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Abstract

Explainable AI has received significant attention in recent
years. Machine learning models often operate as black boxes,
lacking explainability and transparency while supporting
decision-making processes. Local post-hoc explainability
queries attempt to answer why individual inputs are classi-
fied in a certain way by a given model. While there has been
important work on counterfactual explanations, less attention
has been devoted to semifactual ones. In this paper, we focus
on local post-hoc explainability queries within the semifactual
‘even-if’ thinking and their computational complexity among
different classes of models, and show that both linear and
tree-based models are strictly more interpretable than neural
networks. After this, we introduce a preference-based frame-
work enabling users to personalize explanations based on their
preferences, both in the case of semifactuals and counterfac-
tuals, enhancing interpretability and user-centricity. Finally,
we explore the complexity of several interpretability prob-
lems in the proposed preference-based framework and provide
algorithms for polynomial cases.

Introduction
The extensive study of counterfactual ‘if only’ thinking, ex-
ploring how things might have been different, has been a
focal point for social and cognitive psychologists (Kahneman
and Tversky 1981; McCloy and Byrne 2002). Consider a neg-
ative event, such as taking a taxi and due to traffic arriving
late to a party. By analyzing this situation, an individual (e.g.
Alice) might engage in counterfactual thinking by imagining
how things could have unfolded differently, such as, ‘if only
Alice had not taken the taxi, she would not have arrived late
at the party’. This type of counterfactual thinking, where
an alternative scenario is imagined, is a common aspect of
daily life. In such a case the counterfactual scenario negates
both the event’s cause (antecedent) and its outcome, present-
ing a false cause and a false outcome that are temporarily
considered as true (e.g., Alice took the taxi and arrived late).

Counterfactual thinking forms the basis for crafting coun-
terfactual explanations, which are crucial in automated
decision-making processes. These explanations leverage
imagined alternative scenarios, aiding users in understanding
why certain outcomes occurred and how different situations
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Figure 1: Binary classification modelM: step(x·[−2, 2, 0]+
1) of Example 1 (hiring scenario). The binary feature f1
(resp., f2 and f3) represents part-time employment contract
(resp., salary lower than 5K$, and on site-working).

might have influenced decisions. Counterfactual explanations
empower users to grasp the rationale behind decisions, fos-
tering transparency and user trust in these systems. Several
definitions of counterfactual explanations exist in the litera-
ture (Guidotti 2022; Jiang et al. 2024; Wu, Wu, and Barrett
2023). According to most of the literature, counterfactuals
are defined as the minimum changes to apply to a given in-
stance to let the prediction of the model be different (Barceló
et al. 2020).

While significant attention in AI has been given to coun-
terfactual explanations, there has been a limited focus on the
equally important and related semifactual ‘even if’ expla-
nations (Aryal and Keane 2023; Kenny and Huang 2023),
though they have been investigated much more in cognitive
sciences. While counterfactuals explain what changes to the
input features of an AI system change the output decision,
semifactuals show which input feature changes do not change
a decision outcome. Considering the above-mentioned situ-
ation where Alice took the taxi and arrived late at the party,
we might analyze ‘even if’ scenarios envisioning how things
could have remained the same, such as, “even if Alice had
not taken a taxi, she would have still arrived late at the party”.

Sharing the same underlying idea of counterfactuals, we de-
fine semifactuals as the maximum changes to be applied to a
given instance while keeping the same prediction. Indeed, the
larger the feature differences asserted in the semifactual, the
better (more convincing) the explanation (Aryal and Keane
2023). Semifactual explanations incorporating more feature
changes offer several benefits, including improved decision-
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making and enhanced interpretability. For decision-makers,
understanding the extent of changes that do not affect the
outcome can aid in optimizing processes. For instance, in re-
source allocation, knowing the maximum allowable changes
helps in making adjustments without compromising results.
Such explanations provide a comprehensive understanding
of a model’s decision boundary by revealing how the model
processes information and identifying which input aspects
are critical for maintaining the decision. Semifactuals in-
dicate which feature-sets are not relevant for classification,
as they can be changed without altering the outcome. Also,
considering a large number of feature changes in the semifac-
tual intuitively captures the desire of an agent to have more
flexibility and favorable conditions (represented by features
changed), while keeping the (positive) status assigned to it
by the model. Consider the following hiring scenario.

Example 1. Consider the binary and linear classification
model M : {0, 1}3 → {0, 1} shown in Figure 1, where
M is defined as step(x · [−2, 2, 0] + 1) and the input x =
[x1, x2, x3] denotes an applicant (also called user) defined by
means of the following three features:
• f1 = “part-time job”;
• f2 = “requested (monthly) salary < 5K$”;
• f3 = “on-site job”.

For any instance x ∈ {0, 1}3 we have that M(x) = 0 if
x = [1, 0, 1] or x = [1, 0, 0], and M(x) = 1 otherwise.
Intuitively, this means that the company’s AI model does
not approve the application only when the user applies for a
part-time job and the requested salary is no less than 5K$.

