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Abstract

We study Consistent Query Answering (CQA) over knowl-
edge bases with existential rules. Specifically, we propose
a novel framework for CQA that combines previous ap-
proaches, allowing for the simultaneous presence of both
open and closed predicates, i.e. predicates interpreted under
open- and closed-world assumption, respectively. We estab-
lish the data complexity of answering unions of conjunctive
queries in such a new framework under the so-called AR se-
mantics and for different classes of existential rules. We also
provide new complexity results for the standard (i.e. non-
inconsistency tolerant) query answering in the presence of
both open and closed predicates. Our results show that, for
certain classes of rules, the complexity of CQA matches that
of non-inconsistency-tolerant query answering.

1 Introduction

In modern data systems and knowledge bases (KBs), it
is common to encounter situations where the information
to be represented is complete, and others handling incom-
plete or extensible knowledge. In logical KR frameworks,
this distinction is often modeled by adopting the so-called
closed-world assumption (CWA) or open-world assumption
(OWA), respectively. Under CWA, the absence of a certain
data implies that it is false. Conversely, under OWA one
treats missing information as “‘unknown”, thus accommo-
dating incomplete knowledge.

Real-life applications, however, often require managing
partially complete knowledge. This may occur both when
some data is actually not available (or must remain undis-
closed, as in (Benedikt et al. 2016)) or when, by design
choice, additional knowledge can be inferred from an un-
derlying, complete dataset. This is the scenario that we con-
sider in the current paper, and it is implemented by specify-
ing which predicates used for modeling a given domain of
interest are interpreted in a “closed” (complete) or “open”
(incomplete) way. In the literature on Description Logics
(DLs), a proposal for integrating OWA and CWA was re-
alized by using the so-called DBoxes (Seylan, Franconi,
and de Bruijn 2009; Franconi, Ibifez-Garcia, and Seylan
2011), i.e. sets of assertions involving closed predicates that,
when coupled with a DL TBox, allow one to perform such
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a kind of reasoning. More recently, the distinction between
open and closed predicates has also been considered for
ontology-mediated query answering, both when the inten-
sional knowledge is expressed in some DL (Lutz, Seylan,
and Wolter 2013, 2019; Ahmetaj, Ortiz, and Simkus 2020;
Cauli, Ortiz, and Piterman 2021) or in some class of ex-
istential rules (Bienvenu and Bourhis 2019). In (Benedikt
et al. 2016), closed and open predicates take the form of vis-
ible and invisible relations, respectively, and the end user
can pose both positive and negative queries over such a data
source. In the subsequent article (Benedikt et al. 2021), the
authors established important complexity results for query
answering in this scenario.

In a framework with open and closed predicates, inconsis-
tencies may arise when a KB consisting of a database cou-
pled with logical rules allows one to infer new knowledge
regarding closed predicates (which, by definition, should not
occur). In the current literature on this topic, however, it re-
mains unclear how to treat such inconsistencies, in particu-
lar for the task of query answering. Querying databases and
knowledge bases in an inconsistency-tolerant way is known
as Consistent Query Answering (CQA) (Arenas, Bertossi,
and Chomicki 1999). The central notion in the CQA frame-
work is the one of repair. Given a database D possibly in-
consistent with a given set of logical rules ¥, a repair is a
new, consistent database that is “as close as possible” to D
and consistent with 3. Generally, a database can have multi-
ple repairs. CQA 1in its original form addresses the following
question: given a query ¢, what are the answers that hold true
across all repairs of the database?

Various types of repairs and semantics of query answer-
ing have been proposed,' depending on how the above con-
cepts of “closeness” and “consistency” are defined. A no-
table notion of repair—which is the one we refer to in this
paper—defines it as an inclusion-maximal subset of the orig-
inal database that conforms to the given rules. CQA for this
kind of repair was deeply investigated in the closed scenario,
see e.g. (Chomicki and Marcinkowski 2005; Afrati and Ko-
laitis 2009; ten Cate, Fontaine, and Kolaitis 2012). The open
case has also been extensively studied, in particular in the
contexts of DLs, e.g. (Rosati 2011; Bienvenu 2012; Bien-
venu, Bourgaux, and Goasdoué 2019), and existential rules,

"We refer the reader to (Bertossi 2019) for a recent review.



e.g. (Lukasiewicz et al. 2022; Calautti et al. 2022). None of
these works, however, considered the case where both open
and closed predicates coexist in the same KB.

The logical rules that we consider in this paper are existen-
tial rules (Cali, Gottlob, and Lukasiewicz 2012; Baget et al.
2011) that include tuple-generating dependencies (TGDs)
and denial constraints.

