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Abstract

We introduce Neural Conjugate Flows (NCF), a class of neural-
network architectures equipped with exact flow structure. By
leveraging topological conjugation, we prove that these net-
works are not only naturally isomorphic to a continuous group,
but are also universal approximators for flows of ordinary dif-
ferential equation (ODESs). Furthermore, topological properties
of these flows can be enforced by the architecture in an inter-
pretable manner. We demonstrate in numerical experiments
how this topological group structure leads to concrete compu-
tational gains over other physics informed neural networks in
estimating and extrapolating latent dynamics of ODEs, while
training up to five times faster than other flow-based architec-
tures.

Code — https://github.com/arthur-bizzi/Neural-Conjugate-
Flows-AAAI

1 Introduction

The introduction of Physics-Informed Neural Networks
(PINNs) (Raissi, Perdikaris, and Karniadakis 2019) has
sparked interest in using neural networks to solve and dis-
cover differential equations. By encoding modeling into
“Physics-informed” losses, networks Ay are trained to ap-
proximate solutions to differential equations:

%Na(xo,t) =F (N@(xo,t))

— L(0) = “i]\fg(xo,t) - F (Ng(xo,t)) =0,

where F : R™ — R" is a vector field, x° € R” are initial
conditions and Vg : R"! — R™ is a —parameterized NN.
L(0) denotes an equation loss relative to 6.

PINNSs have since been applied to forward and inverse
problems across a wide range of domains (De Ryck, Mishra,
and Molinaro 2022; Patel et al. 2022; Mao, Jagtap, and Kar-
niadakis 2020; Rao, Sun, and Liu 2021; Hasan et al. 2020).

Still, due to their black-box nature, PINNs struggle sig-
nificantly with enforcing fundamental structural properties
of the solutions. Thus, it is often necessary to encode con-
straints into PINNs through the use of additional Physics-
based losses. These might include terms that reward proper
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conservation of Hamiltonians (Mattheakis et al. 2022), La-
grangians (Cranmer et al. 2020) and symmetries (Zhang et al.
2023).

PINNSs are specially notorious for their issues with causal
dependence on initial conditions, which manifest in the form
of incorrect initial conditions or non-physical convergence
to trivial solutions (see Fig. 1 for an example). Attempts
have also been made to minimize these effects with modified
losses, emulating causality (Wang, Sankaran, and Perdikaris
2022) or penalizing large gradients (Yu et al. 2022).

In contrast, few attempts have been made to tackle these
issues with new physics-based architectures. Indeed, the vast
majority of PINNs use general-purpose feed-forward archi-
tectures, such as the simple Multi-Layer Percetron (MLP)
(Cuomo et al. 2022).

A remarkable solution to these causality issues may be
found in the framework of Neural Ordinary Differential Equa-
tions (Neural ODEs) (Chen et al. 2018). This approach is
instead based on modeling the derivative term of an ODE
with a neural network:

d

X= Ny(x)

This ODE may then be solved with numerical solvers, using
the adjoint method to calculate loss gradients.

This blend of neural and traditional methods leads to these
networks having the structure of a flow, which we detail
in Section 2. This leads to a solution that is automatically
compliant to initial conditions and that implicitly satisfies
causality and time reversibility, making Neural ODEs spe-
cially adequate for physics-informed contexts (Lai et al. 2021;
O’Leary, Paulson, and Mesbah 2022).

However, the applicability of Neural ODE:s is limited by
the large computational overhead introduced by the sequen-
tial numerical solvers they are built upon. In particular, calcu-
lating gradients with the adjoint method leads to significant
slowdowns (Kidger 2022). Regularizing and optimizing this
process is an open problem (Finlay et al. 2020).

A computationally lighter alternative to Neural ODEs was
proposed in (Bilos et al. 2021). However, this approach comes
at the cost of the associative property of flows (see Section
2), leading to an incomplete group structure. In particular,
although this approach may lead to correct initial conditions,
it cannot enforce unicity or causality.
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Figure 1: Spurious convergence of an MLP to equilibrium,
denoting lack of uniqueness (see the Appendix for experi-
mental details). The structure of NCFs makes this less likely.

1.1 Our Contributions

We propose a new flow-structured architecture, named Neu-
ral Conjugate Flows (NCFs). These models reproduce the
structure of solution groups for differential equations exactly,
by leveraging the dynamical-systems’ framework of fopo-
logical flow conjugation. To the best of our knowledge, the
only other instance of conjugation being applied to machine
learning is in the context of approximating Poincaré sections
of flows (Bramburger, Brunton, and Kutz 2021), while Zhi
et al. (2022) use it indirectly to warp trajectories of Neural
ODE:s .

