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Abstract

In real-life scenarios, a Reinforcement Learning (RL) agent
aiming to maximise their reward, must often also behave in a
safe manner, including at training time. Thus, much attention
in recent years has been given to Safe RL, where an agent
aims to learn an optimal policy among all policies that satisfy
a given safety constraint. However, strict safety guarantees
are often provided through approaches based on linear pro-
gramming, and thus have limited scaling. In this paper we
present a new, scalable method, which enjoys strict formal
guarantees for Safe RL, in the case where the safety dynam-
ics of the Markov Decision Process (MDP) are known, and
safety is defined as an undiscounted probabilistic avoidance
property. Our approach is based on state-augmentation of the
MDP, and on the design of a shield that restricts the actions
available to the agent. We show that our approach provides
a strict formal safety guarantee that the agent stays safe at
training and test time. Furthermore, we demonstrate that our
approach is viable in practice through experimental evalua-
tion.

Introduction
Reinforcement Learning (RL) aims to optimise the be-
haviour of an agent in an unknown environment. Much at-
tention has been given to RL in recent years, because of
its many practical applications, which include for example
playing games (Mnih et al. 2013) or robotics (Kober, Bag-
nell, and Peters 2013). In many of these applications how-
ever, safety, either for the agent or for other humans, is crit-
ical. Consequently, Safe RL has been developed, where an
agent has to maximise its cumulative expected reward sub-
ject to a constraint. Even though much progress has been
made to provide safety guarantees during training and at test
time, approaches providing strict safety guarantees still rely
on Linear Programming (Karmarkar 1984), which is known
to lack scalability.

Contributions. We design a new shielding approach for
finding a policy that maximizes cumulative reward in a fi-
nite MDP with known safety dynamics while guaranteeing
safety throughout the whole learning phase. We consider
MDPs where some states are labelled unsafe, and the safety
we consider consists in avoiding those unsafe states with
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at least some probability p. This framework comes from a
probabilistic version of what is usually called the “safety”
fragment of Linear Temporal Logic (LTL) (Alshiekh et al.
2018) (Jansen et al. 2020). Although, for simplicity’s sake,
we consider only a subset of that safety fragment, i.e. safety
definable by state-avoidance, it is possible to reduce the
whole fragment to that subset with the usual trick of making
a product between the automaton representing the LTL prop-
erty and the MDP (Alshiekh et al. 2018) (Jansen et al. 2020).
Thus, the model we use can capture many real-life scenarios,
like a robot’s task of reaching a goal position while avoiding
objects on his path.

Our approach is, to our knowledge, in the framework we
consider, the first approach not based on Linear Program-
ming (Karmarkar 1984) that gives strict formal guarantees
for safety throughout learning and at test time. Instead of
using Linear Programming, that has limited scalability (Sut-
ton and Barto 2018), we leverage sound Value Iteration al-
gorithms (see e.g. (Haddad and Monmege 2018; Quatmann
and Katoen 2018; Hartmanns and Kaminski 2020)), which
are algorithms that improve on Value Iteration in order to
give formal approximation guarantees. We use the values
obtained by Value Iteration over safety costs to construct a
shield that makes the agent’s exploration of the MDP safe
by constraining its actions. Constructing a shield is a well-
known approach to solve constrained RL (Alshiekh et al.
2018; Jansen et al. 2020; Elsayed-Aly et al. 2021; Yang et al.
2023). However, in contrast to shields defined in previous
papers, the shield we construct does not directly constrain
the actions of the agent in the original MDP, but constrains
the actions of the agent in a safety-aware state-augmented
MDP. This approach allows for preserving optimality while
ensuring safety in a probabilistic context. Any RL algorithm
can then be used to solve the shielded MDP, such as PPO
(Schulman et al. 2017), A2C (Mnih et al. 2016), etc. Once
the shield is constructed, it is used to train the agent to max-
imize its cumulative reward, with no constraint violations
incurred. To summarize, the contributions of the paper are
as follows.
1. We design a shield for a finite MDP as a safety-aware

state-augmention of that MDP using only its safety dy-
namics.

2. We show that the shield makes the agent’s exploration
safe.
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3. We show that finding an optimal policy among all safe
policies reduces to finding an optimal policy in the shield.