Example 1. A university uy has complete information about
its scholars, and it distinguishes between visiting and hired
scholars (modeled through unary predicates V and H ). Vis-
iting scholars can not also be hired, and hired scholars must
have a registered contract (binary predicate C) with the uni-
versity. Predicates V, H and C are closed.

Both visiting and hired scholars must be affiliated with
some universities. However, the university uy does not know
all the (possibly multiple) affiliations of each scholar, so this
relation is modeled through an open binary predicate A.
Moreover, each hired scholar is affiliated with uy.

We then define the following set 3 of existential rules:

T1:Vs(V(s) NH(s) = L) m:Vs(H(s) = JeC(s,c))
73: Vs(V(s) = JuA(s,u)) 74:Vs(H(s) = A(s, uy))

Intuitively, both T and T5 serve as integrity constraints,
since they can not be used for inferring new knowledge (as
C is a closed predicate). Indeed, in order to be consistent
with these dependencies, a KB must satisfy the first and the
second rule already in its ground data. For instance, the
database {V (meg), H(meg)} is not consistent with . both
because a fact of the form C(meg, _) is missing and because
meg is at the same time a visiting and hired scholar. On the
other hand, T3 and T4 can be used for inferring new knowl-
edge. For instance, the database {H(meg),C(meg,co)}
(where cq is a contract ID) is consistent with Y., and T4 can
be used for inferring the fact A(meg, uy).

We investigate the AR-entailment® semantics of
inconsistency-tolerant query answering, a well-established
notion in the CQA literature (Lembo et al. 2015; Bienvenu
and Bourgaux 2017; Lukasiewicz et al. 2022), which
requires a query to hold in all repairs, and we focus on
unions of conjunctive queries (UCQs). In our analysis, we
also consider a non-inconsistency-tolerant semantics, called
OC-entailment (from the words “open” and “closed”) in the
paper, which corresponds to standard skeptical reasoning
in all the models of the KB in the presence of both open
and closed predicates, in order to compare its complexity to
that of AR-entailment. For both such semantics, we analyze
the data complexity (i.e., the complexity with respect to the
database size) of the associated decision problems.

Our analysis focuses on different classes of existential
rules. First, besides the general class of TGDs, we consider
four well-known subclasses thereof, namely acyclic, full,
guarded and linear dependencies. We also consider an or-
thogonal classification, based on the position of open and
closed predicates inside the dependencies, resulting in the
classes of open-head and closed-head dependencies. This

The acronym AR stands for “ABox repair” and it comes from
the realm of DL ontologies.
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last distinction was suggested by the intuition that the posi-
tion of closed and open predicates in the dependencies af-
fects the complexity of reasoning.

Some of the results that we have obtained exploit the ones
provided in previous works, in particular (Lukasiewicz et al.
2022) and (Marconi and Rosati 2024), which provide a com-
prehensive study of the complexity of CQA for existential
rules under OWA and CWA, respectively. Also, some results
for the classes of linear and guarded dependencies follow
from the ones of (Benedikt et al. 2021).

The main implications of our findings (which are summa-
rized in Table 1 and Table 2) are the following:

* not surprisingly, in most of the cases considered, the
presence of both open and closed predicates (and in par-
ticular of both open-head and closed-head rules) signifi-
cantly increases the complexity of the two query entail-
ment problems compared to cases where predicates are
either all open or all closed. Nevertheless, we identify
some tractable cases, and a new class of dependencies for
which CQA is first-order rewritable (Artale et al. 2009);

open- and closed-head dependencies have a different im-
pact on the complexity of the two entailment problems;

for some classes of rules, the complexity of CQA is the
same as the complexity of standard (non-inconsistency-
tolerant) query answering.

The paper is structured as follows. We first introduce pre-
liminary notions and definitions (Section 2), as well as the
notion of repair and the decision problems studied in the
paper (Section 3). We then provide complexity results for
such problems, namely OC-entailment (Section 4) and AR-
entailment (Section 5). Finally, Section 6 concludes the pa-
per with a brief discussion of our results.

2 Preliminaries

In this section, we introduce the syntax and semantics of
databases, existential rules (hereafter called dependencies)
and queries, encompassing both open and closed predicates.

A mixed predicate signature (or simply signature) S is a
set of predicate symbols with an associated arity, partitioned
in S, and S, i.e. the sets of open predicates and closed pred-
icates respectively. The arity of a predicate p is indicated as
arity(p). A predicate atom (or simply atom) is an expression
of the form p(t), where p is a predicate of arity n and t is
a n-tuple of terms (i.e. variables or constants). We say that
an atom « is ground (or that « is a fact) if no variable oc-
curs in it. Given a predicate signature S, a database D for S
is a set of facts over S. We assume that a signature always
contains a closed, 0-ary predicate |, and that no database
contains the fact L. We indicate as const(D) the set of all
the constants occurring in D.

