+ 15.00 - 5544.00

1000 GES 1521.8 £51.3 2470 629.30
DCILP-ges 79 £+ 5.86 1004 328.00
DAGMA 3.40 £+ 2.88 1001 8554.24
DCILP-dagma | 46 % 23.59 1014 272.67

Table 2: Results on ER1 data (n/d = 10): Comparative per-
formance of DAS, DAGMA, GES, DCILP-ges and DCILP-
dagma. DCILP-dagma and DCILP-ges use 400 CPU cores
in Phase-2.
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Figure 5: Results on ER2 data under the EV (left) and NV
(right) settings.

In all settings, the time efficiency gains of DCILP-dagma
over DAGMA are even more significant than for DCILP-ges
compared to GES: DCILP-dagma achieves an 100x speed
up over DAGMA for d > 400. As discussed in Section 3.5,
such speedups are largely due to the parallelization of the
local learning subproblems in Phase-2.>

4.3 Results on Real-World Graph

On MUNIN (Fig. 6), DCILP-dagma and DCILP-ges achieve
significant reductions in running time compared to DAGMA
(with a speed-up of circa 270 times) and compared to GES
(with a speed-up of circa 25 times). At the same time, their
learning accuracy is on par with that of DAGMA, and con-
siderably better than for GES; the SHDs of DCILP-dagma
and DCILP-ges rank first or second along with DAGMA;
the TPRs are similar for DAGMA, GES and DCILP-dagma,
and slightly inferior for DCILP-ges with uniform noise.

Similar trends are observed for other n/d ratios and noise
types (details in (Dong et al. 2025, Appendix D.6)).

4.4 Impact of ILP in Phase-3

The actual effects of the ILP reconciliation process are ana-
lyzed by comparing the performance of DCILP-dagma and
DCILP-ges with that of the naive merge B (Eq. (1)) of the
causal graphs obtained in Phase-2, on the ER2 and SF3
cases. As shown in Fig. 7, the main impact of the ILP-based
reconciliation is that it significantly reduces FDR, at the ex-
pense of a slight reduction in TPR, particularly so for high
values of d (TPR remaining above 90%).

SDespite the fact that the parallelization of Phase-2 encounters
congestion for large d given the available CPU cores.
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Figure 6: Comparative results on MUNIN linear SEM with
Gaussian (a) and Uniform (b) noise distributions. The ratio
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Figure 7. Comparison with the naive merge B: DCILP-
dagma on SF3 data.

5 Position with Respect to Related Work

The most related work is the divide-and-conquer strategy
proposed by (Gu and Zhou 2020), defining the Partition, Es-
timation and Fusion (PEF) approach. The partition step pro-
ceeds as a hierarchical clustering algorithm. The estimation
step consists of estimating the DAG or CPDAG associated
with each cluster. A first difference between PEF and DCILP
regards the divide phase: in PEF, variables are partitioned
while DCILP considers overlapping Markov blankets. Not-
ing that both approaches face the causal insufficiency issue,
the redundancy involved in DCILP-Phase-2 possibly results
in a better robustness. The second and most important differ-
ence between PEF and DCILP regards the conquer phase.
PEF tackles a combinatorial optimization problem, defin-
ing and selecting the best edges among the subgraphs, while
DCILP relies on the ILP resolution to ensure the consistency
of the global causal graph built from the local ones.

A top-down strategy, proposed by (Zhang et al. 2020) and
aimed at CPDAG, proceeds by recursively splitting the set
of variables in smaller subsets. Inversely, a bottom-up strat-
egy is the graph growing structure learning (GGSL) pro-
posed by (Gao, Fadnis, and Campbell 2017) and aimed to
Bayesian Networks. In these approaches, a main goal is to
reduce the number of conditional independence tests needed
to elicit the overall causal structure. Another related work,
though to a lesser extent, is the recursive variable elimination
method named MARVEL proposed by (Mokhtarian et al.
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2021). Like DCILP, the MARVEL algorithm relies on the
identification of Markov blankets, using e.g. Grow-Shrink
(GS) (Margaritis and Thrun 1999), IAMB (Tsamardinos
et al. 2003), or precision matrix-based methods (e.g., (Loh
and Biihlmann 2014)). The main issue in practice is that the
recursive process offers no room to recover from potential
early mistakes.

(Jaakkola et al. 2010) tackle the problem of learning
Bayesian network structures, where the acyclicity constraint
is handled using linear programming relaxations. (Cussens
et al. 2017; Cussens 2023) proposed integer linear program-
ming methods for Bayesian network learning, by which the
IP problem considers binary variables x;._ ; defined on the
ensemble of subsets as indicators of whether a subset J is
the parent set of X;. This problem setting is proposed for
exact learning of Bayesian networks (DAGs) based on a de-
composable score function; in particular, it does not make
use of Markov blankets, and involves much more decision
variables than DCILP.

6 Conclusion

The divide-and-conquer DCILP framework is based on the
natural decomposition of the desired causal graph defined by
the Markov blankets MB(X;) associated with each variable
X;. The main contribution of the paper is to demonstrate that
the causal relationships involving X; — learned in parallel
by focusing on MB(X;) — can be reconciled using an ILP
formulation, and that this reconciliation can be efficiently
handled by an ILP solver. This three-phase framework ac-
commodates a variety of choices for each phase, from iden-
tifying the Markov blankets in Phase-1 to causal learning
in Phase-2 and selecting the ILP solver in Phase-3. The ex-
perimental results effectively demonstrate the framework’s
merits, particularly so on the large-scale real-world MUNIN
data, achieving a computational time reduced by two orders
of magnitude with on-par SHD compared to DAGMA (re-
spectively, one order of magnitude in computational time
with a significant gain in SHD compared to GES).

A main limitation of the approach comes from the learn-
ing accuracy of the Markov blankets and the local causal
relations in Phase-1 and Phase-2, which require a sufficient
samples-to-variables ratio.

One avenue for future research is to consider the three
phases in a more integrated manner, e.g., taking into account
the strength of the causal edges identified in Phase-2 within
the ILP objective in Phase-3 (as opposed to only taking into
account the existence of such edges).

Another perspective is to leverage the multiple solutions
discovered by the ILP solver in Phase-3. For instance, the
causal relations retained in several ILP solutions can be
used to define the backbone of the desired causal graph,
thus extending DCILP in the spirit of ensemble learning.
A longer-term perspective is to approximate well-studied
causal scores (Loh and Biithlmann 2014) using bilinear func-
tions, in order to extend Phase-3, from integer linear pro-
gramming to quadratic programming.
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