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Abstract

Contrastive learning is a paradigm for learning representa-
tions from unlabelled data and several recent works have
claimed that such models effectively learn spectral embed-
dings and show relations between (wide) contrastive models
and kernel principal component analysis (PCA). However,
it is not known if trained contrastive models indeed corre-
spond to kernel methods or PCA. In this work, we analyze the
training dynamics of two-layer contrastive models, with non-
linear activation, and answer when these models are close
to PCA or kernel methods. It is well known in the super-
vised setting that neural networks are equivalent to neural tan-
gent kernel (NTK) machines, and that the NTK of infinitely
wide networks remains constant during training. We provide
the first constancy results of NTK for contrastive losses, and
present a nuanced picture: NTK of wide networks remains
almost constant for cosine similarity based contrastive losses,
but not for losses based on dot product similarity. We fur-
ther study the training dynamics of contrastive models with
orthogonality constraints on output layer, which is implicitly
assumed in works relating contrastive learning to spectral em-
bedding. Our deviation bounds suggest that representations
learned by contrastive models are close to the principal com-
ponents of a certain matrix computed from random features.

Introduction
The paradigm of self-supervised learning (SSL) builds on
the idea of using knowledge about semantic similarities in
the data to define which data-points should be mapped close
to each other in the latent representation. The goal of SSL
is to learn a “good representation”. While there is no unique
notion of “good” without taking a downstream task into con-
sideration (Bengio, Courville, and Vincent 2013), in gen-
eral one is interested in mapping semantically similar ob-
jects to close representations in the latent space, but avoid
“dimension collapse” that occurs when different dimensions
in the latent space collapse to the same value. Depending
on the mechanism used to prevent collapse of learned em-
beddings, SSL strategies can be broadly categorised as con-
trastive or non-contrastive learning. Contrastive learning re-
lies on negative samples to ensure representations do not col-
lapse (Oord, Li, and Vinyals 2018; Chen et al. 2020; He et al.
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2020; HaoChen et al. 2021), whereas non-contrastive learn-
ing avoids collapse by incorporating architectural asymme-
try (Grill et al. 2020; Chen and He 2021) or reduction in
dimension redundancy (Zbontar et al. 2021; Bardes, Ponce,
and LeCun 2021). In practice, a plethora of SSL strate-
gies, including deep contrastive and non-contrastive mod-
els, have been proposed over the past years across multi-
ple domains; many of them demonstrating excellent perfor-
mance empirically (Assran et al. 2022; Wang et al. 2023).
While these works underline the importance of SSL and
(non-)contrastive models for applications, their theoretical
understanding is still limited.

Theoretical analysis of SSL is in its early stages. There
has been considerable effort in deriving generalization er-
ror bounds for downstream tasks on learned embeddings
(Arora et al. 2019b; Wei, Xie, and Ma 2021; Bao, Nagano,
and Nozawa 2022), and analysing spectral / isoperimetric
properties of data augmentation (Han, Ye, and Zhan 2023;
Zhuo et al. 2023). Results based on learning theoretic mea-
sures (Saunshi et al. 2019; Wei et al. 2020; Nozawa and Sato
2021), information theory (Tsai et al. 2020; Tosh, Krish-
namurthy, and Hsu 2021) and loss landscapes (Pokle et al.
2022; Ziyin et al. 2022) have been studied.

Generalisation bounds, however, provide little under-
standing of the representations learned via SSL. (Balestriero
and LeCun 2022) answer this by showing that various (non-
)contrastive learning formulations result in learning spec-
tral embedding, principal component analysis (PCA) or their
variants. In a similar vein, (Munkhoeva and Oseledets 2023)
relate contrastive learning with trace maximization problems
and matrix completion—all related to PCA. Equivalences
between the optimization formulations of SSL and PCA do
not necessarily imply that (non-)contrastive models, trained
with gradient descent, perform PCA. This requires analysing
either the converged solution or the training dynamics of
SSL.

A number of works derive and study the training dy-
namics of (non)contrastive learning, albeit mostly limited to
linear neural networks (Wang and Isola 2020; Tian, Chen,
and Ganguli 2021; Wang and Liu 2021; Tian 2022; Esser,
Mukherjee, and Ghoshdastidar 2023). In the context of
non-linear networks, (Simon et al. 2023) suggest that for
wide neural networks, that is, in the neural tangent ker-
nel (NTK) regime (Jacot, Gabriel, and Hongler 2018; Lee
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et al. 2019), contrastive learning could be equivalent to ker-
nel PCA (Schölkopf, Smola, and Müller 1997). Although
no prior work explicitly analyzes the convergence of wide
contrastive models to kernel (or NTK) machines, there has
been a significant interest in training kernel models under
(non)contrastive losses (Kiani et al. 2022; Cabannes et al.
2023; Esser, Fleissner, and Ghoshdastidar 2023). Depend-
ing on the problem formulation, it can indeed be shown that
these kernel contrastive models are closely related to kernel
PCA (Esser, Fleissner, and Ghoshdastidar 2023) or kernel
support vector machine (Shah et al. 2022).