4. We provide a practical way of implementing a shield as
a gym environment.

The paper is organized as follows. The preliminaries intro-
duce the mathematical background and notations needed for
the paper. Then, we introduce the problem considered, give
an overview of our approach, formally define the shield and
show that it is safe and optimality-preserving. Finally, we
discuss a practical way to implement the shield.

Related Work
Safe Reinforcement Learning has gathered much attention
in recent years, and several approaches have been proposed.
A comprehensive survey can be found in (Gu et al. 2024).
Policy-based approaches are arguably the most popular ap-
proaches in Safe RL. They usually consist in extending
a known RL algorithm like PPO (Schulman et al. 2017),
TRPO (Schulman et al. 2015), or SAC (Haarnoja et al. 2018)
to Safe RL using a lagrangian (Ray, Achiam, and Amodei
2019), or in enforcing the constraint by changing the ob-
jective function (Liu, Ding, and Liu 2020) or modifying the
update process (Zhang, Vuong, and Ross 2020), without in-
troducing a dual variable. Some of these algorithms have be-
come widely used for benchmarking against other new Safe
RL algorithms, and are implemented in several state-of-the-
art Safe RL frameworks (Ray, Achiam, and Amodei 2019;
Ji et al. 2023a,b). We introduce in the following other, more
specific, approaches that relate to ours.

Shielding. A shield is a system that restricts the action of
the agent during learning and at test time, to ensure its safety
(Alshiekh et al. 2018; Jansen et al. 2020; Elsayed-Aly et al.
2021; Yang et al. 2023). Shielding was introduced in (Al-
shiekh et al. 2018), where safety was defined as a formula of
the ”safety” fragment of LTL. This paper can be considered
an extension of (Alshiekh et al. 2018) to the probabilistic
setting, since in the case where the agent must be safe with
probability 1, the shield we introduce is almost the same as
the one defined in (Alshiekh et al. 2018). In (Jansen et al.
2020), the authors already also extend (Alshiekh et al. 2018)
to the probabilistic case, but no formal guarantees are pro-
vided for the safety of the policy, and our respective meth-
ods are significantly different. In particular, their approach
may indeed violate safety in practice. A comprehensive sur-
vey focused on shielding can be found in (Odriozola-Olalde,
Zamalloa, and Arana-Arexolaleiba 2023).

Linear Programming-based approaches. It is well-
known that Safe RL can be solved by Linear Programming
under certain assumptions (Altman 1999). Several recent
works have leveraged Linear Programming to provide statis-
tical guarantees in the model-based case, when the dynamics
of the MDP are learned in various contexts. For example,
(Efroni, Mannor, and Pirotta 2020) and (Bura et al. 2022)
provide algorithms for discounted cumulative rewards and
costs, while (Mazumdar, Wisniewski, and Bujorianu 2024)
provides an algorithm in the case where safety is defined by
a reach-avoid undiscounted property.

State augmentation techniques. State-augmentation
techniques with a number representing how far the agent is
from being unsafe have also been studied. In (Calvo-Fullana
et al. 2024), every state of the MDP is augmented with
a Lagrange multiplier. In (Sootla et al. 2022), the states
are augmented with the accumulated safety cost up to that
state, and are used to reshape the objective. In (Yang et al.
2024), states are also augmented with the accumulated
safety cost up to that state, and non-stationary policies
depending on that cost are considered. However, in contrast
to the aforementioned papers, the agent in our approach is
able to choose the maximal accumulated safety cost he is
able to use in the future depending on the state it goes to.
Thus, we do not need to use the augmentation to change
the objective function, and are able to provide stricter
optimality-preserving and safety guarantees.

Preliminaries
We introduce in this section the mathematical prerequisites
necessary for the paper.

Constrained Reinforcement Learning
Markov Decision Processes. A Markov Decision Process
(MDP) is a tuple M = ⟨S,A, P, sinit, AP, L,R⟩, where
S is a set of states; A is a mapping that associates every
state s ∈ S to a nonempty finite set of actions A(s); P is a
transition probability function that maps every state-action
pair (s, a) to a probability measure over S; sinit ∈ S is the
initial state1; AP is a set of atomic propositions (or atoms);
L : S 7→ 2AP is a labeling function; and R : S 7→ R is the
reward function. For the sake of simplicity, we may write
P (s, a, s′) instead of P (s, a)(s′). An MDP is finite if the
sets of states and actions are finite.

