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Abstract

Knowledge compilation is a method of transforming knowl-
edge into a compressed and tractable form for permitting
more efficient operations. For Boolean functions, numerous
representations have been proposed that enhance succinct-
ness and tractability. In this paper, we introduce a new rep-
resentation named structured Decomposable And-Sum Cir-
cuit (st-DASC), which employs ∧ and + nodes with signed
edges, in place of the standard ∧ and ∨ nodes with unsigned
edges. Notably, incorporating negative signs permits poly-
time logical negation. By following a knowledge compila-
tion map, we show that st-DASCs are more succinct than
Sentential Decision Diagrams (SDDs) while maintaining sup-
port for every operation on the knowledge compilation map
that SDD supports. Furthermore, st-DASCs are even more
succinct than structured d-DNNFs (st-d-DNNFs), which are
more succinct than SDDs although they support fewer op-
erations than SDDs. Accordingly, st-DASCs break the tra-
ditional trade-off between succinctness and tractability over
SDDs and st-d-DNNFs.

Introduction
Knowledge compilation is a method for handling propo-
sitional reasoning at high speed (Darwiche 1999). In this
method, propositional logic is compiled into a certain rep-
resentation and various operations can be performed on it.

The many representations of Boolean functions are char-
acterized by the trade-off relationship between their suc-
cinctness and tractability. Among them, an Ordered Binary
Decision Diagram (OBDD) (Bryant 1986) is a popular lan-
guage due to its high succinctness and traceability, and it has
been used in a wide range of applications (Álvaro Torralba
et al. 2017; Chaki and Gurfinkel 2018; Hardy, Lucet, and
Limnios 2007). Sentential Decision Diagrams (SDDs) (Dar-
wiche 2011) are more succinct than OBDDs, although they
have identical tractable operations. Thanks to its succinct-
ness and tractability, an SDD also have numerous applica-
tions including probabilistic inference by weighted model
counting (Choi, Kisa, and Darwiche 2013), neuro-symbolic
AI (Manhaeve et al. 2018; Ahmed et al. 2022), and learning
neural network parameters (Xu et al. 2018). A remaining
challenge is finding a representation that is not only more
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succinct than SDD but also supports similar operations. The
one closest to this ideal solution is a structured d-DNNF (st-
d-DNNF) (Pipatsrisawat and Darwiche 2008). St-d-DNNFs
are more succinct than SDDs, but they do not support certain
tractable operations, such as logical negation, bounded dis-
junction, and single forgetting (Vinall-Smeeth 2024), all of
which are supported by SDDs. To the best of our knowledge,
no generalization of an st-d-DNNF has produced a represen-
tation that supports these operations.

In this paper, we propose structured Decomposable And-
Sum Circuits (st-DASCs), which decompose Boolean func-
tions with ∧ and + nodes; existing methods use ∧ and ∨.
Here, signed edges are applied to st-DASC to enable it to
perform logical negation. St-DASC is a generalization of
st-d-DNNF, where the ∨ nodes are replaced into + nodes
with binary edge signs. We show that st-DASCs are more
succinct than st-d-DNNFs, meaning that they are also more
succinct than SDDs. Moreover, we also show that st-DASCs
support in polynomial time all of the operations that are on
knowledge compilation map (Darwiche and Marquis 2002)
and that SDDs support in polynomial time. In that sense,
st-DASCs actually break the trade-off of succinctness and
tractability over SDDs and st-d-DNNFs. More precisely,
representation A breaks the trade-off over representation B
when (I) A supports all the operations that B supports and
is more succinct than B, or (II) A is at least as succinct as
B and supports more transformations and the same queries
compared to B. Within this definition, st-DASCs meet both
(I) and (II) over st-d-DNNFs and meet (I) over SDDs.

The key capability is logical negation. By imposing
edge signs, st-DASCs support logical negation, which st-d-
DNNFs do not. Some operations that st-d-DNNFs do not
support can be reduced to negation, which contributes to
the tractability of st-DASCs. Such tractable negation also
demonstrates a proof of succinctness. As a result, st-DASCs
overcome the current trade-off because they are not only
more succinct than st-d-DNNFs but also support more oper-
ations in polytime, at least concerning the knowledge com-
pilation map.

Related Work
Various target languages of knowledge compilation have
been proposed to represent Boolean functions. In addition to
OBDD, SDD, and st-d-DNNF, NNF subsets include NNF,
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DNNF, and d-DNNF. Each representation reaches a dif-
ferent trade-off between succinctness and tractability, and
each of the different applications has its appropriate repre-
sentation (Huang and Darwiche 2005; Bonet and Geffner
2006; Pipatsrisawat and Darwiche 2007). Among them,
OBDD and SDD have been used in a wide range of appli-
cations (Hardy, Lucet, and Limnios 2007; Inoue et al. 2014;
Maehara, Suzuki, and Ishihata 2017; Xu et al. 2018; Chavira
and Darwiche 2008; Choi, Kisa, and Darwiche 2013) since
they are flexible languages with the richest number of oper-
ations, such as logical conjunction and disjunction in poly-
time. St-DASC is the most flexible knowledge compila-
tion language among those following this trend. Among
these representations of Boolean functions, succinctness and
tractability basically form a trade-off relationship. A knowl-
edge compilation map (Darwiche and Marquis 2002) has
been developed to analyze this trade-off. It facilitates the
selection of appropriate representation for each application.
There has also been research on adding new representations
to the knowledge compilation map (Darwiche 2014).