Consider a user x1 that applies for a full-time and on-
site job, and the requested salary is lower than 5K$ (i.e.,
x1 = [0, 1, 1]), we have that y1 = [0, 0, 0] and y2 = [1, 1, 0]
are semifactual of x1 w.r.t.M at maximum distance (i.e., 2)
from x1 in terms of number of features changed. Intuitively,
y1 represents the fact that ‘the user x1 will be hired even if
(s)he had requested for a remote job and the requested salary
was greater than or equal to 5K$’, while y2 represents ‘the
user x1 will be hired even if (s)he had applied for a remote
and part-time job’. 2

We would point out that counterfactuals and semifactu-
als are strongly connected and they should be considered
together in eXplainable AI (XAI) as they describe which
changes to feature-inputs of a black-box AI system result
in changes to or confirmation to a decision-outcome, that is
both contribute in understanding the presence of a decision
boundary in the classification process. Taking for instance
our running example, whose feature-values are shown in Fig-
ure 1, where edges represent changes of a unique feature
value, the decision boundary can be described by considering
both counterfactuals and semifactuals.

As highlighted in the previous example, multiple semifac-
tuals can exist for each given instance. In these situations, a
user may prefer one semifactual to another, by expressing
preferences over features so that the best semifactuals will be
selected, as shown in the following example.

Example 2. Continuing with Example 1, suppose that the
user x1 looks for another opportunity and prefers to change
feature f2 rather than f1 (irrespective of any other change),

that is (s)he prefers semifactuals with f2 = 0 rather than
those with f1 = 1. Thus, (s)he would prefer to still get hired
by changing the salary to be greater than or equal to 5K$
(obtaining y1); if this cannot be accomplished, then (s)he
prefers to get it by changing the job to part-time (i.e. y2). 2

Prioritized reasoning in AI, focusing on incorporating user
preferences, represents a pivotal advancement in the field,
enhancing adaptability and user-centricity of AI systems.
Traditional AI models rely on predefined rules or optimiza-
tion criteria to generate outcomes, often overlooking the nu-
anced nature of user-specific preferences (Rossi, Venable,
and Walsh 2011; Santhanam, Basu, and Honavar 2016). Pri-
oritized reasoning addresses this limitation by introducing
a mechanism that allows users to express their preferences,
thereby guiding AI systems to prefer specific factors over
others in the decision-making processes.

One key aspect of prioritized reasoning is its applica-
bility across diverse AI domains, spanning machine learn-
ing (Kapoor et al. 2012), natural language processing (Bakker
et al. 2022), and recommendation systems (Zhu et al. 2022).

Our work contributes to prioritized reasoning within ex-
plainable AI in the presence of user’s preference conditions
related to features. These preferences are exploited to gen-
erate semifactual and counterfactual explanations that align
most closely with the user-specified criteria. In particular,
preferences are applied similarly to what has been proposed
in the well-known Answer Set Optimization (ASO) approach
(Brewka, Niemelä, and Truszczynski 2003).

Contributions Our main contributions are as follows.
• We formally introduce the concepts of semifactual over

three classes of models: (i) perceptrons (ii) free binary
decision diagrams (FBBDs), and (iii) multi-layer percep-
trons (MLP), intuitively encoding local post-hoc explain-
able queries within the even-if thinking setting. Herein,
the term ‘local’ refers to explaining the output of the
system for a particular input, while ‘post-hoc’ refers to
interpreting the system after it has been trained.

• We investigate the computational complexity of inter-
pretability problems concerning semifactuals, showing
that they are not more difficult than analogous problems
related to counterfactuals (Barceló et al. 2020).

• We introduce a framework that empowers users to priori-
tize explanations according to their subjective preferences.
That is, users can specify preferences for altering specific
features over others within explanations. This approach
enriches the explanation process, enabling users to in-
fluence the selection of the most favorable semifactuals
(called “best” semifactuals), thereby augmenting the in-
terpretability and user-centricity of the resulting outputs.
Notably, the proposed framework also naturally encom-
passes preferences over counterfactuals.

• We investigate the complexity of several interpretability
problems related to best semifactuals and best counterfac-
tuals. Table 1 summarizes our complexity results. Finally,
focusing on a restricted yet expressive class of feature
preferences, we identify tractable cases for which we
propose algorithms for their computation.

Full proofs can be found in (Alfano et al. 2024a).
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Preliminaries
We start by recalling the key concepts underlying counter-
factual and semifactual explanations, and then we recall the
main complexity classes used in the paper.

Classification Models. A (binary classification) model is
a functionM : {0, 1}n → {0, 1}, specifically focusing on
instances whose features are represented by binary values.
Constraining inputs and outputs to booleans simplifies our
context while encompassing numerous relevant practical sce-
narios. A class of models is just a way of grouping models
together. An instance x is a vector in {0, 1}n and represents a
possible input for a model. We recall 3 significant categories
of ML models that will be the ones we will focus on.
A Binary Decision Diagram (BDD) M = (V,E,
λV , λE) (Wegener 2004) is a rooted directed acyclic graph
(V,E) where (i) leave nodes are either labeled 1 (also de-
noted as >) or 0 (also denoted as ⊥), (ii) internal nodes
are labeled by function λV with a value from {1, . . . , n},
and (iii) each internal node has two outgoing edges la-
beled by function λE as 1 and 0, respectively. Each instance
x = [x1, . . . , xn] ∈ {0, 1}n uniquely maps to a path px in
M. This path adheres to the following condition: for every
non-leaf node u in px labeled i, the path goes through the
edge labeled with xi. |M| denotes the size ofM, represent-
ing the number of edges. A binary decision diagramM is
free (FBDD) if for every path from the root to a leaf, no two
nodes on that path have the same label. A decision tree is
simply an FBDD whose underlying graph is a tree.