In essence, NCFs attempt to topologically deform nonlin-
ear vector fields into those associated with integrable systems.
This deformation takes place as a conjugation mapping pa-
rameterized by an invertible neural network Hg.

As a result, we have that:

* NCFs are flow operators, and as such automatically re-
spect initial conditions and time causality.

* NCFs with conjugate affine flows are universal approxi-
mators for flow operators of autonomous ODEs.

* Several topological properties of the solution of the ODE
may be enforced through properly choosing the inner flow
operator.

In this sense, NCFs may be seen as topology-informed
alternatives to Neural ODEs. Though both architectures share
similar objectives, NCFs may be trained significantly faster.
This is due to the fact that the simpler flows used here may
be calculated in closed-form in a parallel fashion, as opposed
to the intrinsically sequential calculation of numerical flows.

The paper is structured as follows. In Section 2, we revisit
the notion of a flow operator, along with the notion of conju-
gation and affine flows. In Section 3 we introduce the general
framework of Neural Conjugation and show that NCFs are
universal approximators for flows of ODEs. Finally, in Sec-
tion 4 we present numerical experiments and in Section 5 we
present some limitations of the architecture, along with final
remarks.

In the supplemental materials, we have included an Ap-
pendix with additional experiments, proofs and implementa-
tion details.
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Figure 2: Extrapolation capacity of NCF versus an MLP (see
Section 4 for details). The NCF is able to generalize beyond
the training time of 10ms, the MLP is not.

2 Flows and Conjugation
2.1 Flows

Consider the prototypical system of autonomous ordinary
differential equations inx € X C R™:

d
X = Fx), x(0) = x° (1
Now let @ : [0,7] x X — X be the flow operator (or simply
ﬂowl) associated with the vector field F', defined as the map
that propagates a initial state x through the ODE’s dynamics
for a given time interval ¢:

O(t;x°) == %" = x(¢) )

It is a fundamental result in the theory of ODEs (Viana and
Espinar 2021) that this operator should be not only continu-
ous, but also behave as a group, as encoded in the following
group properties:

I - Identity Element:

P(x)=x, VxeX 3)

II - Associativity:

P od(x)=P""(x), VxeX, t,7TER (4

Together, I and II imply that flows are invertible:
“III” - Invertibility:

P lodl(x)=x, VxeX, teR 5)

In many ways, these properties encode the notion of causal-
ity and well-posedness in physical systems:

» Systems with property I respect initial conditions;

» Systems with property II respect time causality and
uniqueness of trajectories;

* Systems with property III enjoy time reversibility.
For MLP-PINNS, none of these properties are guaranteed;

instead, they must be soft-enforced by means of different and
often conflicting Physics-informed losses.

"Note that invertible ‘flow’ models, like Normalizing Flows
(Papamakarios et al. 2021), are inspired by mathematical flows, but
in general do not have true flow structure.



2.2 Topological Conjugation

Take two open subsets of R", X3 and Xy. Two flows ¢ and
U are said to be (locally) topologically conjugated if there is
a homeomorphism H : X — X'y such that:

Pl(x)=H 'oW'oH(x), Vx€Xp,tcR (6)
where H ! is the inverse of H. Intuitively, conjugated sys-
tems are related by a change of variables. Moreover, given
a flow ¥* and a homeomorphism H, the conjugate operator
Ot = H1 o Ut o H is also a flow:

I - Identity Element:

P(x)=H 'oW%0 H(x)

=H 'oH(x)=x. @

IT - Associativity:

P od(x)=H ‘oW oHoH oW o H(x)
=H 'oW oW o H(x) ®)
=H 'o¥"" o H(x) = &7 (x).

We may then use conjugation to construct new flows from
known ones, as per the commutative diagram:

t
Xg —» X

T

Yo —’[ Yt

Fundamental theorems in the theory of dynamical systems
leverage conjugation (Viana and Espinar 2021):

Flow-Box or Tubular Flow Theorem: Near a regular
point p (one far from equilibria or cycles), a dynamical sys-
tem is locally conjugated to a translation.

Hartman-Grobman Theorem: Near a hyperbolic equi-
librium point p, a dynamical system is locally conjugated to
its linearization around p (See Fig. A in the Appendix).