The arithmetic circuit (Darwiche 2003) is a circuit-based
representation of real-valued functions. In addition, a prob-
abilistic circuit (Poon and Domingos 2011; Kisa et al. 2014)
is a subclass of arithmetic circuits limited to the representa-
tion of probability distributions. Although previous studies
have addressed the operations supported among probabilis-
tic circuits (Choi, Vergari, and Van den Broeck 2020; Shen,
Choi, and Darwiche 2016; Vergari et al. 2021), no study
has focused on the ability of arithmetic circuits to represent
Boolean functions.

Preliminaries
A Boolean function takes n binary variables of {0, 1} as
input and returns {0, 1} as output. We consider Boolean
functions to be a subset of real-valued functions and in-
troduce numerical operations such as +,×,min and max.
The assignment of input variables that makes the output of
a Boolean function equal to 1 is called a model. A Boolean
function is considered consistent if it has a model. The log-
ical expression in the form

∨
i ℓi for literal ℓi is called a

clause. Similarly, a logical expression in the form
∧

i ℓi is
called a term. Next we introduce the conditioning and for-
getting operations for Boolean functions.

Definition 1. (Darwiche 1999) Let f be a Boolean function
and let t be a consistent term. The conditioning of f on t,
denoted as f |t, is a Boolean function obtained by assigning
each variable x of f by 1 if x is a positive literal of t and by
0 if it is a negative literal of t.

Definition 2. (Darwiche and Marquis 2002) Let f be a
Boolean function, and let X be a subset of variables. The
forgetting of X from f , denoted as ∃X.f , is a Boolean func-
tion that satisfies ∃X.f |x = ∃X.f |¬x for any x ∈ X and
f |= g ⇔ ∃X.f |= g for any Boolean function g that does
not include any variable from X . Here, f |= g means that f
implies g, i.e., g = f ∧ g.

Negation Normal Form (NNF), which is a representation
of a Boolean function, is defined as follows.

∨

∧ ∧

∧ ¬x3 ∧ x3

x1 x2 ¬x1 x2

Figure 1: An st-d-DNNF representing (x1 ∧ x2 ∧ ¬x3) ∨
(¬x1 ∧ x2 ∧ x3).

Definition 3. An NNF is a rooted DAG whose leaf nodes
are labeled 1, 0, x, or ¬x. Non-leaf nodes are labeled either
∨ or ∧.

Figure 1 shows an example of an NNF. Without loss of
generality, we assume that each ∧ node has only 2 children.
The size of an NNF is the number of edges. For any node v
in an NNF, we define its scope Var(v) as the set of variables
that appear in the subgraph with v as the root. We define
Boolean function fv corresponding to node v as follows:

• When v is a leaf node, fv equals the label of v.
• When v is a ∨ node, fv = maxi fci , where {c1, . . . , ck}

are the child nodes of v; here, the above equation means
that they are equal for any assignment, i.e., fv(a) =
maxi fci(a) for any assignment a.

• When v is a ∧ node, fv = mini fci , which means that
fv(a) = mini fci(a) for any assignment a.

We denote a Boolean function corresponding to the OBDD
with root r as fr.

The subsets of NNFs are often considered by assuming
various properties. The following are some of the main prop-
erties.

• Decomposability: An NNF is decomposable when no ∧-
node in it shares a variable. That is, for any ∧ node with
child nodes c1, c2, Var(c1) ∩Var(c2) = ∅.

• Determinism: An NNF is deterministic when at most
one input becomes 1 for any ∨ node and any input as-
signment. In other words, an NNF is deterministic when∑

i fci(a) ≤ 1 for any ∨ node and any input assignment
a, where {c1, . . . , ck} are the child nodes of v.

• Smoothness: An NNF is smooth when the children of a
∨ node have the same scope. In other words, an NNF is
smooth when Var(ci) = Var(cj) for any ∨ node with
child nodes {c1, . . . , ck} and any i ̸= j.

• Structured decomposability: A decomposable NNF is
structured decomposable when the scope of the variables
follows a certain binary tree (vtree). A vtree for set of
variables X is a binary tree in which each leaf node
has a one-to-one correspondence to a variable; for each
node v in the vtree, we define its scope Var(v) as the
set of variables that appear in the subtree with v as its
root. A decomposable NNF respects a vtree if for any
∧ node with child nodes {c1, c2}, there exists a certain
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node ϵ and its child nodes {c1, c2} on the vtree such that
Var(ci) ⊆ Var(ci) for i ∈ {1, 2}.

Various NNF subsets are defined by a combination of these
properties, although the two discussed in this paper are st-d-
DNNF and SDD. St-d-DNNFs are defined as structured de-
composable and deterministic NNFs. SDDs can be regarded
as st-d-DNNFs with additional constraints.
Definition 4. For two representation classes of Boolean
functions, A and B, A is considered at least as succinct as
B, denoted as A ≤ B, if polynomial p exists such that, for
every representation β ∈ B, there exists an equivalent rep-
resentation α ∈ A, where |α| ≤ p(|β|). Here, |α| and |β| are
the sizes of α and β. We say representation class A is more
succinct than B if A is at least as succinct as B and B is not
at least as succinct as A.