A multilayer perceptron (MLP)M with k layers is defined
by a sequence of weight matrices W(1), . . . ,W(k), bias vec-
tors b(1), . . . ,b(k), and activation functions a(1), . . . , a(k).
Given an instance x, we inductively define h(i) =
a(i)(h(i−1)W(i) + b(i)) with i ∈ {1, . . . , k}, assuming that
h(0) = x. The output ofM on x is defined asM(x) = h(k).
In this paper we assume all weights and biases to be rational
numbers, i.e. belonging to Q. We say that an MLP as defined
above has (k − 1) hidden layers. The size of an MLP M,
denoted by |M|, is the total size of its weights and biases, in
which the size of a rational number p

q is log2(p) + log2(q)

(with the convention that log2(0) = 1). We focus on MLPs
in which all internal functions a(1), . . . , a(k−1) are the ReLU
function relu(x) = max(0, x). Usually, MLP binary classi-
fiers are trained using the sigmoid as the output function a(k).
Nevertheless, when an MLP classifies an input (after train-
ing), it takes decisions by simply using the preactivations,
also called logits. Based on this and on the fact that we only
consider already trained MLPs, we can assume w.l.o.g. that
the output function a(k) is the binary step function, defined
as step(x) = 0 if x < 0, and step(x) = 1 if x ≥ 0.

A perceptron is an MLP with no hidden layers (i.e.,
k = 1). That is, a perceptron M is defined by a pair
(W, b) such that W ∈ Qn×1 and b ∈ Q, and the output
isM(x) = step(xW + b). Because of its particular struc-
ture, a perceptron is usually defined as a pair (w, b) with
w = WT a rational vector and b a rational number. The
output of M(x) is then 1 iff x ·w + b ≥ 0, where x · w
denotes the dot product between x and w.

Boolean functions F mapping strings to strings whose
output is a single bit are called decision problems. We identify
the computational problem of computing F (i.e., given an
input string x compute F(x)) with the problem of deciding
whether F(x) = 1.

Even-if Explanations
In this section, we instantiate our framework on three im-
portant classes of boolean models and explainability queries.
Subsequently, we present our main theorems, facilitating a
comparison of these models in terms of their interpretability.
We start by recalling the notion of counterfactual, that is the
explainability notion in the ‘if only’ case, whose complexity
has been investigated in (Barceló et al. 2020). We define the
distance measure between two instances x,y ∈ {0, 1}n as
the number of features where they differ. Formally, d(x,y) =∑n
i=1 |xi − yi| is the number of indexes i ∈ {1, . . . , n} (i.e.,

features) where x and y differ.
Definition 1 (Counterfactual). Given a pre-trained modelM
and an instance x, an instance y is said to be a counterfactual
of x iff i) M(x) 6= M(y), and ii) there exists no other
instance z 6=y s.t.M(x) 6=M(z) and d(x, z)<d(x,y).
Example 3. Continuing with our running example illustrated
in Figure 1, for y3 = [1, 0, 1] we have that x2 = [0, 0, 1]
and x3 = [1, 1, 1] are the only counterfactuals of y3 w.r.t.
M (herein, d(y3,x2) = d(y3,x3) = 1). Intuitively, this
encodes the fact that user y3 (that applied for a part-time and
remote job, and a salary greater than or equal to 5K$) will
be hired if only (s)he would change the employment contract
to be full time (obtaining x2) or the requested salary to be
lower than 5K$ (obtaining x3). 2

The natural decision version of the problem of finding a
couterfactual for x is the following.
Problem 1 ((Barceló et al. 2020)). [MINIMUM CHANGE
REQUIRED (MCR)] Given a modelM, instance x, and k ∈
N, check whether there exists an instance y with d(x,y) ≤ k
andM(x) 6=M(y).
Theorem 1 ((Barceló et al. 2020)). MCR is i) in PTIME for
FBDDs and perceptrons, and ii) NP-complete for MLPs.

We follow a standard assumption about the relationship
between model interpretability and computational complex-
ity (Barceló et al. 2020): a class A of models is more inter-
pretable than another class B if the computational complexity
of addressing post-hoc queries for models in B is higher than
for those in A. Under this assumption, Theorem 1 states that
the class of models ‘perceptron’ and ‘FBDD’ is strictly more
interpretable than the class ‘MLP’, as the computational com-
plexity of answering post-hoc queries for models in the first
two classes is lower than for those in the latter. These re-
sults represent a principled way to confirm the folklore belief
that linear models are more interpretable than deep neural
networks within the context of interpretability queries for
counterfactuals.

