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Abstract

Confidence calibration of classification models is a tech-
nique to estimate the true posterior probability of the pre-
dicted class, which is critical for ensuring reliable decision-
making in practical applications. Existing confidence cali-
bration methods mostly use statistical techniques to estimate
the calibration curve from data or fit a user-defined calibra-
tion function, but often overlook fully mining and utilizing
the prior distribution behind the calibration curve. However,
a well-informed prior distribution can provide valuable in-
sights beyond the empirical data under the limited data or
low-density regions of confidence scores. To fill this gap, this
paper proposes a new method that integrates the prior dis-
tribution behind the calibration curve with empirical data to
estimate a continuous calibration curve, which is realized by
modeling the sampling process of calibration data as a bino-
mial process and maximizing the likelihood function of the
binomial process. We prove that the calibration curve esti-
mating method is Lipschitz continuous with respect to data
distribution and requires a sample size of 3/B of that re-
quired for histogram binning, where B represents the num-
ber of bins. Also, a new calibration metric (TCEbpm), which
leverages the estimated calibration curve to estimate the true
calibration error (TCE), is designed. TCEbpm is proven to be
a consistent calibration measure. Furthermore, realistic cal-
ibration datasets can be generated by the binomial process
modeling from a preset true calibration curve and confidence
score distribution, which can serve as a benchmark to mea-
sure and compare the discrepancy between existing calibra-
tion metrics and the true calibration error. The effectiveness
of our calibration method and metric are verified in real-world
and simulated data. We believe our exploration of integrating
prior distributions with empirical data will guide the develop-
ment of better-calibrated models, contributing to trustworthy
AI.

Code — https://github.com/NeuroDong/TCEbpm
Extended version — https://arxiv.org/abs/2412.10658

1 Introduction
The prediction accuracy of modern machine learning clas-
sification methods such as deep neural networks is steadily
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increasing, leading to adoption in many safety-critical fields
such as intelligent transportation (Lu, Lin, and Hu 2024),
industrial automation (Jiang et al. 2023), and medical diag-
nosis (Luo et al. 2024). However, decision-making systems
in these fields not only require high accuracy but also require
signaling when they might be wrong (Munir et al. 2024). For
example, in an automatic disease diagnosis system, when
the confidence of the diagnostic model is relatively low, the
decision-making should be passed to the doctor (Jiang et al.
2012). Specifically, along with its prediction, a classifica-
tion model should offer accurate confidence (matching the
true probability of event occurrence). In addition, accurate
confidence also provides more detailed information than the
no-confidence or class label (Huang et al. 2020). For exam-
ple, doctors can gather more information to make more re-
liable decisions in “there is a 70% probability that the pa-
tient has cancer” than just a class label of “cancer”. Fur-
thermore, accurate confidence facilitates the incorporation
of classification models into other probabilistic models. For
instance, accurate confidence allows active learning to se-
lect more representative samples (Han et al. 2024) and im-
proves the generalization performance of knowledge distil-
lation (Li and Caragea 2023). Therefore, pursuing more ac-
curate confidence for classification models is a significant
work (Penso, Frenkel, and Goldberger 2024; Wang et al.
2024).

However, modern classification neural networks often
suffer from inaccurate confidence (Guo et al. 2017), which
means that their confidence does not match the true prob-
abilities of predicted class. For example, if a deep neural
network classifies a medical image as “benign” with a con-
fidence score of 0.99, the true probability of the medical im-
age being “benign” could be significantly lower than 0.99,
and even its true class may be “malignant”. Therefore, in
recent years, this problem has been attracting increasing at-
tention (Dong et al. 2024; Geng et al. 2024), and many con-
fidence calibration methods, which aim to obtain more ac-
curate confidence through additional processing, have been
proposed (Silva Filho et al. 2023; Zhang et al. 2023).

Previous works calibrate confidence mostly from three
directions: 1) Performing calibration during the classifier’s
training (train-time calibration), usually modifying the clas-
sifier’s objective function (Liu et al. 2023; Müller, Kornblith,
and Hinton 2019; Fernando and Tsokos 2021); 2) Binning
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confidence scores and estimating the calibrated confidence
using the average accuracy inside the bins (binning-based
calibration) (Zadrozny and Elkan 2001; Naeini, Cooper, and
Hauskrecht 2015; Patel et al. 2020); 3) Fitting a function on
logit or confidence score so that the outcome of the function
is calibrated (fitting-based calibration) (Platt et al. 1999; Guo
et al. 2017; Zadrozny and Elkan 2002; Zhang, Kailkhura,
and Han 2020). Despite the existence of the three valuable
methods mentioned above, these methods mainly focus on
how to estimate calibrated confidence from data or fit a user-
defined calibration function (e.g., temperature scaling (Guo
et al. 2017) is a scaling function of logit, and platt scaling
(Platt et al. 1999) is a sigmoid function of logit), without sys-
tematically and principledly utilizing the prior distributions
behind the calibration curve. However, in the field of statis-
tics, especially bayesian statistics, the utilization of prior dis-
tributions is crucial. In particular, when data size is insuffi-
cient, such as in low-density regions of confidence scores, a
correct prior distribution can be more informative than the
data.