A finite (resp. infinite) path in M is a finite (resp. in-
finite) word ζ = s0a0 · · · sn−1an−1sn (resp. ζ =
s0a0 · · · snan · · · ) such that s0 = sinit, and such that for
any positive integer i ≤ n (resp. for any positive integer i),
si is a state of M, ai−1 is an action in A(si−1), and si is in
the support of P (si−1, ai−1). In addition, for any finite path
ζ = s0a0 · · · sn−1an−1sn of M, we let first (ζ) = s0, we let
last (ζ) = sn, and we let Paths (M) denote the set of infinite
paths of M. A policy π of M is a mapping that associates
any finite path ζ of M to an element of D(A(last (ζ))),
where D(E) is the set of all probability measures over E.
It is memoryless if π(ζ) only depends on last (ζ). It is deter-
ministic if for any finite path ζ of M, π(ζ) is a Dirac mea-
sure. For any policy π of M, for any state s ∈ S, we let Ms

π
denote the Markov chain induced by π in M starting from
state s, we let Mπ denote Msinit

π , and we let Pπ denote the
transition function of Mπ . We denote the usual probability
measure induced by the Markov chain Ms

π on Paths (M) by
probsM,π . For more details on MDPs and induced Markov

1This can be assumed wlog compared to a model with an ini-
tial probability distribution since it is always possible to add a new
initial state to such a model with an action from this initial state
whose associated probability distribution is the aforementioned ini-
tial probability distribution.
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chains, see (Baier and Katoen 2008; Bertsekas and Shreve
2007).

Reinforcement Learning. For any random variable X :
Paths (M) 7→ R, we let Es

M,π (X) denote the expecta-
tion of X with respect to the probability measure probsM,π ,
and we let EM,π (X) denote Esinit

M,π (X). In addition, when
there is no ambiguity, we usually write Es

M,π (•) for
Es
M,π (s0a0 · · · snan · · · 7→ •).
In Reinforcement Learning, we usually solve the follow-

ing the problem: given an MDP M, and a discount fac-
tor 0 < γ < 1, find a policy π⋆ such that J(π⋆) =
maxπ(J(π)), where

J(π) = Es
M,π

(∑
t∈N

γtR(st)

)
.

In recent years, many algorithms have been proposed to
solve the above problem. Proximal Policy Optimization
(PPO) (Schulman et al. 2017), Asynchronous Advantage
Actor Critic (A3C) (Mnih et al. 2016), or Soft Actor-Critic
(SAC) (Haarnoja et al. 2018), are among the most popular,
and we leverage these algorithms in our experiments.

Probabilistic Reachability Goals. In contrast to dis-
counted objectives, reachability goals are a simple form of
undiscounted and infinite horizon objectives, that we use as
a constraint for MDPs. For any MDP M, any state s and
policy π of M, any finite path ζ = s0a0 · · · sn−1an−1sn
(resp. infinite path ζ = s0a0 · · · snan · · · ) in M, we write
ζ |= Reach (c) if there exists i ∈≤ n (resp. i ∈ N) such that
L(si) = c. Then, Mπ |= P≤p (Reach (c)) when the prop-
erty probsM,π{ζ ∈ Paths (Ms

π) | ζ |= Reach (c)} ≤ p is
true.

Probabilistic Shielding
In this section, we introduce a new theoretical framework
for probabilistic shielding, and show that it gives safety and
optimality guarantees.

Problem Statement
We assume in the rest of the paper that all the labelling func-
tions of the MDPs considered take values in {s, u}, where
safe states are labelled by s and unsafe states are labelled by
u.

Definition 1 (Reachability-Constrained Optimization Prob-
lem (RCOP)). Given a finite MDP M, a safety threshold
0 ≤ p ≤ 1, and a discount factor 0 < γ < 1, find a policy π⋆

such that Mπ⋆ |= P≤p(Reach (u)) and such that π⋆ is opti-
mal among all policies π satisfying Mπ |= P≤p(Reach (u)),
i.e., such that

J(π⋆) = max
{π|Mπ|=P≤p(Reach(u))}

(J(π)).