An open question is whether the same holds when dealing
with post-hoc queries based on the ‘even-if’ thinking setting,
i.e. on semifactuals. Before exploring this research question,
we formally introduce the concept of semifactual.
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Definition 2 (Semifactual). Given a pre-trained modelM
and an instance x, an instance y is said to be a semifactual
of x iff i) M(x) = M(y), and ii) there exists no other
instance z 6=y s.t.M(x) =M(z) and d(x, z)>d(x,y).

Similar to counterfactuals, the following problem is the
decision version of the problem of finding a semifactual of
an instance x with a modelM.
Problem 2. [MAXIMUM CHANGE ALLOWED (MCA)]
Given a modelM, instance x, and k ∈ N, check whether
there is an instance y with d(x,y) ≥ k andM(x) =M(y).

Although semifactuals and counterfactuals appear to be
similar, their mathematical definitions are different. Indeed,
while counterfactuals minimize the changes in order to have a
different outcome, semifactuals maximize the changes while
keeping the same outcome. Notably, the two problems are not
interchangeable - we do not see how to naturally reduce one
to the other; however, a (possibly complex) reduction may
exist as our complexity results presented in Theorem 2 below
do not rule this out. For instance, considering Example 1 and
the two semifactuals y1 and y2 of x1, they do not correspond
to the counterfactuals of the counterfactuals of x1, that are
[0, 0, 1] and [1, 1, 1].
Theorem 2. MCA is i) in PTIME for FBDDs and percep-
trons, and ii) NP-complete for MLPs.
Proof sketch. (Perceptron). The MCA (optimization) problem
under perceptrons can be formulated in ILP as the standard
(max-) Knapsack problem where each item has value 1 and
weight wi(2xi − 1), and the bag has capacity

∑n
i=1 wixi.

The Knapsack problem is, in the general case, NP-Hard (Pa-
padimitriou 1994). However, MCA corresponds to a special
instance of Knapsack where every item has the same cost
that can be solved in polynomial time with a greedy strategy,
from which the result follows.
(FBDD). Let Mu be the FBDD obtained by restricting
M to the nodes that are (forward-)reachable from u and
mcau(x) = max{k′ | ∃y. d(x,y) = k′ ∧Mu(y)=M(x)}
(that can be comptuted in PTIME). For y maximizing k′ it
holds that yu′ 6= xu′ holds ∀u′ from the root of M to u
excluded. Let r be the root ofM. Then, we can show that
(M,x, k) is a positive instance of MCA iff mcar(x) ≥ k.
(MLP) The following algorithm provides the membership in
NP. Guess an instance y and check in PTIME that d(x,y)
≥ k and M(x) = M(y). We prove the hardness with a
polynomial reduction from INDEPENDENT SET, which is
known to be NP-complete (Papadimitriou 1994). 2

It turns out that, under standard complexity assumptions,
computing semifactuals under perceptrons and FBDDs is
easier than under multi-layer perceptrons. Moreover, inde-
pendently of the type of the model, computing semifactuals
is as hard as computing counterfactuals (cf. Table 1). Thus,
perceptrons and FBDDs are strictly more interpretable than
MLPs, in the sense that the complexity of answering post-hoc
queries for models in the first two classes is lower than for
those in the latter.

We point out that a limitation in using cunterfactuals
and semifactuals may arise when the process of changing
decision-outcomes is not ‘monotonic’, in the sense that af-
ter having obtained a decision change, by changing further

FBDDS PERCEPTRONS MLPS

MCR PTIME PTIME NP-c
MCA PTIME PTIME NP-c
CB-MCR coNP coNP coNP-c
CB-MCA coNP coNP coNP-c
CBL-MCR PTIME PTIME coNP-c
CBL-MCA PTIME PTIME coNP-c

Table 1: Complexity of explainability queries for models
of the form {0, 1}n → {0, 1}. For any class C, C-c means
C-complete. Grey-colored cells refer to existing results.

feature values we obtain a further change to the decision-
outcome, making it equal to the original value (e.g. a classifi-
cation task establishing whether the number of bits is even).
In such cases counterfactuals (resp. semifactuals), obtained
by changing a set of features s, make sense only if there is
no semifactual (resp. counterfactual) which can be obtained
by changing a strict superset (resp. subset) of features. Thus,
semifactuals are relevant even for understanding whether the
computations of counterfactuals could be problematic and
vice versa.

Preferences over Explanations
The problem of preference handling has been extensively
studied in AI. Several formalisms have been proposed to
express and reason with different kinds of preferences (Braf-
man and Domshlak 2009; Rossi, Venable, and Walsh 2011;
Santhanam, Basu, and Honavar 2016; Alfano et al. 2022,
2023a,b). In the following, in order to express preferences
over semifactuals and counterfactuals, we introduce a novel
approach inspired to that proposed in (Brewka, Niemelä, and
Truszczynski 2003), whose semantics is based on the degree
to which preference rules are satisfied.
Syntax. Input instances are of the form x = (x1, ..., xn) in
{0, 1}n. Each xi (with i ∈ [1, n]) represents the value of
feature fi, and the (equality) atom fi = xi denotes that the
value of feature fi in x is equal to xi. A simple preference
is an expression of the form (fi = x′i) � (fj = x′′j ); it
intuitively states that we prefer instances (i.e. semifactuals or
counterfactuals) where fi = x′i w.r.t. those where fj = x′′j .
To simplify the notation, an equality atom of the form fi = 1
is written as a positive atom fi, whereas an atom of the form
fi = 0 is written as a negated atom ¬fi. Positive and negated
atoms are also called (feature) literals.
Definition 3 (Preference rule). Let I = {f1, ..., fn} be the
set of input features. A preference rule is of the form:

ϕ1 � · · · � ϕk ← ϕk+1 ∧ · · · ∧ ϕm (1)
where m ≥ k ≥ 2, and any ϕi ∈ {f1,¬f1, . . . fn,¬fn} is a
(feature) literal, with i ∈ [1,m].