Given a first-order (FO) formula ¢, sometimes we use
the notation ¢(x) to emphasize its free variables x. A con-
Junctive query (CQ) is a non-empty conjunction of predicate
atoms possibly occurring in the scope of an existential quan-
tifier. Given a CQ ¢, we denote by Atoms(q) and Vars(q) the
sets of predicate atoms and variables occurring in it, respec-
tively. A union of conjunctive queries (UCQ) is a disjunction



q1(x) V...V ¢n(x) where every ¢;(x) is a CQ. Given a CQ
(resp., UCQ) g, if no variable of q is free, then we say that ¢
is Boolean, and we call it BUCQ (resp., BCQ) for short.

We are now ready to define the notion of dependency that
we use throughout the paper.

Definition 1 (Dependency). Given a predicate signature S,
a dependency for S is a FO sentence over S of the form:

Vx (¢(x) = Jy ¥(y,2)) (1)

where ¢ and v are conjunctions of atoms, and z C x. We
call z the frontier variables of the dependency.

In the rest of the paper, we omit that databases and de-
pendencies are given for a certain signature. Given a depen-
dency 7 of the form (1), we call body and head of 7 the CQs
body(1) = ¢(x) and head(r) = Ty ¢(y, z), respectively,
and we say that 7 is single-head if |Atoms(head(7))| = 1.

The above notion comprises the well-known tuple-
generating dependencies (TGD) (corresponding to the de-
pendencies 7 in which the predicate L does not occur in
head(7)) as well as the denial constraints, also known as
negative constraints (Lukasiewicz et al. 2022) (correspond-
ing to the dependencies 7 in which L occurs in head(7)).

Semantics. Dependencies and BUCQs are subclasses of
the class of domain-independent relational calculus sen-
tences (Abiteboul, Hull, and Vianu 1995). Given a domain-
independent sentence ¢ of the relational calculus and a set
of facts D over the same signature, we define Eval(¢, D) as
the function returning true iff the evaluation of ¢ in the Her-
brand model of D is true. Moreover, given any FO theory
®, we assume that the predicate L is interpreted as empty in
every model of ®.

Definition 2 (Mixed model and OC-entailment). Given a
set of dependencies % and a database D, a mixed model of
(X, D) is any FO interpretation T = (A,-T) s.t. (i) T is
a FO model of the theory . U D and (ii) for every closed
predicate p., pt = {t | p.(t) € D}.

Given a domain-independent FO sentence ¢, we say that
¢ is OC-entailed by (3, D) (in symbols (£, D) |= ¢) if ¢
evaluates to true in every mixed model of (3, D). We say that
D is consistent with X if a mixed model exists for (3, D).

Subclasses of dependencies. We categorize dependencies
into five subclasses, namely acyclic, denials, full, guarded
and linear, respectively denoted as A, D, F, G and L.

We say that a dependency of the form (1) is full if
Vars(v) C  Vars(¢), linear if |Atoms(d)] 1, and
guarded (Baget et al. 2011; Cali, Gottlob, and Lukasiewicz
2012) if there exists an atom « of ¢ such that Vars(a) =
Vars(¢). We also call it a denial in case ) = L.

Given a set of dependencies X, we call dependency graph
of X the directed graph G(X) whose vertices are the depen-
dencies of X and such that there is one edge from the vertex
71 to 9 iff the head of 7 contains an atom whose predicate
appears in a predicate atom of the body of 7. We say that
is acyclic if there is no cyclic path in G(X).

We also refer to three additional classes, namely AFL, Cy
and C*, which correspond to the intersection A N F N L,
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the class containing only the empty set and the class con-
taining every possible set of dependencies, respectively. We
remark that every linear dependency is also guarded (i.e.
L C G), and that sets consisting of denial dependencies are
both acyclic and full (i.,e. D C ANF).

The chase. We now recall the notion of chase (specif-
ically, we refer to the restricted chase (Carral, Dragoste,
and Kroétzsch 2017)), which intuitively involves enhancing a
database with additional information derived from the spec-
ified dependencies. Formally, given a database D and a set
of dependencies X, we write Chase(D,3) to indicate the
output of the following procedure. First, initialize a set of
atoms C with D. Then, for each dependency 7 in 3, if
there exists a mapping o : Vars(body(7)) — const(C) such
that Eval(o(body(7)),C) is true and Eval(o (head(T)),C) is
false, then add the atoms of o (head(7)) to C, where distinct
variables are replaced with distinct fresh labeled nulls (i.e.
special constants that do not already occur in X U C). It is
well-known that such a procedure is guaranteed to terminate
for acyclic and for full sets of dependencies.