The knowledge compilation map also analyses the pos-
sible operations in polynomial time for each representation
class. There are two types of operations: queries and trans-
formations. A query operation calculates a certain value
without transforming a representation. A transformation op-
eration constructs a representation that satisfies a condition.
Table 1 shows all of the queries and transformations dis-
cussed in the knowledge compilation map paper (Darwiche
and Marquis 2002). The richness of polytime queries and
succinctness basically have a trade-off relationship. For ex-
ample, st-d-DNNFs are more succinct than SDDs, although
st-d-DNNFs do not support logical negation and certain
other operations that SDDs support (Vinall-Smeeth 2024).

Structured Decomposable And-Sum Circuits
(st-DASCs)

In this section, we define st-DASC and give some examples.
First, we explain the basic idea. St-d-DNNFs do not sup-

port logical negation and other operations that can be re-
duced to logical negation (Vinall-Smeeth 2024). Moreover,
in st-d-DNNFs, there is a function whose size increases
super-polynomially when negation is taken (Vinall-Smeeth
2024). Therefore, if a generalization of st-d-DNNFs could
support negation without losing the ability to support the
other operations, it would become a more tractable and suc-
cinct representation than st-d-DNNFs.

To achieve this, we introduce two approaches for general-
izing st-d-DNNFs. First, we introduce + nodes, instead of ∨
nodes that are used in st-d-DNNFs. A + node decomposes
a function into the sum of its child nodes. In st-d-DNNFs, a
∨ node never appears in cases where both inputs are 1 due
to determinism. For the other inputs, the outputs are origi-
nally identical to +. Therefore, + nodes are a generalization
of ∨ nodes under determinism. Even if we replace determin-
istic ∨ nodes with + nodes and impose a Boolean restric-
tion instead of determinism, it supports the same operations
as st-d-DNNF because it supports counting and conjunc-
tions, as shown later. Furthermore, by using negative edge
signs, it supports logical negation that st-d-DNNF does not.
The tractable negation also contributes to demonstrating the
proof of succinctness between st-d-DNNF and st-DASC.

Next we define ASCs, which are the representations de-
composing Boolean function with + and ∧, as follows.

∧
v3

+
v1

+
v2

1 ∧ ¬x3 ∧

x1 x2 x3 x4

1 −1 1 1

x1 x2 x3 x4

Figure 2: Example of st-DASC and its vtree.

Definition 5. An And-Sum Circuit (ASC) is a rooted DAG.
Each leaf node is labeled as 1, 0, variable x, or its negation
¬x. Here, a 1 and a 0 nodes are called constant nodes and
the other leaf nodes are called literal nodes. Each non-leaf
node is labeled either + or ∧. Each edge between a + node
and its child node has sign w ∈ {−1, 1}.

For an ASC, function fv , corresponding to each node v,
is defined as follows. When v is a leaf node, fv is defined in
the same way as NNF. When v is a + node with child nodes
{c1, . . . , ck} and edge signs {w1, . . . , wk}, fv =

∑
i wifci ,

denoting that fv(a) =
∑

i wifci(a) for any assignment a.
When v is a ∧ node with child nodes ci, fv = min fci .

1

Let function fr corresponding to root r be the function cor-
responding to the ASC.

Unlike NNF, an ASC’s output is not guaranteed to be 0,1.
Therefore, we assume that ASC satisfies the following prop-
erty so that it represents a Boolean function. An ASC is
called Boolean when for any node v, fv(a) is either 0 or
1 for any assignment a. A Boolean ASC can be regarded as
a representation of a Boolean function. Hereinafter, unless
otherwise noted, ASCs are assumed to be Boolean. The size
of an ASC is defined by the number of its edges. Since each
edge sign uses only constant space, the size can be compared
with reference to the number of edges, as in the existing de-
composition using ∧,∨.

For ASCs, such properties as decomposability, smooth-
ness and structured decomposability can be defined identi-
cally as for NNFs. Note that the ∨ nodes in the definition of
smoothness are replaced with + nodes. We denote a struc-
tured decomposable ASC by st-DASC.

For node v of st-DASC, decomposition node d(v) is de-
fined as lowest node v on the vtree such that Var(v) ⊆
Var(v). In the following, when we consider operations be-
tween two st-DASCs, we assume that they are respecting the
same vtree. Note that this assumption is also ordinal and thus
imposed in this paper for st-d-DNNFs.

Figure 2 shows an example of an st-DASC and its vtree.
Node v1 in the figure represents function 1− (x1 ∧ x2) and
corresponds to taking logical negation ¬(x1 ∧ x2). Node v2
represents function¬x3+x3∧x4, which simply corresponds
to taking logical disjunction ¬x3 ∨ (x3 ∧x4). Therefore, the
corresponding function to node v3 is ¬(x1 ∧ x2) ∧ (¬x3 ∨
(x3 ∧ x4)).