In (1), ϕ1 � · · · � ϕk is called head (or consequent),
whereas ϕk+1 ∧ · · · ∧ ϕm is called body (or antecedent).
We assume that literals in the head are distinct. Intuitively,
whenever ϕk+1, · · · , ϕm are true, then ϕ1 is preferred over
ϕ2, which is preferred over ϕ3, and so on until ϕk−1 which
is preferred over ϕk. As usual, when the body of the rule is
empty, the implication symbol← is omitted.
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Definition 4 (BCMP framework). A (binary classification)
model with preferences (BCMP) framework is a pair (M,�)
whereM is a model and �1 a set of preference rules over
features ofM.

A practical and natural way for users to express their pref-
erences in our framework includes—but are not limited to—
specifying a ranking on a (sub)set of features whose values
users would prefer to change (or keep unchanged) (Brewka,
Niemelä, and Truszczynski 2003).
Example 4. The BCMP framework Λ1 = (M, {¬f2 �
f1}), where M is the model presented in Example 1, en-
codes the user’s preference specified in Example 2. Consider
now the framework Λ2 obtained from Λ1 by replacing the
preference rule with ¬f2�f1 ← ¬f3. Roughly speaking, it
encodes a user preference stating that among the explanations
(i.e. counterfactuals/semifactuals) satisfying the condition
that the work is remote (i.e., ¬f3 holds), the ones where the
salary is greater than or equal to 5K$ (i.e., ¬f2 holds) are
preferred and, if this is not possible, those where the work is
part-time (i.e., f1) are taken. 2

Semantics. To formally establish an ordering among expla-
nations, a partial order w derived from the set of preference
rules, is introduced next. Let us consider an explanation y
and a preference κ of the form (1), the three situations are
possible:

(a) the body of κ is not satisfied in y;2

(b) the body of κ is satisfied in y and at least one head literal
is true in y;

(c) the body of κ is satisfied in y and none of the head literals
is satisfied in y.

In the cases (a) and (b) we say that y sat-
isfies κ respectively with degree 1 and min({l |
y satisfies ϕl with l ≤ k}) (denoted as δ(y, κ)), while in
case (c) we say that y does not satisfy κ and the associated
degree is δ(y, κ) = +∞. Intuitively, δ(y, κ) represents the
position of the first feature literal satisfied in the ordered list
provided in the head of a preference rule; however, it can be
1 if y satisfies the first literal ϕ1 or if the rule is irrelevant
(case a). If the rule is relevant (the body is satisfied) and no
head literal is satisfied, then it is +∞.

Thus, given a BCMP framework (M,�), an instance x
and two explanations y and z forM and x, we write y w z
iff δ(y, κ) ≤ δ(z, κ) for all preferences κ in �, and write
y = z iff y w z and z 6w y.
Definition 5 (Semantics). Given a BCMP framework (M,�)
and an instance x. We say that y is a best semifactual (resp.,
counterfactual) explanation of x if y is a semifactual (resp.,
counterfactual) of x and there is no other semifactual (resp.,
counterfactual) z of x such that z = y.
Example 5. Continuing with Example 4, the instances y1 =
[0, 0, 0] and y2 = [1, 1, 0] satisfy κ = ¬f2 � f1 ← ¬f3
with degree δ(y1, κ) = 1 and δ(y2, κ) = 2 since the second

1With a little abuse of notation, we use � to denote both a set of
preferences and the preference relation among feature literals.

2A positive (resp., negative) atom fi (resp., ¬fi) is satisfied in
y=(y1, . . . , yn) whenever yi=1 (resp., yi=0).

and first literal in the head of κ is satisfied in y1 and y2,
respectively, and the body of κ is satisfied by both of them.
Then, y1 = y2, and thus y1 is the only best semifactual of
x1 = [0, 1, 1]. 2

Computational Complexity. We now investigate the com-
plexity of several problems related to prioritized reasoning
for explanations in order to compare model classes, even
under prioritized reasoning. Observe that deciding the exis-
tence of a best explanation in the even-if and if-only thinking
follows from deciding the existence of counterfactuals and
semifactuals, respectively. Thus, preferences do not make
the existence problem harder. Consider now the problem of
verification of a best explanation in both settings.
Problem 3. [CHECK BEST-MCR (CB-MCR)] Given a
BCMP (M,�), instances x, y with d(x,y) = k, and
M(x) 6=M(y), check whether there is no z withM(x) 6=
M(z) and either d(x, z) ≤ k−1, or d(x, z) = k and z = y.

