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Abstract

In this paper, we introduce a syntactic framework for analyz-
ing and handling inconsistencies in propositional bases. Our
approach focuses on examining the relationships between
variable occurrences within conflicts. We propose two dual
concepts: Minimal Inconsistency Relation (MIR) and Max-
imal Consistency Relation (MCR). Each MIR is a minimal
equivalence relation on variable occurrences that results in
inconsistency, while each MCR is a maximal equivalence re-
lation designed to prevent inconsistency. Notably, MIRs cap-
ture conflicts overlooked by minimal inconsistent subsets.
Using MCRs, we develop a series of non-explosive inference
relations. The main strategy involves restoring consistency
by modifying the propositional base according to each MCR,
followed by employing the classical inference relation to de-
rive conclusions. Additionally, we propose an unusual seman-
tics that assigns truth values to variable occurrences instead of
the variables themselves. The associated inference relations
are established through Boolean interpretations compatible
with the occurrence-based models.

Extended version — http://arxiv.org/abs/2412.11868

Introduction

Logical formalisms commonly used to represent knowledge
and beliefs, particularly classical logic, adhere to the ex-
plosion principle. According to this principle, any conclu-
sion can be derived from a contradiction, which makes in-
consistent belief bases non informative. This issue is criti-
cal in real-world applications, where inconsistencies often
arise from various factors including noisy data, vagueness,
context dependency, uncertainty, and information from mul-
tiple sources. This situation shows the need for analytical
tools that can identify the causes of conflicts, ensure re-
covery of consistency, and enable reasoning under incon-
sistency. Key approaches for addressing this issue include
paraconsistency (Tanaka et al. 2013; Priest, Tanaka, and We-
ber 2022), argumentation (Besnard and Hunter 2008), be-
lief revision (Girdenfors 1992), and inconsistency measure-
ment (Hunter and Konieczny 2010; Thimm 2018).
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When exploring syntactic! approaches to reasoning under
inconsistency, two core concepts are frequently used: min-
imal inconsistent subsets (MISes) and maximal consistent
subsets (MCSes). An example of this is the inference re-
lation proposed by Rescher and Manor, which determines
conclusions from formulas entailed by all MCSes (Rescher
and Manor 1970). A number of additional MCS-based infer-
ence relations have been proposed in the literature (Brewka
1989; Benferhat, Dubois, and Prade 1997, 1999; Konieczny,
Marquis, and Vesic 2019). The fundamental principle be-
hind using MCSes is to minimize alterations to the available
information.

A significant limitation of using MISes and MCSes, how-
ever, lies in their inability to account for the specific syn-
tactic representation of each formula: they do not look in-
side the formulas. For instance, a MIS maintains its sta-
tus when any formula within it is replaced by an equiva-
lent one. This drawback limits the ability to identify criti-
cal syntactic details, particularly when conflicts stem from
factors such as imprecision or encoding errors. This issue is
notably highlighted in the context of inconsistency measure-
ment where free formulas can influence the inconsistency
degree (Thimm 2018; Besnard 2014). To illustrate, consider
the propositional base K = {pAq, "pAr, gV —r} provided
in (Besnard 2014). Here, there is a single MIS {pAgq, —pAr};
neglecting the presence of ¢ and r in these formulas fails to
capture the conflict involving ¢, r and —q V —r.

In this article, we introduce new syntactic concepts for
analyzing and handling propositional inconsistency. Our ap-
proach particularly focuses on the role of variable occur-
rences within conflicts. Initially, it distinguishes between oc-
currences of the same variable, then identifies equivalences
between these occurrences that contribute to conflicts. This
approach allows us to capture the interactions of variable oc-
currences in inconsistent propositional bases and provides a
new strategy for restoring consistency.

We first introduce a concept called Minimal Inconsistency
Relation (MIR), which corresponds to a minimal equiva-
lence relation on variable occurrences that leads to incon-

"We use the term “syntactic” to refer to approaches in the lit-
erature that focus on the form of belief bases, including methods
based on consistent subsets and proof theory. In contrast, other ap-
proaches use new semantics to ensure that even inconsistent belief
bases have models (e.g., see (Priest 1991))



sistency. For instance, the conflict between ¢, r and —~q V —r
in the previous propositional base K is an MIR: the equiv-
alence relation pairs the occurrences of ¢ as well as the oc-
currences of r.

Beyond the interactions between variable occurrences,
MIRs also highlight additional aspects of the captured con-
flicts. Specifically, they reveal the variables implicated and
the specific formulas they are part of, given that each occur-
rence appears in a unique formula. In particular, when we
focus on the formulas associated with MIRs, we capture at
least as many conflicts as MISes, and generally more.

We also introduce a dual concept called Maximal Con-
sistency Relation (MCR), which corresponds to a maximal
equivalence relation on variable occurrences constructed to
avoid inconsistency. We provide a duality property between
MIRs and MCRs, analogous to the minimal hitting set du-
ality observed between MISes and the complements of MC-
Ses (Reiter 1987; Bailey and Stuckey 2005).