Motivation and Contributions. In spite of strongly sug-
gesting relations between constrative learning, PCA and ker-
nel methods (or NTKs), existing theoretical works do not
explicitly answer if trained contrastive models are close to
kernel methods, specifically with a fixed deterministic kernel
(as has been shown in the NTK regime for supervised mod-
els). There is also no theoretical evidence on when trained
contrastive models can be approximated by solutions of PCA
or other trace maximization problems. We analyse the train-
ing dynamics of two-layer non-linear networks trained under
contrastive or non-contrastive losses, and rigorously answer
both questions. Specifically:

1. We firstly derive the NTK of two-layer networks of width
M trained under (non)-contrastive loss, and study the de-
viation between NTK after several steps of gradient de-
scent from the NTK at initialization. Our results address
questions on the constancy of NTK.
Observation 1: (Non-)Contrastive losses are defined in
terms of similarities between learned representations. We
show that if the losses are in terms of dot-product sim-
ilarity, then NTK drastically changes within O(logM)
training time. Experiments on non-contrastive learning
suggest that NTK changes (Simon et al. 2023), but there
was no prior theoretical evidence.
Observation 2: In contrast to dot product similarity, if
the losses are defined in terms of cosine similarity—
considered in InfoNCE (Oord, Li, and Vinyals 2018) and
SimCLR (Chen et al. 2020)—then NTK after O(M1/6)
steps is close to NTK at initialization. Thus, contrastive
models trained under such losses can be approximated by
kernel methods, with a fixed NTK. Unfortunately, unlike
supervised learning—where trained neural networks in
NTK regime is the solution of kernel regression—there
may not be a closed formed analytical solution of the
trained model.

2. Secondly we study the training dynamics of (Grassman-
nian) gradient descent under orthogonality constraints of
the output layer of the network. While orthogonality is
not imposed in practical SSL approaches, it is often as-
sumed in theoretical works to relate contrastive learning
to variants of PCA (Munkhoeva and Oseledets 2023), in
kernel SSL formulations (Esser, Fleissner, and Ghosh-
dastidar 2023), to prevent dimension collapse (Esser,
Mukherjee, and Ghoshdastidar 2023) etc.
Observation 1: We note that, with orthogonality con-
straint, some contrastive losses (or their modifications)

are equivalent to PCA of a M × M matrix C(t) that
depends on the non-linear features at the hidden layer,
learned after t iterations of gradient descent.
Observation 2: For some cosine-similarity based con-
trastive losses, the Frobenius norm deviation ∥C(t) −
C(0)∥F = O(t/

√
M) suggesting that, in this case,

wide contrastive models are close to PCA of a randomly
initialised matrix C(0). Furthermore, the representation
learned via PCA from C(t) and C(0) are also close, upto
orthonormal rotations.

All proofs as well as additional empirical validations are
provided in the supplementary material together with the
code to reproduce the experiments.

Preliminaries and Problem Setup
Before going into the main results of the paper, we first out-
line the contrastive learning setup, the embedding function
and NTK formulation under consideration, together with the
general conditions for the NTK to remain constant during
training. We use the following notation throughout the pa-
per:

Notation. We use lowercase bold letters (e.g. a) to denote
vectors and upper case bold letters (e.g. A) to denote ma-
trices. Let Ai. denote the ith row and A.i denote the ith

column of matrix A. Let I be an appropriately sized identity
matrix. ∥·∥p denotes the Lp norm, ∥·∥F denotes the Frobe-
nius norm and ∥A∥max := maxij {|Aij |}. We denote pa-
rameter Θ at time-step t by Θ(t); however the time index-
ing is suppressed when it is clear from the context to improve
readability.

(Non-)Contrastive Learning
In this work, our primary focus is on sample-contrastive
methods which use multiple positive/ negative sam-
ple pairs. Consider a dataset of N datapoints: D :={{

xn,xn,q

}Q

q=1

}N

n=1
, where xn ∈ RD denotes the nth D

dimensional data sample and xn,q denotes the qth pair in re-
lation to xn.1 Using this formulation, we now state a general
form for the contrastive loss:

L(D) :=
1

N

N∑
n=1

l
(
{s (xn,xn,q)}Qq=1

)
(1)

where l(·) is some function and s(x, x̃) is the similarity be-
tween representations of inputs x and x̃ learned by a (non-
)contrastive model. While softmax or its logarithm are typ-
ically used for l(·) in practice, theoretical works often con-
sider l(·) to be linear (Ji et al. 2023; Esser, Mukherjee, and
Ghoshdastidar 2023). While a wide range of similarity mea-
sures s(·, ·) are considered, they often build on similar un-
derlying ideas. Losses such as MoCo (He et al. 2020) build

1Note that the pair could involve a positive or negative sam-
ple. Hence, this framework encompasses popular examples such
as the contrastive triplet setting {xn,x