Problem 4. [CHECK BEST-MCR (CB-MCA)] Given a
BCMP (M,�), instances x, y with d(x,y) = k, and
M(x) =M(y), check whether there is no z withM(x) =
M(z) and either d(x, z) ≥ k+ 1 or d(x, z) = k and z = y.

In our semantics for any framework (M,�) and instances
y, z ofM, deciding whether y = z can be done in PTIME.
We use this result to prove the following theorem.
Theorem 3. CB-MCR and CB-MCA are i) in coNP for
FBDDs and perceptrons, and ii) coNP-complete for MLPs.

Proof sketch: Consider the CB-MCR problem. We show the
membership in NP for its complement, denoted as CB-MCR
(that is, checking whether y is not a best counterfactual of
x). Guess an instance z and check thatM(x) 6=M(z), and
either d(x, z) < k or d(x, z) = k and z = y holds. If the
above condition holds then return NO, otherwise YES. As
all conditions can be check in PTIME, CB-MCR is in NP,
and thus CB-MCR is in coNP. The hardness result follows
by letting �= ∅. As z = y is always false, the problem
collapses to MCR. The proof for CB-MCA is similar. 2

Linear preferences. We now focus on a simpler yet expres-
sive class of BCMPs where a fixed linear order is defined
over a subset of features.
Definition 6 (BCMLP framework). A (binary classification)
model with linear preferences (BCMLP) framework is a pair
(M,�) where M is a model, and � consists of a linear
preference rule, that is a single preference rule of the form
(1) with empty body.
Example 6. Considering Example 4, the BCMP framework
Λ1 is linear, whereas Λ2 is not. 2

We use CBL-MCA and CBL-MCR to denote CB-MCA
and CB-MCR where the input BCMP is linear. We will show
that these problems are in PTIME in the case of perceptrons
and FBDDs. The algorithms presented below take as input
a model M, an instance x, and a linear preference κ, and
returns a best semifactual explanation in PTIME. When a
preference is not specified, a generic semifactual at maximum
distance is returned. For the sake of the presentation, w.l.o.g.,
we assume that head literals are positive atoms (i.e., ϕi=fi).
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Algorithm 1: Computing a (best) semifactual for perceptrons
Input: PerceptronM = (W, b), instance x ∈ {0, 1}n, and linear
preference κ = fp1 � · · · � fpl .
Output: A best semifactual y for x w.r.t.M and κ
1: Let s = [f1/s1, . . . , fn/sn] where ∀i ∈ [1, n],
si=2xiwi − wi ifM(x)=1, wi − 2xiwi otherwise;

2: Let s′ = [fq1/sq1 , ..., fqn/sqn ] be the sorted version of s in
ascending order of si;

3: k = max({i ∈ [0, n] | M(flip(x, pos(s′, i)) =M(x)});
4: if k = 0 return x;
5: if k = n return [1− x1, . . . , 1− xn];
6: y = flip(x, pos(s′, k));
7: δ = min({i ∈ [1, l] | ypi = 1} ∪ {l + 1});
8: for i ∈ [1, ..., δ − 1] do
9: if ypi = 1 return y;

10: Let j = qk if xpi = ypi , j = qk+1 otherwise;
11: z = flip(y, {pi, j});
12: ifM(x) =M(z) return z;
13: return y;

Algorithm 2: Computing a (best) semifactual for FBDDs
Input: FBDDM=(V,E, λV , λE) with root t, instance x∈{0, 1}n,
and linear preference κ = fp1 � · · · � fpl .
Output: A best semifactual y for x w.r.t.M and κ.
1: LetM′=(V ′=V,E′=E, λV ′=λV , λE′) be a copy ofM where
λE′(u, v)=1 if (xλV (u)=λE(u, v)), 0 otherwise;

2: LetN = subgraph(M′,M(x));
3: Let Π be the set of paths inN from t to leaf nodes;
4: for fpi ∈ [fp1 , . . . , fpl ] do
5: if ∃π ∈ Π with y = build(x, π) and ypi = 1

return y;
6: Let π be a path of Π taken non-deterministically;
7: return y = build(x, π);

Algorithm 1 is defined for the perceptron model. Initially,
a list s of pairs feature/weight is built, where each weight
takes into account the contribution of the associated feature
to the result (Line 1). At Line 2 the list is sorted in ascending
order of weights, giving a new list s′. Next (Lines 3-6) the
feature values of x are changed to get a semifactual instance
y. To change a maximum number k of feature values of x,
guaranteeing that the output of the model M(x) does not
change, the order in s′ is followed. To this end, the following
functions are introduced: i) pos(s′, i), computing the set of
the positions in s of the first i features in s′, and ii) flip(y, B),
with y = [y1, ..., yn], updating every element yi such that
i ∈ B with the complementary value 1 − yi. Notice that
k = 0 means that x is the only semifactual for x, (returned
at Line 4), whereas k = n means that [1− x1, . . . , 1− xn] is
the only semifactual for x (returned at Line 5). At Line 7 the
degree of satisfaction of κ by y is computed; if no feature
in κ is satisfied by y the degree is l + 1 (standing for +∞).
The next steps (Lines 8-13) search for a better semifactual
instance (if any). This is carried out by considering the first
δ − 1 features in κ. Thus, for each feature fpi in κ (i ∈
[1, δ − 1]) we have that: i) if y satisfies fpi , y is a best
semifactual and it is returned at Line 9; ii) otherwise an
alternative instance z satisfying feature fpi is generated and,
if it is a semifactual then it is returned at Line 12. In particular,
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Figure 2: (Left) FBDD modelM = (V,E, λV , λE) of Ex-
ample 8 with root t and λV (t) = 3. (Center) FBDD model
M′ = (V ′, E′, λV ′ , λE′) computed at Line 1 of Algorithm 2.
(Right) Graph N obtained at Line 2 of Algorithm 2. Squared
nodes represent leaf nodes (>/⊥ forM(·) = 1/0).

