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Abstract

Approximation fixpoint theory (AFT) is a robust and popular
mathematical framework that characterizes many nonmono-
tonic semantics, where the construction of stable fixpoints,
called stable revision, plays a central role. Nondeterministic
AFT is a recent development that redefines AFT for a non-
deterministic setting to capture disjunctive semantics. This
theory departs from traditional AFT by introducing distinct
definitions, thus raising the question of whether determinis-
tic AFT can be adopted directly to define nondeterministic
stable revision. This work proposes such an alternate theory
and creates a new way to study disjunctive semantics in terms
of normal (non-disjunctive) knowledge bases. To demonstrate
the viability of our framework, we show how to capture stable
and partial stable models for disjunctive logic programs. We
then study the relationships between this alternative theory
and the state-of-the-art nondeterministic AFT.

1 Introduction

Nonmonotonic semantics allow new facts to invalidate pre-
viously established conclusions. This feature accurately re-
flects certain aspects of human reasoning. Thus, it is vital for
descriptions of our knowledge to capture nonmonotonicity.
Fixpoint theory, an elegant method of capturing semantics,
requires monotonicity (Tarski 1955), so is not immediately
apparent how to represent a nonmonotonic knowledge base
using fixpoint functions. A widely adopted branch of fix-
point theory, Approximation Fixpoint Theory (AFT) (De-
necker, Marek, and Truszczynski 2000), leverages intervals
(approximations) to monotonically capture fixpoints of non-
monotonic functions. In AFT, this construction is called
stable revision, and the corresponding fixpoints are called
the stable fixpoints of the underlying approximator (a.k.a.
an approximating operator). Stable revision is the key to
capturing the minimality principle commonly adopted in
knowledge representation. In general, to apply AFT to a se-
mantics is to formulate an approximator whose stable fix-
points characterize the intended semantics. Due to its rela-
tive ease of use and generality, AFT has been used for the
comparison, refinement, and the creation of semantics; see,
e.g., Marynissen, Bogaerts, and Denecker (2024); Vanbe-
sien, Bruynooghe, and Denecker (2022); Antic, Eiter, and
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Fink (2013); Denecker, Marek, and Truszczynski (2003);
Liu and You (2022); Marynissen, Bogaerts, and Denecker
(2021).

However, the original AFT is unsuitable for nondetermin-
istic semantics, which are essential for capturing uncertainty.
While functions in AFT map lattice values to other val-
ues in the same lattice, nondeterminism requires mappings
from lattice elements to higher-order structures, such as a
set of lattice elements. This mismatch of domain and range
prompts the development of a framework with the broad ap-
plicability of AFT that can express nondeterministic seman-
tics.

Heyninck et al. (2024) tackle this challenge by formal-
izing a new theory of nondeterministic AFT, which has al-
ready proven useful in providing semantics for disjunctive
logic programs (Heyninck, Arieli, and Bogaerts 2024), ag-
gregate disjunctive logic programs (Heyninck and Bogaerts
2023) and choice programs (Heyninck 2024). They build
their theory from the ground up, establishing new definitions
that generalize those from deterministic AFT of Denecker et
al. (2000). Their theory of nondeterministic AFT is highly
suitable for characterizing disjunctive semantics.

However, their theory departs significantly from standard
AFT. Namely, it introduces its own notion of fixpoints, ex-
actness, and monotonicity. The framework also relies on dif-
ferent orderings than deterministic AFT. Though nondeter-
ministic AFT faithfully generalizes deterministic AFT, that
is, nondeterministic AFT can express deterministic AFT,
further questions remain as to how these theories are related.
It is natural to ask whether a nondeterministic operator can
be alternatively viewed as a family of deterministic opera-
tors. More generally, the question is whether we can provide
the lattice-theoretic characterizations of a nondeterministic
semantics by relying only on the notations and constructions
of deterministic AFT.