1If ASC is Boolean, min fci equals ∧ifci .
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Name Explanation Complexity

Q
ue

ry

CO Answering whether f has a model O(m1)
VA Answering whether f is valid, i.e., f is evaluated as 1 for any assignment of variables O(m1)
CE Answering whether f |= γ holds for clause γ O(m1)
EQ Answering whether f and g are equivalent O(m1m2)
SE Answering whether f |= g holds O(m1m2)
IM Answering whether t |= f holds for term t O(m1)
CT Counting the number of the models of f O(m1)
ME Enumerating the models of f O(n′m1CT(f))

Tr
an

sf
or

m
at

io
n

∧BC Constructing st-DASC representing the logical conjunction of f, g O(m1m2)
∨BC Constructing st-DASC representing the logical disjunction of f, g O(m1m2)
¬C Constructing st-DASC representing the logical negation of f O(1)
CD Constructing st-DASC representing f |t, f conditioned by term t O(m1)
SFO Constructing st-DASC representing ∃x.f for variable x O(m2

1)
∧C Constructing st-DASC representing the logical conjunction of f1, f2, . . . , fk •
∨C Constructing st-DASC representing the logical disjunction of f1, f2, . . . , fk •
FO Constructing st-DASC representing ∃X.f for variable set X •

Table 1: Operations and their complexity on st-DASCs: We assume that f is represented by st-DASC A with size m1 and
that g is represented by st-DASC B with size m2. The number of variables f mentions is denoted by n′. Symbol • means the
operation cannot be performed in polytime on st-DASC regardless of whether P̸= NP.

Main Results
Here we introduce two main theorems. The first involves op-
erations supported by st-DASCs, while the second concerns
succinctness of st-DASCs. The first theorem shows that st-
DASCs support the same operations as SDDs. The second
shows that st-DASCs are more succinct than st-d-DNNFs.
Theorem 1. CO, VA, EQ, CE, SE, IM, CT, ∧BC, ∨BC,
¬C, CD and SFO can be performed in polynomial time on
st-DASCs with respect to the sizes of st-DASCs. ME can be
performed in polynomial time with respect to the size of st-
DASC and the number of models. However, ∧C, ∨C and FO
cannot be performed in polynomial time on st-DASCs.
Theorem 2. St-DASCs are more succinct than st-d-DNNFs.

Theorem 2 also means that st-DASCs are more suc-
cinct than SDDs since st-d-DNNFs are more succinct than
SDDs (Vinall-Smeeth 2024).

Proof of Theorem 1
Most operations can be performed by a combination of
∧BC, CT, ¬C, and CD. CD can be performed by almost the
same method as in the case of NNF. Therefore, we first show
that ∧BC, CT, and ¬C are possible in polytime. Then we
show that other operations can be performed in polytime.

Let f, g be Boolean functions and γ, t be a clause and a
term. We assume that f is represented by an st-DASC with
size m1, and g is represented by an st-DASC with size m2.
We denote the number of literals of γ, t as |γ|, |t|. Table 1
summarizes the complexities of the operations.

∧BC For two st-DASCs respecting the same vtree, the
st-DASC corresponding to their logical conjunction can be
constructed by Algorithm 1. It resembles the algorithm of
conjoining st-d-DNNFs (Pipatsrisawat and Darwiche 2008);
the difference is the existence of signs on the edges.

The following is the specific idea behind this approach.
Considering that outputs of st-DASCs are only {0, 1}, the

logical conjunction can be identified by multiplication. For
st-DASCs A,B, and their roots u, v, multiplication fufv can
be decomposed recursively. From Lines 4 to 6, we deal with
a case where at least one of the nodes is a 0 or a 1 node.
The part under Line 7 is the other case, where lca(s, t) is the
lowest common ancestor of vtree nodes s and t. When u and
v do not share variables, they can be simply connected with
a ∧ node (Lines 9-10). If u and v are both literal nodes, their
product is returned, i.e., return 0 if one of the labels of u and
v is x and the other is ¬x, or return u otherwise (Lines 11-
15). In Lines 16-17, if u is a + node, it decomposes into the
weighted sum of child nodes. If both u and v are ∧ nodes,
they decompose into the conjunction (Lines 18-21). In this
part, L = ancl,R = ancr are the left child and the right
child of anc. Node uL is u’s child c where Var(c) ⊆ Var(L)
if anc = d(u); otherwise, uL is u itself. Node uR is u’s child
c where Var(c) ⊆ Var(R) if anc = d(u); otherwise, uR

is u itself. Nodes vL, vR are similarly defined. The resultant
node’s decomposition node is defined as the lowest common
ancestor anc. To avoid repeating the same calculation, we
store the results of previous calculations in the cache and
use them as needed (Lines 3,22).

We show that st-DASC CON(u, v) represents Boolean
function fufv by induction on the depth of u and v. The
base cases are in Lines 4,5,6,10,13, and 15: for these cases,
the returned left node or the node stored in res truly
represents fufv . In Line 17, by the induction hypothesis,
CON(ui, v) represents fui

fv . Then, node res represents∑
i wi(fui

fv) = (
∑

i wifui
)fv = fufv . In Line 20, by the

induction hypothesis, CON(uL, vL) and CON(uR, vR) rep-
resent fuLfvL and fuRfvR . Since we can write fu = fuLfuR

and fv = fvLfvR by the definition of uL, uR, vL, vR, node res
represents (fuLfvL)(fuRfvR) = (fuLfuR)(fvLfvR) = fufv .

