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Abstract

In recent years, there have been a growing number of works
studying the generalization properties of stochastic gradient
descent (SGD) from the perspective of algorithmic stability.
However, few of them devote to simultaneously studying the
generalization and optimization for the non-convex setting,
especially pairwise SGD with heavy-tailed gradient noise.
This paper considers the impact of the heavy-tailed gradient
noise obeying sub-Weibull distribution on the stability-based
learning guarantees for non-convex pairwise SGD by inves-
tigating its generalization and optimization jointly. Specif-
ically, based on two novel pairwise uniform model stabil-
ity tools, we firstly bound the generalization error of pair-
wise SGD in the general non-convex setting after bridging
the quantitative relationships between stability and general-
ization error. Then, we further consider the practical heavy-
tailed sub-Weibull gradient noise condition to establish a
refined generalization bound without the bounded gradient
condition. Finally, sharper error bounds for generalization
and optimization are built by introducing the gradient dom-
inance condition. Comparing these results reveals that sub-
Weibull gradient noise brings some positive dependencies on
the heavy-tailed strength for generalization and optimization.
Furthermore, we extend our analysis to the corresponding
pairwise minibatch SGD and derive the first stability-based
near-optimal generalization and optimization bounds which
are consistent with many empirical observations.

Introduction

Pairwise learning has attracted much attention in machine
learning literature, where its prediction performance is mea-
sured by pairwise loss function. Typical paradigms of pair-
wise learning include metric learning (Xing et al. 2002; Jin,
Wang, and Zhou 2009), ranking (Clémencon, Lugosi, and
Vayatis 2008; Agarwal and Niyogi 2009), AUC maximiza-
tion (Cortes and Mohri 2003; Gao et al. 2013), gradient
learning (Mukherjee and Zhou 2006), and learning under the
minimum error entropy criterion (Principe 2010). Despite
enjoying the benefits of particular contrastive motivations,
pairwise learning often suffers from a heavy computational
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burden as its optimization objective involves O (n?) terms
for the problems with n training samples.

It is well known that stochastic gradient descent (SGD) is
ubiquitous and popular for deploying learning systems due
to its low time complexity (Lei, Liu, and Ying 2021; Wang
et al. 2022; Tang et al. 2024) and high adaptability to big
data (Bottou and Bousquet 2007; Lei and Ying 2020). As
a natural extension of SGD, minibatch SGD iteratively up-
dates the model parameter based on several selected sam-
ples rather than a single sample, which can further reduce
the variance and accelerate algorithmic convergence (Cot-
ter et al. 2011; Dekel et al. 2012). Therefore, it is natural
to employ SGD and minibatch SGD to formulate the proce-
dure of pairwise learning. Along with the wide applications
of SGD and minibatch SGD in pairwise learning, there are
some theoretical progresses focusing on their generalization
guarantees recently (Lei, Liu, and Ying 2021; Lei, Ledent,
and Kloft 2020; Shen et al. 2019; Yang et al. 2021). How-
ever, most of the existing theoretical results are limited to
convex losses, which can not cover typical non-convex pair-
wise learning algorithms, e.g., neural networks-based pair-
wise learning (Koppel et al. 2019; Li et al. 2022), let alone
the ones with heavy-tailed gradient noise.

Moreover, most of the previous theoretical works on pair-
wise SGD and its variants require the bounded variance con-
dition (Zhou, Liang, and Zhang 2022) and the sub-Gaussian
tail assumption limiting the tail performance of the gra-
dient noise (Simsekli et al. 2019; Simsekli, Sagun, and
Giirbiizbalaban 2019). However, these assumptions may be
too idealistic in practice. Indeed, SGD may only involve the
bounded p-th moment for some p € (1,2] rather than the
bounded variance (Cutkosky and Mehta 2021), and it of-
ten shows the heavier-tailed gradient noise in many learn-
ing problems (Madden, Dall’ Anese, and Becker 2020; Lei
and Tang 2021; Li and Liu 2022). For example, Simsekli,
Sagun, and Giirbiizbalaban (2019) statistically characterized
the gradient noise of SGD and stated that the gradient noise
expresses a heavy-tailed behavior under an isotropic model
(also see Zhou et al. (2020); Zhang et al. (2020b)). The
heavy-tailed gradient noise may degrade the generalization
performance of SGD methods significantly (Nguyen et al.
2019; Hodgkinson and Mahoney 2021). However, Raj et al.
(2023a,b) found that heavy tails of gradient noise can help



with generalization in pointwise SGD. Therefore, it is cru-
cial to investigate the theoretical guarantees of non-convex
pairwise SGD with heavy tails. As far as we know, this issue
has not been touched for pairwise SGD.