Underlying these theorems is the fact that conjugated vec-
tor fields are ropologically equivalent: orbits in their phase
spaces may be continuously deformed into one another. In
particular, cycles and equilibria are preserved:

Lotka — Volterra Harmonic Oscillator
7

10 15
T I

Figure 3: Neural Conjugates deform the orbits of the har-
monic oscillator to match those of the Lotka-Volterra system.

We may leverage this by controlling the structure of the
conjugate U. In this work, we will use the fact that matrix
exponentials are Lie groups, and thus have remarkable topolo-
gies (Humphreys 1972).
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2.3 Affine Flows and Universality

We now restrict ourselves to affine systems. Let A € R™*"
and b € R™. We have:

d

X Ax +b, x(0)=x°, 9)
Their associated flows are well known, and may be given in
terms of matrix exponentials>:

¢
x(t) = eAlx +/ eATbdr (10)
0

While this class of flows may at first seem too simple to be
representative, we can leverage augmentation (or padding) to
prove that any Lipschitz-continuous system of ODEs can be
conjugated to an affine system.

To augment a system is to equip it with additional “dummy”
dimensions, allowing wider, more representative models to
be used (Dupont, Doucet, and Teh 2019). The increase in rep-
resentation power enjoyed by systems in higher dimensions
will be used both in our proofs and our implementation.

We will prove that any sufficiently well-behaved nonlinear
system may be embedded in a larger dimensional manifold
where it is essentially linear:

Theorem 1. Universality of Affine Conjugation. Let F :
R™ +— R”™ be a Lipschitz-continuous vector field. Then
for any positive integer m there exists an augmentation
a € R™, a component G : R™ x R™ +— R™, a matrix
A € R(mtm)x(ntm) and a vector b € R™™ such that the
following augmented system

d, dix| | Fx) | _ A
is conjugated to the affine system:
do_A +b (12)
ay =Y .

In other words, we may extend nonlinear systems to a
higher dimension in a way that unravels their orbits, so they
can then be deformed to match the orbits of an affine system.
This result can be thought as an extension of the Tubular-Flow
Theorem: In essence, we may always choose an embedding
that “destroys” the system’s topology, making every point
regular.

The proof, which we give in full in Appendix A, is con-
structive, using the flow operator of the ODE to construct the
homeomorphism H.

This means that we may solve any sufficiently mild ODE
as a part of a larger solution of the form:

)= ()« [erow) o0

%In the Appendix, we give an alternate numerical formula that
does not involve calculating integrals.



Figure 4: The NCF pipeline: Change variables to the conjugate manifold, iterate, then change back.

3 Neural Conjugate Flows
3.1 Neural Conjugation

Definition 1. Neural Conjugate Flows. A Neural Conjugate
Flow® ®! is defined as:

Pt =H"LoTloH, (14)

where W is a flow operator, H is an invertible neural network
and H ! is its inverse.

In principle, any invertible architecture could be used to
approximate H. For this paper, we have chosen the *Cou-
pling Layer’ architecture, an Universal Approximator for
homeomorphisms (see section 3.2).

Likewise, the flow W could be either analytical or numeri-
cal in nature. For this paper, we will use the analytical affine
flow, which is an universal approximator under conjugation,
as discussed (see also section 3.3).

Inference in an NCF then takes place in three steps:

1. We feed the initial condition x° to the network H:
y? = H(x").

2. We apply the flow U evaluated at times ¢4, to, . . .

yi=h(y?),

3. We feed the result to the inverse network 7 ~!:

x'=H" ("),

ytm:

i=1,...,m.

1=1,...,m.

A schematic of this procedure is presented in Figure 4. A de-
tailed view of our implementation may be found in Appendix
B.

The combined universality of affine flows and Coupling
Layers allows us to prove our main theorem: Affine Neural
Conjugate Flows are universal approximators for flows of
ODEs.

Theorem 2. Universality of Affine NCFs. Let ® be a flow
associated with a differentiable vector field. There are an
augmentation ® and a Neural Conjugate Flow ® = H ! o
Ut o H, with H a Coupling Layer ensemble and ¥ affine,
such that ® approximates P.

The proof is straightforward (see Appendix A). This result
indicates that, given a sufficiently representative Coupling
Layer, along with a properly crafted augmentation, NCFs
can solve any differential equation where global existence is
assured.