Therefore, a natural but ignored question is studied: how
to integrate the prior distribution behind the calibration
curve with the empirical data to achieve a better calibration
and develop a more accurate calibration metric? To address
this, this paper conducts binomial process modeling on the
sampling process of calibration data, which cleverly inte-
grates the prior distribution of the calibration curve with the
empirical data. By maximizing the likelihood function of the
binomial process, a continuous calibration curve can be es-
timated. A general and effective prior is suggested as the
prior distribution behind calibration curves, which is a prin-
cipled function family derived from beta distributions. We
prove that the estimated calibration curve is Lipschitz con-
tinuous with respect to data distribution and requires only a
sample size of 3/B of that required for histogram binning,
where B represents the number of bins. Furthermore, using
the estimated calibration curve, a new calibration metric is
proposed, named TCEbpm. TCEbpm is proved to be a con-
sistent calibration measure (Błasiok et al. 2023). Finally, by
modeling the sampling process of the calibration data as a
binomial process, we can sample realistic calibration data
from a preset true calibration curve and confidence score
distribution, which can serve as a benchmark to measure and
compare the discrepancy between existing calibration met-
rics and the true calibration error.

Our contributions can be summarized as follows:

• A new calibration curve estimating method is proposed,
which integrates prior distributions behind the calibra-
tion curve with empirical data through binomial process
modeling. By maximizing the likelihood function of the
binomial process, a continuous calibration curve can be
estimated. We prove that the new calibration curve es-
timation method is Lipschitz continuous with respect to
the data distribution and requires only a sample size of
3/B of that required for histogram binning, where B rep-
resents the number of bins.

• A new calibration metric (TCEbpm) is proposed, which
leverages the estimated calibration curve to estimate the

true calibration error (TCE). Theoretically, TCEbpm is
proven to be a consistent calibration measure.

• A realistic calibration data simulation method based on
binomial process modeling is proposed, which can serve
as a benchmark to measure and compare the discrepancy
between existing calibration metrics and the true calibra-
tion error.

2 Background and Related Work
For a K-class classification problem, let (X,Y ) ∈ X ×Y be
jointly distributed random variables, where X ⊂ Rd denotes
the feature space and Y = {1, 2, ...,K} is the label space.
The classification model can be expressed as f(X) : X →
S , where S = (S1, S2, ..., SK) ∈ S ⊂ ∆K−1 and ∆K−1

represents a simplex with free-degree K − 1. The predicted
class Ŷ = argmax

k
{Sk}1≤k≤K , and the confidence score of

predicted class is Ŝ = max {Sk}1≤k≤K .
Typically, we just care about the confidence of the pre-

dicted class. In this case, a multi-classification problem can
be formally unified into a binary classification problem. Let
the “hit” variable H = I[Y = Ŷ ], where I is the indicative
function, that is, when Y = Ŷ , I[Y = Ŷ ] = 1, otherwise
I[Y = Ŷ ] = 0. Therefore, the data samples become obser-
vations of (Ŝ,H).

2.1 Confidence Calibration
The purpose of confidence calibration is to make the confi-
dence of predicted class match the true posterior probability
of the predicted class. Formally, we state:
Definition 1. (Perfect calibration) A classification model
is perfectly calibrated if the following equation is satisfied:

P (Y = Ŷ |Ŝ = ŝ) = ŝ, (1)

where ŝ is the observed confidence score of predicted class,
Ŷ is the predicted class.

Obviously, Eq. 1 can also be written as P (H = 1|Ŝ =

ŝ) = ŝ. Typically, we call P (H = 1|Ŝ) as the true calibra-
tion curve.

2.2 Estimates of Calibration Curve
Currently, confidence calibration methods can be mainly di-
vided into two groups: train-time calibration (Liu et al.
2023; Müller, Kornblith, and Hinton 2019; Fernando and
Tsokos 2021) and post-hoc calibration (Guo et al. 2017;
Kull et al. 2019a; Zhang, Kailkhura, and Han 2020; Rahimi
et al. 2020). Train-time calibration usually performs calibra-
tion during the training of the classifier by modifying the ob-
jective function, which may increase the computational cost
of the classification task (Naeini, Cooper, and Hauskrecht
2015) and affect the classification effect (Joy et al. 2023).
Post-hoc calibration learns a transformation (referred to as
a calibration map) of the trained classifier’s predictions on a
calibration dataset in a post-hoc manner (Zhang, Kailkhura,
and Han 2020), which does not change the weights of the
classifier and usually performs simple operations.
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Pioneering work along the post-hoc calibration direction
can be divided into two subgroups: binning-based cali-
bration and fitting-based calibration. Binning-based cali-
bration methods divide the confidence scores into multi-
ple bins and estimate the calibrated value using the aver-
age accuracy inside the bins. The classic methods include
Histogram binning (Zadrozny and Elkan 2001), Bayesian
binning (Naeini, Cooper, and Hauskrecht 2015), Mutual-
information-maximization-based binning (Patel et al. 2020).
Fitting-based calibration methods fit a function on logit or
confidence score so that the outcome of the function is cali-
brated. The classic methods include Platt scaling (Platt et al.
1999), Temperature scaling (Guo et al. 2017), Isotonic re-
gression (Zadrozny and Elkan 2002), Mix-n-Match (Zhang,
Kailkhura, and Han 2020).