We assume the reader to be familiar with the basic notions
of computational complexity. In this paper we focus on the
data complexity of the problems studied (i.e. the complexity
with respect to the size of the database); so, for the sake of
brevity, we will omit this in the formal statements.

3 CQA Framework for Mixed Predicates

We now give a notion of repair for databases with existential
rules and mixed signatures, which naturally extends the ones
provided for open signatures (Lukasiewicz et al. 2022) and
for closed signatures (Chomicki and Marcinkowski 2005).

Definition 3 (Repair). Given a database D and a set of de-
pendencies ¥, a repair of (X, D) is a maximal subset of D
that is consistent with X.

It is immediate to see that a repair always exists for every
(3, D) (given any ¥, the empty set is consistent with ).

We define the semantics for inconsistency-tolerant query
answering as follows.

Definition 4 (AR-entailment). Given a database D, a set of
dependencies ¥, and a BUCQ q, we say that (X, D) AR-
entails g (in symbols (3,D) Ear q) if (X, D) | q for
every repair D' of (3, D).

Obviously, if the database D is consistent with the given
set of dependencies, then D itself would be the only repair
of (32, D), hence implying that:

Proposition 1. Let X be a set of dependencies, D be a
database, and q be a BUCQ. Then, (3,D) [E=ar ¢ im-
plies (3,D) = q. Moreover, if D is consistent with ¥,
(%, D) E-an g holds iff (3, D) = q

Example 2. Let us consider the set ¥ of dependen-
cies of Example 1 and the database D {V(meg),
H(meg), C(meg, co)}. For solving the inconsistency caused
by the denial 1, we have to remove either V(meg) or
H(meg) from D, hence giving rise to two repairs, i.e.
{V(meg), C(meg,co)} and {H (meg), C(meg,co)}. Then,
it is easy to see that the two BUCQs q; = 3s,u A(s,u) A



C(s,co) and go = H(meg) V V(meg) are both AR-entailed
by (X, D), while the query g3 = sV (s) is not.

For solving tasks involving reasoning with both open and
closed predicates, it may be very helpful to partition the set
of dependencies into two subsets, each one containing de-
pendencies having, respectively, only open or closed predi-
cates in their head. Intuitively, dependencies contained in the
first subset are used for inferring new knowledge, whilst the
ones contained in the second subset are used as constraints.

Definition 5 (Open-and closed-head dependencies). We say
that a dependency T is closed-head if no open predicate oc-
curs in head(t), and open-head if all the atoms occurring
in head(t) are atoms with an open predicate. Given a set
of dependencies, we denote by ¥ and 3., the sets of closed-
and open-head dependencies occurring in 3, respectively.

For example, considering the set ¥ of dependencies of
Example 1, we have that ¥, = {73, 74} and . = {71, =}
Note that every set of dependencies ¥ can be equivalently
(w.r.t. the entailment tasks studied in this paper) transformed
into a set of dependencies ¥’ such that ¥/ = ¥/ U X/. In
other words, dependencies having a “mixed” head can be
split into dependencies without mixed heads. For instance,
the sentence Vx (¢(x) — Ty, z,w (Py(y, 2) A Pe(z,w))),
where ¢(x) is any conjunction of atoms, P, € S, and P, €
S., is equivalent to the following set of dependencies:
Vx(¢(x) = Ty, z,w O™ (y, 2, w))
Vy? Z’ w(Oaux(y) Z7 w)) % Po(y7 z)
Yy, 2, w(0" (y, z,w)) — Pe(z,w)
where O“* is a fresh open predicate. Therefore, hereinafter
we assume w.l.0.g. that > is such that ¥ = 3, U X, and that
all its dependencies are single-head.
We can now formally define the decision problems that
we study, which are parameterized w.r.t. C, and C., both
generic subclasses of C*.

Input: a database D, a set X of dependencies s.t. ¥, €

C,and X, € C., and a BUCQ q.

QANS(C,,C.):  does (X,D) = q?

QANS4R(Cy, Ce): does (X, D) =ar q?
In all the decision problems studied, we assume w.l.o.g.

that predicates and constants occurring in 3 also occur in D.

Questions:

4 OC-entailment

In this section, we recall some relevant previous findings on
OC-entailment (Proposition 3 and Proposition 4) and pro-
vide new complexity results for the QANS problem (Theo-
rem 1 and Theorem 2). To prove the upper bounds, we de-
fine new techniques. In particular, we exhibit a novel query
rewriting technique (Definition 6) which allows us to prove
the ACY upper bound of OC-entailment in the case when
the set of open-head dependencies belongs to AFL. Besides
being interesting on their own, these results are helpful for
proving the complexity of CQA (that is, the QANSy prob-
lem) in the next section.