Bottou and Bousquet (2007) demonstrated that the model
performance depends on the joint influence of generaliza-
tion error and optimization error. The generalization error
is used to evaluate the performance of a trained model to
some unseen inputs (Vapnik 1998) and the optimization er-
ror concerns the gap between the actual empirical risk and
the optimal empirical risk (Li and Liu 2022). Hence, it is
necessary to investigate both generalization error and op-
timization error for a better understanding of the learning
guarantees of SGD. Following this line, some error analysis
of SGD can be found in Lei, Ledent, and Kloft (2020); Lei,
Hu, and Tang (2021). Compared with uniform convergence
analysis for SGD methods (Lei, Liu, and Ying 2021; Lei and
Tang 2021; Li and Liu 2022), algorithmic stability analy-
sis often enjoys promising properties on adaptability (Agar-
wal and Niyogi 2009; Hardt, Recht, and Singer 2016) and
flexibility (Lei, Liu, and Ying 2021; Lei and Ying 2020). In
particular, the stability-based theory analysis is suitable for
wide application scenarios and independent of the capacity
of hypothesis function space (Zhou, Liang, and Zhang 2022;
Hardt, Recht, and Singer 2016; Bousquet and Elisseeff 2002;
Shalev-Shwartz et al. 2010).

At present, stability and generalization have been char-
acterized for the non-convex pointwise SGD (Zhou, Liang,
and Zhang 2022; Hardt, Recht, and Singer 2016). This pa-
per develops the previous analysis techniques (Lei, Liu, and
Ying 2021; Lei and Ying 2020; Madden, Dall’ Anese, and
Becker 2020; Li and Liu 2022) to explore the impacts of sub-
Weibull gradient noise for the non-convex pairwise cases
with the consideration of generalization and optimization er-
rors simultaneously. The main contributions of this paper are
summarized as follows:

* Generalization bounds of non-convex pairwise SGD with
sub-Weibull gradient noise. We propose two novel pair-
wise /7 uniform model stability tools for the generaliza-
tion analysis of pairwise SGD to prevent the sampling
barrier for stability analysis. After giving the relation-
ship between stability and generalization, we establish
the generalization bounds for non-convex pairwise SGD.
Even under the general non-convex setting, our result
is comparable with previous works for convex pairwise
SGD (Lei, Liu, and Ying 2021; Lei, Ledent, and Kloft
2020; Yang et al. 2021). Subsequently, the refined bounds
are derived by introducing the heavy-tailed sub-Weibull
gradient noise assumption, where the standard require-
ment of the bounded gradient is removed.

Learning guarantees with gradient dominance condition.
Sharper bounds for generalization error and excess risk
are provided for the non-convex pairwise SGD under
an additional gradient dominance condition. The current
analysis extends the previous one for pointwise SGD
with sub-Weibull tails (Li and Liu 2022) to the more
complicated pairwise setting, which shows the compet-
itive convergence rates and some positive dependencies
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on heavy tails for optimization. Finally, we develop our
analysis to the corresponding minibatch case and give
the first-ever-known stability-based learning guarantees
which are consistent with empirical observations (Dekel
et al. 2012; Woodworth, Patel, and Srebro 2020).

Related Work

Analysis of pairwise SGD via algorithmic stability. Al-
gorithmic stability has gained much attention in statistical
learning theory due to its attractive properties, i.e., the in-
dependence to hypothesis function space and wide applica-
bility (Lei and Ying 2020; Hardt, Recht, and Singer 2016).
This analysis technique is applied to investigate theoreti-
cal foundations of pairwise SGD (Lei, Liu, and Ying 2021;
Lei, Ledent, and Kloft 2020; Shen et al. 2019; Yang et al.
2021). For the convex pairwise SGD, Shen et al. (2019) es-
tablished the bounds of the expected optimization error and
excess risk after illustrating the trade-off between the stabil-
ity and optimization error. Moreover, some systematic stud-
ies are provided in Lei, Liu, and Ying (2021); Lei, Ledent,
and Kloft (2020); Yang et al. (2021) to cover more general
cases (i.e., without the bounded loss assumption or smooth-
ness assumption). For the non-convex pairwise SGD, (Lei,
Liu, and Ying 2021) investigated the stability and general-
ization of pairwise SGD under the gradient dominance con-
dition, while the derived bounds are not tight enough. There-
fore, it is necessary to further explore the learning guarantees
of non-convex pairwise SGD from the perspective of algo-
rithmic stability. Please see Appendix G for the outlines of
algorithmic stability.