3Note that although time-one maps for NCFs could be used to
implement normalizing flows, they are are two distinct concepts.
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3.2 The Network H

In principle, any invertible architecture could be used to
represent 4. This includes approximately invertible ones,
like AutoEncoders (Kingma and Welling 2022) and U-nets
(Ronneberger, Fischer, and Brox 2015). In practice, however,
we have not been able to make neural conjugates based on
these models converge. We conjecture that having the group
properties of flows during training (as opposed to after it)
enhances convergence.

Our architecture of choice for H is a composition of
Coupling Layers (Dinh, Sohl-Dickstein, and Bengio 2017) .
These networks are universal approximators for diffeomor-
phisms (Teshima et al. 2020), whose inverse is easily com-
putable.

Coupling Layers achieve perfect invertibility by applying
neural networks to a split input, keeping half the dimensions
constant at each layer (see Fig. 5). This comes at the cost of
reduced representation power, as states are weakly coupled
(Draxler et al. 2024).

To recover expressiveness, we again turn to augmentation.
We concatenate a copy of x° to the input, widening our model
by a factor of 2 and allowing the Coupling Layers at each
step to capture the entirety of the n-dimensional state x (see
Fig. 6). We then solve a duplicated ODE*:

ThE

at %] = |P(x) (4
and take the output to be the average x = (X + X)/2.

In addition to using more expressive invertible layers, aug-
mentation allows us to use affine flows in 2n dimensions,
leading to substantially more expressive conjugates W. More-
over, by projecting onto a higher-dimensional space we aim
to trigger the conditions for universality (see Theorem 1).

This comes at the cost of managing the additional
‘twin’ dimensions, as conjugation is necessarily dimension-
preserving. Note that both X and X must be trained as legit-
imate solutions to the problem; otherwise, if one of them
is allowed to drift freely (as is done in e.g. the ANODEs
framework (Dupont, Doucet, and Teh 2019)), the averaging
projection would lead to trajectory crossing and the flow
structure would be lost.

Empirically, this scheme can be interpreted as follows:
although our flows are taking place in a 2n—dimensional
space, during training we attempt to restrict our dynamics to
the codimension-n ‘diagonal’ manifold (x, x), where flow
structure is preserved.

*See Fig (7) for a visual representation.
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Figure 5: A standard coupling layer ensemble in R2. Inverse
evaluation may be done by reversing the arrows and replacing
+ for —. Notice that each MLP only ‘sees’ half the input,
leading to reduced representation power.

3.3 The Flow ¥

Our architecture is best suited for systems for which some
qualitative description is known. Theoretical or numerical
results may provide insight into a system’s topology, which
can then be leveraged to choose a suitable conjugate. Explicit
conjugates, though rare, should make for excellent flows .

Motivated by Universality theorem 1, we have set our con-
jugate flows W to be affine flows. We then let the parameters
A and b of ¥ be trained along with the parameters of H.
Although the proof (see Appendix A) seems to imply that
purely translational flows (A = 0) suffice for universality,
allowing for a learnable matrix A seems to perform better in
practice.

Affine flows may be calculated very quickly, at least for
systems in low dimensions: The exponentials exp(At;) may
be calculated entirely in parallel using batching/broadcasting,
in contrast to numerical solvers.

Additionally, we may enforce topological properties of the
flow by appropriately projecting A onto a suitable matrix
algebra, defining the topology of the associated Lie group
through the exponential map. For example, if we desire oscil-
latory behavior, we may enforce the topology of the orthogo-
nal group by making A the skew-symmetric component of a
trainable parameter M:

A=M-MTD))2. (16)

We interpret our architecture as approximating a flow by
that of an integrable system. As a result, Neural Conjugates of
affine flows should perform poorly when emulating strongly
nonlinear features, such as convergence towards limit cycles
and strange attractors. We show that this is indeed the case in
Appendix C.

Moreover, this indicates that careful initialization of the
matrix A and the vector b are necessary to achieve conver-
gence. We have observed that a poor initialization leads to a
tug-of-war between W and H. To avoid this, we initialize H
near the identity and ¥ as a suitable affine approximation to
the system dynamics around x° (see Appendix B).

Aox’ + by =~ F(x°). (17)
4 Numerical Experiments

We will validate our models by solving forward and inverse
problems in the realm of mathematical neuroscience. We
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Figure 6: Our coupling layer ensemble. By twinning the input,
we ensure each MLP sees both positions of the x vector, x[0]
and x[1].

aim to evaluate how well they can learn the firing/spiking
dynamics of different biological neuron models, with and
without data.