First, analogously to the standard FO semantics, consis-
tency can be checked through query entailment also in the
framework where open and closed predicates are mixed, as
stated by the next property, whose proof is straightforward.
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Proposition 2. Let X be a set of dependencies, and let D be
a database. Then, D is consistent with ¥ iff (X, D) = L.

Moreover, in the case when the database is consistent with
the given dependencies, OC-entailment of a BUCQ coin-
cides with checking whether the query is entailed by the
database and the open-head dependencies.

Lemma 1. Let ¥ be a set of dependencies such that 3, € F,
let D be a database consistent with 3., and let ¢ be a BUCQ.

Then, (£,D) |= q iff (X, D) = q.

In general, Lemma 1 does not hold when ¥, ¢ F.
As counter-example, one can take ¥ = {Va (Ci(z) —
FyO(x,y)), Yo,y (O(z,y) — Ca(y))}, D = {Ci(a),

Cy(a)} and ¢ J2 O(z,a), where C1,Cy € S. and
O € S,. Itis easy to see that (3, D) |= g and (X,, D) }~ q.

The next two propositions summarize the known results
about the data complexity of OC-entailment.

First, we refer to some of the results presented in
(Lukasiewicz et al. 2022). We remark that such findings, as
well as the ones mentioned in Proposition 5, have been es-
tablished for entailment of BCQs: however, all of them eas-
ily extend to the entailment of BUCQs.

Proposition 3 (Lukasiewicz et al. 2022).
* QANS(A, D) is in AC°.
* QANS(L,D) is in AC°.
* QANs(F, Cp) and QANS(F, D) are P-complete.
* QANS(G, Cp) and QANS(G, D) are P-complete.

Next, we recall some results established in (Benedikt et al.
2021) for the positive query implication problem (PQI).
We remark that in the framework of (Benedikt et al. 2021)
the database is restricted to the closed (i.e. visible) predi-
cates: however, such a limitation can be easily overcome by
adding auxiliary closed predicates and AFL open-head de-
pendencies. E.g., let O € S, and let (X, D) be such that
D contains the facts D” = {O(t1),...,0(t,)}. We define
Y =3XU{vz(O'(z) - O(z))} and D = D\ D" U
{O'(t1),...,0(tn)}. It is immediate to verify that both
OC-entailment and AR-entailment of BUCQs over the pred-
icates occurring in X U D coincide for (X, D) and (X', D).
Consequently, the results of (Benedikt et al. 2021) for PQI
also hold for OC-entailment in our framework.

Proposition 4 (Benedikt et al. 2021).

« QANS(L, AFL) is EXP-hard.
* QANS(L, L) and QANS(G, G) are EXP-complete.

The first property of the above proposition follows in a
straightforward way from the reduction shown in the proof
of (Benedikt et al. 2021, Theorem 4.6), which actually uses
a set of dependencies X such that >, € L and . € AFL.

We now provide new complexity results for the QANS
problem, starting with the following lower bound, which can
be proven through a reduction from 3CNF.

Theorem 1. QANS(A, AFL) is coNP-hard.

As for the new upper bounds for OC-entailment, we start
by defining a query rewriting technique for the case when
3, € AFL. In what follows, given any dependency 7, we



Algorithm 1: expand

Algorithm 2: OC-Ent-A+C*

Require: A database D, a set of dependencies >, € A, a
mapping u of the set of labeled nulls AV to constants;
Ensure: A database;
: C+ D
repeat
C'+C;
C + Chase(C,%,);
C « p(C);
until C = C’;
return C;

AR A ol ey

define ¢, (7) as the FO formula 3x body(), where x are all
the variables of body(7) that are not frontier variables of 7.

Let ¢ be a BUCQ and let UCQRewrite(q,%,) be the
BUCQ returned by any known query rewriting algorithm
for AFL dependencies under the open-world assumption
(e.g. the one presented in (Konig et al. 2015)), i.e. a new
BUCQ ¢, whose evaluation in any database D is true iff
(35, D) E g holds.

Definition 6. Let X be a set of dependencies such that 3, €
AFL and ¥. € C*, and let ¢ be a BUCQ. We define the
following FO sentence ¢o.(q,%):

Poc(q, ) = binc(Ec) V UCQRewrite(q, 3,)

where Ginc(3.) is the sentence:

Gine(Be) = \/ Ix (UCQRewrite(qy(7), o) A —head())
TEX,

in which x are the frontier variables of the respective T.

The function defined above allows us to prove FO-
rewritability of OC-entailment in case >, € AFL.

Lemma 2. Let ¥ be a set of dependencies such that
o € AFL and X, € C*. For every database D,
Eval(¢oc(q, %), D) is true iff (3¢, D) = q.