Analysis of SGD with heavy-tailed gradient noise. The
heavy-tailed performance of SGD has been studied exten-
sively, see e.g., Simsekli, Sagun, and Giirbiizbalaban (2019);
Nguyen et al. (2019); Hodgkinson and Mahoney (2021). In
a seminal paper, Vladimirova et al. (2019) found that the
Bayesian neural network presents a heavier-tailed unit dis-
tribution than Gaussian prior (Lee et al. 2018) while deep-
ening the model. After that, several works (Simsekli et al.
2019; Simsekli, Sagun, and Giirbiizbalaban 2019; Panigrahi
et al. 2019) verified that SGD also has heavier-tailed distri-
bution than sub-Gaussian distribution. It is demonstrated in
Nguyen et al. (2019); Hodgkinson and Mahoney (2021) that
the generalization ability of SGD may suffer from the heavy-
tailed gradient noise, but it is also demonstrated that when
the tail is heavy but not too heavy, heavy tails might help
generalization (Raj et al. 2023a,b). Based on uniform con-
vergence analysis, the high probability guarantees for non-
convex pointwise SGD are stated in Madden, Dall’ Anese,
and Becker (2020); Li and Liu (2022) under heavy-tailed
gradient noise assumption. However, as far as we know,
there are no stability-based learning guarantees for pairwise
SGD with heavy tails. In this paper, we aim to make an effort
to fill this theoretical gap.

Preliminaries
Problem setup

According to an unknown probability measure p defined
over a sample space Z, we draw each sample z;(1 < i < n)



independently and get the training set S := {z1,...,2,} €
Z"™. The goal of pairwise learning is to find a data-driven
predictor such that the population risk (the risk on the ex-
pectation of the whole sample space Z)

F(w) :=E, :[f(w; 2,2)] M

is as small as possible, where f(w; z,2) : WX Zx Z — R,
is a non-negative loss function, w is the model parameter
belonging to the hypothesis function space W, z, Z are inde-
pendently distributed as p, and [, ;> denotes the expectation
with respect to (w.r.t.) samples z and Z. Due to the inac-
cessibility of F(w), we often formulate pairwise learning
algorithms by minimizing the empirical risk

1
F(w) = oo fwizz), @
n(n =
i,5€[n],i#]
where [n] := {1, ...,n}. Let
w(S) € arg Inin Fs(w), w* € arg in F(w), Q)

where F'(w), Fg(w) are defined in (1) and (2), respectively.
For feasibility, let A(S, &) be the model parameter trained by
algorithm A : Z™ — W with random parameter £ € R on
dataset S.

Definition 1 (SGD for Pairwise Learning). Fort € N, let
{w¢}1_ be an update sequence of model parameters with
the initial state wy = 0, and let {n;}E_; be a stepsize se-
quence. Denote V f (wy; 2;,, 25,) as the gradient of the loss
function f(wy; 2;,,2;,) w.rt. the first argument w;, where
(2i,, 25,) is a sample pair selected to update model parame-
ters in the t-th iteration, and (i, j;) is independently drawn
from {(i,7) : i, € [n],i # j}. Then, the pairwise SGD is
updated by

wit1(E) = wy — 0V f(wy; 24, 25, )- “)

For pairwise SGD (Definition 1), the random parameter
¢ is the sample index set {(i1, j1)..., (¢1, jr)} during the T'
iterations, where we let the trained model be A(S, &) = wr.
Since E[Fs(w(S)) — F(w*)] < 0, the excess risk of wy can
be decomposed by

E[F(wr) = F(w")]

=E[F(wr) — Fs(wr) + Fs(wr) — Fs(w(S))]
<[E[F(wr) = Fs(wr) + Fs(wr) — Fs(w(S))]]
<[E[F(wr) = Fs(wr)]| + [E[Fs(wr) — Fs(w(S))]]

®)

where E[-] denotes the expectation w.rt. all random-
ness, i.e., S and . Usually, we call the first term
|E [F(wr) — Fs(wr)]| as the generalization error and the
second term |E [Fs(wr) — Fs(w(S))]| as the optimization
error.

Quantitative Relationships between Stability and
Generalization

In this paper, we analyze the theoretical generalization per-
formance of heavy-tailed non-convex pairwise SGD via
pairwise ¢; uniform model stability measuring the model
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parameter sensitivity to a small perturbation of S, which
is different from the ones concerning the sensitivity of loss
function value, e.g., the uniform stability (Hardt, Recht, and
Singer 2016; Bousquet and Elisseeff 2002; Shalev-Shwartz
et al. 2010) and the on-average stability (Lei, Ledent, and
Kloft 2020; Kuzborskij and Lampert 2018; Lei and Ying
2021).