Using MCRs, we introduce several non-explosive infer-
ence relations. Similar to MCS-based approaches, the essen-
tial principle behind using MCRs is to maintain the propo-
sitional base as close to the original as possible after alter-
ations. However, unlike MCS-based methods, our approach
retains every formula and variable present in the original
propositional base. An MCS does not alter any original for-
mula but excludes some to restore consistency, whereas an
MCR is used to modify certain formulas without excluding
any to achieve the same goal.

Additionally, we introduce a new semantics that assigns
truth values to variable occurrences rather than to the vari-
ables themselves. This approach mirrors the technique dis-
cussed earlier and can be seen as another strategy for
restoring consistency. We specifically demonstrate that each
occurrence-based model corresponds uniquely to an MCR.
The entailment in our framework of occurrence-based se-
mantics is realized through Boolean interpretations that are
compatible with these occurrence-based interpretations.

Preliminaries

The language of classical propositional logic is constructed
by inductive definition, starting with a countably infinite set
of propositional variables denoted PV. We employ the usual
connectives A and — to express logical relationships. The set
of well-formed formulas is referred to as PF. The connec-
tives V, — and <> are defined in terms of A and — as usual.

We use the letters p, ¢ and r, along with z, y and z, each
possibly modified with subscripts, to denote propositional
variables. For formulas, we employ Greek letters such as ¢,
1, and x. When discussing a syntactic entity X (e.g., a for-
mula or a set of formulas), the set of variables contained in
X is denoted by var(X).

Considering formulas ¢, 11, . . . , ¥, along with variables

P1,- -, Dk invar(¢), weuse ¢[p1 /11, . . ., p. /1] to denote
the result of simultaneously substituting pi,...,p; with

1, ..., Yk, respectively.

A Boolean interpretation, or simply interpretation, is a
function w that assigns a truth value in {0, 1} to each for-
mula in PF and meets the following conditions: w(—¢) =

1 — (@) and w($ A ) = w(®) X w(1).
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Given an interpretation w, a variable p, and v € {0,1},
define wy,_,, as the same as w except that it assigns v to p.
For variables p1, ps, . . ., pr and truth values vy, v, ..., Vg,
as a shorthand notation for

we use w\Pl'—)v1~,P2'—>v2 ----- Pr—>Vk

(- ((.w|111'—>v1)|132’—>v2). o .).|pk'—>vk'
An interpretation w is said to be a model of ¢, denoted by

w = ¢, if and only if w(¢) = 1. The set of models for ¢ is
denoted by mod(¢). Conversely, w is a countermodel of ¢,
denoted by w = ¢, if and only if w(¢) = 0.

A formula is considered consistent if it admits at least one
model; otherwise, it is referred to as inconsistent.

A propositional base (PB) is a finite subset of PF.

We say that a PB K entails ¢, written K + ¢, when for
any interpretation w, if w = A K (the conjunction of all
formulas in K), it holds that w = ¢; note that w = A0
holds for every interpretation w. For cases where K contains
only a single formula ¢/, we sometimes use ¢ - ¢.

A minimal inconsistent subset (MIS) of a PB K is a subset
M of K where M is inconsistent, and for every ¢ € M,
M \ {¢} is consistent. A maximal consistent subset (MCS)
of K is a subset M of K where M is consistent, and for
every ¢ € K \ M, M U{¢} is inconsistent.

Given a formula ¢, we establish the polarity of each sub-
formula occurrence in ¢ using the following rules:

* The polarity of the occurrence ¢ is defined as positive.

* If a subformula occurrence ¥ A x is positively (resp. neg-
atively) polarized, then both ) and yx inherit the same
positive (resp. negative) polarity.

o If a subformula occurrence — is positively (resp. neg-
atively) polarized, then v is assigned a negative (resp.
positive) polarity.

A propositional variable that occurs with only one polarity
in ¢ is called pure in ¢.

In the proposition below, both the first two properties and
the last two properties can be proven simultaneously through
mutual induction on the structure of ¢.

Proposition 1. Let ¢ be a propositional formula and p a
variable in var(¢). Then, the following holds:

1. If p is a positive pure variable in ¢ and w is a model of
@, then wp,,1 is a model of ¢.

If p is a negative pure variable in ¢ and w is a counter-
model of ¢, then w1 is a counter-model of ¢.

If p is a negative pure variable in ¢ and w is a model of
¢, then w)p,.q is a model of ¢.

If p is a positive pure variable in ¢ and w is a counter-
model of ¢, then wyy,, ¢ is a counter-model of ¢.

2.
3.

4.

We define nbOcc(p, ¢) as the number of occurrences of
variable p in ¢. To unambiguously identify and reference
each occurrence of p in ¢, we employ integers ranging from
1 to nbOcc(p, ¢). Indeed, for a formula ¢ in a PB, a vari-
able p occurring in ¢, and an index ¢ ranging from 1 to
nbOcc(p, ), (p, P, %) is used to denote the ith occurrence
of p in ¢ (ordered from left to right). Given a PB K =
{¢1,..., ¢} and a variable p occurring in K, we sometimes
use p; to denote the ith occurrence of p in 1 A -+ A ¢y,
where s is the polarity of this occurrence.