Because stable revision is at the center of AFT, we focus
on the following critical question - whether nondeterminis-
tic stable revision can be defined by deterministic AFT. Our
proposed solution lifts deterministic stable revision to a non-
deterministic setting using sets of approximators and sim-
plifies the application of AFT to nondeterministic seman-
tics by requiring fewer definitions. Our approach clarifies
the relationship between deterministic and nondeterminis-
tic AFT. Namely, we generalize a prior idea that disjunctive



semantics may be expressed as a family of normal seman-
tics. When applied to disjunctive logic programs, this means
that the semantics based on stable and partial stable mod-
els can be expressed by the corresponding semantics of a set
of normal logic programs. More importantly, we use lattice-
theoretic constructions to lift this idea to the abstract level
of algebra so that our approach may be applied to other non-
monotonic systems as well.
Our core contributions in this work are as follows.

We leverage sets of stable operators to define nondeter-
ministic stable revision,

Demonstrate our formalism by capturing partial stable
models of disjunctive logic programs, and

Compare our theory with nondeterministic AFT (Heyn-
inck et al. 2024).

This paper is organized as follows. In Section 2, we cover
necessary background material, including lattice and AFT
theory. In Section 3, we introduce our framework, then
demonstrate its viability by applying it to disjunctive logic
programs in Section 4. Next, we relate our theory to nonde-
terministic AFT (Heyninck et al. 2024) and compare the the-
ories in detail (Section 5). Finally, we discuss related work,
limitations, and future directions in Sections 6 and 7. Some
extended proofs are left to the technical appendix.

2 Preliminaries

We review common lattice theory (Roman 2008). A com-
plete lattice (£, <) is a poset s.t. every subset S C L has a
least upper bound and a greatest lower bound, denoted \/ <

and A\ respectively, with T :== \/_ Land L = AL L.
Given two preorders (L., =,) and (L, <;), we say that a
function f : L, — L is order-preserving from <, to <
if for each z,y € L, we have © <, y = f(z) =< f(y)
When (L., =<,) = (Lp, <p), we instead say that f is <,-
monotone. When the relation for the <, ordering is flipped,
thatis, z <, y = f(y) =» f(x), we say that f is anti-order-
preserving (or anti-monotone if (L., <q) = (Lp, <p)).

Every preorder (£, <) has a dual ordering (£, > ) where
the ordering has been “flipped”. We also define a strict vari-
ant < to mean two elements are comparable and not equal.
We use o(5) to indicate the powerset of the set .S and de-
note the powerset without the empty set as ©°(S). Let
o : L — L be a <-monotone function over (£, <). An
element z € L is a <-prefixpoint of o if o(z) =< z. We call a
prefixpoint z of o a fixpoint of o if o(x) = x. The fixpoints
of a <-monotone function o : £ — L on a complete lat-
tice (£, <) form a complete lattice (Tarski 1955). We call
the least element of this lattice the least fixpoint and denote
it with Ifp__o. For a lattice (£, <), we define the upwards
closureonaset C C LasC t:={z e L |y e C,y <X x}.
We define | identically using the flipped ordering. We use
min<(S) to denote the subset of <-minimal elements from
S, ie., min<(S) = {be S| -3 € 5,0 < b}. For an
infinitely descending <-chain C, min< (C) is empty.

Introduced by Denecker et al. (2000), AFT (Approxima-
tion Fixpoint Theory) is a framework for defining operators
and constructing their fixpoints over a bilattice.
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Definition 2.1. Given a complete lattice (L, <), its bilattice
is the pair of complete lattices (L2, <) (the truth-ordering)
and (L?,=2) (the precision-ordering) where <7 and <2 are
defined for any (2',9), (z,y) € L2:
(@) = (,y) iff
(2',y) =2 (z,y)  iff
We call a pair (z,z) € L? exact and we call a function
0 : L — L exact if it maps exact pairs to exact pairs, that is,
if forany x € L, o(z, ) = (o(x, x)1,0(z,z)1). We follow
Heyninck et al. (2024) in adopting a definition of Denecker
et al.’s (2000)’s approximators based on exactness.

¥ < zandy <y
¥ 2 zandy =y

Definition 2.2. A (deterministic) approximator is an exact
ji-monotonefunction o: L? — L? ona bilattice (L?, 512).

The stable revision operator (Denecker et al. 2000) con-
verts an approximator into an operator with more precise
fixpoints.