Thus, a logical conjunction can be calculated by recur-
sively performing this method. The computational complex-
ity is O(m1m2), where m1,m2 are the sizes of A,B. This is

15103



Algorithm 1: CON(u, v)

Input : Two st-DASCs u, v respecting the same
vtree

Output: An st-DASC corresponding to the
conjunction of u and v

1 if (i) d(u) = d(v), u is a ∧ node and v is a + node,
or (ii) d(v) is an ancestor of d(u) then

2 swap(u, v)
3 if CACHE(u, v) ̸= null then return CACHE(u, v)
4 else if u or v is 0 node then return 0
5 else if u is 1 node then return v
6 else if v is 1 node then return u
7 else
8 s← d(u), t← d(v), anc← lca(s, t)
9 if anc is neither s nor t then

10 res← u ∧ v
11 else if u, v are both literal nodes then
12 if the labels of u and v are identical then
13 res← u
14 else
15 res← 0
16 else if u is a + node then

// Let the child nodes of u be
{(u1, w1), . . . , (uk, wk)}

17 res← a + node with child nodes
{(CON(u1, v), w1), . . . , (CON(uk, v), wk)}

18 else
// When u, v are both ∧ nodes

19 L← ancl, R← ancr

20 res← CON(uL, vL) ∧ CON(uR, vR)
21 d(res)← anc
22 CACHE(u, v)← res
23 return res

because, except for the cache, the recursion is called at most
the number of different node pairs, and the internal process-
ing takes at most the number of children on one side. Note
that the output of CON satisfies the definition of st-DASC.
Indeed, the output is structured decomposable because CON
decomposes according to the input vtree.

CT We denote the number of models as CT(f) for
Boolean function f . We consider calculating the number
of models of function fv corresponding to each node v of
an st-DASC. Note that we always consider fv a Boolean
function of n input variables in when addressing the num-
ber of models. If v is a literal node, CT(fv) = 2n−1.
Similarly, CT(fv) = 0 if v is a 0 node, and CT(fv) =
2n if v is a 1 node. If v is a + node with child nodes
{(c1, w1), (c2, w2), . . . , (ck, wk)},

CT(fv) =
∑
a

fv(a) =
∑
a

∑
i

wifci(a)

=
∑
i

wi

(∑
a

fci(a)

)
=
∑
i

wiCT(fci). (1)

If v is a ∧ node with child nodes {c1, c2},

CT(fv) =
∑
a

fv(a)

=
∑
y

∑
z

fc1(y, z)fc2(y, z)

=
∑
y

fc1(y,1)
∑
z

fc2(1, z) (2)

=

∑
a fc1(a)

2|Z|

∑
a fc2(a)

2|Y |

= CT(fc1)CT(fc2)/2
n, (3)

where X is the underlying variable sets, Y = Var(c1) and
Z = X\Y . Note that Var(c1) ∩ Var(c2) = ∅ by the defini-
tion of decomposability and thus Var(c2) ⊆ X\Var(c1) =
Z. In Eq. (2), (y,1) is the assignment where all the elements
corresponding to Z are 1 and those corresponding to Y are
y. (1, z) is defined in a similar way. Since fc1 depends only
on Y , fc1(y, z) = fc1(y,1) for any y, z. In a similar way,
we can show that fc2(y, z) = fc2(1, z) for any y, z. There-
fore, the equality (2) holds. CT(fr) is the number of models
of an st-DASC.

Next we show that CT(f) can be computed in O(m1)
time. First, we compute the CT values for the literal and con-
stant nodes as described above. Then every internal node’s
CT value can be computed by recursively applying (1) and
(3) in a bottom-up manner. (1) and (3) denote that the CT
value for any internal node can be computed in linear time
in the number of outgoing edges from the node. Thus, the
overall time is proportional to O(m1), where m1 is the num-
ber of edges in the input st-DASC. This method can be eas-
ily extended to weighted model counting by multiplying the
weight to a value corresponding to the leaf nodes.

¬C ¬C is a transformation that constructs a formula corre-
sponding to the logical negation of given formula A. ¬C can
be performed by preparing a + node, attaching A to its child
node with a−1-signed edge, and attaching a leaf node to the
other with a label 1 and a 1-signed edge. The computational
complexity is O(1).

CD CD is a transformation that constructs a formula cor-
responding to A|t for given formula A and consistent term
t, and can be performed in the same way as in NNF. For any
variable x, if x is included in t, then each leaf node labeled
with x is replaced with constant node 1, and each leaf node
labeled with ¬x is replaced with constant node 0. Similarly,
if ¬x is included in t, then each leaf node labeled with ¬x
is replaced with constant node 1, and each leaf node labeled
with x is replaced with constant node 0. Note that the re-
sult of this operation satisfies the restriction that each node
corresponds to a Boolean function, since it corresponds to
copying the outputs for certain assignments to other assign-
ments. Since the entire tree is searched to re-label the leaf
nodes, the computational complexity is O(m1).