Definition 2. Let S = {z;} ,,5" = {z}, be drawn
independently from p. Define that, for Yi, j € [n],i # j,

! !
Si,j = {Zla vy Ri—1y R4y Bidly eeey Zj—1, Zj7zj+17 ceey Zn}

Denote || - || as the Euclidean norm. A pairwise learning
algorithm A is {1 uniform model e-stable if

Es.s ¢ [IIA(Si5,€) — A(S, )] < e

A pairwise learning algorithm A is {1 uniform model -
stable with expectation w.r.t. £ if

E¢ [[|A(S,5,6) — A(S, &)l <€, VS, 8" € 2"

Some stability tools for pointwise learning have been ex-
tended to the case of pairwise learning. For example, Shen
et al. (2019), Yang et al. (2021) and Lei, Liu, and Ying
(2021) provided the definitions of uniform stability (6), uni-
form model stability (7) and on-average model stability (8)
for pairwise learning, respectively, whose definitions are
listed as follows:

shezn

(6)

(7

sup
2,2€Z,5,5'€Zn

1
Esse |~ > 1456~ AS Ol <& ®)

i€[n]

where S; = {z1,..., Zi—1, 2}, Zi+1s -, Zn }, Vi € [n]. Con-
sidering that the pairwise SGD involves dependent O (nQ)
terms resulting in the sampling barrier for stability analysis,
Definition 2 nails down the novel pairwise ¢, uniform model
stability and ¢; uniform model stability with expectation
w.r.t. £ inspired by the stability definitions of Lei, Ledent,
and Kloft (2020); Yang et al. (2021); Lei (2023). Our anal-
ysis treats a sample pair (z;, z;),%¢ 7# j as a single sample
to avoid extremely complex sampling situations in stability
analysis.

Assumption 1. (a) Forany z,z € Z, w,w’ € Wand L >
0, a differentiable loss function f(w;z,z") is L-Lipschitz
continuous w.r.t the first argument w if ||V f (w; z, 2)|| < L,
which means that | f(w; 2, 2) — f(w'; 2, 2)| < L|jw — w/'||.
(b) For any 2,2 € Z, w,w' € W and 8 > 0, a differ-
entiable loss function f(wj;z,2') is B-smooth w.rt the first
argument w if ||V f (w; 2, 2) = V f(w'; 2, 2) || < Bllw —w'|.



Some previous work assumed that the gradient and the
loss function itself are both Lipschitz (Hardt, Recht, and
Singer 2016) and gave some examples, e.g., ranking and
metric learning with the logistic loss and the hinge loss (Lei
and Ying 2020). These two assumptions are used extensively
in statistical learning theory. However, the Lipschitz conti-
nuity assumption may not hold in some learning environ-
ments (Lei and Ying 2020). In these cases, many stability-
based generalization bounds under this assumption don’t
match the algorithmic deployment in real applications. As
for smoothness, it is assumed throughout the whole paper.

Definition 3 ((Vladimirova et al. 2020)). We say X is a
sub-Weibull random variable if the moment generating func-

tion (MGF) E [exp ((|X\/K)%)] < 2 holds for some pos-

itive parameters K and 0 > 1/2, and denote it as X ~
subW (0, K).

The sub-Weibull random variable X becomes the sub-
Gaussian as 6 1/2 (Vershynin 2018) or the sub-
Exponential distribution as § = 1 (Vladimirova et al. 2020).
We consider the pairwise SGD with heavy tails and let
6 > 1/2 in the rest of this paper. For ease of understanding,
some necessary preliminaries of sub-Weibull distribution are
provided in Appendix B.

This work mainly studies the learning guarantees of pair-
wise SGD with a type of heavy-tailed gradient noise (sub-
Weibull). In this case, we can obtain some specific up-
per bounds of gradient (Theorems 4, 5). Therefore, it is
unnecessary to make the Lipschitz continuity assumption.
Some prior work (Vladimirova et al. 2020; Li and Liu 2022)
showed that these upper bounds are small.

Assumption 2 (Sub-Weibull Gradient Noise). For the t-th
iteration of (4), we assume ||V f (w¢; 23, 2;,) =V Fg(wy)|| ~
subW (0, K) with > 1/2, K > 0, i.e.,

o (( 1V (i 720, 2) —VFs<wt>|>é>] .

K

Recently, rich works have shown that SGD and its vari-
ants exhibit heavier noise than sub-Gaussian (Simsekli et al.
2019; Simsekli, Sagun, and Giirbiizbalaban 2019; Madden,
Dall’ Anese, and Becker 2020; Panigrahi et al. 2019; Zhang
et al. 2020a; Wang et al. 2021). Hence, it is natural to con-
sider Assumption 2 here for the pairwise SGD with heavy
tails. In our analysis, the gradient noise assumption pro-
vides some refined bounds of gradient noise (Lemma 3 in
Appendix C.I) which are key to bridging the connection be-
tween pairwise ¢; uniform model stability and generaliza-
tion error (Theorem 2) and stating stability bounds (Theo-
rems 4, 5) without the bounded gradient assumption.

Based on the pairwise ¢; uniform model stability, Theo-
rems 1 and 2 give two generalization upper bounds for pair-
wise SGD under the Lipschitz condition (Assumption 1 (a))
and the heavy-tailed sub-Weibull gradient noise condition
(Assumption 2) respectively.