Additionally, we use Occ(K) to denote the set of all vari-
able occurrences in K, and Occ(p, K) to denote the set
of occurrences of p in K. We also use PosOcc(K) and
NegOce(K) to represent the positive and negative variable
occurrences in K, respectively. Similarly, PosOcc(p, K)
and NegOcc(p, K) correspond to the positive and negative
occurrences of p in K.

For instance, if K {p A q¢,=p A r,—q V —r}, then
Oce(K) vy, p5,af a5 ,r7 75}, PosOcc(K)
{pl,a . r}. NegOce(K) {p2.a,m5 )
Oce(p, K) = {p).p; }-

Let us recall that an equivalence relation on a set S is a
binary relation ~ on S that is reflexive, symmetric, and tran-
sitive. The equivalence class of e € S under ~ is represented
by [e]. The set of all equivalence classes is denoted S/ ~.

and

Variable Occurrence-based Conflicts

To achieve a fine-grained representation of inconsistency in
a PB, we focus on the occurrences of variables and the con-
flicts resulting from the relationships between them. Our ap-
proach becomes particularly valuable when variable occur-
rences that are supposed to convey identical information end
up representing conflicting data due to various factors such
as data errors or interpretive differences. Consider, for in-
stance, the case of conflicting medical reports for the same
patient but from different laboratories, where each symptom
is represented by a propositional variable (each variable oc-
currence is linked to a specific laboratory result). A symp-
tom like “high temperature” might be differently reported
depending on the laboratory’s threshold: a temperature of
39°C' might be classified as high by a laboratory with a
threshold of 39°C), but not by one with a threshold of 40°C.

A method for resolving all conflicts in a PB involves sub-
stituting every occurrence of a variable with a distinct, new
variable. Given a PB K, a C-renaming of K is a function
R that assigns a distinct, new variable to each occurrence o
in Occ(K). We use R(K) to denote the modified version of
K achieved by replacing each occurrence o with R(o). This
concept of C-renaming is applied identically to formulas.

Since the choice of C-renaming does not affect our defi-
nitions, we consider this function to be fixed and denoted R
for any PB and for any formula. To enhance readability, we
use the letters p, ¢, and 7 to denote the variables occurring
in the original PB, and z, y, and z for those in R(K).

Proposition 2. A PB K is inconsistent iff \ R(K) A

/\peva,(K) /\o,o’EOcc(p,K)(R(O) + R(0")) is inconsistent.
Considering a PB K, we define an equivalence relation

~X on Occ(K) as follows: o ~X o iff var(o) = var(o).
Let us now introduce the main concept we use to represent

conflicts.

Definition 1 (Minimal Inconsistency Relation). A Minimal

Inconsistency Relation (MIR) of a PB K is an equivalence

relation ~ on Occ(K) satisfying the following conditions:

1. (Compliance) for all occurrences 0,0’ € Occ(K), if
o~ 0, then var(o) = var(o’);

2. (Inconsistency) R(K) N\, o1y~ (R(0) <+ R(0)) is in-

consistent; and
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3. (Minimality) there exists no equivalence relation ~' on
Occ(K) that satisfies Properties (1) and (2), and ~' is a
proper subset of ~ (i.e., ~' C~).

The set of all MIRs of K is represented by MIRS(K).

The Compliance condition states that equivalence can
only occur between occurrences of the same variable. The
Inconsistency condition says that every MIR must result in
inconsistency. The Minimality condition guarantees that ev-
ery MIR is minimal with respect to set inclusion.

Using the Compliance condition, it is evident that NQ\{(
holds for any PB K and any MIR ~ of K.

Example 1. Consider the inconsistent PB K1 = {pAgq, ~pA
r,mqV —r}and R(Ky) = {x1 Ay, ~22 A 21, —w2 V D2}
The PB K admits two MIRs ~% and ~%: Occ(Ky)/ ~% =
{{p1 02 b Aal Yoo 3 {ri ) {ry 3} and Oce(K) /) ~4
{pi } v Hat' a2 3 Ao 3

The next theorem is mainly derived from Proposition 2.

Theorem 1. A PB is inconsistent iff it admits at least one
MIR.

The proposition below demonstrates that each equiva-
lence class with more than one element includes both posi-
tive and negative occurrences.

Proposition 3. Let K be a PB. For every MIR ~ of K and
every C € Occ(K)/ ~ with |C| > 2, it holds that C' N
PosOcc(K) # 0 and C N NegOcc(K) # 0.

Proof. Assume for contradiction that there exists an equiv-
alence class C {o1,...,06} s. t. k > 2 and C N
NegOcc(K) = 0. Consider refining the equivalence rela-
tion to ~', where Occ(K)/ ~' = ((Occ(K)/ ~) \ C) U
U,cc{{0}}. Using Minimality, ~" does not satisfy Incon-
sistency. Thus R(K) A A, e~ (R(0) <> R(0')) admits a
model w. Since for every o in C, R(0) is positive in R(XK),
and applying Proposition 1, w|r(o,)s1,...,R(0)—1 18 als0 a
model of R(K). Consequently, R(K) A A(, e~ (R(0) <>
R(0")) is consistent, leading to a contradiction.