Definition 2.3. Given an approximator o, the stable revision
operator S(0) is defined as follows:

S(0)(x,y) = (p<(o(-,y),), Hp<(o(z, -),))

We refer to the fixpoints of the stable revision operator as
stable fixpoints. The smallest fixpoint w.r.t. jf, is called the
least stable fixpoint and every fixpoint of the stable revision
operator is a fixpoint of the original approximator (Denecker
et al. 2000). We call a pair (z, y) consistent if it has the prop-
erty x < y. Similarly, we call a function f : £2 — [2
consistent if it maps consistent pairs to consistent pairs.

3 Approximator Sets

The main goal of this paper is to capture the semantics of
nonmonotonic nondeterministic operators as sets of deter-
ministic operators. For example, a disjunctive logic program
{a,b <} can be captured using the associated normal logic
programs {a <} and {b <+ }. Here, we take heavy inspira-
tion from Heyninck et al. (2024) by crafting similar exam-
ples and properties, yet we directly leverage traditional AFT.
At the center of our theory are sets of approximators:
Definition 3.1. An approximator set (apprx. set) H is a
nonempty set of approximators.

Truth minimality (<?) is a core property of deterministic
stable fixpoints. When we lift deterministic stable fixpoints
to apprx. sets below, we perform <?-minimization.
Definition 3.2. A pair (x,y) is a y-stable fixpoint of an ap-
prx. set H if (z,y) € minj?{S(h)(a:,y) |he H}

Example 1. Consider the following set of approximators
H = {ha, o} over (p({a,b}), C):

h h(@,yh h({a}’y)l h({b}’y)l h({a7b}7y)1

ha  {a {a} {a} {a}

hy {0} {b} {a,b} {a,b}
withy C {a,b}, and b/ (x,y)s = h'(y,x)1 for any z,y C
{a,b}, ' € H. It’s easy to show that H is an apprx.
set and that ({a},{a}) is a stable fixpoint of h, while
({b},{b}) is not a stable fixpoint of hy. Further, ({a},{a})
is a ~y-stable fixpoint of H because S(hy)({a},{a}) €3
S(ha)({a}, {a})




By definition, every y-stable fixpoint is a stable fixpoint
of some approximator in the apprx. set 1. We can show that
these stable fixpoints are <?-minimal w.r.t. to one another.

Theorem 3.1. For any y-stable fixpoint (x,y) of an ap-
prx. set H, there is no «y-stable fixpoint (z',y") of H s.t.

(@) <F (z,9).

Proof. Let (z',y') and (z, y) be two -stable fixpoints of H
s.t. (o',y") 22 (z,y). As a stable fixpoint of some b’ € H
(resp. h € H) (2,y') (resp. (x,y)) is a fixpoint of h’ (resp.
h) (Denecker et al. 2000). We have 2’ < z and 3/ =< .
We briefly follow Denecker et al.’s (2000) proof (Theo-
rem 4). The <2-monotonicity of 7’ ensures that (-, '),
is <-antimonotone. Thus, ¥’ is a prefixpoint of A'(z, -) and
the least fixpoint of A'(x,-) is less than 3’ (Tarski 1955).
We have Ifp_ A/(z,-) =< ¢/, with ¥/ < y, it follows by
transitivity that (Ufp~ h/'(z,-)) = S(A')(z,y)2 =X y. We
can apply a similar approach to show S(h')(x,y)1 =< =,
thus S(H")(z,y) <2 (2, ). But, ~(S(H')(z,y) <2 ().
thus S(h')(x,y) = (z,y). By the truth-minimality of sta-
ble fixpoints of A’ (Denecker et al. 2000), it follows that
(@',y') = (z,y). O

While it may seem as though the above claim comes au-
tomatically from the use of minjg, we must note that -
stable fixpoints do not minimize stable fixpoints, but rather
we confirm that (, y) is not a (strict) <?-prefixpoint of any
stable operator. It is possible for a stable fixpoint to be a <2-
prefixpoint of another stable operator which does not have a
<2-smaller stable fixpoint. In contradistinction to determin-
istic AFT, a y-stable fixpoint may not exist. A finite example
showing that a v-stable fixpoint does not exist is nontrivial.
Thus, we defer it until Section 4 (Example 6). Following
Heyninck et al. (Example 22 (2024)) in the following, we
can construct and example using an infinite lattice.