The above problem is a form of generalisation of the
problem considered in (Alshiekh et al. 2018). Further-
more, variants of the above problem, i.e RL with infinite-
horizon undiscounted safety properties, are considered in

many books and papers (see for example (Bertsekas and
Shreve 2007; Altman 1999; Jansen et al. 2020; Mazumdar,
Wisniewski, and Bujorianu 2024; Mqirmi, Belardinelli, and
León 2021)). However, a significant difference between the
problem we consider and most Safe RL approaches is that,
similarly to (Yang et al. 2024), we make the choice of in-
cluding non-stationary policies in the problem. We make this
choice because in our context, where the discount factor of
the reward (which is less than 1) and the discount factor of
the constraint cost (which is equal to 1) are not equal, opti-
mal memoryless policies are not guaranteed to exist (Altman
1999).

Method Overview
In order to tackle RCOP, we compute, for all states of the
MDP, an approximation of the minimal probability of reach-
ing, from that state, an unsafe state. More precisely, we de-
fine βM as the mapping such that for every state s of the
MDP M, βM(s) is equal to

min
π

probsM,π{ζ ∈ Paths (Ms
π) | ζ |= Reach (u)}.

The mapping βM is the smallest fixed point of the following
equation (Baier and Katoen 2008),

β(s) =

{
1 if L(s) = u
(BM(β)) (s) otherwise,

where (BM(β)) (s) = mina∈A

∑
s′∈S P (s, a, s′)β(s′).

This fixed point can be computed with linear program-
ming (Forejt et al. 2011) in polynomial time (Karmarkar
1984). In practice, this approach is inefficient and state-of-
the-art methods rely on value iteration, i.e., iterating the op-
erator BM from β0 such that β0(s) = 1 if L(s) = u, and
β0(s) = 0 otherwise (Sutton and Barto 2018) to compute
an approximation of βM. However, value iteration as previ-
ously described, if stopped before convergence, only gives a
lower bound on βM, whereas an upper bound is needed to
provide safety guarantees in our approach.
Definition 2. For any MDP M, and any ϵ ≥ 0, an inductive
ϵ-upper bound of βM is a mapping β that associates to any
state s of M a number in [0; 1] such that for all states s,
0 ≤ β(s)− βM(s) ≤ ϵ, and (BM(β)) (s) ≤ β(s).

The first step of our approach thus consists in comput-
ing an inductive ϵ-upper bound β of βM, with a small
ϵ. To our knowledge, the fastest algorithms for that pur-
pose in the general case are Interval Iteration (Haddad and
Monmege 2018), Sound Value Iteration (Quatmann and Ka-
toen 2018) and Optimistic Value Iteration (Hartmanns and
Kaminski 2020), with no clear overall faster one (Hartmanns
and Kaminski 2020).

Once β is computed, we construct a shield Sh≤p
β (M) by

augmenting every state of the MDP M with a real num-
ber in [0; 1], that is, a “safety level” representing intuitively
a maximal probability of reaching an unsafe state from the
current state while following any actions. Thus, any action
(a, α) taken in Sh≤p

β (M) is composed of an action a of M,
together with predictions α ∈ [0; 1], that may depend on the
current “safety level”, as to what the next “safety levels” will
be. Furthermore, Sh≤p

β (M) is defined so that:
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1. The predictions must be coherent, i.e that the sum of the
next “safety levels” as predicted by α, pondered with the
probabilities given by action a, is less than or equal to the
current “safety level”.

2. The predicted “safety levels” cannot be less than the
inductive ϵ-upper bound β of the minimal probability
βM(s) of reaching in M an unsafe state from the cur-
rent state s .

Finally, we learn a policy in the constructed shield.

The Shield: Safety and Optimality Guarantees
We now give a formal definition of the shield used in our ap-
proach, and justify that our approach is theoretically sound.
In the following, we let M be an MDP, γ ∈ [0; 1] be a dis-
count factor, p ∈ [0; 1], ϵ ∈ R+, and we let β be an inductive
ϵ-upper bound of βM such that β(sinit) ≤ p. Notice that if
such a β does not exist, RCOP is unfeasible. Moreover, for
any s ∈ S, we let χs denote the polytope in RA(s) repre-
senting probability distributions over A(s), i.e. the set of all
x ∈ RA(s) such that

∑
a∈A(s)

xa = 1 and xa ≥ 0 for any

a ∈ A(s), and for any s ∈ S, for any mapping α from S
to [0; 1], any q ∈ [β(s); 1], we let As,q

α denote the half-space
representing Condition 2 above with s being the current state
and q being the current“safety level”, i.e. we let As,q

α denote
the set of all x ∈ RA(s) such that∑

a∈A(s)

xa

(
q −

∑
s′∈S

P (s, a, s′)α(s′)

)
≥ 0.