Compilation from a term and a clause In preparation for
proving that other operations can be performed in polytime,
we show the following lemma.
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Lemma 1. For any vtree and term t, an O(|t|)-sized st-
DASC corresponding to t can be constructed. Similarly, for
any vtree and clause γ, an O(|γ|)-sized st-DASC corre-
sponding to γ can be constructed.

Proof. We construct an st-DASC corresponding to term t
and a vtree as follows. First, we replace each leaf node of
the vtree with a corresponding literal or value. For each leaf
vtree node v with Var(v) = x, v is replaced by x if x is
contained in t, replaced by ¬x if ¬x is contained in t, and
replaced by 1 if neither is the case. Then each internal node
of the vtree is replaced by a ∧ node. Finally, the redundant
nodes are contracted, i.e., the ∧ node with 1 node as a child
is eliminated and its parent is directly connected to the other
child. The size is O(|t|), since it has strictly |t| leaf nodes
and 2(|t| − 1) edges.

The st-DASC corresponding to a clause can be con-
structed as follows. Any clause with |γ|-literals can be repre-
sented as the negation of a term with |γ|-literals, and the st-
DASC can perform negation by using a + node with signed
edges as shown above. Therefore, using negation and the
above term construction, we can construct an st-DASC with
O(|γ|) size corresponding to any clause.

CO, VA, CE, EQ, SE, IM These operations can be per-
formed using CT, ∧BC, CD, and ¬C. CO is a query to de-
termine whether the model exists, which can be judged by
whether the result of CT is non-zero. VA is a query to deter-
mine whether the function is always 1, that is, whether the
result of CT equals 2n. SE is a query to determine whether
the model set of g includes the model set of f , which can
be checked by whether CT(f ∧ g) = CT(f). EQ is a query
to determine whether two given functions are equal, which
can be determined by performing SE on each of them. IM
is identical as SE except that formula f is replaced by term
t, which can be determined by whether CT(f |t) = 2n. CE,
which determines whether the model set of clause γ includes
the model set of formula f , also resembles SE, which can be
reduced to IM on ¬f and ¬γ. The computational complex-
ity is as follows. CO and VA can be performed in O(m1),
which is due to the complexity of CT. The computational
complexity of SE and EQ are O(m1m2), since the most
time-consuming part is taking the logical conjunction. The
computational complexity of IM and CE is O(m1) since it
can be performed by combining CD, CT, and¬C; all of these
operations can be performed in O(m1).

ME ME is a query that enumerates models of a given st-
DASC of Boolean function f , which can be achieve by com-
bining CD and CO. For details, see this work (Darwiche and
Marquis 2002). The overall complexity is O(n′m1CT(f)).

∨BC ∨BC is a transformation that constructs a formula
corresponding to the logical disjunction of given formulas A
and B. Since f∨g = ¬(¬f∧¬g) by De Morgan’s law, ∨BC
can be achieved by combining the operations corresponding
to ∧BC and ¬C described above. The computational com-
plexity and size are both O(m1m2), since the most time-
consuming part is taking the logical conjunction.

SFO SFO is a transformation that constructs a formula
corresponding to (A|x) ∨ (A|¬x) for given formula A and
variable x. Since CD and ∨BC can be calculated in polyno-
mial time, SFO can also be calculated by combining them.
The computational complexity is O(m2

1), since again the
most time-consuming part is taking the logical disjunction.

Non-Polynomial Operations
The full proofs for the intractability of ∧C, ∨C, and FO on
the st-DASCs are found in the Appendix. In this subsection,
we show proof sketches.

∧C, ∨C Assume that ∧C can be performed in polynomial
time on an st-DASC. Let f = (x1 ∨ ¬y1) ∧ (¬x1 ∨ y1) ∧
(x2 ∨¬y2) ∧ (¬x2 ∨ y2) ∧ · · · ∧ (xn ∨¬yn) ∧ (¬xn ∨ yn).
We represent f by an st-DASC with specific vtree T . Since
each clause in f can be represented by linear size st-DASC,
we can construct an st-DASC representing f whose size is
polynomial in n by the assumption. However, we can also
prove that the size of the st-DASC representing f must be
exponential in n, which is a contradiction. Therefore, ∧C
cannot be performed in polynomial time on st-DASC.

Considering ¬f , we can similarly prove the intractability
of ∨C.

FO We again consider function f appearing in the proof
of the intractability of ∧C. Let Ci be the i-th clause of f
and h = (z1 ∧ ¬C1) ∨ (¬z1 ∧ z2 ∧ ¬C2) ∨ . . . (¬z1 ∧
¬z2 ∧ · · · ∧ z2n ∧ ¬C2n). We again consider the st-DASC
representation of h with specific vtree T . We can prove that
there is an st-DASC representing h whose size is polynomial
in n. However, ∃{z1, . . . , z2n}.f = ¬C1 ∨ · · · ∨ ¬C2n =
¬(C1 ∧ · · · ∧ C2n) = ¬f . If we assume that FO can be per-
formed in polynomial time, since st-DASC can perform ¬C,
we can construct an st-DASC representing f in polynomial
time in the size of the st-DASC of h. This means that the size
of the constructed st-DASC is polynomial in n. However,
we already proved that the size of an st-DASC representing
f becomes exponential in n, which is a contradiction. Thus,
we cannot perform FO in polynomial time on an st-DASC.