Example 2. Let (L, <) be the complete lattice consisting of
the negative integers and an added least element L. Define
an apprx. set H as follows

Clearly, an h; € H is ji-monotone, exact, and its only
stable fixpoint is (i,1). For each i, there exists L < i’ < i
where S(hy)(i',i') = (i',4') <2 (i,4). Thus, (i,1) is not a
v-stable fixpoint of H.

In traditional AFT, a Kripke-Kleene fixpoint approxi-

mates all other fixpoints using the ordering jzz). For apprx.
sets, this easily follows from deterministic AFT.

Proposition 3.1. Given an apprx. set H, For every fixpoint
(z,y) of an approximator h in H, we have

Ifp_; (h) =5 (2,y)

4 Example: Disjunctive Logic Programs

Guided by our alternative theory, we formally establish a
connection between disjunctive logic programs and normal
logic programs via AFT. Namely, the partial stable mod-
els (Przymusinski 1991), and stable models of a disjunctive
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logic program can be expressed by the stable fixpoints of a
collection of induced normal programs.

First, we introduce some preliminary definitions for dis-
junctive logic programs. A disjunctive logic program (DLP)
‘P is a set of rules. A rule r is an object with three compo-
nents: a head, a positive body, and a negative body, which
we denote as head(r), body™ (r), and body™ (r), respec-
tively. Each component is a set of ground atoms from a
propositional language. We use Atoms(P) to denote the
set of all atoms in the program P. For a rule r where

head(r) = {hi,..., hi}, body™(r) = {p1,..., p;}. and
body™ (r) = {n1,..., ng} we write r as follows:
hi, ..., hi<—p1, -y Dy notny, ..., notng

We also use body(r) to denote the entire expression to the
right of the arrow above. A normal logic program (NLP) P
contains only rules with a single atom in their head.

Following Belnap’s logic (1977), a (four-valued) inter-
pretation (T, P) of a DLP P is a pair of sets containing
atoms from Atoms(P). When formulating approximators
for DLPs P, we rely on the underlying complete lattice
(p(Atoms(P)), C). Thus, for two interpretations (7", P’)
and (T, P), we have (", P') =<2 (T, P) iff T" C T and
P’ D P. The set T contains true atoms, while P contains
possibly true atoms (either true or undefined). The set 7'\ P
contains all contradictory atoms. An interpretation (7, P) is
consistent if T <X P.If T' = P, then the interpretation is
two-valued, that is, every atom is either assigned t or f.

We use head(P) to denote the set of all head atoms
in the program P, i.., the set (|J,cp head(r)). We use
satisfied py(P) to denote the program obtained by delet-

ing all rules in P whose body is not satisfied by (T, P).
satisfied i p)(P) = {r € P | bodyt(r) C T,

body~ (r)N P =0}
I'p(A, B) = head(satisfied 4 p(P))

Above, satisfied 1. py(P) checks whether the bodies of rules
are either true or contradictory and if we flip 7" and P, it
checks whether the bodies are true or undefined. I'p is the
immediate consequence operator for normal programs (De-
necker et al. (2000)). A consistent interpretation (7', P) is a
model of P if it is a fixpoint of I'p. We say a consistent in-
terpretation (77, P’) is a model of the reduct of P w.r.t. an
interpretation (7', P) if T' = head(satisfied 1 p)(P)) and
P’ = head(satisfied p: 7\ (P)).

We give a definition of partial stable models for disjunc-
tive logic programs equivalent to Przymusinski’s (1991).

Definition 4.1. A model (T, P) of a DLP P is a (partial)
stable model of P if there is no consistent interpretation
(T', P") such that (T",P') <? (T,P) and (T',P') is a
model of the reduct of P w.r.t. (T, P)

Given a DLP P, we use normal(P) to denote the set of
all NLPs obtained by deleting some atoms from the heads of
rules in P. We formally define this below.

normal(P) = {{he(r) | r € P} | 3he,¥r € P,
Ja € head(r), he(r) = (a < body(r))}



Example 3. For the DLP P {a,b <«}, we have
normal(P) = {Pa, Pp} = {{a «},{b+}}

We are now ready to capture the stable models of DLPs,
by defining the apprx. set for DLPs:

Definition 4.2. Given a DLP P, we define H(P)
hp(T, P) = (p (T, P), Tp(P,T))
H(P) = {hp: | P' € normal(P)}
Each hp: in H(P) is equivalent to the approximator de-

fined by Denecker et al ((2000)) applied to the NLP P’. We
instantiate H (P) in the following as an example.