A similar contradiction arises if we assume C N
PosOcc(K) = (). This is obtained by using the truth value
0 instead of 1. O

K),
€ PosOcc(K) x

Given a PB K and an equivalence relation ~ on Oce(
define PN(~) as the set {(o0,0)
NegOce(K) : 0~ 0'}.

The following theorem shows that the core of conflicts
fundamentally stems from the interactions between positive
and negative occurrences. It is primarily a consequence of
Proposition 3.

Theorem 2. Let K be a PB and ~ an equivalence rela-
tion on Occ(K). The relation ~ is an MIR iff it satisfies
the properties of Compliance, Inconsistency, and the follow-
ing property: (Minimality-2) for every equivalence relation
~" on Occ(K) that satisfies Compliance and Inconsistency,
PN(~') is not a proper subset of PN (~).

MIRs can provide a more detailed representation than
MISes, even in scenarios where the objective is to identify
conflicts as subsets of formulas.



Given a PB K and an MIR ~ on Occ(K), form,,;,.(~)
represents the set {¢ € K 3C € Oce(K)/ ~,3p €
var(¢),3i € Ns. t. |C| > 2 and (p, ¢,i) € C}. Informally,
form,,,;-(~) corresponds to the formulas that contain the oc-
currences that are paired with ~ (excluding reflexive links).

Definition 2 (O-MIS). An O-MIS of a PB K is a subset
M of K for which there exists an MIR ~ of K such that
M = formy,;.(~).

Given that form,,;.(~) is inconsistent for every MIR ~,
it follows that every O-MIS includes a MIS.

Proposition 4. Given a PB K, if M is a MIS of K, then M
is also an O-MIS of K.

Proof. According to Theorem 1, M is associated with at
least one MIR ~. Let ~' be the equivalence relation on
Occ(K) obtained by extending ~ to pair each occurrence in
K \ M with only itself. Since ~ is an MIR of M, it follows
that ~’ is an MIR of K. We know that form,,,,,.(~") is incon-
sistent. If form,,,;.(~") C M, it would contradict the mini-
mality of M. Therefore, we must have form,,,;.(~") = M,
implying that M is an O-MIS.

Example 2. Consider again the PB K, from Example 1.
With respect to the two possible MIRs, ~Zi and ~§, Ky ad-
mits two O-MISes: My = {p A qg,—p Ar} and My =
{p A q,—p A r,—qV —r}. However, K1 has only one MIS,
namely M.

The concepts of MIR and O-MIS can have an interest-
ing application in the quantification of inconsistency, follow-
ing an approach similar to that of MISes (e.g. see (Thimm
2018)). For instance, this can be done by defining measures
based on the number of MIRs, their sizes, or the number of
equivalence classes.

A Dual Notion: Maximal Consistency Relation

This section focuses on a dual notion to the MIR. This no-
tion is defined as a maximal equivalence relation on variable
occurrences constructed to avoid inconsistency.

Definition 3 (Maximal Consistency Relation). A Maximal
Consistency Relation (MCR) of a PB K is an equivalence
relation ~ on Occ(K) satisfying the following conditions:

1. (Compliance) for all occurrences 0,0’ € Occ(K), if

o~ 0, then var(o) = var(o');

2. (Consistency) \ R(K) A N\, e~ (R(0) < R(0")) is
consistent; and
3. (Maximality) there exists no equivalence relation ~' on

Occ(K) that satisfies Properties (1) and (2), and ~ is a

proper subset of ~'.

Let MCRs(K) represent the set of all MCRs of K.

Like MCSes, MCRs are uniquely determined in consis-
tent PBs.
Proposition 5. For every consistent PB K, the relation ~%
is the unique MCR of K.
Example 3. Revisiting the inconsistent PB Ky from Exam-
ple 1, we find that it admits two MCRs ~{ and ~§, where
Occ(16,)] ~5 = (o Api 1 Aai a3 ). {11 ) (77 Y and
Oce(Ky)/ ~5 = {{p1 b {py b Aa b Aae 1. {12 1

5 =
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Forgetting is a well-established method for restoring con-
sistency (Lin and Reiter 1994; Lang and Marquis 2002;
Besnard 2016). In particular, Besnard (Besnard 2016), in
the context of defining an inconsistency measure, proposes
substituting variable occurrences with constants to achieve
consistency. In this context, the MCR concept can further
enhance this perspective by providing a more holistic view.

For example, consider the PB K = {p; A+ App, —p1 A

-+ A —pp }. A forgetting-based approach would produce 2"
minimal repairs, since each variable p; could be individually
forgotten to resolve the contradiction between p; and —p;
(this involves replacing either p; or —p; with T). In contrast,
our approach yields a single MCR ~ with Occ(K)/ ~=
{pi}, {pi}:i=1,...,n}L

Given a PB K, an equivalence relation ~ on Occ(K),
and p in var(K), EQC(p, ~) denotes the set of equivalence
classes in Occ(K')/ ~ that contain an occurrence of p.

Note that a variable can be associated with at most two
equivalence classes in an MCR. This mainly arises from the
observation that in any model w of R(K), each occurrence
is associated with one of two possible truth values, 0 and 1.