z is a semifactual instance only if d(z,x) = d(y,x) and
M(z) = M(x). To guarantee that d(z,x) = d(y,x) we
either restore feature fqk in y by setting it back to yqk =
xqk whenever xpi = ypi (recall that the first k features of
x are flipped at Line 6), or change the feature fk+1 (i.e.,
yk+1 6= xk+1) whenever xpi 6= ypi . Roughly speaking, the
so-obtained feature fj minimally contributes to determine
the valueM(y) and keeps the distance equal to k. Finally, if
there exist no other semifactual z for x s.t. z = y, then y is
returned at Line 13.

Example 7. Consider the modelM = step(x·[−2, 2, 0]+1)
of Example 1, the instance x = [0, 1, 1] and the linear
preference f1 � f2. As M(x) = 1, we compute s1 as
2x1w1 − w1 = 2 · 0 · (−2) − (−2) = 2. Analogously,
s2 = 2x2w2−w2 = 2·1·2−2 = 2 and s3 = 2x3w3−w3 =
2 · 1 · 0 − 0 = 0. Then, s = [f1/s1, f2/s2, f3/s3] =
[f1/2, f2/2, f3/0], and its sorted version in ascending or-
der of sis is s′ = [f3/0, f2/2, f1/2]. As k = 2, by flip-
ping in s the features occurring in the first k position of
s′ we get y = [0, 0, 0] with δ = l + 1 = 3 as no fea-
ture in the head of κ is true in y. Finally, observing that
p1 = 1 and p2 = 2, as y1 = x1 = 0, Algorithm 1 returns
z = flip(y, [1, j]) = [1, 1, 0] with j = qk = 2 and δ = 1. 2

Algorithm 2 works with FBDD. It starts by creating a
copy M′ of M where edge labels denote changes in the
input features, that is λE′(u, v) = 0 (resp., λE′(u, v) = 1)
denotes the fact that the value of feature xλV (u) is changed
(resp., confirmed). Semifactuals are obtained by finding the
paths π′ inM′ from the root node t to the leaf node repre-
sentingM(x) (i.e., to > ifM(x) = 1, ⊥ otherwise) with
a minimum number of 1’s. The application of the changes
occurring in a paths π′ allow obtaining a semifactual for
x. Let n be the number of input features and let w be the
number of 1’s in the path π′ to derive semifactual y, n− w
denotes the distance d(x,y). It is worth noting that all paths
π′ have the same number of 1’s, that is all semifactuals share
the same distance. To this end, at Line 2 a graph N is built
with function subgraph by keeping only nodes and edges
in the paths ofM′ ending inM(x) and having minimum
weight. All such paths are stored in Π at Line 3. Then, the
algorithm checks if it is possible to build a semifactual y
for x satisfying fp1 , otherwise fp2 , and so on. Particularly,
assuming to be at step fpi for some fpi in κ, if there exists
a path π ∈ Π and the feature fpi can be set to 1 in y (that
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is the condition of Line 5) then a best semifactual y of x is
obtained from x by flipping every features i of x not appear-
ing in π (i.e., λV (u) 6= i for any node u in π) or differing in
the assignment given by π (i.e., there is no edge (u, v) ∈ π
s.t. λV (u) = i and λE′(u, v) = 0). More formally, the func-
tion build(x, π) returns the instance y = flip(x, {i ∈ [1, n] |
@(u, v) ∈ π such that λV (u)=i and λE′(u, v)=1}). Finally,
if the algorithm does not return a semifactual at Line 6, then
at Line 8 it returns a semifactual y of x that satisfies none of
the fpis, obtained from x through function build(x, π) where
π is a path taken non-deterministically from Π.
Example 8. Consider the FBDDM = (V,E, λV , λE) in
Figure 2 (left) for the hiring scenario of Example 1. Let
x = [0, 1, 1] and κ = f2 � f1. For each edge (u, v) ∈ E,
Figure 2 (center) shows the value λE′(u, v) (computed at
Line 1). For instance, λE′(3, 1) = 1 as x3 = λE(3, 1) = 1,
whereas λE′(1, 2) = 0 as x1 = 0 6= λE(1, 2) = 1. Fig-
ure 2 (right) shows the graph N obtained fromM′ by keep-
ing only nodes and edges occurring in paths with a minimum
weight (equal to 1). This means that semifactuals y of x
are at distance d(x,y) = n − 1 = 2. As there is in N the
path π : (u, u′), (u′, u′′) where λV (u) = 3, λV (u′) = 2,
λV (u′′) = >, λE′(u, u′) = 0, and λE′(u′, u′′) = 1 then we
can get a semifactual y from x by changing all feature values
apart from x2, i.e. y=build(x, π)=flip(x, {1, 3})=[1, 1, 0]. 2
Theorem 4. CBL-MCA and CBL-MCR are i) in PTIME for
perceptrons and FBDDs, and ii) coNP-complete for MLPs.