2.3 Estimates of Calibration Error
True Calibration Error The true calibration error is de-
scribed as the lp norm difference between the confidence
score of the predicted class and the true likelihood of being
correct (Kumar, Liang, and Ma 2019):

TCE = (EŜ [|Ŝ − P (H = 1|Ŝ)|p])
1
p . (2)

The true calibration curve P (H = 1|Ŝ) and the distri-
bution of confidence scores Ŝ ∼ Ŝ determine the value
of TCE. TCE is not computable since the ground truth of
P (H = 1|Ŝ) and the true distribution of Ŝ cannot be ob-
tained in practice. Therefore, statistical methods are needed
to estimate P (H = 1|Ŝ) and the distribution of Ŝ , and then
estimate the true calibration error.

Binning-Based Calibration Metrics Binning-based cali-
bration metrics use the average accuracy of each bin to ap-
proximate P (H = 1|Ŝ) and use the sample size propor-
tion of the bin to approximate the Ŝ . Formally, assume that
all confidence scores are partitioned into M equally-spaced
non-overlapping bins, and the i-th bin is represented by Bi,
then the binning-based expected calibration error (ECEbin)
is calculated as follows:

ECEbin = (
M∑
i=1

|Bi|
N

|acc(Bi)− conf(Bi)|p)
1
p , (3)

where N represents the total number of samples, |Bi|
represents the element count of Bi, acc(Bi) represents
the average accuracy on Bi, and conf(Bi) represents
the average confidence on Bi. Typically, the binning
scheme is divided into equal width binning (Guo et al.
2017; Naeini, Cooper, and Hauskrecht 2015) and equal
mass binning (Kumar, Liang, and Ma 2019; Zadrozny
and Elkan 2001). Recently, Nixon et al. (Nixon et al.
2019) and Roelofs et al. (Roelofs et al. 2022) ob-
served that ECEbin with equal mass binning produces
more stable calibration effect. ECEbin is sensitive to
the binning scheme (Kumar, Liang, and Ma 2019; Nixon
et al. 2019). Therefore, some improvements to ECEbin

have been proposed. Ferro and Fricker (Ferro and

Fricker 2012) and Brocker (Bröcker 2012) propose a de-
biased estimator, ECEdebiased, which employs a jack-
knife technique to estimate the per-bin bias in the stan-
dard ECEbin. This bias is then subtracted to esti-
mate the calibration error better. Roelofs et al. (Roelofs
et al. 2022) propose ECEsweep, which introduces the mono-
tonically increasing property of the calibration curve into
ECEbin.

Binning-Free Calibration Metrics In recent years, con-
fidence calibration evaluation methods that are not based on
binning have also been proposed. Gupta et al. (Gupta et al.
2020) proposed KS − error, which uses the Kolmogorov-
Smirnov statistical test to evaluate the calibration error.
Zhang et al. (Zhang, Kailkhura, and Han 2020) and
Blasiok et al. (Blasiok and Nakkiran 2023) propose
smoothed Kernel Density Estimation (KDE) methods for
evaluating calibration error. Chidambaram et al. (Chi-
dambaram et al. 2024) smooth the logit and then use the
smoothed logit to build calibration metric.

2.4 Combining Prior with Experience
In statistics, integrating prior distribution with experience
data to estimate the distribution behind the data is a clas-
sic and practical tradition (Zellner 1996; Lavine 1991). Pri-
ors refer to initial inference on the form or value of model
parameters before observing data. Experience refers to the
knowledge a model learns from data. When there is enough
data, the model can learn well from experience, and the role
of the prior may not be reflected. However, when data size
is insufficient, a well-informed prior is often more effective
than experience data.

In confidence calibration, most existing calibration meth-
ods predominantly focus on how to estimate calibrated con-
fidence from data, fit a user-defined calibration function on
logit or confidence score, or use naive fitting (e.g., least
square method, minimizes cross-entropy loss) to combine
priors (e.g., beta prior (Kull, Silva Filho, and Flach 2017b),
dirichlet prior (Kull et al. 2019b)) with experience. How-
ever, although fitting a user-defined calibration function may
also imply some user-observed priors, such as the choice of
function shape, these priors are too empirical, and their uni-
versality needs to be considered. In addition, naive fitting is
prone to be overly affected by data with larger statistical bi-
ases (e.g., sparse data). Therefore, it is necessary to study
a principled method that better integrates a well-informed
prior distribution with empirical data to estimate the calibra-
tion curve.

3 Method
In this section, the following questions are studied: 1) How
to introduce priors to estimate calibration curve P (H =

1|Ŝ) better? 2) How to choose an appropriate prior? 3) How
to build a calibration metric using the estimated calibration
curve? 4) How about the theoretical properties of the pro-
posed method?

In Section 3.1, to solve the first problem, the sampling
process of the calibration data is modeled as a binomial pro-
cess, and then the calibration curve can be estimated by max-
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imizing the likelihood function of this binomial process. In
Section 3.2, a general and effective prior function family is
suggested. In Section 3.3, a new calibration metric TCEbpm

is proposed. Section 3.4 analyzes the theoretical guarantee
of the proposed calibration method and metric.