We evaluate three metrics. The first metric is accuracy,
measured in terms of the mean-squared error between the
estimate obtained by each method and the ground truth base-
line, obtained using a high-accuracy numerical solver. Our
second metric is total training time. Our third metric is the
models’ extrapolation capacity, through which we aim to
establish if the model has learned to generalize the system’s
dynamics. To measure this, we compute the model beyond
the training interval [0, T, computing its accuracy relative to
the ground truth over the interval [0, 277].

The baseline MLP-PINNs were built according to cur-
rent best practices (Wang et al. 2023), including a Gaussian
Fourier feature layer (Tancik et al. 2020) with 0 = 2. We
use the initial condition trick in (Bilos et al. 2021), Xavier
initialization (Kumar 2017) and tanh activations.

For the Neural ODEs, we used the Pytorch implementa-
tion given by the TorchDyn library (Poli et al. 2021). This
library offers fully optimized implementations for the net-
works and the associated numerical solvers. A second-order,
semi-implicit (midpoint) solver with fixed time-step was used
to prevent the slowdowns of up to one order of magnitude
imposed by higher-order methods. The vector fields were
represented by MLPs with tanh activations and Xavier initial-
ization.

Finally, we evaluate two implementations of Neural Conju-
gate Flows: vanilla, denoted NCF, and topologically enforced,
denoted NCF-T. The homeomorphisms H are composed of
two MLP-based Coupling Layers.

Each model was trained for 2000 epochs, full-batch, and
optimized with ADAM (Kingma and Ba 2014). Each experi-
ment was run five times, after which the average and standard
deviation of each metric were evaluated. They were exe-
cuted on the same machine, equipped with an AMD Ryzen 9
5900HX processor, an RTX 3060 GPU and 16GB of RAM.
Further specifications may be found in Appendix C.

4.1 Forward Problem: FitzHugh-Nagumo

The FitzHugh-Nagumo (FH) system (FitzHugh 1961) is a
minimal description of the activation dynamics of a spiking
neuron. It is a prime example of a relaxation oscillator and
exhibits rich dynamics, including limit cycles, excitation



Figure 7: Our augmented Affine Neural Conjugate, in full. The following operations are applied in order, from left to right: input
duplication, the homeomorphism # (comprised of two coupling layers), the affine flow ¥ and the inverse homeomorphism # ~*.
The outputs x*, %* are each trained according to the Physics-informed loss £ then finally averaged.

blocks and anodal breaks. Additionally, it becomes stiff for
small e. The equations read:

W VA,
r
E—E(Vm—i—a—br)

where V,,, is the neuron membrane potential, r is a recov-
ery variable associated with sion channels, [ is an external
current, and ¢, a, and b are parameters.

We compare three models: MLP, NCF and NCF-T.As in
this case we have perfect knowledge of the differential equa-
tion, making a comparison to Neural ODEs would be unfair:
one might as well use a traditional numerical solver in their
place.

For this experiment, we compare how well MLP-PINNs
and NCFs can solve the FH system with no data, using only
the associated Physics-informed loss. For training, we sub-
divided the time-interval uniformly in N = 100 samples ;.
A single Physics-informed loss was used, implemented as an
Ly penalty for the ODE residue at ¢;:

2
%Ng(xo,ti) — F(Ng(xo,ti))

)

2
19)
where A/ stands for the model and F stands for the right-hand
side of (18) and (19). For evaluation, we measured the the
accuracy and generalization losses as:

| X
Lonn(0) = >
i=1

(20)

N
1 .
Eacc,extrap(e) - N Z HNG(XO,ti) — th 99
i=1
where for measuring accuracy we take 0 < ¢; < 10, while
for generalization we take 0 < ¢; < 20. The results are listed

in Table 1. Experimental details may be found in Appendix
C.

4.2 Inverse Problem: Hodgkin-Huxley

The Hodgkin Huxley model (Hodgkin and Huxley 1952)
is the canonical neuron model used in mathematical biol-
ogy, based on the dynamics of the giant squid axon. The
model is a fourth-order, nonlinear differential equation that
displays remarkably intricate phenomena, including chaos
(Guckenheimer and Oliva 2002). The equation for the neu-
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ronal voltage is given by:
dvy,

Cn=g == 1+ 30 (Vi = Vi)

+ gNamBh(Vm - VNa) + gl(vm - W)

where Vm is the membrane potential, C,, is the mem-
brane capacitance, I is the stimulus current, Vi, Vna, V;
are the base voltages for sodium, potassium, and leak cur-
rents, gna, Uk, gL are the respective maximal conductances
and EN,, Ex, Ey are the respective reversal potentials.

m, h,n are gating variables for sodium activation, sodium
inactivation, and potassium activation, which follow their
own set of nonlinear equations, determined experimentally.