Example 3. Consider the unary predicates P and C, and
the binary predicate B, used respectively for modelling peo-
ple, cities and the birthplace relationship, and let our knowl-
edge on cities be complete, i.e. C € S.. In this setting, it is
natural to define a set 3 of dependencies such that:

Yo = A{Va,y (B(z,y) — P(z))},

de = {VJ’, Y (B(.CC, y) - C(y))}
Consider also the database D {C(nyc), B(kim, nyc),
B(kim, usa)}, which is evidently inconsistent with ¥.. Since
no mixed model for (¥, D) exists, then even a query like
q = P(tom) is OC-entailed by (3, D). This is confirmed by
the fact that Eval(¢,.(q, X), D) is true, where ¢o.(q, ) is:

Jz,y (B(z,y) A—=C(y)) vV P(tom) V 3z B(tom, z).

We now introduce Algorithms 1 and 2, designed for
checking OC-entailment when the set ¥ of dependencies is
such that ¥, € A and X, € C*. Algorithms 1, at each iter-
ation, computes the chase of the current database w.r.t. the
open-head dependencies 3, and then it uses the mapping h
for replacing the labeled nulls with constants. The insertion
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Require: A set of dependencies ¥ s.t. 3, € Aand X, € C*,
a database D, a BUCQ ¢;
Ensure: A Boolean value;

1: m - BEHDODH where

k=%, h = |Pred(D)| - |const(D)|"
T pergi%v) arity(p) b max |Atoms(body(T))]
2: N+ {n; | n;isalabeled null and 1 < i < m};
3: if there exists a partial mapping i : N — const(D) s.t.
(i) expand(D, ¥,, p) is consistent with .
(#i) Eval(q, expand(D, %,, 1t)) is false then
4:  return false;
5: end if
6: return true;

of such constants in the atoms of C may activate other chase
steps. This process continues until no new atom is added to
C. Then, Algorithm 2 uses the above described expand func-
tion to identify a possible FO model of 3, U D in which ¢
evaluates to false.

Lemma 3. Let D be a database, and let 3 be a set of de-
pendencies such that ¥, € A. Then, for every BUCQ q,
(2, D) = q iff Algorithm 2 returns false.

The same idea above applies to the case when ¥, € F as
well, except that we do not need to map labeled nulls (which
are never generated by the chase in case of full dependen-
cies) to constants. We can thus prove the following property.

Lemma 4. Let Y be a set of dependencies such that X,
is full. Then, for every database D and for every BUCQ q,

(3,D) = qiff (X, Chase(D,%,)) = q.
We are now ready to formally demonstrate the new upper
bounds for OC-entailment.

Theorem 2.

1. QANS(AFL,C*) is in AC°,
2. QANS(F,C*)isin P.
3. QANS(A, C*) is in coNP.

5 AR-entailment

In this section, we focus on the data complexity of QANS ,-
We first focus on the simplest class of open-head dependen-
cies, i.e. AFL, and show that, when such a class is combined
with acyclic closed-head dependencies, AR-entailment is al-
ready I15-hard (Theorem 3), while in combination with lin-
ear open-head dependencies the above problem is tractable
(Theorem 4), and even FO rewritable when also the closed-
head dependencies belong to AFL (Lemma 6). For the lat-
ter case, we exhibit a novel query rewriting technique (Def-
inition 7). Then, we analyze the cases involving the larger
classes of linear (Corollary 1), acyclic (Theorem 5) and full
(Theorem 6 and Theorem 7) open-head dependencies, show-
ing the intractability of AR-entailment in all these cases.
First we note that, by fixing X, € D, the QANS 4 prob-
lem coincides with the problem studied in (Lukasiewicz
et al. 2022). Indeed, that work studies the purely open case



in which inconsistencies can only be due to the violation of
some denial constraint.

Proposition 5 (Lukasiewicz et al. 2022). For every class
X € {A,F,L,G}, QANS,r (X, D) is coNP-complete.

On the other hand, the case in which ¥, € Cy collapses
to the purely closed case, for which all the results we are in-
terested in have already been shown. We recall them below.

Proposition 6.

1. QANS g (Cy, AFL) is in AC.

2. QANSAr(Cp, D) is coNP-complete.
3. QANSr(Cy, A) is coNP-complete.
4. QANSAR(Cp, F) is coNP-complete.
5. QANSr(Cy, L) is P-complete.