+
n ,x

−
n }Nn=1 and the non-

contrastive setting {xn,x
+
n }Nn=1 .
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on dot product similarity, while the popular SimCLR and In-
foNCE (Chen et al. 2020; Oord, Li, and Vinyals 2018) losses
build on cosine similarity. Therefore, we consider the fol-
lowing two similarity measures, where x 7→ f(x) denotes
the learned representation:2

s(x, x̃) = f(x)⊤f(x̃), (dot product)

s(x, x̃) =
f(x)⊤f(x̃)

(∥f(x)∥+ δ)(∥f(x̃)∥+ δ)
. (cosine)

We consider the following set of assumptions on the similar-
ity measure and on the data:
Assumption 1 (Constant for cosine similarity). δ is a small
strictly positive constant.

Assumption 2 (Smoothness).
∣∣∣ ∂l( · )
∂s(x,x̃)

∣∣∣ ≤ cl ∀ x, x̃.

Assumption 3 (Bounded inputs). Inputs are bounded,
maxn,q

{
∥xn∥∞ , ∥xn,q∥∞

}
≤ cin.

While δ is not typically considered in cosine similarity,
assuming δ > 0 ensures that s(x, x̃) is defined even when
norms of the representations are zero. Furthermore, δ > 0
can be made arbitrarily small, making Assumption 1 prac-
tically reasonable. Apart from making the cosine similar-
ity computation numerically stable, this structure for cosine
similarity helps to simplify the proofs by providing a strictly
positive lower bound on ∥f(x)∥ + δ for any x. Assump-
tion 2 is evidently satisfied for commonly considered losses
where l(·) is linear or softmax . Assumption 3 is often con-
sidered for theoretical analysis in NTK literature (e.g. (Jacot,
Gabriel, and Hongler 2018)).

Embedding Function
The outlined setup for contrastive losses is stated for an
arbitrary embedding function f(·). However, for our anal-
ysis, we focus on one hidden layer neural networks. We
aim to find a mapping f(x; θ) : RD → RZ parameter-
ized by θ where typically D > Z. In particular, we con-
sider a two-layer fully connected non-linear neural network:
f(x; θ) = W⊤ϕ(V x) where x ∈ RD is an input vector and
ϕ is a pointwise non-linear activation function. W ∈ RM×D

and V ∈ RM×Z are the trainable weight matrices. Let θ be
the vector which contains all entries of W and V . In the
context of (infinite) width analysis, the ‘appropriate’ initial-
ization of these weights is essential. Existing NTK litera-
ture on supervised learning (e.g. (Jacot, Gabriel, and Hon-
gler 2018; Arora et al. 2019a)) considers the following pa-
rameterization:

f(x; θ) := M−1/2W⊤ϕ(V x) (2)

where each W i,j ,V i,j ∼ N (0, 1). We consider this setup,
termed NTK parametrization, for the remainder of the paper.
We additionally assume:
Assumption 4 (Smoothness of activation function). ϕ is
Lϕ-Lipschitz and βϕ-smooth.

2Note that f(·) is a parameterized function as we later define
in (2). However, we suppress the parameterization here for ease of
notation.

Assumption 4 is a usually considered smoothness crite-
rion (and holds for sigmoid, tanh etc.). We additionally note:
Lemma 5 (Weights at initialization are bounded). For any
δ ∈ (0, 1), there exists width-independent constants cθ, cs >
0 s.t. w.p. 1 − δ: ∥W (0)∥max, ∥V (0)∥max ≤ cθ logM ;
∥W (0)∥2, ∥V (0)∥2 ≤ cs

√
M .

Lemma 6 (Bounds on gradients and weights). Let b1 = ∂f
∂x ,

b2 = ∂f
∂ϕ(V x) . For any δ ∈ (0, 1), there exists width-

independent constants cs, s0 > 0 s.t. at initialization w.p.
1 − δ: ∥W (0)∥2, ∥V (0)∥2 ≤ cs

√
M and ∥bi∥∞ ≤

s0√
M

∥bi∥2, i = 1, 2.

Lemmas 5 and 6 hold w.h.p. for wide networks under the
considered Gaussian initialization (see Liu, Zhu, and Belkin
2020b,a).

Conditions for Constancy of NTK
Let us start by outlining the NTK analysis in general for a
function f(x; θ(t)) : RD → RZ , where Z ≥ 1. For in-
put vectors x ∈ RD and x̃ ∈ RD, we define the empiri-
cal NTK for a neural network f(·) parameterized by θ(t) as

Kij(x, x̃; θ(t)) := ∂fi(x;θ(t))
∂θ(t)

⊤ ∂fj(x̃;θ(t))
∂θ(t) where fi(x; θ)

represent the ith entry of the Z dimensional function output.
In general, K(x, x̃; θ(t)) varies with time t as the model
is trained. However, under certain conditions, for infinitely
wide neural networks, the NTK stays constant during train-
ing (Jacot, Gabriel, and Hongler 2018; Arora et al. 2019a),
i.e as M → ∞:

∀t |Kij(x, x̃; θ(t))−Kij(x, x̃; θ(0))| → 0. (3)

Furthermore, under Gaussian initialization of parameters, it
holds that the NTK at initialization converges, as M → ∞,
to an analytical NTK K∗

ij(x, x̃) := Eθ [Kij(x, x̃; θ)]. As
the NTK does not change during training, the training dy-
namics of the network at any time step can be written in
terms of K∗ — in the supervised setting, this leads to kernel
regression at convergence. To prove constancy of the form
(3), several works have analyzed NTKs in the supervised
setting (Arora et al. 2019a; Lee et al. 2019; Chizat, Oyallon,
and Bach 2019). In particular, (Liu, Zhu, and Belkin 2020a)
showed that the constancy of NTK is predicated on the spec-
tral norm of the Hessian.

To study the NTK of contrastive models, we consider
f(x; θ) of the form (2) and use the machinery built in (Liu,
Zhu, and Belkin 2020a,b). Define Z Hessian matrices, one
for each element of the output representation. The zth Hes-
sian matrix H(z) (evaluated at input x) is H

(z)
ij (x) :=

∂2fz(x;θ(t))
∂θi(t)∂θj(t)

, z ∈ [Z]. We bound the change in the spec-
tral norm of the Hessian in terms of the change in weights
by adapting Theorem 7.1 of (Liu, Zhu, and Belkin 2020b)3

to account for multi-dimensional outputs:
3Theorem 7.1 of (Liu, Zhu, and Belkin 2020b) gives a bound

of the form
∥∥∥H(z)(x; θ(t))

∥∥∥
2
= O

(
R3L
√
M

)
for a network with L

layers. However, for two-layer networks, it is possible to reduce
this bound to the form given in Lemma 7.
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Lemma 7. (Bound on the norm of the Hessian) Under
Assumptions 3, 4, consider the neural network defined in (2).
The following holds w.p. 1 − δ, δ ∈ (0, 1): If the change in
weights during training is bounded as

∥W (t)−W (0)∥F + ∥V (t)− V (0)∥F ≤ R, (4)

then, ∀ z ∈ [Z], with α1 = 4βϕc
2
inLϕ and α2 =

4Lϕcin(1 + βϕcins0cs), the zth Hessian is bounded as:∥∥∥H(z)(x; θ(t))
∥∥∥
2
≤ α1R+α2√

M
.

With help of Lemma 7, we can now bound the change in
NTK. Towards this, we extend Proposition 2.3 of (Liu, Zhu,
and Belkin 2020a) to the multi-dimensional case (Z > 1) to
obtain the following lemma:

Lemma 8. (Bound on the change in NTK) Define S :=
{s ∈ Rp; ∥s− s(0)∥ ≤ R}, where p is the total number of
learnable parameters in (2). Assume that for any input x,∥∥∥H(z)(x; s)

∥∥∥
2
≤ ϵ and ∥∇sfz(x; s)∥2 ≤ c0, ∀ z ∈ [Z]

and ∀ s ∈ S. Then, for any inputs x, x̃, ∀ s ∈ S and ∀ i, j ∈
[Z], |Kij(x, x̃; s)−Kij(x, x̃; s(0))| ≤ 2ϵc0R.

If K does not change during training, the analytical (ex-
pected) NTK K∗ models the behaviour of the network not
only at initialization, but also at convergence and therefore
allows us to express the network dynamics in a simple form.
In supervised settings with squared loss, it is known that
condition (4) is true till convergence for wide neural net-
works (Liu, Zhu, and Belkin 2020b). While it is possible to
use Lemmas 7 and 8 to examine the behaviour of NTK in
general, note that it is not known when the condition (4)
holds for an arbitrary loss function. In the following Sec-
tion, we study the validity of this condition when learning
embeddings using aforementioned (non-)contrastive losses.

Constancy of NTKs Under Contrastive Losses
We now examine the NTK evolution for neural networks
trained under contrastive losses. To do so, using the above
presented setup, we derive the dynamics of a neural network
trained using gradient flow under a loss of the form (1) in
terms of the NTK of the neural network as defined in (2):

Lemma 9. (Contrastive dynamics in terms of NTK)
Consider training a neural network of the form (2) us-
ing a loss l(·) of the form (1) under gradient flow
on dataset D. Let g

(t)
i (x, x̃) := ∂s(x,x̃)

∂fi(x;θ(t))
and

K(t)
· (·, ·) := K·(·, ·; θ(t)). Then, for z ∈ [Z],

the representation of an arbitrary input x̃ evolves as:
− 1

N

∑
n,q

∂l(·)
∂s(xn,xn,q)

[∑Z
i=1

[
K

(t)
zi (x̃,xn)g

(t)
i (xn,xn,q)

+K
(t)
zi (x̃,xn,q)g

(t)
i (xn,q,xn)

]]
.