Proof of Theorem 2
The proof of Theorem 2 consists of two elements. First
we show the existence of a poly-size encoding from st-d-
DNNFs to st-DASCs. Second, we show that some functions
can be represented in polynomial-sized st-DASCs but cannot
in polynomial-sized st-d-DNNFs. This can be shown using
existing results for st-d-DNNFs.

Encoding from st-d-DNNFs to st-DASCs Encoding
from an st-d-DNNF to an st-DASC can be accomplished
by simply replacing the ∨ nodes with + nodes having 1
signs for all edges heading to child nodes. The st-DASC con-
structed in this way represents the same Boolean function
as the original st-d-DNNF since ∨ nodes can be replaced
by + nodes without changing the output value due to de-
terminism. Therefore, st-DASCs are at least as succinct as
st-d-DNNFs.
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Structured
SDD d-DNNF st-DASC

CO ✓ ✓ ✓
VA ✓ ✓ ✓
CE ✓ ✓ ✓
IM ✓ ✓ ✓
EQ ✓ ✓ ✓
SE ✓ ✓ ✓
CT ✓ ✓ ✓
ME ✓ ✓ ✓

Table 2: Tractable queries for SDDs, st-d-DNNFs, and st-
DASCs: Symbol ✓means that representation class can an-
swer the query in polynomial time in representation size.

Existence of the separation A previous result on the suc-
cinctness of st-d-DNNFs can be used to prove Theorem 2.

Theorem 3. (Vinall-Smeeth 2024) For every n ∈ N, there
exists Boolean function f with an equivalent st-d-DNNF of
size n, such that any structured DNNF equivalent to ¬f has
size nΩ̃(log n).

Here, Ω̃(f) is identical as Ω(f) notation except that poly-
logarithmic factors of f are ignored.

Let us take function f , which can be represented by an
st-d-DNNF of size n, although ¬f cannot be represented in
size polynomial of n by st-d-DNNFs. Since st-d-DNNFs are
a subset of structured DNNFs, such a Boolean function f
exists from Theorem 3. Since an st-d-DNNF can be encoded
in an st-DASC in polynomial time, as shown in the previous
section, f can be represented by an st-DASC of polynomial
size. Since ¬C of an st-DASC can be performed in polyno-
mial time, ¬f can be represented by a polynomial-sized st-
DASC. Therefore, ¬f is a function that can be represented
by an st-DASC of size polynomial in n but cannot by an
st-d-DNNF of size polynomial in n.

Discussion
This section compares the polynomial operations of st-
DASCs and other representation classes and gives an intu-
itive understanding of them.

Tables 2 and 3 show the possible operations on each rep-
resentation class, where ✓denotes that the operation can be
performed in polynomial time and • denotes it cannot be.
One feature of st-DASCs is that they can perform operations
equivalent to SDDs in polynomial time for the operations
on the knowledge compilation map. Within st-DASCs, all
the operations that can be performed in polynomial time in
st-d-DNNFs can be performed, and additional operations,
such as ¬C, ∨BC, and SFO, can also be performed in poly-
nomial time. Furthermore, Theorem 2 shows that st-DASCs
are more succinct than st-d-DNNFs. Such high succinctness
and tractability of st-DASCs can be attributed to negation.
St-DASCs can easily realize ¬C by a −1 sign and ∨BC and
SFO can be reduced to ¬C. Furthermore, as shown in the
proof of Theorem 2, the fact that negation can be taken also
contributes to establishing the proof of succinctness.

Structured
SDD d-DNNF st-DASC

CD ✓ ✓ ✓
FO • • •

SFO ✓ • ✓
∧C • • •
∧BC ✓ ✓ ✓
∨C • • •
∨BC ✓ • ✓
¬C ✓ • ✓

Table 3: Tractable transformations for SDDs, st-d-DNNFs,
and st-DASCs. Symbol ✓means that representation class
can perform this transformation in polynomial time in rep-
resentation sizes and • means it cannot.

Apparently, st-DASCs are more succinct and have more
tractable operations than st-d-DNNFs, thus overcoming the
trade-off discussed above. Nonetheless, there remains a pos-
sibility that certain operations, which are not listed in the
knowledge compilation map, can be performed on st-d-
DNNFs but not on st-DASCs. An example is the Boolean
programming problem (Knuth 2011), which is a query for
finding the model that maximizes the sum of weights asso-
ciated with each literal. It resembles the maximum a posteri-
ori query (MAP) of probabilistic circuits. The Boolean pro-
gramming problem can be performed in polynomial time on
st-d-DNNFs, although it remains unclear whether it can be
performed on st-DASCs. Therefore, st-DASCs are not nec-
essarily always superior to st-d-DNNFs.

Conclusion
In this paper, we proposed st-DASCs as representations of
Boolean functions and analyzed their succinctness and pos-
sible operations in polytime. The results show that st-DASCs
are more succinct than st-d-DNNFs, and that among the op-
erations in the knowledge compilation map, those equivalent
to SDDs can be performed in polynomial time on st-DASCs.