Proposition 6. Let K be a PB. For every MCR ~ of K and
every variable p € var(K), the cardinality of EQC(p, ~) is
at most two, i.e., |[EQC(p, ~)| < 2.

Consider the following complementary definition of
Minimality-2:

* (Maximality-2) for every MCR ~' of K, PN (~) is not
a proper subset of PN (~').

The goal in the foregoing condition is to maximize the
equivalence between positive and negative occurrences. This
is grounded in the understanding that the essence of con-
flicts mainly arises from the interactions between positive
and negative occurrences.

Definition 4 (BMCR). A BMCR of a PB K is an MCR ~ of
K that satisfies Maximality-2.

In the definition of MIR, we demonstrated that incorpo-
rating Minimality-2 does not affect the concept, as replacing
Minimality with Minimality-2 yields the same notion. How-
ever, the following example illustrates that MCRs are not
always BMCRs.

Example 4. Consider the PB Ko = {p,—p,—p V q}. It
admits two MCRs ~§ and ~§, where Occ(Ks3)/ ~5§
{1, ps 3 {pa } A }} and Oce(K)/ ~5 {ri'},
{p5,p3 },{ai}}. The unique BMCR is because
PN(~f) = {(p{,p5)} and PN(~5) = 0.

The minimal hitting set duality between MISes and the
complements of MCSes asserts that every MIS is a mini-
mal hitting set of the set of all complements of MCSes, and
vice versa (e.g., see (Reiter 1987; Bailey and Stuckey 2005;
Liffiton et al. 2005)). This property is particularly useful for
computing all MISes and MCSes. Here, we show that a sim-
ilar duality property exists between MIRs and MCRs.

Let U be aset of elements and S = {51, ..., S} acollec-
tion of subsets of U. A hitting set of S is a set H C U that
intersects with every element of S, i.e., for every S; € S,

~



S; N H # . A hitting set is said to be minimal if no proper
subset of it can also serve as a hitting set.

To establish the duality properties, we need some prelim-
inary notions.

Definition 5 (H-Maximality). Let K be a PB and H C~K.
An equivalence relation ~ on Occ(K), where ~C~E s
said to be H-maximal if it meets the following conditions:
(i) ~ NH = (, and (ii) for any equivalence relation ~' on
Occ(K) with ~'C~E and ~C~', ~' NH # (.
Definition 6 (-Minimality). Let K be a PB and H C~X.
An equivalence relation ~ on Occ(K), where ~C~E is
said to be H-minimal if it meets the following conditions:
(i) H C~, and (ii) for any equivalence relation ~' on
Oce(K) with ~'C~, H ¢~

Alternatively stated, an equivalence relation ~§~§ is H-
maximal if and only if it excludes all elements of H and is
maximal with respect to set inclusion. The relation ~ is H-
minimal if and only if it includes all elements of H and is
minimal with respect to set inclusion.

Definition 7 (C-MCR). A C-MCR of a PB K is a relation 0
on Occ(K) such that ~% \@ is an MCR.

Let CMCRs(K) represent the set of all C-MCRs of K.
For simplicity, the duality theorem references MCRs in
one property and C-MCRs in the other.

Theorem 3. Let K be a PB and ~ an equivalence relation
on Occ(K) s.t. ~C~X_ Then, the following properties hold:

1. ~isan MCR of K iff there exists a minimal hitting set H
of MIRs(K) such that ~ is H-maximal.

2. ~ is an MIR iff there exists a minimal hitting set H of
CMCRs(K) such that ~ is H-minimal.

Proof. We provide a proof for Property 1 only, as the other
is supported by a symmetrical proof. In this proof, (R)* rep-
resents the transitive and symmetric closure of R.

We begin by proving the if part. Let H be a minimal
hitting set of MIRS(K) s. t. ~ is an H-maximal equiva-
lence relation. Note that (0,0) ¢ H for any occurrence
o0; otherwise, Property (i) from Definition 5 would be vi-
olated, as ~ NH # (. Assume, for contradiction, that
~ does not satisfy Consistency. This would imply that
R(K) A Ao,orye~(R(0) > R(0')) is inconsistent, mean-
ing there exists an MIR ~’ of K such that ~'C~. This
leads to a contradiction since ~ NH = () and there exists
(0,0') € HN ~'. Thus, ~ satisfies Consistency. Now, sup-
pose ~ does not satisfy Maximality. This implies that there
exists (0,0") €e~E \ ~s.t. (~ U(0,0"))*NH = (), resulting
in a contradiction since ~ is [-maximal.

Next, we prove the only if part. Assume ~ is an MCR of
K.Let H=~X\ ~ (the C-MCR associated with ~). Sup-
pose H is not a hitting set of MIRs(K). Then there exists
an MIR ~’ of K such that ~'C~, which leads to a con-
tradiction since ~ does not include any MIR. Let H’ be an
arbitrary minimal hitting set of MIRs(K) s.t. H' C H. Sup-
pose ~ is not H'-maximal. Then there exists (0,0') € H
s.t. (~ U{(0,0")})* does not intersect with H’. Therefore,
(~ U(o,0"))* satisfies Consistency since it does not include
any MIR, leading to a contradiction with Maximality. O
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MCR-based Inference Relations

Similar to how MCSes are used to define inference relations,
new non-explosive inference relations can be established us-
ing (B)MCRs. The key idea is to restore consistency by
modifying the propositional base according to each MCR.
This involves assigning a distinct variable to each equiva-
lence class. Following this assignment, we apply the classi-
cal inference relation to derive conclusions.