While Lemma 9 holds for any loss of the form (1), we are
interested in the behaviour of the NTK when trained under
losses which use dot product or cosine similarity as the simi-
larity measure. Empirical validation of Lemma 9 is provided
in the supplemental material.

NTK for Dot product Does Not Stay Constant
We start with examining the change in weights (as defined
in (4)) of a network trained using contrastive losses which
utilize dot product as the similarity measure. In particular,
we show that in this setting, there exists cases where the
change in weights become arbitrarily large even for arbitrar-
ily wide neural networks, implying that the NTK does not
remain constant. To demonstrate this, we consider a simple
loss function of the form (1) under dot product similarity.
Because there is no normalization in the dot product similar-
ity measure, the loss can be minimized arbitrarily by scaling
the weights and hence we expect the weights to grow ar-
bitrarily large with time. We formalize this notion and its
implications on the constancy of the NTK in the following
proposition:
Proposition 10. (NTK under dot product does not
remain constant) For D = Z = 1, linear loss
(l(a) := a), dot product similarity and triplet setting
(D = {xn, x

+
n , x

−
n }Nn=1) in (1), the optimization is:

minθ
1
N

∑N
n=1 f(xn; θ) (f(x

−
n ; θ)− f(x+

n ; θ)). Consider a
network (2) with linear activation (ϕ(a) := a), weights ini-
tialised as independent N (0, 1), and trained via gradient
flow.
There is a dataset such that, with probability at least
1 − 25√

M
, for a time step t̃ ∈ (0, logM) and any

input pair x, x̃ with xx̃ ̸= 0, the NTK satisfies
|K(x, x̃; θ(t))−K(x, x̃; θ(0))| → ∞ as t → t̃.

Proposition 10 shows there are cases where the NTK does
not remain constant even for arbitrarily wide networks and
logarithmic training time when trained under dot product
similarity based loss. Empirical validation of Proposition 10
is provided in the supplemental material.

NTK for Cosine similarity Losses Stays Constant
Considering the same question as in the previous section, we
now shift our focus onto the constancy of NTK for losses
defined in terms of the cosine similarity. The key difference
between dot product and cosine similarity is the presence
of normalization by norms of the representations. We now
show that this normalization plays an important role in de-
ciding the learning dynamics and examine its implications
on the constancy of the NTK. To prove constancy of the
NTK, we make use of the fact that the similarity measure
is normalized and first establish a bound on the maximum
element-wise change in weights.
Lemma 11. (Bound on element-wise change in weights
under cosine similarity) The following holds w.p. 1−δ, δ ∈
(0, 1). Under Assumptions 1 - 4, consider losses of the form
(1) where cosine similarity is used. If a neural network f(·)
as defined in (2) is trained using gradient descent with learn-
ing rate η, at any time t, the change in weights are bounded
as: |∆V ij(t)| ≤ β1√

M
∥W (t)∥max and |∆W ij(t)| ≤

β2√
M

∥V (t)∥max where β1 = 4η
δ clcinQ

√
ZLϕ and β2 =

4η
δ clcinQDLϕ are constants independent of M .

From Lemma 11, it can be seen that bounds for change in
V and W form a coupled system. To study the discrete-time
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dynamics of this system, we define and characterize a useful
quantity c(t):
Lemma 12. (Bound on weight difference while train-
ing under cosine similarity) Let β := max{β1, β2} and

c(t) := c(0)
(
1 + β√

M

)t

where c(0) = cθ logM . Then,

for any t, we have : ∥V (t)− V (0)∥max ≤ c(t) − c(0) and
∥W (t)−W (0)∥max ≤ c(t)− c(0).

We now state the main theorem regarding the convergence
of NTK for cosine similarity losses:
Theorem 13. (Bound on the change in NTK under cosine
similarity) The following holds w.p. 1 − δ, δ ∈ (0, 1). Con-
sider losses of the form (1) with cosine similarity. Let c(0), β
be the constant in Lemma 12, R be as in (4)4, α1, α2 be as
in Lemma 7 and γ := 2

√
2DLϕcin. If a neural network f(·)

of the form (2) is trained using gradient descent, then under
Assumptions 1 - 2, for t ≤ Mα iterations, the change in
NTK is bounded as |Kij(x, x̃; θ(t))−Kij(x, x̃; θ(0))| ≤
γ
(
c(0) exp(βMα−0.5)

)
1√
M
(α1R

2 + α2R). In
particular, if we set α = 1

6 and assume M ≥
max{1, β3}, then the above statement simplifies to
maxt∈(0,M1/6] supx,x̃ |Kij(x, x̃; θ(t))−Kij(x, x̃; θ(0))|
= O

(
M−1/6(logM)3

)
.