Theorem 1. Let S,S" and S; ; be constructed as Defini-
tion 2. Assume that pairwise learning algorithm A, associ-
ated with L-Lipschitz continuous loss function, is {1 uniform

E

it,Jt
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model e-stable. Then,
E[|Fs(A(S,€)) — F(A(S, §))] < Le.

Theorem 1 shows the generalization upper bound with ex-
pectation w.r.t. S, £ can be controlled by the pairwise ¢; uni-
form model stability bound even for the general non-convex
pairwise SGD. Theorem 1 is consistent with the related re-
sults of stability and generalization for pointwise learning
(Theorem 2 in Lei and Ying (2020)) and pairwise learning
(Theorem 1 in Lei, Liu, and Ying (2021)), where the slight
difference is induced by the divergence among stability def-
initions. However, the Lipschitz continuity condition is nec-
essary for our proof framework under this case.

Our next generalization result is a new guarantee which
is just averaged over the random algorithmic parameter &
and conditioned on the dataset S under the milder condition,
heavy-tailed gradient noise.

Theorem 2. Let S,S" and S, ; be constructed as Defini-
tion 2. Assume that gradient-based pairwise learning al-
gorithm A, associated with the loss function whose gra-
dient noise obeys subW (0,K), is {1 uniform model e-
stable with expectation w.rt. £, and the norm of the gra-
dient E¢[||V f(we; 2i,, 25,)||] for the loss function f is up-
per bounded by L(0). Let constant M > 0 and, for all
2,2 € 2,6 € R, f(A(S,£);2,2) < M. Then, for any
6 € (0,1/e), we have

Ee[[F(A(S,€)) — Fs(A(S,9))l]
<AL(f)e + 6(12\/§M(n — 1)~ %/log(e/d)

+ 48V/6 L(0)e[logy (n — 1ﬂlog(e/5))

with probability at least 1 — 0.

Theorem 2 verifies the generalization bound via pairwise
¢1 uniform model stability with expectation w.r.t. £ enjoys
some attractive properties, e.g., independence of the Lip-
schitz continuity assumption. Specifically, the heavy-tailed
sub-Weibull gradient noise assumption enjoys the bounded
second-order gradient property. Therefore, its first-order
gradient is also bounded and the bound L(6) is mild which
is validated in Theorems 4 and 5.

Main Results

In this section, we develop the learning guarantees of pair-
wise SGD under various conditions. In the first two cases,
only generalization guarantees are provided to reveal the de-
pendence of generalization on the parameter of heavy-tailed
distribution. In the last two cases, we additionally investigate
optimization guarantees to further analyze the correspond-
ing heavy-tailed dependence. We summarize our bounds and
some related results in Tables 1, 2 and 4 (Appendix F). To
improve readability, we also make some discussions about
the dependencies of our results in Appendix F.1, and the de-
tailed comparisons with other results for pairwise learning
and pointwise learning from several aspects including anal-
ysis tools, assumptions and algorithms in Appendix F.2.



Assumptions

Reference Tool Stability Bound
L u 0
Shen et al. (2019) (Thm. 3.5) voox X Uniform @ ((ﬁn)_lLﬁ TFesT
Lei, Liu, and Ying (2021) (Thm. 15) / +/ x Uniform 16) ((ﬁn)—lLQT%)
Ours (Thm. 3) v/ % x  Uniform model o ((,@n)_lLT% logT
Ours (Thm. 4) x x / Uniformmodel O ((8n)~*/g(20)log’ (1/6)T=(log T)3
Ours (Thm. 5) x / +/ Uniformmodel O ((8n)~'\/g(20) log? (1/8)T1 (log T) 2

Table 1: Summary of stability bounds for pairwise SGD with non-convex loss functions (Thm.-Theorem; 1/-has such a property;
x-hasn’t such a property; L, i, 6-the parameters of Lipschitz continuity, PL condition and sub-Weibull distribution; c-a non-
negative constant). See Appendix G for details of stability tools. Note that, considering the smoothness assumption is used in

every work, we don’t mention it in this table.

General Non-convex Pairwise SGD

Now we state the quantitative characterization of the pair-
wise ¢1 uniform model stability for the general non-convex
pairwise SGD.

Theorem 3 (Stability of SGD: Lipschitz Case). Given S, S’
and S; ; in Definition 2, let {w;}}—, and {w}}]_, be pro-
duced by (4) on S and S;; respectively, where 1, =
mt=L,m < (28)7%, and let the parameters A(S,€) = wr
and A(S; ;,€&) = wi after T iterations. Under Assumption

1, there holds E [||wr — wh||] < O((Bn)*lLT% logT).