6. QANSAr(Cy, G) is II5-complete.
7. QANS g (Cp, C*) is II5-complete.

In the above proposition, Property 2 and the lower
bounds for Properties 3 and 4 come from (Chomicki and
Marcinkowski 2005). The lower bound for Property 5 has
been established in (ten Cate, Fontaine, and Kolaitis 2012).?
The other results are from (Marconi and Rosati 2024).*

Next, we examine the case when >, € AFL, for which we
are able to show that the following holds.

Theorem 3. QANS s (AFL, A) is TI5-hard.

As we further investigate the case in which 3, belongs
to AFL, we show the following crucial property that holds
when closed-head dependencies are linear.

Lemma 5. Let ¥ be a set of dependencies such that ¥, €
AFLand X, € L, and let D be a database. Then, only one re-
pair of (X, D) exists, and it can be computed in polynomial
time in data complexity.

Moreover, for the case where both ¥, and ¥, belong to
AFL, we can define a suitable query rewriting technique.

Definition 7. Let X be a set of dependencies such that both
Y, and X belong to AFL, and let o be an atom with an open
predicate. We define:

D(a, X)) = Chase({a},X)

D(a,X)={B| B € D(ev,X) A Pred(p) € S.}

where Pred([3) is the predicate of 3.> Moreover, for a BUCQ
q, we define ¢.-(q, %) as the following FO sentence:%

v A (en A 3))

qi €EUCQRewrite(q,%,) a€Atoms(q;) BeDe(a,X)

E'XZ'

where x; are all the variables occurring in g;.

3Actually, that work also proved the upper bound for
QANS(Cp, F) and QANS 4z (Cy, L), but using CQs as queries.

4 Although (Marconi and Rosati 2024) focuses on more expres-
sive queries and dependencies, all the hardness proofs shown there
employ queries and dependencies that are suitable for our needs.

SWe assume that possible variables occurring in o are treated
like constants by the Chase function.

*With a slight abuse of notation, in this formula we treat the
UCQ UCQRewrite(q, X3,) as a set of CQs.
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The above rewriting function can be used to prove that
QANS g (AFL, AFL) is FO-rewritable, as stated below.

Lemma 6. Let X be a set of dependencies such that both
Yo and Y. belong to AFL, and let ¢ be a BUCQ. For every
database D, Eval(¢a,(q, %), D) is true iff (X, D) Ear ¢

Example 4. Letr us consider the set of dependencies %,
database D and BUCQ q of Example 3. We note that the
only repair of (¥, D) is D' = {B(kim, nyc), C(nyc)}.
Differently from the case of OC-entailment, the query q is
not AR-entailed by (X%, D), since (X, D’) W~ q. Indeed, we
have that Eval(¢..(q,X), D) is false, where ¢4, (q, %) is

P(tom) V 3z (B(tom, z) A C(x)).

Conversely, considering the query ¢ = P(kim), we have
that (¥, D) Ear ¢ and that Eval(¢ar(q',2), D) is true.

Thanks to Lemma 5 and Lemma 6 we can identify two
cases in which AR-entailment is tractable.

Theorem 4.

1. QANS g (AFL, AFL) is in AC.
2. QANSAR(AFL,L) is in P.

Theorem 4 provides a polynomial upper bound for the
case when ¥, € AFL and ¥, € L. We point out that, in
the dual case when 3. € AFL and ¥, € L, it is impossible
to decide AR-entailment in polynomial time, due to the in-
trinsic complexity of OC-entailment. Indeed, as the database
used in the reduction of (Benedikt et al. 2021, Theorem 4.6)
is consistent with the given dependencies, the next result fol-
lows as a corollary of Proposition 1 and Proposition 4.

Corollary 1. QANS g (L, AFL) is EXP-hard.

We now analyze the case when Y, is either acyclic or full.
The next lower bound can be shown through a suitable re-
duction from the case in which 3. € C* and X, € Cy.

Theorem 5. QANS g (A, AFL) is II5-hard.

We are also able to provide other reductions of the above
kind, which allow us to prove the following hardness results.

Theorem 6.

1. QANS R (F, AFL) is coNP-hard.
2. QANSag(F,A) is II5-hard.
3. QANSar(F, L) is IT5-hard.

As for the upper bounds, we consider the procedure
that applies the definition of AR-entailment, i.e. it checks
whether there exists a repair for which the given query is
not OC-entailed. We then need to establish the complexity
of checking if a database D’ is a repair of (X, D). The com-
plexity of this task is addressed by the following lemma.

Lemma 7. Given a set ¥ of dependencies and two
databases D and D', the problem of checking if D’ is a re-
pair of (¥, D) is:
I. inPifY, e Fand ¥. € F;
2. incoNPif¥, € Fand X, € C*;
3. incoNP if ¥, € Aand %, € C*.

It becomes now easy to see that the following holds.

Theorem 7.