3.1 Estimating Calibration Curve
Binomial Process For any fixed Ŝ, the repeated sampling
process of H is a binomial distribution on Npos

Ŝ
, where

Npos
Ŝ

=
∑NŜ

i=1 H
(Ŝ)
i represents the number of “hit”, H(Ŝ)

i

represents the i-th “hit” label at Ŝ, NŜ represents the num-
ber of samples at Ŝ. Specifically, Npos

Ŝ
∼ BI(NŜ , P (H =

1|Ŝ)), where BI(·) represents binomial distribution. For-
mally, the following equation is satisfied:

P (Npos

Ŝ
) = BI(NŜ , P (H = 1|Ŝ))

= C
Npos

Ŝ

NŜ
P (H = 1|Ŝ)N

pos

Ŝ (1− P (H = 1|Ŝ))NŜ−Npos

Ŝ ,

(4)

where C
Npos

Ŝ

NŜ
is the binomial coefficient.

Furthermore, for all Ŝ ∈ [0, 1], the repeated sampling
process of H is a binomial process. Binomial process is a
random process (Grimmett and Stirzaker 2020) with bino-
mial distribution in a continuous domain. Specifically, in the
binomial process, the distribution of random variable Npos

Ŝ

under every point Ŝ in the continuous domain [0, 1] is a bi-
nomial distribution. Since we are interested in P (H = 1|Ŝ),
P (H = 1|Ŝ) is modeled as a prior function family g(Ŝ; θ).
Formally, the following equation is satisfied:

P (Npos

Ŝ
) = BP(NŜ , g(Ŝ; θ))

= C
Npos

Ŝ

NŜ
g(Ŝ; θ)

Npos

Ŝ (1− g(Ŝ; θ))
NŜ−Npos

Ŝ ,
(5)

where BP(·) represents binomial process, and Ŝ ∈ [0, 1].

Maximum Likelihood Estimation Our purpose is to esti-
mate the calibration curve g(Ŝ; θ). Usually, solving g(Ŝ; θ)
requires a combination of prior and experience. Prior defines
that g(Ŝ; θ) follows a function family of fixed parameter
form or structure. Experience represents seeking the optimal
parameter θ from the data. Maximum likelihood estimation
is a classic and effective solution to this problem. Formally,
the following equation needs to be solved:

Argmax
θ

P [D|g(Ŝ; θ)], (6)

where D is the calibration data set, and D = {ŝi, hi}1≤i≤N .
Equivalently, D = {(ŝj , Nŝj , N

pos
ŝj

)}1≤j≤N ′ , where N
′

is

the number of sampling locations of Ŝ. Therefore:

Argmax
θ

P [D|g(Ŝ; θ)]

= Argmax
θ

EŜ∈DP [Npos

Ŝ
|g(Ŝ; θ), NŜ ]

= Argmax
θ

EŜ∈D[BP(NŜ , g(Ŝ; θ))]

= Argmax
θ

∑̂
S∈D

BP(NŜ , g(Ŝ; θ))P (Ŝ).

(7)

Therefore, Eq. 7 can be solved just by knowing P (Ŝ). Typ-
ically, estimating P (Ŝ) requires discretization methods. In
order to make P (Ŝ) as accurate as possible, the idea of
bayesian averaging is adopted here. Formally, Eq. 7 becomes
that:

Argmax
θ

EB [Eb[BP(NŜb
, g(Ŝb; θ))|b]|B],

⇓
Argmax

θ

∑
B∈B

P (B)
∑
b∈B

P (b)BP(NŜb
, g(Ŝb; θ)),

(8)

where B ∈ B represents B-th binning scheme in D, B rep-
resents the binning scheme space, b represent the b-th bin
in B, Ŝb represent the average confidence score in the b-
th bin, NŜb

represent the sample size in the b-th bin. In
this paper, a uniform prior for modeling P (B) is used, and
P (b) = |b|/|D|, where | · | the element count function.

Equivalence Optimization Directly solving Eq. 8 can ob-
tain a feasible solution. However, due to the non-convexity
of the likelihood function with respect to g(Ŝ; θ) in Eq. 8,
the feasible solution may not be the global optimal solution.
This non-global optimal solution will affect the estimation
of the calibration curve. To solve this problem, an equiva-
lent new optimization problem is proposed whose objective
function is convex on g(Ŝ; θ), as shown below:

Argmin
θ

∑
B∈B

P (B)
∑
b∈B

P (b) · e
(g(Ŝb;θ)−

N
pos

Ŝb
N

Ŝb

)2

. (9)

The proof of equivalence between Eq. 8 and Eq. 9 is
provided in Appendix A.1. In general, Eq. 9 can be
solved well using a common optimizer (e.g., Gradient De-
scent (Andrychowicz et al. 2016), Quasi-Newton Methods
(Mokhtari and Ribeiro 2020), Nelder-Mead (Nelder and
Mead 1965)).

3.2 Selecting Prior
The appropriate prior is crucial to solving Eq. 9. If the prior
function family is not correctly selected, the true calibration
curve will not be in the feasible region (i.e., solution space).
If the prior function family is correctly selected, a good cal-
ibration curve will be found quickly and efficiently. Next,
this paper suggests a general and effective prior.