Theorem 3 illustrates the pairwise ¢/ uniform model sta-
bility bound O ((Bn)’lLT 2 log T) for non-convex pair-

wise SGD when the loss function is Lipschitz continuous
and smooth. Shen et al. (2019) provided a uniform sta-

bility bound O ((Bn)’lLﬁ T%) where the constant
¢ > 0. In practice, Theorem 3 is also a general result
O (en™'LT"¢log T). When Shen et al. (2019) makes the
same setting ¢ = 1/ as our setting, their result is ,6’_%—
times larger than Theorem 3. Besides, Theorem 3 shows that

the smaller the step size, the better the stability bound, which
is different from Shen et al. (2019).

Non-convex Pairwise SGD without Lipschitz
Condition

In this section, the refined bounds of stability and general-
ization error are given by employing the heavy-tailed gra-
dient noise assumption to remove the Lipschitz continuity
assumption.

Theorem 4 (Stability of SGD: Sub-Weibull Case). Given
S,S" and S, ; described in Definition 2, let {w;}{_, and
{w;}[_, be produced by (4) on S and S, ; respectively,
where n; = it~ < (28)7L, and let the parameters
A(S, &) = wr and A(S; ;,&) = wh after T iterations. Un-
der Assumptions 1 (b) and 2, for all 6 € (0,1), there hold

eIV flwisio )l < O (y/a(20)log(1/0) o T
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and
Ee [[lwr — wr|]
@] ((671)71\/9(29) loge(l/é)T% log% T)

with probability at least 1 — 6, where g(0) = (4e)? for6 < 1
and g(0) = 2(2¢0)? for 6 > 1.

Theorem 4 assures the pairwise ¢; uniform
model stability upper bound with the order
0O ((5n)*1 V9(20)1og’ (1/6)T% log? T) with  expec-

tation w.rt. £, where the heavy-tailed gradient noise
assumption is employed to get rid of the bounded gradient
assumption. Observe that, the dependence on 7' for the
bound of Theorem 4 is just +/log”'-times larger than
Theorem 3 and the additional dependence on the heavy tail
parameter 6 is often bounded (Vladimirova et al. 2020).
Thus, it is better than the dependence on the Lipschitz
parameter L which is likely infinite for some learning
environments. Due to the above reasons, the bound of
Theorem 4 is tighter than the one of Theorem 3.

Theorem 3 in Lei, Liu, and Ying (2021) pro-
vided a /¢y on-average model stability bound

T
o (( + L) tz—:l anE[Fs(wt)o for pairwise SGD with

T
convex loss functions, which involves Y n?E[Fs(w;)].
t=1
However, it is hard to ensure the summation of empirical
risks is small enough. Therefore, the current result enjoys
more adaptivity and flexibility since it is not affected by
the quality of the initial empirical risks and nears optimum
under the milder assumptions, i.e., non-convex loss and
heavy-tailed gradient noise.

1

n

Non-convex Pairwise SGD with PL Condition

Inspired from Li and Liu (2022), we further investigate
learning guarantees of non-convex pairwise SGD under the
PL condition which assures that the estimator w satisfying
IVFEs(w)|| = 0 is a global minimizer of empirical risk
Fs(w) ().



Assumption 3 (Polyak-Lojasiewicz (PL) Condition). For
any w € W and S € Z", the empirical risk Fg(w)
(2) satisfies the PL condition with parameter p > 0 if
IVFs(w)|* = 2p (Fs(w) — Fs(w(S))) -

The PL condition, also called gradient dominance con-
dition (Lei, Liu, and Ying 2021; Zhou, Liang, and Zhang
2022; Foster, Sekhari, and Sridharan 2018; Reddi et al.
2016), can be viewed as a mild control over the curva-
ture of loss function and has been employed for the non-
convex generalization analysis (Lei and Tang 2021; Li and
Liu 2022; Lei and Ying 2021). This condition demonstrates
that the lower bound of the quadratic of objective gradient is
2u (Fs(w) — Fs(w(S)) and will increase as the model pa-
rameter w is far away from the empirically optimal parame-
ter w(.S) (Karimi, Nutini, and Schmidt 2016). Note that, the
PL condition assures that any w satisfying ||V Fs(w)|| = 0
is a global minimizer (Charles and Papailiopoulos 2018).

Theorem 5 (Stability of SGD: PL Case). Given S, S’ and
Si; in Definition 2 and w(S) in (3), let {w:}}—, and
{w;}[_, be produced by (4) on S and S, ; respectively,
where 1y = it~y < (4B8)7L,1 — wm > 0. Take
a; = l—HlE:1 (1 — %,um). Under Assumptions 1 (b), 2 and
3, for all § € (0,1), there hold E¢[||V f(we; 2i,, 25,)||] <

(@] <\/g(20) log??(1/6) log T) and

Ee [Jlwr — whl] < o(wn)—lTi log T

\/MﬁEg[Fs(w(S))] + g(260) 10g®®(1/6) log T)

with probability at least 1 — 0.