Finally, we let Cs,q
α be the polytope of probability distri-

butions satisfying Condition 2, i.e. the polytope defined by
χs ∩ As,q

α , we let V s,q
α be the (finite) set of vertices of Cs,q

α ,
and we let X =

∏
s∈S [β(s); 1].

Definition 3 (The Shield). We let Sh≤p
β (M) be the MDP

M′ with

• set of states S′ = {(s, q) | s ∈ S, q ∈ [β(s); 1]};
• sets of actions A′(s, q) =

⋃
α∈X

⋃
v∈V s,q

α
(α, v);

• initial state s′init = (sinit, p);
• labelling L′(s, x) = L(s);
• reward R′(s, x) = R(s);
• transition probability function P ′ such that for any
(s, q) ∈ S′, any α ∈ X , and any v ∈ V s,q

α ,
P ′((s, q), (α, v))) is equal to

∑
s′∈S

δ(s′,α(s))

 ∑
a∈A(s)

vaP (s, a, s′)


where δ(s′,α(s′)) is the Dirac measure on S′ with support
{(s′, α(s′))}.

In the above definition, α corresponds to the ”safety lev-
els” of the next states chosen by the agent, the definition of
X guarantees that Condition 2 is satisfied, and the polytope
Cs,q

α corresponds to all combinations of actions that satisfy
Condition 1. Notice that Sh≤p

β (M) is indeed an MDP since

for every (s, q) ∈ S′, V s,q
β is nonempty because β is induc-

tive, i.e. because BM(β) ≤ β.
We now show that any memoryless policy in the shield is

safe. The proof of the following theorem is inspired by the
proof of Theorem 10.15 in (Baier and Katoen 2008).
Theorem 1 (Safety guarantee in any shield). For any mem-
oryless policy π in Sh≤p

β (M), we have

Sh≤p
β (M)π |= P≤p (Reach (u)) .

We now justify that we can use an optimal policy of the
shield to find a policy of the original MDP that is safe, and
whose expected cumulative reward is close to a solution of
RCOP. The closer β is to βM, the closer the expected cumu-
lative reward of the policy obtained from our approach will
be to the expected cumulative reward of a solution of RCOP.

For any memoryless policy π of Sh≤p
β (M), we let π̂ de-

note the policy of M such that π̂(s0 · · · sn) = µn where
s0 = sinit, q0 = p, (αi+1, vi+1) = π(si, qi), qi+1 = αi+1

si+1
,

and µn(a) = vn+1
a . It is easy to see that J(π̂) = J(π) and

that

probsinit

M,π̂ (ζ ∈ Paths (M) | ζ |= Reach (u)) =

prob(sinit,p)

Sh≤p
β (M),π

(
ζ ∈ Paths

(
Sh≤p

β (M)
)

| ζ |= Reach (u)
)
.

Thus, as a corollary of Theorem 1, if π is a memoryless pol-
icy of Sh≤p

β (M), π̂ is safe.

Corollary 1 (Safety guarantee in the original MDP). If π is
a memoryless policy of Sh≤p

β (M), then

Mπ̂ |= P≤p (Reach (u)) .

We let B (M) be the set of inductive upper bounds of βM,
that we equip with the norm ∥∥∞ such that ∥β1 − β2∥∞ is
the maximum of |β1(s)− β2(s)| for all states s of M.
Assumption 1 (Slater’s condition). There exists a policy π
in M and a number q < p such that

Mπ |= P≤q (Reach (u)) .

Theorem 2 (Optimality-preserving guarantees). We have
the three following properties.
1. For any ϵ > 0, for any inductive ϵ-upper bound β of

βM, there exists an optimal, memoryless, and determin-
istic policy π⋆

β of Sh≤p
β (M).

2. The policy π̂⋆
βM

is a solution to RCOP.
3. If Assumption 1 holds, then

lim
β∈B(M),β→βM

J
(
π̂⋆
β

)
= J

(
π̂⋆
βM

)
.