It is well known that the prior distribution of confi-
dence scores can be modeled by beta distribution (Kull,
Silva Filho, and Flach 2017b; Roelofs et al. 2022; Kull,
Silva Filho, and Flach 2017a). Specifically, P (Ŝ|H = 0) ∼
Beta(α0, β0) and P (Ŝ|H = 1) ∼ Beta(α1, β1). By Bayes’
theorem:

P (H = 1|Ŝ) = P (Ŝ|H=1)P (H=1)

P (Ŝ|H=1)P (H=1)+P (Ŝ|H=0)P (H=0)

= 1

1+
P (Ŝ|H=0)

P (Ŝ|H=1)
·P (H=0)
P (H=1)

= 1

1+
beta(α0,β0)−1Ŝα0−1(1−Ŝ)β0−1

beta(α1,β1)−1Ŝα1−1(1−Ŝ)β1−1 ·P (H=0)
P (H=1)

= 1

1+
beta(α1,β1)

beta(α0,β0)
·Ŝα0−α1 (1−Ŝ)

β0−β1 ·P (H=0)
P (H=1)

,

(10)
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Algorithm 1: Estimating calibration curve.

Initialize:
P (D|g) = 0; D = {ŝi, hi}N1≤i≤N ; B; α; β; c.

for B in B:
Initialize P (D|g,B) = 0.
for b in B:

Ŝlist = {ŝi ∈ b|D}; Hlist = {hi ∈ b|D},
Ŝb = mean(Ŝlist),
Npos

Ŝb
= sum(Hlist); NŜb

= len(Hlist),

Pb = e
(g(Ŝb;α,β,c)−

N
pos

Ŝb
N

Ŝb

)2

,
P (D|g,B) = P (D|g,B) + Pb · |b|

|D| ,
P (D|g) = P (D|g) + P (D|g,B),

α, β, c = argmin
α,β,c

P (D|g),

Return P (H = 1|Ŝ) = 1

1+Ŝ−α(1−Ŝ)
β ·ec

.

where beta(·) represent beta function, beta(α1,β1)
beta(α0,β0)

· P (H=0)
P (H=1)

is a positive constant independent of Ŝ. Let
beta(α1,β1)
beta(α0,β0)

· P (H=0)
P (H=1) be equal to ec. In order to main-

tain the monotonically increasing of the calibration curve
(Roelofs et al. 2022; Blasiok and Nakkiran 2023), the
following two constraints need to be satisfied:{

α0 − α1 ≤ 0,
β0 − β1 ≥ 0.

(11)

Therefore, g(Ŝ; θ) can be selected as:

g(Ŝ;α, β, c) = 1

1+Ŝ−α(1−Ŝ)
β ·ec

, (12)

where Ŝ ∈ [0, 1], g(Ŝ;α, β, c) ∈ [0, 1], α ≥ 0, β ≥ 0,
c ∈ (−∞,+∞).

To sum up, the computational steps for estimating the cal-
ibration curve P (H = 1|Ŝ) are shown in Algorithm 1.

3.3 Estimating TCE
As can be seen from Algorithm 1, the estimated calibration
curve is a continuous function. This allows us to estimate the
true calibration error (see Eq. 2) instead of just the expected
calibration error (see Eq. 3).

According to Eq. 2, the calculation formula of TCE is:

TCE = [

∫ 1

0

|P (H = 1|Ŝ)− Ŝ|pξ(Ŝ)dŜ]
1
p , (13)

where ξ(Ŝ) is the probability density function of Ŝ. Typi-
cally, p can be set to 1. Since it is already known that the
prior distribution of ξ(Ŝ) is the beta distribution, the pa-
rameters of the beta distribution can be estimated using the
moment estimation method (Wang and McCallum 2006), as
shown in the Estimating TCE part of Algorithm 2. There-
fore, TCE can be estimated by computing a definite integral
on the interval [0,1], as shown in Algorithm 2.

Algorithm 2: Estimating TCE.

P (H = 1|Ŝ) = g(Ŝ; θ) from Algorithm 1.
m = mean({ŝi|ŝi ∈ D}),
v = var({ŝi|ŝi ∈ D}),
a1 = m2(1−m)

v −m,
a2 = a1 · (1−m)

m ,
ξ(Ŝ) = beta(a1, a2)

−1 · Ŝ(a1−1) · (1− Ŝ)a2−1,
Return TCEbpm =

∫ 1

0
|P (H = 1|Ŝ)− Ŝ| · ξ(Ŝ)dŜ.

3.4 Theoretical Guarantee
Continuity Continuity with respect to data distribution is
an important property for a calibration method and metric.
It tells us whether a slight change in data distribution will
lead to a drastic jump in the calibration curve and the cali-
bration metric. Before conducting continuity analysis, a dis-
tance measure of the data distributions needs to be defined.
It tells us how far away the two distributions are. In this pa-
per, Wasserstein distance is used, as shown in Definition 2.
Wasserstein distance measures the minimum cost of trans-
forming one distribution into another.

Definition 2. (Wasserstein distance) For two data distri-
bution D1, D2 over [0, 1]× {0, 1}, let Γ be the family of all
couplings of distributions D1 and D2, Wasserstein distance
is defined as follows:

W (D1, D2) = inf
γ∈Γ

E
(Ŝ1,Ŝ2)∼γ

[|
Npos

Ŝ1

NŜ1

−
Npos

Ŝ2

NŜ2

|+ |Ŝ1 − Ŝ2|].