Compared with Theorem 4, the stability bound
o ((ﬁn)_lT% V9(20)1og?(1/6) log? T) in  Theorem
5 involves a different term 7'% which is better than T2
when E¢[Fs(w(S))] = O (n™!). The reason why the
dependence on T' can be improved is that we employ the
PL condition to make a slightly different analysis (see the
proof in Appendix D.4) which allows a smaller learning
rate to achieve a tighter stability bound. Specifically, for
Theorem 4, we need to set a larger step size 1; < (23)7!
to remove the term 3 77, ny||VFs(wy)|%, which is
important for our analysis. For Theorem 5, we adopt a new
strategy (related to PL condition) to get the upper bound
of Fg(wy). To ensure the condition Bnf — 7 < 0 holds,
we must set a smaller step size than (23) . Therefore, we
select ; < (43)~!, which leads to a result outperforming

Theorem 4 by a factor of T' i,
Lei, Liu, and Ying (2021) provided a uniform stability
Be
bound O ((ﬂn)’lLQTW>, where the constant ¢ = 1/
(o 1s the parameter of PL condition). In general, y is typi-
cally a very small value (Examples 1 and 2 in Lei and Ying
(2021)) which leads to a large value of c. Thus, T% is

closer to T' than T'/21log T of our bound. In other words,
our bound is tighter than Lei, Liu, and Ying (2021).
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Lei, Liu, and Ying (2021) have established the general-
ization bound O ((Bn)~*L2>T#/(5+1) for non-convex pair-
wise SGD under the gradient dominance condition. Differ-
ent from the existing work that relies on uniform stability
(Lei, Liu, and Ying 2021), we provides tighter generaliza-
tion bound under weaker assumptions when the mild con-
dition 1/¢(20)log? 1 (1/6)T% log? T'logy n < L2 4
holds.

Theorem 6 (Excess risk of SGD: PL Case). Given w* in (3)
and {w;}_, produced by (4) on S, where ny = mt =%,y <
(48)71,1 — pmy > 0. Take I'(z) = [~ t*~e~'dt. Under
Assumptions 1 (b), 2 and 3, for all § € (0, 1/e), there holds

Ee[F(wr) — F(w")]
log(1/6)

<0 (T‘2 +(BT)"'T(20 4+ 1) + m

+ (Bn)"'\/9(20) 1og?* 1 (1/6)T% log® T log, n>

with probability at least 1 — 0.

With the help of the PL condition, we can guarantee
that the algorithm can find a global minimizer (Karimi,
Nutini, and Schmidt 2016; Foster, Sekhari, and Sridha-
ran 2018; Lei, Liu, and Ying 2021; Yunyan Bai 2024).
Therefore, we can use E¢[Fs(wr) — Fs(w(S))] instead of
E¢[||VFs(wr)]|] to measure the optimization performance
of pairwise SGD in Definition 1. For the non-convex pair-
wise SGD, Theorem 6 provides the optimization error bound

(’)(T‘2 + (BT)~'r(20 + 1)) and the excess risk bound
O(T—2 + (BT)~'T(20 + 1) + \/nLlog(1/3) + (Bn)~!

V9(@0) log?t (1/5)T 1og2T10g2n> by (5. The
derived optimization error bound is comparable
with (’)(T‘l) stated in Lemma D.1 (e) of Ap-
pendix D in (Lei, Liu, and Ying 2021). For ex-

cess risk, our bound is O( n~1llog(1/0) +

B1n~1,/g(20)1og" " (1/6) log® nlog, n) as T =< n,
which is comparable with the related results (Lei and Tang
2021; Li and Liu 2022) for the pointwise SGD and enjoys
nice property, i.e., the independence of the dimension d.
Moreover, our bound is also consistent with the excess risk

bound O ((6n)’1L2T% +T71> (Lei, Liu, and Ying

)

as T =< n%. As shown in Table 2, our results fill the
theoretical gap of stability-based excess risk analysis for the
non-convex pairwise SGD with heavy tails, and guarantee a
satisfactory convergence rate.

Non-convex Minibatch SGD

We further investigate the stability and generalization of
non-convex pairwise minibatch SGD. To our surprise, this
issue has not been studied in machine learning literature.