The main advantage of our approach compared to those
based on MCSes is that it retains every formula, including
inconsistent ones, and every variable when employing the
classical inference relation. In particular, our inference rela-
tions, unlike those based on MCSes, do not distinguish be-
tween a base and its corresponding formula.

We define an inference relation (IR) as a binary relation
between PBs and formulas. An IR is considered more cau-
tious than another if it is not identical to the other, and every
conclusion entailed by the first relation can also be entailed
by the second (Pinkas and Loui 1992).

Considering an MCR ~ of K, we use the following pre-
liminary notions and notations:

* A ~-renaming function is a function p.. that assigns a
distinct propositional variable to each equivalence class
in Occe(K)/ ~, where for every p € var(K), if C' is an
equivalence class of ~ containing all occurrences of p,
then p~.(C) = p. For an occurrence o, we often write
p~(0) to denote p..([0]).

p~(K) represents a PB constructed by replacing each
variable occurrence o with p..(0).

[p~] is a function that maps each variable p to the set
{p~(0) : 0 € Occ(p, K)}.
For a tuple of distinct variables S = (p1,...,Pm), wWe
define P(p~.,S) as the set of tuples [p~](p1) X -+ x
[~ ().
The choice of the ~-renaming function does not impact
any of our IRs. Thus, for every MCR ~, we assume that this
function is fixed and denoted p..

Example 5. Consider again the PB Ko = {p,—p,—pV ¢}
from Example 4. Renaming functions associated with ~§
and ~§ can be defined as follows:

* ps ={{plps o py b o e {al o g}
* prs ={{pf} o w1 {py o b w2 el o gk
We obtain p~:(Ks) = {x1, 22,721 V ¢} and p~g(K) =
{w1, ~wa, ~22 V q}. Moreover, we have [p~c| = [p~s]
{p = {x1,22},¢ = {q}}. Finally, P(p~:,(p,q))
Plp~s, (p:9)) = {(z1,9), (v2,9)}-
We now introduce four MCR-based IRs:

* K to; ¢ iff for every MCR ~ of K, there exists
a tuple (qi1,...,qm) € P(p~,S) such that p (K) F
dlp1/a1s- - P/ qm)-

* K toy ¢ iff for every MCR ~ of K and for ev-
ery tuple (qi,...,qm) € P(p~,S), p~(K) -
Blp1/ais- - Pm/qm)-



o K I-Of; ¢ iff for every BMCR ~ of K, there exists
a tuple (q1,-..,qm) € P(p~,S) such that p.(K) F
(b[pl/qlv"'apm/(bn]-

* K |-€>2qu> iff for every BMCR ~ of K and for

every tple (a1,-..,qm) € P(pes ), pu(K)  F
olp1/ar, - pm/dml.
Here, S = (p1,...,pm) represents a tuple of distinct vari-

ables such that var(K) Nvar(¢) = {p1,...,0m}

The relation Fe; asserts that a formula ¢ is a consequence
of K if, for every MCR ~, the PB derived from K by ap-
plying a renaming (which assigns a distinct variable to each
equivalence class of ~) classically entails at least one ver-
sion of ¢ that is renamed in a similar way. In the case of Feo,
we require that all versions of ¢ be entailed by the PB after
renaming. The relations I-Ojlg and I-OQB are analogous to Foq
and Feq, respectively, but use BMCRs instead of MCRs.

Example 6. Returning to Example 5, Ko o1 p and Ko Fejlg
p hold because p~c(K2) = x1 and ps(K2) = x1. However,
Ky oy p and Ko 17623 p hold since p~§(K2) ¥ x5 and
s (K2) ¥ x0. Additionally, both K, oy qand K, 1o} g
hold because p~.(K2) & g, and ~5 is the unique BUCR of
K. Using p~c (K2) ¥ q, we obtain Ky 1 q and Ko s q.

Note that while our analysis focuses on a limited set of
principles to define IRs, our approach can be adapted to es-
tablish numerous other IRs by employing principles similar
to those used in the case of MCSes (e.g., see (Pinkas and
Loui 1992)). For instance, one can derive alternative IRs by
considering conclusions derived from at least one MCR or
from preferred MCRs, taking into account different prefer-
ence criteria, such as prioritizing the largest MCRs.

Since the unique (B)MCR of a consistent PB K is Nf ,
we deduce that our four IRs coincide with the classical IR in
the case of consistent PBs.

Proposition 7. For every consistent PB K and every for-
mula ¢, the following properties are equivalent: K + ¢,
K to) ¢, K toy ¢, K toP ¢, and K toF ¢,

Next, we examine the relationships between the intro-
duced IRs. We can clearly see the following: Fe,Ctleq,
I-OQBQ %9{3, to, C I-ef, and ro,C I-QQB. Further, using the prop-
erties related to the conclusion p in Example 6, we establish
that FeoC oy, FGQBQ F€>1B, and o Z FOQB. By considering the
properties related to the conclusion g, we find that to; C %6{3 ,
Foo C o8 and RDQB Z to1. Consequently, to, is more cau-
tious than the other three IRs, whereas I-ef is less cautious
than the remaining three IRs.