(14)
Specially, when NŜ1

= NŜ2
= 1, then:

W (D1, D2) = inf
γ∈Γ

E
(Ŝ1,Ŝ2)∼γ

[|H1−H2|+ |Ŝ1− Ŝ2|]. (15)

Next, this paper first proves that g(Ŝ; θ) obtained by Al-
gorithm 1 is Lipschitz continuity w.r.t. data distributions, as
shown in Theorem 1. Then, this paper proves that TCEbpm

is Lipschitz continuity w.r.t. data distribution when certain
conditions are met, as shown in Theorem 2. The proofs of
Theorem 1 and Theorem 2 are given in Appendix A.3.

Theorem 1. For two distribution D1, D2 over [0, 1]×{0, 1},
let Γ be the family of all couplings of distributions D1 and
D2, and g(Ŝ; θD) represents the calibration curve learned
from D via Eq. 9, then ∀γ ∈ Γ, it holds that:

E
(Ŝ1,Ŝ2)∼γ

|g(Ŝ1; θD1)− g(Ŝ2; θD2)|

≤ L · E
(Ŝ1,Ŝ2)∼γ

[|
Npos

Ŝ1

NŜ1

−
Npos

Ŝ2

NŜ2

|+ |Ŝ1 − Ŝ2|],
(16)

where L ≥ 0. Therefore:

inf
γ∈Γ

E
(Ŝ1,Ŝ2)∼γ

|g(Ŝ1; θD1)− g(Ŝ2; θD2)| ≤ L ·W (D1, D2).

(17)
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Theorem 2. ∀Ŝ ∈ [0, 1], if g(Ŝ; θD) and ξD(Ŝ) are Lips-
chitz continuous w.r.t. D, then for two distribution D1, D2

over [0, 1]× {0, 1}, TCEbpm satisfies:

|TCEbpm(D1)− TCEbpm(D2)| ≤ L ·W (D1, D2), (18)

where L ≥ 0.

Consistency To theoretically prove the effectiveness of a
calibration metric, Blasiok et al. (Błasiok et al. 2023) have
proposed a unified theoretical framework: consistent cali-
bration measure. Consistent calibration measure means two
things: 1) When the true distance to calibration is small,
the calibration metric should also be small(i.e., Robust com-
pleteness); 2) When the true distance to calibration is large,
the calibration metric should also be large (i.e., Robust
soundness).

Before defining the consistent calibration measure, we
need to define how far a data distribution D is from its near-
est perfect calibration distribution, as shown in the Defini-
tion 3. Then, the consistent calibration measure can be de-
fined as shown in Definition 4.

Theorem 3 proves that TCEbpm is a consistent calibra-
tion measure when certain conditions are met. Corollary 1
proves that when P (Ŝ|H = 0) and P (Ŝ|H = 1) follow
beta distribution, TCEbpm calculated using Eq. 12 is a con-
sistent calibration measure. The proof of Theorem 3 is given
in Appendix A.4, and the proof of Corollary 1 is given in
Appendix A.5.
Definition 3. (True distance to calibration) ∀D over
[0, 1]× {0, 1}, let P be the family of all perfectly calibrated
distributions, the true distance to calibration is:

dCE(D) = inf
D∈P

W (D,D). (19)

Definition 4. (Consistent calibration measure) For
q, t, L1, L2 > 0, calibration metric µ, and data distribution
D over [0, 1]× {0, 1}, if:

µ(D) ≤ L1 · (dCE(D))q, (20)

then µ satisfies q-robust completeness. If:

µ(D) ≥ L2 · (dCE(D))t, (21)

then µ satisfies t-robust soundness. If satisfying robust com-
pleteness and soundness, µ is a consistent calibration mea-
sure.
Theorem 3. TCEbpm is a consistent calibration measure if
the following two conditions hold:

• The hypothesis set G (The set of all possible g(Ŝ; θD))
includes the true calibration curve;

• ∀Ŝ ∈ [0, 1], if g(Ŝ; θD) ∈ G and ξD(Ŝ) are Lipschitz
continuous w.r.t. D.

Corollary 1. ∀Ŝ ∈ [0, 1], if:

g(Ŝ;α, β, c) =
1

1 + Ŝ−α(1− Ŝ)
β
· ec

,

and ξD(Ŝ) are Lipschitz continuous w.r.t. D, and
P (Ŝ|H = 0) and P (Ŝ|H = 1) follow beta distribution,
TCEbpm is a consistent calibration measure.

Algorithm 3: Simulating dataset with binomial process.

Initialize:
P (H = 1|Ŝ) = g(Ŝ; θ); a1; a2; N .

Sampling:
i = 1; D = {}.
while i ≤ N :

Ŝ = Sampling from Beta(a1, a2),
P (H = 1|Ŝ) = g(Ŝ; θ),
H = Sampling from BI(1, P (H = 1|Ŝ)),
Adding (Ŝ,H) into D.

Return D.