_ B/p+1
n 28/pt+1

2021) which implies the convergence order O (



Assumptions

Reference Excess risk bound
g 0
Madden, Dall’ Anese, and Becker (2020) _
&V (Thm. 9) v v X *O (T~ log (1/6))
Lei and Tang (2021 _
&y (Thr%l.(7) ) vV v X xO (n~! (d + log (1/0)) log” nlog® (1/6))
Li and Liu (2022 _ 3(0-1)
&V (Thm.(3.11)) VvV *O(n 1(d + log (1/6)) log?+1 (1/8) log™ = (n/8) log n)
Lei, Liu, and Ying (2021) _1r9 Lﬂ 1
A4 (Thm. 15) vV O((Bn) LT 75 +171)
R (()'1?}? 6 J Y O(5+T£:(F229+1) + \/m n \/mlog9+1(1[/36)Ti log? T log, n)
A m. n n
Ours (Minibatch) Bb+TT (26+1) log(1/5) , T(204+1)TT log? T log(1/8) log, n
&4 (Thm. 7) VvV O( gz T\ a T Bn :

Table 2: Summary of excess risk bounds for non-convex SGD via uniform convergence approaches and stability analysis
(Thm.-Theorem; d-uniform convergence; #-stability; V-pointwise learning; A-pairwise learning; f3, i, 6-the parameters of
smoothness, PL condition and sub-Weibull distribution; y/-has such a property; x-hasn’t such a property; d-dimension of
hypothesis function space; *-high-probability bound; J-some probability).

Definition 4 (Minibatch SGD for Pairwise Learning). For
{w L, {n: YL, described in Definition 1 and the batch
size b, denote V f(wy; 2, ,,, 2j,.,,) as the gradient of the
loss function f(wy; 2, ., %, ,,) W-EL the first argument wy,
where (2, .., %j,,,),m € [b] is the m-th sample pair se-
lected to update model parameters in the t-th iteration, and
(24,m» Jt,m) is independently drawn from {(i,j) : i,j €
[n],i # j}. Then, the pairwise minibatch SGD is updated
by

b
wist () = we = 2 Y VI Wiz 20,)- ©)
m=1

The pairwise minibatch SGD in Definition 4 reduces to
the pairwise SGD in Definition 1 as b = 1. Note that, when
b = n(n—1), Definition 4 is inconsistent with the full-batch
SGD for the reason that (z;, ., 2, ,.) is independently se-
lected from all sample pairs {(z;, ;) : zi, 2; € S, z; # 2;},
which means that some certain sample pair can be selected
more than once at each iteration.

Theorem 7 (Excess risk of Minibatch SGD: PL Case). Let
A(S, &) be produced by the pairwise minibatch SGD (9) on
S, where ny = mt~tm < (48)71, 1 — um > 0. Under
Assumptions 1 (b), 2 and 3, for all § € (0,1/e), there holds

Ee[F(wr) - F(w")]
log(1/6)

<0 (T‘2 + (BbT)7'T(20 4+ 1) + ”

+ (Bn)"'T(20 + 1)T'7 log? T log, nlog(1/6)>

with probability at least 1 — 0.

Theorem 7 provides the first optimal optimization error
and stability-based excess risk bounds for non-convex pair-
wise minibatch SGD with heavy tails and the PL condition.
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Particularly, the detailed comparisons of our results are sum-
marized in Table 4 of Appendix F.

Theorem 7 is consistent with many empirical observations
(Cotter et al. 2011; Dekel et al. 2012; Li et al. 2014; Lin
et al. 2020; Woodworth, Patel, and Srebro 2020). Specif-
ically, the dependencies on the batch size b and the iter-
ation number 7' for Theorem 7 are consistent with some
prior observations, e.g., Figures 1, 2 in Cotter et al. (2011).
Some previous work (Lei, Sun, and Liu 2023) provided
some stability-based bounds (Theorems 2,3,5) for pointwise
minibatch SGD which shows a similar negative dependence
on b. Note that, the references we provide above are about
pointwise learning. Considering the fact that pairwise SGD
is regarded as a special pointwise SGD in our analysis, we
use these references to validate our results.

Conclusions

This paper aims to investigate the impact of heavy-tailed
gradient on the learning guarantees of non-convex pairwise
SGD. We derive the first near-optimal bounds of generaliza-
tion error and excess risk for the heavy-tailed non-convex
pairwise SGD and minibatch SGD, respectively, where the
algorithmic stability analysis technique is developed to over-
come the obstacle induced by the complicated pairwise ob-
jective and the minibatch strategy. Our results verify the
effect of the heavy-tailed gradient noise on removing the
bounded gradient assumption, which brings some mild pos-
itive dependencies on the heavy-tailed strength 6.

Although our results achieve some satisfactory orders, we
provide some dependencies on 6, T' which may exist in prac-
tice. Therefore, in the future, some lower bounds are needed
to combine with our upper bounds to ensure the tightness
of our results. Besides, it is interesting to further investigate
the stability and generalization of pairwise minibatch SGD
obeying the distributions with heavier tails (such as a-stable
distributions (Simsekli, Sagun, and Giirbiizbalaban 2019)).
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