Discussion. Definition 3 allows us to construct a shield
from any MDP M with known safety dynamics via an algo-
rithm that computes an inductive upper bound of βM. The-
orem 1 and Corollary 1 show that if we train an agent using
the shield, the agent will be safe. Furthermore, Theorem 2
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Algorithm 1: Probabilistic Shielding

1: Input: An MDP M, a discount factor γ, an uncertainty
threshold ϵ, a safety threshold p.

2: Compute an inductive ϵ-upper bound β of

βM(s) = max
π

probsM,π{ζ | ζ |= Reach (u)}

3: Construct the shield Sh≤p
β (M)

4: Learn a memoryless policy π⋆ in Sh≤p
β (M) with an RL

algorithm.
5: Return π̂⋆.

justifies that training an agent with the shield yields a cumu-
lative reward close to optimal.

For the sake of simplicity, we made the choice of pre-
senting our shielding approach in the case where the full
dynamics of the MDP is known. However, every definition
can be straightforwardly adapted to an MDP where only the
safety dynamics, i.e. a quotient of the MDP containing all of
the safety-relevant information, is known. We make use of
that adaptation in our experiments. The assumption of know-
ing the safety dynamics is strong, but is adopted in several
papers, and in particular in the majority of shielding meth-
ods (see (Alshiekh et al. 2018; Elsayed-Aly et al. 2021; He,
León, and Belardinelli 2022) for example), and could be al-
leviated in the future by introducing a three-step algorithm
that at each iteration, learns a better conservative estimation
of the safety dynamics, changes Sh≤p

β (M) according to that
estimation, and does a step of policy iteration in Sh≤p

β (M).
The size of the state and action space of the shield is big-
ger than the state and action space of the original MDP, and
thus may lead to slower convergence than state-of-the-art
Safe RL algorithms. However, the safety of the agent after
computing β is guaranteed, and the only constraint viola-
tions that may thus occur in a real-life scenario occur when
computing β. This is one of the strictest guarantees possible
for constraint violations in Safe RL as β only depends on
the safety dynamics of the MDP, and could be theoretically
be computed with any ϵ-greedy safe policy. Thus, if an ϵ-
greedy safe policy is known in advance and used to compute
β, the algorithm incurs exactly zero constraints violations.
This strict guarantee is, to our knowledge, offered in a more
scalable way compared to previous Safe RL algorithms that
usually use to that end Linear Programming (as in (Liu et al.
2021) for example).

Implementation
We suppose in the following, without any loss of general-
ity, that for any s ∈ S, there exists an integer d such that
#A(s) = d, and we let {as1, . . . , asd} denote A(s). In a gym
environment, the policy that the agent follows is output by a
neural network. However, even if the sets A(s) all have the
same size, this does not guarantee that a probability distri-
bution over a set A′(s) (a set of actions of Sh≤p

β (M)), can
be directly output by a neural network, since the sets V s,q

α
do not necessarily all have the same size, even if s and q

are fixed. Therefore, to implement the shield as a gym en-
vironment, we change the MDP Sh≤p

β (M) into an encoded
MDP En≤p

β (M) that is equivalent, i.e such that every policy
of En≤p

β (M) can be transformed into a policy of Sh≤p
β (M)

and the converse. To avoid instability, the MDP En≤p
β (M) is

constructed so that the dependency of the probabilistic tran-
sition function on the state-action pair is as continuous as
possible. The results obtained show that this approach scales
well. For the sake of simplicity, we do not define En≤p

β (M)
entirely, but we give in the following the main technical idea
of En≤p

β (M), which is a way of mapping the set V s,q
α to a

larger set of fixed size, so that the dependency of the proba-
bilistic transition function on the state-action pair is roughly
continuous. We give such a mapping g below.

Formally, g associates to any (s, q, α, i, j) such that s ∈
S, q ∈ [β(s); 1], α ∈ X , i, j ∈ {1, . . . , d}, and V s,q

α is
nonempty, an element of V s,q

α . Intuitively, if we let χs
i de-

note the element of [0; 1]A(s) such that χs
i (a) = 1 if a = asi

and 0 otherwise, g(s, q, α, i, j) corresponds to the intersec-
tion between the border of the half-space As,q

α and the line
between χs

i and χs
j if there is one, to χs

i if χs
i is in As,q

α , or to
a means of the points in V s,q

α weighted by the minimum of
their distances to χs

i and χs
j otherwise. A formal definition

is given below.