Sample Efficiency Sample efficiency tells us how many
samples a method requires to keep the error small enough.
According to Hoeffding’s inequality, the sample size re-
quired for histogram binning is N ≥ B·In(1/δ)

2ε2 , where B
represents the number of bins. Specifically, for the error of
the histogram binning to be lower than ε, In(1/δ)

2ε2 samples
are required at each bin. Next, we will prove that the sample
efficiency of Algorithm 1 is N ≥ 3·In(1/δ)

2ε2 , as shown in The-
orem 4. This is due to the fact that the prior function of the
calibration curve has three parameters, which ensures that
the calibration curve can be uniquely determined by three
distinct observation points. Therefore, in theory, as long as
selecting three most representative bins, a good calibration
curve can be estimated by Algorithm 1. The proof of Theo-
rem 4 is given in Appendix A.6.

Theorem 4. For the function family in Eq. 12, if P (Ŝ|H =

0) and P (Ŝ|H = 1) follow beta distribution, then ∀δ ∈
(0, 1), when N ≥ 3·In(1/δ)

2ε2 , satisfy the following result with
1− δ probability:

EŜ |g(Ŝ;αD, βD, cD)− P (H = 1|Ŝ)| ≤ ε.

4 Simulating Datasets to Compare
Evaluation Metrics

A key challenge in developing calibration metrics is the
lack of ground truth for calibration curves and confidence
scores, hindering the measurement of discrepancies be-
tween metrics and actual calibration errors. Roelofs et al.
(Roelofs et al. 2022) use the fitted function on the publicly
available logit datasets as the true distribution behind the
data, then use the fitted function to calculate TCE and com-
pare TCE with existing calibration metrics. In this paper, an
opposite operation is proposed, i.e., first preseting the true
calibration distribution and then obtaining realistic calibra-
tion data through binomial process sampling.

Specifically, in Section 3.1, we model the process of sam-
pling calibration data as a binomial process. Another impor-
tant role of this modeling is that realistic calibration data
sets can be sampled through using known calibration curves
and confidence distributions, as shown in Algorithm 3. The
confidence score Ŝ are first sampled, and then the calibra-
tion value P (H = 1|Ŝ) is calculated. Then, P (H = 1|Ŝ)
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(b) Simulated distribution and data (c) Calibration error comparison (a) ResNet110 + Cifar10

Figure 1: Experimental results of our method. HB represents Histogram binning (Zadrozny and Elkan 2001). In (a), the es-
timated calibration curve on real data aligns well with histogram binning results from various binning schemes and closely
matches the mean result. In (b), the calibration curve estimated by our method closely approximates the true calibration curve
in simulated data. In (c), our calibration metric is closest to the true calibration error (TCE) in many times (e.g., when the
number of samples is 1500, 2000, 2500, 3000, 3500, and 5000).

is used as the probability of a single event success in the bi-
nomial distribution, and binomial distribution sampling is
performed to sample H . Since the true calibration curve
and confidence distribution are known, TCE can be calcu-
lated accurately. The sampled calibration data is then used to
calculate other calibration metrics, and by comparing these
metrics with the accurately calculated TCE, it can be deter-
mined which calibration metrics are better.

5 Results
The effectiveness of the proposed method is verified from
four perspectives: 1) On the real-world datasets, the calibra-
tion curve estimated by our method is compared with the re-
sults of histogram binning under various binning schemes;
2) On the datasets simulated by Algorithm 3, the dis-
crepancy between the calibration curve estimated by our
method and the true calibration curve is compared; 3) On the
datasets estimated by Algorithm 3, the discrepancy between
TCEbpm and the true calibration error is compared; 4) On
the real-world datasets, multiple calibration metrics compar-
ison between our calibraiton method with other calibration
methods is performed. Due to space limitations, details of
data selection and implementation details are given in Ap-
pendix B.1 and Appendix B.2. In Appendix B.1, ten pub-
licly available logit datasets (i.e., real-world datasets) and
five true distributions (named D1, D2,· · ·, and D5, respec-
tively) were selected for the experiments.

5.1 Estimated Results of Calibration Curves
Results in Real Datasets The estimated results of the
calibration curve on the public ResNet110’s logit dataset
trained on Cifar10 is shown in (a) of Fig. 1. The results on
other datasets are shown in Appendix B.3. In order to in-
tuitively show the effect of the calibration curve estimated
by our method, the means and ranges of the calibration val-
ues estimated by the histogram binning under various bin-

ning schemes are simultaneously visualized. The calibra-
tion curve estimated by our method is close to the mean
result of the histogram binning under various binnings and
always falls within the result range of histogram binning un-
der various binnings, indicating a relatively accurate and ro-
bust performance. In addition, Appendix B.3 shows that our
method can achieve such performance under various sharp-
ness, meaning that our method has certain versatility. Fur-
thermore, in the regions of low confidence scores, which are
also the regions of low density of confidence scores, the cal-
ibration confidence estimated by the binning method fluctu-
ates greatly (e.g., the result range is broad when the confi-
dence score is lower than 0.8 in (a) of Fig. 1) and sometimes
even non-monotonic (e.g., (e), (g), and (h) in Fig. 3 of Ap-
pendix B.3). The two situations are obviously unreasonable
(Kumar, Liang, and Ma 2019; Roelofs et al. 2022). Thanks
to the continuous and monotonic prior distribution, the two
unreasonable situations can be well avoided by adopting our
method.