Now, we exhibit some relationships between our IRs
and Priest’s Minimally Inconsistent Logic of Paradox
(LP,,) (Priest 1991).

An LP,, interpretation is a function A that assigns a value
in {{0},{1},{0,1}} to each formula in PF and meets the
following conditions: A(—¢) = {1 —v : v € A(¢)} and
Mo AY) ={vxv :veAd),v € X)) Weuse Al to
denote the set of variables p such that A(p) = {0, 1}.

We say that A is an LP,,, model of ¢, written A |=rp, ¢,
if and only if 1 € A\(¢).

15148

An LP,, model of a formula ¢ is said to be minimal iff,
for any LP,, model X" of ¢, it does not hold that \'! C AL

A PB K entails ¢ in LP,,, written K Frp_ ¢, iff for
every minimal LP,, model A of A K, A\ =rp,, ¢ holds.

First, we have {p,—p} 2 p A —pand {p,—p} Frp,
pA-p. Then, we have Fpp ZFreP, which implies
Frp, Zte1, brp, Les, and Fpp, ZHO5.

Furthermore, both teP@l1p  and telZF;p  hold.
This is demonstrated by the fact that {p, ~p, =p V ¢} I-ef) q

and {p, —p,~pVq} tey g, whereas {p, ~p, -pVq} ¥Lp, q.

Given an LP, model A of K, ~) repre-
sents an equivalence relation on Occ(K) defined
by Occ(K)/ ~x» = {Occ(p, K) IA(p)] =

1} U{PosOcc(p, K), NegOcc(p, K) : A(p) = {0,1}}.
The next proposition highlights that an MCR can be de-
rived from every model in LFP,,.

Proposition 8. If' \ is a minimal L P,, model of K, then ~ )
isan MCR of K.

Considering that F;p ¢Fe;, the following theorem

m

shows that te; is more cautious than -1 p_ .

Theorem 4. For every PB K and every formula ¢, if
K oy ¢, then K }—me ¢

Occurrence-based Semantics

Building on the approach of differentiating between occur-
rences of the same variable to restore consistency, we intro-
duce an unusual semantics that assigns truth values to the
occurrences of variables rather than to the variables them-
selves. The entailment is established through Boolean inter-
pretations that align with the occurrence-based models.

An occurrence-based interpretation (o-interpretation for
short) of a formula ¢ is a function p mapping each oc-
currence in Occ(¢) to either 0 or 1. We say that y is an
o-model of ¢ if and only if w, = R(¢), where w,, is
any boolean interpretation such that, for each o € Occ(¢),
wyu(R(0)) = u(o). An o-model of a PB K is an o-model of
its corresponding formula A K.

To define our IRs in the framework of occurrence-based
semantics, we examine two minimality properties in o-
models: a-minimality and b-minimality.

We denote by diff, (1) the set of ordered pairs {(0,0’) €
Occ(¢) x Oce(o) : var(o) = var(o'), u(o) # p(o')}. We
then define the preorder relation <, on the o-models of ¢
such that p <, w’ if and only if diff, (1) C diff,(u'). The
corresponding strict preorder is denoted by <.

An o-model u of ¢ is considered a-minimal if it is mini-
mal with respect to <, i.e., for any o-interpretation p’ of ¢
where p/ <, u, ' is not an o-model of ¢.

Observe that for every a-minimal o-model p of a con-
sistent formula, diff, (1) = . This indicates that every a-
minimal o-model in such cases can be regarded as a Boolean
interpretation: all occurrences of each variable have the
same truth value.

A relationship between MCRs and a-minimal o-models is
established in the following proposition.

Proposition 9. For every formula ¢, if u is an a-minimal
o-model of ¢, then ~¢ \diff,(11) is an MCR of ¢.



Given an MCR ~ of ¢ and a model w of W
R(¢) A Ao,orye~(R(0) < R(0')), we define 1, as an o-
interpretation such that u (o) = 1 if and only if w(R(0)) = 1.
Then, the set OM(~) consists of the o-interpretations { s, :
w € mod(T)}.

Proposition 10. For every formula ¢, if ~ is an MCR of ¢,
then OM(~) is a set of a-minimal o-models of ¢.

We say that a Boolean interpretation w is compatible with
an o-interpretation p of ¢ if and only if for every proposi-
tional variable p occurring in ¢, there exists an occurrence o
of this variable such that w(p) = (o).

We define the IRs to,; and to,5 as follows:

e K to,; ¢ iff for each a-minimal o-model p of K, there
exists a Boolean interpretation w that is compatible with
w such that w = ¢.

* K to,o ¢ iff for each a-minimal o-model y of ¢, and for
each Boolean interpretation w which is compatible with
1, it follows that w |= ¢.

Using mainly Proposition 9, we derive the following prop-
erty.