According to Theorem 13, wide neural networks trained
under cosine similarity based contrastive loss have a nearly
constant NTK even after M1/6 iterations of gradient de-
scent. This is in sharp contrast to networks trained under
dot product based losses where the change in weights be-
come arbitrarily large within logM gradient descent up-
dates. Intuitively, this holds since normalization ensures that
the change in weights remain sufficiently small in the case
of cosine similarity. Empirical validation of Theorem 13 is
provided in the supplemental material.
Remark 14. (Closed form solution in terms of NTK) In
the supervised setting, combining the analytical NTK with
the closed form solution for kernel regression provides a
closed form expression of the network trained until conver-
gence (Jacot, Gabriel, and Hongler 2018), or even when
early stopped. We take a step towards such a result for con-
trastive losses. In Lemma 9, we present the learning dynam-
ics in the contrastive loss setting in terms of the NTK and in
Theorem 13, we show that the NTK remains constant during
training for M1/6 steps under cosine similarity. While this is
an important step towards a better theoretical understand-
ing of contrastive models, it does not yet provide a closed
form solution of the model output in terms of the NTK. While
prior works on kernel contrastive methods suggest that, in
the wide neural network regime, contrastive losses could be
equivalent to kernel PCA (Simon et al. 2023), this connec-
tion has not been proven so far and is not apparent from the
dynamics derived in Lemma 9 even if the NTK is constant
(for cosine similarity based losses). Therefore, we shift our
viewpoint from NTK dynamics to explicitly investigating this
connection.

4Note that R here is a function of M , with the relation being
given by Lemma 12. Similarly, c(0) = cθ logM .

From Wide Contrastive Models to PCA
We next study if there is a formal connection between PCA
and representations learned by contrastive models, trained
with gradient descent. Prior works have connected con-
trastive models to a trace maximization problem with an or-
thogonality constraint on the output layer, of the form:

max
W ,ϑ

Tr
(
W⊤CϑW

)
s.t. W⊤W = IZ , (5)

where Cϑ ∈ RM×M is a symmetric matrix that has a (pos-
sibly non-linear) data dependence through a function pa-
rameterized by ϑ. If Cϑ stays constant during optimiza-
tion, optimization is done only over W and hence the prob-
lem simplifies to PCA on Cϑ. To connect contrastive losses
and PCA, it is then necessary to analyze the behaviour of
Cϑ when a contrastive model is trained. Existing works do
not examine this aspect of neural network dynamics. More
specifically, (Esser, Fleissner, and Ghoshdastidar 2023) con-
siders a kernel setting where learning is done using a con-
trastive loss of the form (5), but does not link it to the neu-
ral network dynamics. (Esser, Mukherjee, and Ghoshdasti-
dar 2023) considers neural network dynamics for contrastive
losses of the form (5) but only examines the linear setting.
(Simon et al. 2023) considers the dynamics for kernel mod-
els but does not investigate if the kernel dynamics are close
to the neural network dynamics. (Munkhoeva and Oseledets
2023) reformulates losses such as SimCLR to (5).

Extending prior works, we work towards formalizing the
connection between non-linear, wide networks and PCA,
not only through rewriting the loss, but also by taking learn-
ing into consideration. Let us consider (1) with a linear loss
such that we obtain (6). In addition, we consider (2) under
orthogonality constraint on the second layer to obtain a neu-
ral network of the form (7):

L(D) := − 1

N

N∑
n=1

Q∑
q=1

αqs(xn,xnq) (6)

f⊥(x; θ) := M−1/2W⊤ϕ(V x) s.t.W⊤W = IZ . (7)

where αq = 1 if (xn,xnq) is a positive pair and αq = −1
for a negative pair. Observe that if we use the dot product
similarity, s(x, x̃) = f⊥(x; θ)⊤f⊥(x̃; θ), then the min-
imisation of the contrastive loss L(D) in (6) can be di-
rectly posed as a trace maximization problem5 (5) with
Cϑ = C̃V =

CV +C⊤
V

2 ;

CV =
1

MN

N∑
n=1

Q∑
q=1

αqϕ(V xn,q)ϕ(V xn)
⊤. (8)

Remark 15. (From contrastive models to PCA in case of
dot product similarity) Proposition 10 shows that the NTK
diverges within log(M) steps for training with dot product
based losses. While we do not explicitly prove this, it also

5The value of the Trace in (5) is the same irrespective of
whether we use CV or C̃V . However, using the symmetric C̃V

allows us to make the connection of solving (5) through PCA more
direct.
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follows that, as the first layer V is trained, the matrix CV (t)
diverges arbitrarily from the initialization CV (0). Hence,
while minimizing L(D) for any fixed V corresponds to PCA
for finding W (see (8)), contrastive models trained with dot
product based losses do not seem to be equivalent to PCA
for a constant matrix Cϑ.