Exponential separation is an area of future exploration.
Since this paper shows only a quasi-polynomial separation
between st-d-DNNFs and st-DASCs, determining whether
an exponential separation can be located between them re-
mains future work. We can use a compilation algorithm for
st-d-DNNFs as well as for st-DASCs since there is encod-
ing from an st-d-DNNF to an st-DASC. However, whether
a better compilation can be achieved is another issue to be
addressed. This paper deals with the case that edge is associ-
ated with the sign, but we would like to investigate whether
the succinctness can be improved when signs extended to
integer weights.

Appendix: Proofs for Non-Polynomial
Operations

In this section, we prove that ∧C, ∨C, and FO cannot be
performed in polynomial time on st-DASCs.

Before proceeding to the proof, we define the notion of
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linear vtrees. A vtree is linear if the left child of every in-
ternal node is always a leaf node. Within a linear vtree, all
leaves have different depths, except for the lowest two. Thus,
given a total order among input binary variables, we can con-
struct a corresponding linear vtree by assigning variables to
leaves such that the larger variable according to the total or-
der is assigned to the deeper leaf. Here, the second largest
variable is assigned to the left lowest leaf and the largest
variable to the right lowest leaf.

∧C, ∨C Assume that ∧C can be performed in polynomial
time on st-DASC. Let f = (x1 ∨¬y1)∧ (¬x1 ∨ y1)∧ (x2 ∨
¬y2)∧(¬x2∨y2)∧· · ·∧(xn∨¬yn)∧(¬xn∨yn). We repre-
sent f by an st-DASC respecting linear vtree T constructed
from ordering x1 < · · · < xn < y1 < · · · < yn. Since each
clause can be represented by a linear-sized st-DASC, f can
be represented by a polynomial-sized st-DASC by assump-
tion.

Function f is evaluated as 1 when (x1, x2 . . . , xn) =
(y1, y2, . . . , yn). Now we consider partial assignment
(x1, . . . , xn) = (a1, . . . , an) =: a. We also consider corre-
sponding term ta := l1∧ · · · ∧ ln, where li is xi if ai = 1, or
¬xi otherwise. Then conditioned function f |ta is evaluated
as 1 when (y1, . . . , yn) = a. Considering the CD operation,
the st-DASC representing f |ta can be built by replacing all
the leaves labeled with xi or ¬xi with either 0 or 1. After
that, any ∧ node v, where Var(v) = Var(r) for root r and
the left child of v is a constant node, can be eliminated by
replacing it with either a 0 node (when the left child is a 0
node) or the right child (when the left child is a 1 node). Af-
ter that, adjacent + nodes can also be combined into one +
node. This means that we can construct an st-DASC repre-
senting f |ta such that the root node is + and every child of
the root is also present in the original st-DASC of f .

Since the original st-DASC of f is polynomial-sized, by
fixing a polynomial number of Boolean functions, we can
represent f |ta for any a by a linear combination of the fixed
functions. In other words, if we consider a Boolean func-
tion of n variables as a vector of 2n elements by lining up
the outputs of the function for all possible assignments, the
rank of the set of all conditioned functions, i.e., {f |ta | a},
is polynomial. However, each f |ta is a standard unit vector
where only one element is 1 and the other elements are 0,
and the vectors are different if the assignments are also dif-
ferent. This means that the rank of {f |ta | a} is 2n. This
contradicts the proposition that its rank is polynomial, and
thus we prove that ∧C cannot be performed in polynomial
time.

Considering ¬f , we can similarly prove the intractability
of ∨C.

FO We again consider function f appearing in the proof
of intractability of ∧C. Let Ci be the i-th clause of f and
h = (z1 ∧ ¬C1) ∨ (¬z1 ∧ z2 ∧ ¬C2) ∨ . . . (¬z1 ∧ ¬z2 ∧
· · · ∧ z2n ∧ ¬C2n). We consider the st-DASC representa-
tion of h respecting linear vtree T constructed from ordering
z1 < · · · < z2n < x1 < · · · < xn < y1 < · · · < yn. We
later prove that there is an st-DASC representing h whose
size is polynomial in n. However, ∃{z1, . . . , z2n}.f =
¬C1 ∨ · · · ∨ ¬C2n = ¬(C1 ∧ · · · ∧ C2n) = ¬f . If we

assume that FO can be performed in polynomial time, since
st-DASC can perform¬C, we can construct an st-DASC rep-
resenting f in polynomial time with respect to the size of an
st-DASC of h. This means that the size of the constructed st-
DASC is polynomial in n. However, we already proved that
the size of an st-DASC representing f becomes exponential
in n, which is a contradiction. Thus, we cannot perform FO
in polynomial time on st-DASCs.

Below, we prove that h can be represented as an st-DASC
of polynomial size. Let v1, . . . , v2n be a + node satisfying
the following: (I) the left child of vi is a ∧ node whose left
child is leaf zi and right child represents ¬Ci. (II) For i =
1, . . . , 2n − 1, the right child of vi is a ∧ node whose left
child is leaf ¬zi and whose right child is vi+1. (III) The right
child of v2n is just a 0 node. We can easily observe that the
st-DASC rooted at v1 respects vtree T and it represents the
function h. Since every Ci can be represented by a linear-
sized st-DASC, the overall size is polynomial in n.
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