For this experiment, we measure the networks’ capacity
to use both data and physics to reproduce the dynamics of
the neuron. We attempt to emulate the experimental setup
for finding surrogate models for n, m, h from measurements
(Johnston and Wu 1994) using a simulation as ground-truth.

We compare four models: MLP, NCF, NCF-T and NODE.
We sub-divide the time-interval [0, 14] into N = 100 samples
and train full-batch, now using two losses.

First, a Physics-informed loss associated only to the prin-
cipled model for V,;, given in eq. (22):

| X
Lonn(0) = >
i=1

21

2

%Ne(xo,ti)[o] — F(No(x%,t:))[0]
2

(22)
Second, a data-driven loss based on noisy samples X’ of
the remaining three variables n, m, h:

N
1
Laual6) = S [Ne(x, )1 3] — =M [1: 3] [, 23)
=1

The evaluation metrics are the same as for Experiment
1. Our objective is to observe if the models can combine
heterogeneous information into a solid model for the spiking
dynamics. The result are in Table 2. Details may be found in
Appendix C.

4.3 Analysis and Additional Results

We observe that in general, neural conjugates are slower than
classical feed-forward architectures roughly by a factor of
two, while being faster than Neural ODEs roughly by a factor
of five.

Our belief is that the speed deficit compared to MLPs
can be mostly attributed to the fact that the input must flow



Model Layers Params Lace Lextrap Time(s)
MLP 3—532532—-532—2 23K 49x107*+2.7x107° 2.8x10 + 5.4x10° 35.7+0.9
NCF 2x(2—=32—-232—2) 25K 6.7x1072£1.0x1072 2.5x107' £3.0x107% 74.7+£0.5
NCF-T 2x(2—232—-32—-2) 25K 3.2x107*£2.6x107° 1.9x107%+4.6x107" 75.8£2.2
Table 1: Experiment 1: FitzHugh-Nagumo model
Model Layers Params Lace Lextrap Time(s)
MLP 5— 128 -5 128 — 4 17.0K  3.2x107° £3.5x107° 7.7x10° +1.7x10° 26.5+0.8
NCF 2x(4—=90 =90 —4) 181K 1.8x10724+4.4x107% 3.2x1072+£32x107" 444+1.9
NCF-T 2x(4—90 90 —4) 181K 1.6x1073+9.7x107* 1.6x107*+9.8x10™*  456+2.4
NODE 4128 - 128 — 4 177K 3.5x1072+£9.0x107% 3.8x1072+9.1x107% 241.14+11.2

Table 2: Experiment 2: Hodgkin-Huxley model

Hodgkin-Huxley Potential and Currents (Rescaled)

Vim/2
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Figure 8: Reference values for potentials and currents.
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Figure 9: Reconstructed and extrapolated potentials.

through A twice (one for # and one for the inverse 7~ !). On
the other hand, the speed advantage in comparison to Neural
ODEs comes from the fact that the affine flows ¥ may be
calculated in an entirely parallel manner, as opposed to the
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sequential nature of the solvers built into Neural ODE:s.

We observe that although MLP-PINNs can interpolate so-
lutions quickly and accurately, they do not display any gener-
alization power. On the other hand, Neural ODEs and Neural
Conjugates can be said to be truly learning the latent neuron
dynamics, as illustrated by their extrapolation capabilities.
We have also observed that NCFs both interpolate and ex-
trapolate solutions better than Neural ODEs, at significantly
lower computational cost.

The results show that NCFs perform particularly well when
equipped with a well-chosen topology. There are situations
for which we expect NCFs to perform worse than the other
models, however. This is most evident when dealing with
strongly nonlinear phenomena, such as chaotic behavior or
complex limit cycles. We demonstrate this in Appendix C.

5 Final Remarks

We have introduced Neural Conjugate Flows, a novel Physics-
Informed architecture with the structure of flows, achieved
via the composition of invertible neural networks and affine
systems. Through the use of topological conjugation, these
networks have the properties of continuous groups by con-
struction, leading to automatic compliance with initial condi-
tions and enhanced causality. It is also topology-informed.