- Cy D AFL A F L G c*
C inAC® inAC® inACP in AC? in AC? in AC? in AC? in ACP
0 [P3] [P3] [P6] [P6] [P6] [P6] [P6] [P6]

AFL inACY" inACY in AC® in ACY in ACY inACY"  in ACY in ACY
[P3] [P3] [T2] [T2] [T2] [T2] [T2] [T2]

A in AC® in ACY  coNP coNP coNP coNP coNP coNP
[P3] [P3] [T1/T2] [T1/T2] [T1/T2] [TI/T2] |[TU/T2] [TU/T2]

F P P P P P P P P
[P3] [P3] [P3/T2]  [P3/T2] [P3/T2]  [P3/T2] [P3/T2]  [P3/T2]

L inAC® inAC® EXP  EXP-hard EXP-hard EXP EXP  EXP-hard
[P3] [P3] [P4] [P4] [P4] [P4] [P4] [P4]

G P P EXP  EXP-hard EXP-hard  EXP EXP  EXP-hard
[P3] [P3] [P4] [P4] [P4] [P4] [P4] [P4]

Table 1: Data complexity of QANS. [PN] and [TN] are abbreviations for Proposition N, and Theorem N, respectively.

o~ G D AR A F L G c*
C inAC®  coNP  in AC? coNP coNP P % 1K
0 [P3] [P6] [P6] [P6] [P6] [P6] [P6] [P6]
AFL inAC®  coNP  in ACP I coNP P I I
[P3] [P3/P5] [T4] [T3/T7] [P6/T7] [P6/T4]  [P6/TT] [T3/T7]
A in AC”  coNP iy 5 ey i iy i
[P3] [P5] [T5/T7] [T3/T7] [T5/T7] [T5/T7]  [T5/T7] [T5/T7]
F P coNP coNP I coNP I I I
[P3] [P5] [T6/T7] [T6/T7] [T6/T7] [T6/T7]  [T6/TT] [T6/TT7]
L in ACY coNP EXP EXP-hard EXP-hard EXP EXP EXP-hard
[P3] [P5S]  [C1/T8] [C1] [C1] [CI/TS] [C1/T8] [C1]
G P coNP EXP EXP-hard EXP-hard EXP EXP EXP-hard
[P3] [P5] [C1/T8] [C1] [C1] [C1/T8] [C1/T8] [C1]

Table 2: Data complexity of QANS sr. [PN], [TN] and [CN] stand for Proposition N, Theorem N and Corollary N, respectively.

1. QANSr(F, F) is in coNP.
3. QANSAR (A, C*) is in I15.

We conclude this section by providing a membership re-
sult for the case where all the dependencies are guarded,
which is established in a similar way to the previous case.

Theorem 8. QANSAr(G, G) is in EXP.

6 Discussion and Conclusions

Based on the properties shown in Section 4 and Section 5,
we are able to provide a series of data complexity results for
OC-entailment and AR-entailment for all the combinations
of the classes of open-head dependencies and closed-head
dependencies defined in the paper. All such results are sum-
marized in Table 1 and Table 2, respectively. In the tables,
all entries refer to completeness results (unless otherwise
indicated) and are annotated with references to the paper’s
statements supporting them (previous findings are reported
through propositions). The case ¥, € C* is missing in both
tables as it is well known that even QANS(C*, Cp) is unde-
cidable (Beeri and Vardi 1981). These outcomes highlight
the following interesting aspects of the problems studied.
First, the distinction between closed-head and open-head
dependencies plays a crucial role in the complexity analysis
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conducted in this paper. Consider, for instance, the results
for QANS 4 (AFL, L), and QANS zg (L, L): if we classify the
set of dependencies as a whole, then these two cases collapse
in the same class of linear dependencies, for which the data
complexity is EXP-complete. Conversely, our classification
shows that, if the open-headed dependencies are also acyclic
and full, then the data complexity decreases to P.

Furthermore, closed-head and open-head dependen-
cies have a different impact on the data complexity of
AR-entailment: for example, as already observed, while
QANSr(AFL,L) is P-complete, the ‘“complementary”
problem QANS,g(L,AFL) is EXP-complete. The same
holds for OC-entailment.

As for future work, it would be very interesting to estab-
lish exact complexity bounds for the cases left open by the
present analysis. Also, it would be interesting to extend the
present approach to CQA and our complexity analysis to the
case of Description Logic knowledge bases, in which the in-
tensional information is expressed by DL TBox assertions
rather than existential rules. Moreover, our analysis could
be further refined, considering e.g. other, orthogonal, clas-
sifications of dependencies (and/or databases). Finally, to-
wards the implementation of CQA prototypes and tools, it
would be nice to further investigate and possibly extend the
tractable cases identified in our analysis.
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