Cosine similarity Objective is Close to PCA for
Wide Networks
Due to the near constancy of NTK under cosine similarity
based losses, we investigate if it is possible to relate cosine
similarity based trained contrastive models with PCA of a
fixed matrix, potentially Cϑ = C̃V (0). A direct equivalence
seems complicated due to the normalization terms of cosine
similarity. However, we note that with orthogonality on W ,
the cosine similarity measure can be bounded from below as(

W⊤ϕ(V x)
)⊤ (

W⊤ϕ(V x̃)
)

(∥ϕ(V x)∥+ δ′)(∥ϕ(V x̃)∥+ δ′)
(9)

since
∥∥∥W⊤ϕ(V x)

∥∥∥
2
≤

∥∥∥W⊤
∥∥∥
2
∥ϕ(V x)∥2 and ∥W ∥2 =

1 (where δ′ :=
√
Mδ). This fact can now be used to define a

modified loss L(D), where s(x, x̃) is defined as the bound
given by (9). Minimizing the corresponding loss (6) with (7)
can now be written as (5) with Cϑ = C̃V =

CV +C⊤
V

2 and
define CV as

1

N

N∑
n=1

Q∑
q=1

αqϕ(V xn,q)ϕ(V xn)
⊤

(∥ϕ(V xn,q)∥+ δ′)(∥ϕ(V xn)∥+ δ′)
(10)

Note that (10) is of the form (5), however, CV is still de-
pendent on V and hence the optimization in (6) with (7) is
performed over both V and W . Lemma 16 below shows
that for wide networks trained with cosine similarity based
losses, CV (0) is close to CV (t) in Frobenius norm. Hence
C̃V also remains almost constant, which intuitively suggests
that (10) becomes “close” to (5).
Lemma 16 (Constancy of CV (t)). Under Assumptions 1–
4 and constraint W⊤W = IZ , consider training f⊥(·)
in (7) for t iterations using Grassmannian gradient de-
scent6under losses of the form (10) with learning rate
η. Then ∥CV (t)−CV (0)∥F ≤ κ t√

M
, where κ :=

16δ−2ηQ2L2
ϕc

2
in

√
D.

Numerical Simulation on MNIST. We train a network of
the form (7) using a loss of the form (10). We then exam-
ine the evolution of the quantity ∥CV (t)−CV (0)∥F with
training across varying widths. The results are shown in Fig-
ure 1 (a), where colors indicate the epochs (t ∈ [500]).
While the difference increases slightly with training, it goes
down roughly as 1√

M
with an increase in width, which is in

6In short, following (Edelman, Arias, and Smith 1998), the
derivative of a function g(·) restricted to a Grassmannian manifold
can be obtained by left-multiplying 1−g(·)g(·)⊤ to the unrestricted
derivative of g(·).

line with the behaviour predicted in Lemma 16. In addition,
we observe in Figure 1 (b) that W (t) changes significantly
faster than CV (t) during training; this suggests that the W

that is learned is indeed the PCA of a C̃V (t) that is close to
C̃V (0).

Representations learned from PCA of C̃(0) and
PCA of C̃(t) are close
We characterize the difference between the representations
learned by performing PCA on C̃V (0) and on C̃V (t). Lem-
mas 16–17 suggest that training (7) under (6) could be close
to PCA on CV (0).
Lemma 17. (Perturbation bound on representation)
Let u(x;W ∗,Cϑ) be the representation obtained from
(7) with W = W ∗, where W ∗ is obtained by solv-
ing (5) for a fixed Cϑ. Under Assumptions 1–4, let
W ∗, W̃

∗
be the solutions of (5) obtained through PCA

on fixed C̃V (0) and C̃V (t) respectively. Let λZ , λZ+1

be Z th and (Z + 1)th eigenvalues of C̃V (0). Let ζ =

4δ−1ηQ
√
DL2

ϕc
2
in and ξ = 2

7
2 δ−1QDcin(Lϕcθ + |ϕ(0)|).

There exists an orthogonal matrix O such that∥∥∥O⊤u(x; W̃
∗
, C̃V (t))− u(x;W ∗, C̃V (0))

∥∥∥ ≤

ζ t√
M

(
1 + ξ logM

λZ−λZ+1

)
.

Numerical Simulation on MNIST. Consider training (7)
according to (10) under two settings: with C̃V (t) as a train-
able matrix and with C̃V (0) as a fixed matrix. We look at the
fractional difference between the learned representations af-
ter training in the two settings. In Figure 1 (c), the mean frac-
tional difference of learned representations computed across
samples is plotted. As expected, the difference goes down to
zero as width increases.

Further Discussion and Open Problems
Our paper is the first to connect contrastive learning and
NTK through the learning dynamics of non-linear neural
networks, and would lead to further systematic study of
trained contrastive models. We also note that while our re-
sults are not till convergence, they are still applicable for
early stopped models which are often used in practice for
contrastive learning. We make some final observations with
regards to initialization and deeper networks as well as out-
line open problems arising from our derived results.