Numerical experiments demonstrate that, despite the re-
duced representation power of invertible networks, our archi-
tecture consistently outperforms both Multi-layer Perceptrons
and Neural Ordinary Differential equations at extrapolating
the dynamics of latent dynamical systems. Moreover, they
are up to five times faster than Neural ODEs, while being
about twice as slow as conventional PINNs.

However, NCFs as implemented here are strongly limited
by the representation capacity of the central flow W. If it is
chosen to be just affine, ¥ deals poorly with systems with
strongly nonlinear behavior.

A Universal Approximation

To prove that NCFs are Universal Approximators for solu-
tions of ODEs, we need only find a class of flows U that are
conjugated to any ODE and a class of invertible networks
that approximate any homeomorphism H.



For H, the class of coupling layers suffices, as discussed.
As for ¥, we may choose the class of affine flows, as we have
established. We’ll prove this next.

Proof of Theorem 1. We take the minimal augmentation in
m = 1 additional dimensions, with ¢ € R and G(a,x) := 1.
this leads to the augmented system:

2]

Zx= =
dt dt 1

Obviously, if F'is Lipschitz continuous, so is F. Furthermore,

the variables a and x are independent, which implies that

the flow @ : R x R?*t1 s R”*1 associated with F, has a

simple expression in terms of the flow ® associated with F':

()L

We will prove that the flow P is conjugated to the affine
system with A =0 (the all-zero n + 1 x n + 1 matrix) and
set b = [0,,, 1], (the vector with n zeros and a one in its last
position). The flow associated with this affine system is given

T -

We show the two flows are conjugated by providing an ex-
plicit formula for the conjugation H and its inverse:

(G- () -[

We note that H and its inverse are indeed well-defined in R™.
Indeed, Picard’s Existence Theorem establishes that since F’
is globally Lipschitz, we have that the flow ®“ and its time-
reversal ®~* are well-defined everywhere, which implies
that H is well defined and a homeomorphism. Finally, the
proof follows by algebraic manipulation:

werowon ([1) = ([23)

_ [etteaax] 4, ([x
-

] = F(%) (24)

(25)

(26)

(28)
O

B Implementation Details
B.1 Evaluating Affine Flows

A well-known trick to evaluate an affine flow without calcu-

lating integrals may be given as follows. We again augment

the system, adding a dummy state with no dynamics so that

the resulting purely linear system behaves as an affine system:
d

ala] =[5 3] 2

If we now set a = 1, we get that the dynamics of x under
this flow is now exactly that of an affine flow:

(29)

%x:Ax—kb.
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B.2 Initialization

Affine NCFs fundamentally try to approximate the target dy-
namics by that of a higher-dimensional affine system. Given
an initial position x, a natural first attempt would be to try
and fit a linear system passing by x such that its dynamics
are as close as possible to those of the target system. We do
this in three steps:

1. Set H to be close to the identity: This can be done
by multiplying the output of the neural networks used in the
coupling layer ensemble by a small value.

2. Map equilibria to the origin: Locate an equilibrium
close to x°, say X, and change variables x — x — X. If there
are none, we just assume it to be located at x = 0.

3. Define A: Compute the matrix A such that Ax best
approximates the dynamics at x°. We claim A is the best
possible linear approximation at x° if Ax? exactly matches
the first derivative and achieves the minimum possible error
for the second. This may be expressed as:

min ||A — Jol| subject to Ax? = F(x°) (30)
where Jg stands for the jacobian of f at x°. There is a closed
form solution for this problem:

1

%]
This is, in some sense, the best possible initialization: If f
is linear, this initialization implies that our network starts out
as the analytical solution to the problem. Still, it is possible
that Jy contains eigenvalues with positive real part: in this
case, this initialization will lead to a solution that blows up
exponentially in time, which is rarely a good first guess.

In these cases, we adapt the approach above. We decom-
pose the matrix A computed above into its symmetric and
skew-symmetric components. We then keep only the skew-
symmetric component, which contains only eigenvalues with
zero real part: A = (A — AT) /2. We then supplement the
remaining terms with a constant vector field b such that:

F(x%) = Ax" +b. (31)

A=Jy+ (F(x%) — Jox") (xT.

C Experiments

Due to space restrictions, we include here the remaining
details regarding the experiments in the main paper, as well
as additional experiments.

We found that using automatic differentiation lead to con-
flict with the numerical solvers underlying the Neural ODEs
in Experiment 2. For this reason, all time derivatives were
calculated using a second-order, centered finite-difference
approximation with small (10~3) step size.