Providing a PTIME algorithm returning a best semifactual
for MLPs is unfeasible, as backed by our complexity analysis.
However, as an heuristic, we could adapt Algorithm 1 so
that the scores sis encode feature importance, similarly to
what is done in (Ramon et al. 2020)—we plan to explore
this direction in future work. Observe that, although the num-
ber of (best) semifactuals is potentially exponential w.r.t. the
number of features (it is

(
n
k

)
where k represents the maxi-

mum number of features changed in x to obtain semifactuals),
Algorithms 1 and 2 can be exploited to obtain a finite repre-
sentation of all semifactuals. For instance, all semifactuals of
x in Algorithm 2 are those obtained from x by considering all
paths in π ∈ Π, that is the set {build(x, π) such that π ∈ Π}.

Related Work
Looking for transparent and interpretable models has led to
the exploration of several explanation paradigms in eXplain-
able AI (XAI) (Marques-Silva and Ignatiev 2022; Ignatiev
et al. 2022; Malfa et al. 2021; Ignatiev, Narodytska, and
Marques-Silva 2019). Factual explanations (Ciravegna et al.
2020; Guidotti et al. 2018; Bodria et al. 2023; Wang, Khos-
ravi, and den Broeck 2021; Ciravegna et al. 2023; Cooper
and Marques-Silva 2023) elucidate the inner workings of AI
models by delineating why a certain prediction was made
based on the input data. Counterfactual explanations (Der-
vakos et al. 2023; Romashov et al. 2022; Albini et al. 2020;
Wu, Zhang, and Wu 2019; Guidotti 2022; Audemard et al.
2024a,b), delve into hypothetical scenarios, revealing alter-
native input configurations that could have resulted in a dif-
ferent prediction. These explanations offer insights into the
model’s decision boundaries and aid in understanding its

behavior under varied circumstances. Semifactual explana-
tions (Dandl et al. 2023; Aryal and Keane 2023; Kenny and
Keane 2021; Alfano et al. 2024b) bridge the gap between
factual and counterfactual realms by presenting feasible alter-
ations to the input data that do not change a decision outcome.
This trichotomy of explanation types contributes significantly
to the holistic comprehension and trustworthiness of AI sys-
tems, catering to various stakeholders’ needs for transparency
and interpretability. Most existing works on XAI focus on
proposing novel methods for generating explanations, with
few addressing the computational complexity of related prob-
lems (Barceló et al. 2020; Arenas et al. 2022, 2021; Eiben
et al. 2023; El Harzli, Grau, and Horrocks 2023; Marzari
et al. 2023; Ordyniak, Paesani, and Szeider 2023). However,
none of these works on theoretical underpinnings of XAI
specifically focuses on semifactuals. The approach proposed
in (Dandl et al. 2023) aims to derive a set of semifactuals
by solving an NP-hard optimization problem, for which they
introduce a model-agnostic heuristic method. However, our
approach differs from that in (Dandl et al. 2023) from several
standpoints: (i) the notion of semifactual considered (that
does not rely on maximal distance in that work), (ii) the abil-
ity to express preferences (not considered in that work), and,
more importantly, (iii) the fact that our approach is an exact
method rather than heuristic. Finally, (Darwiche and Hirth
2023) studies a different yet related problem, called even-if-
because problem, for ordered binary decision diagrams.

Conclusions and Future Work
After exploring local post-hoc interpretability queries related
to semifactuals and their complexity w.r.t. three classes of
models, we have introduced a framework that enables users
to personalize semifactual and counterfactual explanations
based on preferences. Then, we investigated the complexity
of this framework and presented PTIME algorithms.

Our work is also motivated by the growing interest in
regulating AI (Buiten 2019), and particularly in contexts
where sensitive decisions regarding humans are demanded to
AI systems. An important example is given by the legislation
proposal in the State of New York concerning the use of such
systems in recruitment processes. The proposal emphasizes
the need to explain systems’ results, focusing not so much on
the decision-making process itself, but rather on the outcome
produced (Lohr 2023). As this is exactly the explainability
setting considered in our work, we believe that our research
could inspire future developments in regulating AI.

We plan to explore additional interpretability queries by
considering e.g. i) counting problems like quantifying the
number of semifactuals/counterfactuals, and ii) the recent no-
tion of alterfactual explanations (Mertes et al. 2024), whose
idea is to show irrelevant attributes of a predicted instance.
Furthermore, we aim to extend our research by investigating
more inclusive model formats, specifically those accommo-
dating non-binary features. Finally, our algorithms focus on
(i) Perceptrons and FBDD, and (ii) a single linear preference,
though they can be easily adapted to cope with any arbitrary
but fixed number of (consistent) linear preferences. Devis-
ing algorithms dealing with (i) MLP and (ii) multiple and
different preference criteria deserves further investigation.
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