• If i = j,
– if χs

i ∈ As,q
α , g(s, q, α, i, j) = χs

i ,
– otherwise

g(s, q, α, i, j) =

∑
v∈V s,q

α

1
∥χs

i−v∥v∑
v∈V s,q

α

1
∥χs

i−v∥
,

• Otherwise, if i ̸= j,
– if χs

i ∈ As,q
α , g(s, q, α, i, j) = χs

i ,
– otherwise if χs

j ∈ As,q
α , g(s, q, α, i, j) is defined as

λmaxχ
s
i + (1− λmax)χ

s
j where λmax is the maximal

λ ∈ [0; 1] such that λχs
i + (1 − λ)χs

j ∈ As,q
α (notice

that g(s, q, α, i, j) ∈ V s,q
α in that case),

– and otherwise

g(s, q, α, i, j) =

∑
v∈V s,q

α

1
min(∥χs

i−v∥,∥χs
j−v∥)v∑

v∈V s,q
α

1
min(∥χs

i−v∥,∥χs
j−v∥)

.

Since the convex polytope Cs,q
α whose set of vertices is V s,q

α
is the intersection of the polytope χ whose set of vertices is
(χi)i∈{1,...,d}, and of the half-space As,q

α , it is easy to see
that the elements of V s,q

α are all on the edges of χ. As a
consequence, we have

V s,q
α ⊆ {g(s, q, α, i, j) | i, j ∈ {1, . . . , d}}

for any (s, q) ∈ S′ and any α ∈ X , such that V s,q
α is

nonempty.

Experiments
We demonstrate the viability of our approach with four case
studies. The algorithm used to compute an inductive ϵ-upper
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Media ... Colour bomb Color bomb v2 Bridge Bridge v2 Pacman
random action probability - 0.1 0.1 0.04 0.04 -
episode length 40 100 250 600 600 1000
total timesteps 25k 25k 100k 200k 200k 500k
safety bound 0.001 0.05 0.05 0.01 0.01 0.01
action space size 2 4 4 4 4 5
state space size 462 81 900 400 400 1̃00k

Table 1: Environment Parameters

bound of βM is Interval Iteration (Haddad and Monmege
2018), which is simple in our case as the end components of
the MDPs corresponding to the environments are trivial. We
use PPO (Schulman et al. 2017) as an RL algorithm to find
an optimal policy in the shield. We demonstrate the viability
of our approach with five case studies of increasing com-
plexity. For each case study, we compare the safety and the
cumulative reward given at each epoch by unshielded PPO
(Schulman et al. 2017), PPO-shield (our approach), PPO-
Lagrangian (Ray, Achiam, and Amodei 2019), a combina-
tion of a lagrangian approach and PPO, and CPO (Achiam
et al. 2017). We use Omnisafe (Ji et al. 2023b) for the im-
plementation of PPO-Lagrangian and CPO.

Environment descriptions
We provide descriptions for each of our testing environ-
ments below. For the gridworld environments, the agent has
access to four actions in every state (except for the ter-
minal one), which are {left, right, up, down}. Every action
carries a probability random action probability of
choosing randomly, in a uniform manner, another direction.
For example, the action left makes the agent go left with
probability 1−random action probability, and the
agent goes right, up, and down with remaining probability
random action probability/3. Furthermore, safety
in all the environments is defined as avoiding the unsafe
states with probability at least 1− safety bound.

S

B

B

B

B

(a) Colour bomb v1

S

B

B

B

B

(b) Colour bomb v2

(c) Bridge v1 (d) Bridge v2

Figure 1: Gridworld Environments

Table 1 details the parameters of each of our environments
including this random probability, the maximum episode
length, the total number of interactions (or timesteps) and
the safety bound. We also provide illustrations of the rele-
vant environments in Figure 1.

Media streaming The agent is tasked with managing a
data buffer. The data buffer has size 20, with packets leaving
the data buffer according to a Bernoulli process with rate
µout = 0.7. The agent has two actions A = {fast, slow}
which fill the data buffer with new packets according to a
Bernoulli process with rates µfast = 0.9 and µslow = 0.1
respectively. The goal is to minimise the outage time: if
the data buffer is empty, the agent receives a reward of −1
and 0 otherwise. The state space is augmented with a cost
c which corresponds to the number of times the action fast
is used. The unsafe states are all the states corresponding
to a total number of fast actions used above the threshold
C = ⌊episode length/2⌋. Thus, the agent must avoid
using more that C fast actions with high probability. A sim-
ilar environment has been considered in (Bura et al. 2022).