Effect of initialization on dimension collapse: For the
presented analysis, we only assume a Gaussian initialization
of weights (Lemmas 5 and 6 then hold with high probabil-
ity). While this assumption is sufficient for proving the con-
stancy of NTK results above, additional assumptions may be
needed to obtain meaningful representations. While learning
representations, it is desirable to avoid dimension collapse.
Dimension collapse, in the context of linear contrastive mod-
els, has been shown for dot product (Esser, Mukherjee, and
Ghoshdastidar 2023). Using NTK, we show that certain ini-
tialization schemes can cause dimension collapse even if
cosine similarity based losses are used:
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Figure 1: (a) Change in CV during training for varying depths M . Time is indicated by color. (b) Evolutionof CV and W .
Plotted are ∥CV (t)−CV (0)∥F

∥CV (0)∥F
and ∥W (t)−W (0)∥F

∥W (0)∥F
. (c) Difference in output when CV is frozen and when CV is trained for

varying widths M . (d) Change in empirical NTK with cosine similarity for 3 layer networks of varying widths (time indicated
by color). (e) Maximum entry-wise change in empirical NTK with dot product similarity for 3 layer networks of varying widths.
(f) Accuracy on downstream task for PCA on C̃(0), fully trained model and proposed iterative algorithm over 5 updates.

Proposition 18. Consider a neural network of the form (2)
trained using a loss of the form (1) using gradient descent.
Then for any input x, W .i(0) = W .j(0) ⇒ fi(x; θ(t)) =
fj(x; θ(t)), ∀ t ≥ 0.

Thus, collapse occurs irrespective of whether the NTK
remains constant or not, and hence, this is applicable irre-
spective of the width of the neural network. Further, the re-
sult holds for both dot product and cosine similarity based
losses. The result also holds for analytical NTK K∗; if K∗

is used in the dynamics in Lemma 9, then fi(x; θ(0)) =
fj(x; θ(0)) ⇒ fi(x; θ(t)) = fj(x; θ(t)), ∀t ≥ 0.

Empirical observations beyond the theory: (i) Deep net-
works: While Theorem 13 has been shown to hold only in
the case of neural networks with a single hidden layer, we
expect it to hold for deep networks as well. We experimen-
tally examine the case with 3 hidden layers in Figure 1 (d).
The results are similar to the case of a single hidden layer,
as we again observe a decay with width that is roughly 1√

M
up to scaling. Along similar lines, we observe in Figure 1
(e) that the NTK for three hidden layer networks optimized
with dot product based losses diverges, similar to the single
hidden layer case. (ii) Iterative learning of the trace maxi-
mization problem: Combining the findings from the previous
section, we propose an alternative optimization procedure to
solve (5) under A := C̃V (t). As CV updates slower than
W as shown in Figure 1 (b), and since for a fixed C̃V the op-
timal W can be obtained using PCA, an alternative update
could be by iteratively (i) updating W by solving PCA on
C̃V (t−1) and (ii) updating V by running one step of gradi-
ent descent. We validate this approach in the following. (iii)
Predictive accuracy in downstream tasks: Extending the re-
sults from the previous section, we show in Figure 1 (f) that
the representations obtained with PCA on C̃V (0) and fully
training (7) under (6) are close to each other with regards
to downstream test accuracy for a simple linear classifier
trained on the representations. While the previous section
provides results on the behaviour of the PCA for different
time-steps of C̃V , Figure 1 (f) suggests that this similar-
ity extends to PCA on C̃V (0) and fully trained networks
as well. In addition, we also observe that the iterative opti-

mization (as proposed above) performs well, especially for
smaller widths (possibly due to the larger change in C̃V for
small M ).

Open problem (Missing link in the claim contrastive
models perform PCA): In Lemma 17, we compare the
solutions obtained by PCA on C̃V (0) and C̃V (t). But in
Figure 1 (b), we observe that CV and W evolve simul-
taneously, even though at different rates. The open prob-
lem then, is the exact connection between fully trained con-
trastive models and the PCA solution. We believe that a di-
rect analysis, such as the one considered for Theorem 13,
may not work. This is because the solutions might differ sig-
nificantly at convergence even for closely initialized models
if the eigengap is not significant. Therefore, a spectral view-
point combined with the analysis of gradient descent steps
is necessary to bound the deviation.

Open problem (NTK and PCA at convergence): The-
orem 13 shows that, for wide networks, the NTK remains
nearly constant for M1/6 time-steps (in fact, one can also
show constancy till O(Mα) steps for α < 1

4 ). While such
results are in line with initial NTK analysis in the super-
vised setting (e.g. (Jacot, Gabriel, and Hongler 2018)), it is
an open question whether the constancy of NTK holds until
convergence. A potential approach to prove constancy till
convergence would be to investigate the stationary points
associated with cosine similarity based losses and verify if
they are attained within Mα steps. While this is a crucial
open question, we believe that the presented results provide
the first valuable insights into the constancy of NTK under
contrastive losses, beyond the squared error.

In Lemma 17, we show that outputs of the two
considered trace maximization problems are close for
O(t(logM)/

√
M) steps. As the expression is in terms of

time-steps, the question remains if they are still close at con-
vergence. While we do not have a precise characterization
of such results, a potential approach is to extend (Xu and Li
2021), who show that for Z = 1, PCA converges in roughly
O(log(M)) steps under Riemannian gradient descent.
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