Results in Simulating Datasets The estimated result of
the calibration curve on the dataset simulated by the true dis-
tribution D1 is shown in (b) of Fig. 1. The results on other
true distributions are shown in Appendix B.4. The calibra-
tion curve estimated by our method is closely aligned with
the true calibration curve, with a mean absolute error (see
Eq. 51 in Appendix B.2) of 0.0099, which is lower than
0.0233 of the mean result of histogram binning. This veri-
fies the effectiveness of our method. In addition, in the re-
gions of low confidence scores (i.e., the low-density regions
of confidence scores), the broad result range indicates that
the results estimated by the histogram binning method un-
der a specific binning scheme may deviate from the true cal-
ibration value. Even the mean result of histogram binning
under various binning schemes sometimes deviates signifi-
cantly from the true calibration curve (e.g., when the confi-
dence score is around 0.8 in D2 of Fig. 4 in Appendix B.4).
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Network and Dataset Calibration methods ECEbin ↓ ECEdebaised ↓ ECEsweep ↓ KS-error↓ smECE↓ TCEbpm ↓

ResNet110
Cifar10

Uncalibration 0.04755 0.04752 0.04750 0.04750 0.04271 0.05511
Temperature scaling 0.00745 0.00568 0.00576 0.00590 0.00901 0.00825
Isotonic regression 0.00753 0.00550 0.00586 0.00601 0.00920 0.00649

Mix-n-Match 0.00745 0.00574 0.00576 0.00590 0.00901 0.00825
Spline calibration 0.01322 0.01181 0.00347 0.00430 0.01280 0.01136

TPM calibration (Ours) 0.00458 0.00312 0.00146 0.00162 0.00756 0.00214

Table 1: Comparison with other calibration methods on real data. Bold represents the best result, and underline represents the
second-best result.

However, in our method, benefiting from the excellent inte-
gration between the well-informed prior distribution and the
empirical data, the calibration curve can be well estimated
even in the low-density regions of confidence scores. This
good estimation effect makes us believe that fully integrat-
ing well-informed prior distribution with empirical data is a
promising future direction for confidence calibration.

5.2 Estimated Results of Calibration Metrics
Six state-of-the-art calibration metrics are compared with
TCEbpm. The details of these six metrics are shown in Ap-
pendix B.2. Among these calibration metrics, the one closer
to TCE is more accurate. In (c) of Fig. 1, the calculation re-
sults of these metrics on the dataset simulated by the true
distribution D1 are shown. The results on other true dis-
tributions are shown in Appendix B.4. It can be seen that
our calibration metric TCEbpm is closest to the true cali-
bration error (TCE) in many times (e.g., when the number
of samples is 1500, 2000, 2500, 3000, 3500, and 5000 in
(c) of Fig. 1). This shows that the calibration metrics esti-
mated by our method are competitive. Even though we use a
common confidence score estimation method (Moment esti-
mation method (Wang and McCallum 2006)), the estimated
TCEbpm is so competitive, which once again verifies that
the calibration curve estimated by our method is quite accu-
rate.

5.3 Comparison with Other Calibration Methods
Table 1 shows the comparison results of calibration metrics
between our calibration method and other calibration meth-
ods on the public ResNet110’s logit dataset trained on Ci-
far10, where the last column is our calibration metric. All
considered calibration methods can significantly improve
confidence. The calibration error of our method on six met-
rics is 50.15% less on average than the second place. The
comparison results on Wide-ResNet32’s logits dataset of
Cifar100 and DenseNet162 logits dataset of ImageNet are
shown in Appendix B.5.

6 Conclusion and Discussion
In this paper, we focus on how to effectively incorporate
prior distributions behind calibration curves with empiri-
cal data to calibrate confidence better. To address this, we

propose a new calibration curve estimation method via bi-
nomial process modeling and maximum likelihood estima-
tion and perform theoretical analysis. Furthermore, using
the estimated calibration curve, a new calibration metric
is proposed, which is proven to be a consistent calibration
measure. In addition, this paper proposes a new simulation
method for calibration data through binomial process mod-
eling, which can serve as a benchmark to measure and com-
pare the discrepancy between existing calibration metrics
and the true calibration error. Extensive empirical studies
on real-world and simulated data support our findings and
showcase the effectiveness of our method.

Potential Impact, Limitations and Future Work We ex-
plore the impact of the prior distribution behind the cali-
bration curve on the confidence calibration effect. We also
provide a solution as a starting point to utilize the prior
distribution of the calibration curve, which we believe has
the potential to inspire more rich and subsequent works,
ultimately leading to improved decision-making in real-
world applications, especially for underrepresented popula-
tions and safety-critical scenarios. However, our study also
has several limitations. First, the Bayesian average strategy
is used to construct the likelihood function of the binomial
process, which increases computational cost. Although the
increased computational cost may be negligible, further re-
duction in computational cost is promising. Because The-
orem 4 tells us that just three most representative bins are
selected, a good parameter estimation can be achieved. Fu-
ture research can investigate how to select the three most
representative bins to achieve efficient parameter estimation.
Additionally, we only focus on the confidence calibration in
the closed-set classification problem. Future work can gen-
eralize this to multi-label, open-set, or generative settings.
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