Colour bomb gridworld v1 The agent operates in a 9× 9
gridworld (see Fig. 1a). Upon reaching a coloured zone that
is yellow, blue or pink, the agent receives a reward of +1
and the episode terminates. Alternatively, when reaching the
green or red zones, the agent can choose either to stay inside
of them, or to go to any white square that borders. All other
states provide a reward of 0. The unsafe states are the bombs
labelled as B states (S denotes the starting state). A similar
environment has been used in (Alshiekh et al. 2018), albeit
with a hard safety constraint instead of a probabilistic one.

Colour bomb gridworld v2 The agent operates in a 15×
15 gridworld (see Fig. 1b), similar to the previous environ-
ment. However, in contrast to the previous environment, the
non-green coloured zones that give a reward of +1 and ter-
minate the episode are randomised, either at the start of an
episode or when the agent enters the green zone.

Bridge crossing (v1 and v2) The agent operates in a 20×
20 gridworld (see Fig. 1c). The goal is to cross the bridge
to the safe terminal yellow states, which provide a reward of
+1. The unsafe states are the red states (lava), and the agent
must thus avoid falling in lava with high probability. The
start state is denoted by the green square. Bridge crossing
v1 has been used in (Mitta et al. 2024).

Pacman We also consider a 15× 19 pacman environment
inspired by (Racanière et al. 2017), with one ghost, and col-
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(a) Media streaming

(b) Colour bomb gridworld v1

(c) Colour bomb gridworld v2

(d) Bridge crossing v1

(e) Bridge crossing v2

(f) Pacman

Figure 2: Learning curves

lectible coins (+1 reward) in every position (no food). Tak-
ing in to consideration all possible locations and directions
of the ghost and the agent, and the locations of the coins
the state space is combinatorially large, although similar to

(Alshiekh et al. 2018), we can leverage a safety abstraction
of the environment (ignoring the dynamics of the coins) for
efficient interval iteration. We note that even with the safety
abstraction the total number of states exceeds 100k, demon-
strating that our approach is still feasible for large state
spaces. The goal is to collect as many coins while avoiding
the (unsafe) ghosts for the duration of the episode.

Results
Figure 2 presents the results of our experiments. In ev-
ery environment, PPO-shield does indeed guarantee safety
throughout training and at test time. In terms of cumula-
tive reward, PPO-shield converges to the expected value of
1 (or almost 1) in the Colour bomb gridworld v1 and v2,
and Bridge crossing v1 and v2 environments. Furthermore,
in the media streaming environment, where there is a trade-
off between safety and reward, PPO-shield still improves to
an expected strictly negative value. In terms of rate of con-
vergence, PPO-shield converges slightly slower than PPO in
every environment except for the Bridge Crossing environ-
ments where PPO-shield converges significantly slower and
PPO converges immediately. This can be explained by the
fact that, if not considering safety, the optimal path for the
agent in the Bridge Crossing environments is to go straight
up, whereas if considering safety, to get an optimal reward,
the agent has to find the path across the bridge in Bridge
Crossing v1, and the path that goes around the lava to the
right in Bridge Crossing v2, correctly evaluating that the
straight-up path is too risky. Thus, in these cases, safety is
very restrictive, which may explain the longer convergence
time. Overall, the rate of convergence of PPO-shield remains
fast, requiring a maximum of 100 000 steps in all of our case
studies.

We can also see that PPO-shield significantly outperforms
CPO and PPO-Lagrangian in all of the case studies. Even
though CPO and PPO-Lagrangian both seem to learn the
constraint correctly, neither of them manages to optimize the
reward in every single one of our case studies. This might be
due to the fact that these algorithms are slow to converge
when the safety requirement is very restrictive.

Conclusion
We have developed a shielding approach for Safe RL with
probabilistic state-avoidance constraints. We have shown
that this approach is theoretically sound, and offers strict
safety guarantees. Furthermore, this approach relies on
Value Iteration on the safety dynamics of the MDP, which
is known to be scalable, and allows to decouple the safety
dynamics and the reward dynamics of the MDP, in contrast
to Safe RL approaches based on Linear Programming. In
addition, our experiments show that our method is viable
in practice and can significantly outperform state-of-the-art
Safe RL algorithms.
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