Likewise, we found that using the adjoint method for gra-
dient calculations lead to substantial slowdowns. For this
reason, gradients were in fact calculated using usual back-
propagation (discretize-then-optimize), as per the specifica-
tions of TorchDyn.

C.1 Experimental Details - FitzZHugh-Nagumo

For simplicity, the parameters were chosenasa =b=1 =
0 and € = 1. This leads to no significant changes in the



Model Params Lace Lextrap Time(s)
MLP 23K 1.1x10°+1.1x107*! 3.3x10' +£7.6x10° 34.14+0.6
NCF 25K 9.2x1072+£2.3x1072 3.6x107'+4.8x107' 81.8+2.7
NCF-T 25K  2.6x1072+4.0x1072 1.1x107'+1.8x107' 82.9+1.5
Table A. Experiment 3: Lotka-Volterra model
Model Params Lace Lextap Time(s)
MLP 23K 4.4x107° +2.1x107°% 5.1x10° +1.8x10° 33.1+0.6
NCF 25K 1.4x10° +8.8x107% 1.7x10°+1.9x1072 80.7+1.6
NCE-T 25K 1.4x10° +£8.8x107% 2.3x10° +£8.9%x1072 80.2+1.2

Table B. Experiment 4: FitzHugh-Nagumo model

system’s qualitative behavior. For the initial conditions, we
chose x° = (2,—2/3) to begin near the limit cycle. The
optimizer was set up with Learning rate « = 1x107* and
decay parameters 5 = (0.9,0.99).

As discussed, the data for the second experiment is syn-
thetic, generated from numerical integration of Hodgkin and
Huxley’s original model. Their model for the gating variables
n, m, h was as follows:

di

dt
where i stands for either n, m or h. Likewise, the nonlinear
functions « and (3 are the same as in the original paper:

(Vi) (1 = ) = Bi(Vin)i, (32)

(Vi) = 00110 V) Vi) = 0.1(25 — V)
T e (BEE) 1T e (BE) 1

an (Vin) = 0.07 exp (—;),m(vm) — 0125 exp <_80

o)

1
Xp (3()16V) +1

For the real system, the magnitude of these variables varies
widely, leading to some currents being much larger than oth-
ers. To minimize this multi-scale effect, and to avoid sat-
urating input neurons, we rescale V,n, m, h by factors of
0.1, 10, 10, 10 respectively. We again initialize the system
close to the limit cycle.

The optimizer was set up with learning rate o = 2.5x1073
and decay parameters 5 = (0.9,0.95).

B (Vin) = 4exp ( — é)’ﬁh(vm) = -

C.2 Additional Experiment: Causality

We illustrate the difficulties PINNs have with causality and
spurious convergence to trivial solutions. The Lotka-Volterra
system, built to model ecological competition, has also found
applications as a model for spiking neurons (Noonburg 1989):

do _ dy
dt dt
This simple oscillator nevertheless poses a remarkable

challenge for PINNSs, due to the fact that its orbits veer close
to the equilibrium lines z = 0 and y = 0. As a result, regular

ax — By, = —yy+ozy, (33)
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PINNS often find it easier to gravitate towards these equilibria.
For this experiment, we measure how often each architecture
converges to an incorrect solution, using the same setup as
experiment 1. We take o = § = v = § = 1 for simplicity.

The results, given in Table A, clearly indicate that regular
PINNs were entirely unable to approximate the solution to
this problem, while NCFs converged to the correct, physically
meaningful solutions (see Figure 1).

C.3 Additional Experiment: Nonlinearity

To illustrate the difficulties of Affine Neural Conjugates with
strongly nonlinear phenomena, we run a second instance of
Experiment 1, now with an initial condition closer to the ori-
gin. The orbit starts as an oscillator increasing in amplitude,
until it converges to a limit cycle (see Figure A).

Figure A: The FitzHugh-Nagumo model and its linearization.

This poses a significant challenge to affine NCFs because
the system behaves qualitatively similar to two distinct linear
systems at different points in time: At¢ = 0, it should behave
as a hyperbolic linear system, spiralling outwards. Later,
when it converges to the limit cycle, the system behaves as
an harmonic oscillator, with purely imaginary eigenvalues.

Because the flow ¥ is fixed in time, it cannot adapt to
these different realities. As a result, the network can’t choose
between the two distinct topologies and fails to converge.

We emphasize that this is due to the topological regulariza-
tion imposed by affine flows, which may be desirable in some
contexts. More representative W could lessen this effect.
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