Proposition 11. For every PB K and every formula ¢,
ifK toy ¢, then K Fq41 ¢

In fact, Fo; is more cautious than te,;. We can illustrate
this using K = {p, —p,qVr}tand ¢ = (-p A (—q V —r)) V
(p A g Ar). Indeed, we have K to,1 ¢ but K oy ¢.

The distinction between to,; and Fe; mainly arises
from the fact that each MCR te; necessitates finding an
adaptation of the conclusion that can be entailed, while
Fe,1 requires an adaptation for each o-interpretation cor-
responding to an MCR. For instance, the previous PB
K admits a single MCR ~, defined by Occ(K)/ ~ =
{pT ¥ {ps 1, {a}, {r7 }}. It does not hold that K te; ¢
because {z1, x2,q V 1} does not entail any of the pos-
sible adaptations (—x1 A (—g V —r)) V (21 A ¢ A r) and
(mxo A (=g V —7)) V (22 A g Ar). We have three a-minimal
o-models py = {p — 1,p; — 0,q¢f — 1,77 ~ 0},
pae = {pf = L,p; = 0,¢f +— 0,77 +~ 1} and
pus = {pf = 1,p; ~ 0,¢ — 1,7 + 1}. The con-
clusion ¢ can be derived using three respective interpreta-
tions w1, wo, and w3, which satisfy the following conditions:
{p—=0,g—~1,r—=0} Cw,{p—0,g—~ 0,r— 1} C
wo,and {p—1,g— 1,r— 1} Cws.

Interestingly, the IR te,5 coincides with to,.

Proposition 12. For every PB K and any formula ¢,
K teqs ¢ iff Kt ¢.

Given an LP,, interpretation \ and a PB K, we define &

as the o-interpretation over Occ(K) using the following cri-
teria: for each occurrence o = (p, ¢, 1), if A(p) = {0}, then
pi(0) = 0;if A(p) = {1}, then u& (0) = 1; Otherwise, if
A(p) = {0,1}, then £ (0) = 0if 0 is a negative occurrence,
and £ (0) = 1if ois positive.
Proposition 13. Let K be a PB and A an LP,, interpreta-
tion s.t. |\(p)| = 1 for every variable p ¢ var(K). Then, X is
a minimal L P, model of K iff ,uf is an a-minimal o-model
of K.
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The forgoing proposition leads to the following theorem.

Theorem 5. For every PB K and any formula ¢, if K Fe,q
¢ then K Frp, ¢.

Given the previous theorem and the fact that
{p,—p} Frp, p A -pand {p,=p} a1 p A —p, we
conclude that o,; is more cautious than rp,_ .

IRs similar to te¥ and tel can also be defined in our
framework of occurrence-based semantics. We use diffy, (1)
to denote the set of ordered pairs {(0,0") € PosOcc(¢) x
NegOcce(g) : var(o) = var(o'), u(o) # u(o’)}. We define a
preorder relation <; on the o-models of ¢ as follows: pu <
p' if and only if diff,(u) C diff,(1'). Its associated strict
preorder is denoted by <.

An o-model p of ¢ is said to be b-minimal if and only if
it is a-minimal and, for any o-model pu of ¢, u’ 4, p holds.

The IRs ey and ey, are defined in the same way as to,;
and Fe,o, respectively, but using b-minimal o-model instead
a-minimal o-models.

The relation oy also coincides with Fef . Moreover,
since every b-minimal o-model is also a-minimal, it follows
that te,; Ctepy. Using {p, =p, ~p V ¢} top1 ¢, {p,—~p,—pV
q} fPa1 q and {p,—p,—p V q} Vrp, ¢, we deduce
to,1C Foyr and oy Z-1p,..

Let us summarize the cautiousness relationships:

« toyCtley, topClel, to g tel, B te;, teiCtef,
tef Ctoy, to1Chrp,, Y Zhpp,  and Fpp, Z o]

m

« to1Clo,,  Fega=ley,  tePCley,  tep=te,
o1 Clop, teaiZtef, tPZte,, te,iChip,.,
and |—me,@ |‘91,1.

Since all our IRs are grounded in the classic inference re-
lation and Boolean interpretations, they exhibit the follow-
ing properties: (1) all consequences derived from our IRs
are consistent; (2) any formula equivalent to a derived con-
sequence is itself also a consequence.

These two properties highlight the key distinctions be-
tween our approach and that of LP,,. In fact, apart from
Frp, leading to contradictions, a result motivated by di-
aletheism, 1, p  can also yield a consistent formula with-
out ensuring that its equivalent formulas are consequences
as well. For instance, we have {p, —p, =q¢} Frp,, (pVg)A—p

but {p, -p, ~q} ¥rp, q N -p.

Conclusion and Perspectives

We presented a variable occurrence-based framework for
resolving propositional inconsistencies. We introduced two
complimentary concepts: Minimal Inconsistency Relations
(MIRs) and Maximal Consistency Relations (MCRs). Using
MCRs, we defined several non-explosive inference relations.
We proposed further non-explosive inference relations using
an occurrence-based semantics.

For future work, we aim to investigate computational
problems associated with MIRs, MCRs, and our inference
relations. Moreover, we intend to develop additional infer-
ence relations by focusing on specific MCRs. Our plans
also include broadening our approach to include some non-
classical logics.
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