Example 4. For the P, from Example 3, we have

hp,(0,{a,b}) = ({a},{a}) hp,(0,{a,b}) = ({b},{b})

Denecker et al. (2000) show that S(hp-) is consistent, that
is, S(hp/) maps consistent pairs to consistent pairs. We say
an apprx. set H is stable-consistent if S(h) is consistent for
eachh € H.

Proposition 4.1. H(P) is a stable-consistent apprx. set.

We intend to show that the ~y-stable fixpoints of H(P) cor-
respond to the stable models of P. First, we take a brief de-
tour to establish connections between DLPs and their associ-
ated normal programs. Once these connections are in place,
our goal is almost immediate.

Following Heyninck et al. (2024), we call a model (T, P)
of P a weakly supp. (weakly supported) model if for every
atom in @ € T there exists a rule r € satisfied  p)(P)
where a € head(r) and for every atom a € P, there
exists a rule r € satisfied p \(P) where a € head(r).
We call such a model strongly supportd, if every atom in
a € T there exists a rule r € satisfied 1 p)(P) where
{a} = head(r) N'T and for every atom a € P, there ex-
ists arule r € satisfied p r\(P) where {a} = head(r) N P.
Strong support can be linked to Clark’s completion lifted to
DLPs (Lee and Lifschitz 2003) and lifted to three-valued se-
mantics. For convenience, we refer to a model (7', P) of a
DLP P that is not a stable model of P as an unstable model.

We draw the connections between each model type for
DLPs and the models of their associated normal programs.

Lemma 4.1. A model of P is a model of some P’ €
normal(P). If it is a strongly supported, stable, or unsta-
ble model of ‘P, then it is respectively a strongly supported,
stable, or unstable model of some P" € normal(P).

Lemma 4.2. A model of P' € normal(P) is a model of the
DLP P. If it is a weakly supported or unstable model of P,
then it is respectively a weakly supported or unstable model
of P.

Each lemma comes rather naturally if we consider form-
ing a disjunctive logic program from a normal logic program
by adding additional atoms to the heads of rules, or for the
other direction, deleting atoms from the heads of rules.

We visualize both Lemmas below.

(T,P)isa | DLP P to NLP P’
model =
weakly supp. model =
strongly supp. model =
unstable model =

stable model =
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Lemmas 4.1 and 4.2 immediately provide a method of
verifying whether an interpretation (T, P) is a stable model
of a DLP P. First, to confirm that (7, P) is a model of P,
we find a program P’ € normal(P) s.t. (T, P) is a model of
P’. Next, we locate a program P’ € normal(P) s.t. (T, P)
is a stable model of P’. Finally, we confirm that there is no
program P’ € normal(P) s.t. (T, P) is an unstable model
of P so that we can conclude (T, P) is a stable model of P.

With this method in hand, we need only link individ-
ual notions (models, weakly supp. models, unstable models,
etc.) to apprx. sets to capture stable semantics.

Lemma 4.3. Let P be a DLP and (T, P) a consistent in-
terpretation. Each row below independently resolves some
h € H(P) to form a separate claim.

(T,P)isathisof P | iffiff | (I,P)isa

model <= | XZ-prefixpoint of h

weakly supp. model < | fixpoint of h

strongly supp. model | = | fixpoint of h

unstable model <= | model of P and a <3-
prefixpoint of S(h)

Most of the above claims come rather immediately, with
the exception of the claim on unstable models. Intuitively, a
single application of the stable revision operator computes
the least model of the reduct of a normal program w.r.t. the
given interpretation. The asymmetry of weakly and strongly
supported models is surprising but is made apparent later in
Example 5.

When we combine the links above with the aforemen-
tioned algorithm for computing (partial) stable models, we
arrive at -y-stable fixpoints.

Theorem 4.1. The v-stable fixpoints of H(P) are equiva-
lent to the (partial) stable models of P.

Proof. (=) Let (T, P) be a ~y-stable fixpoint of H(P). It
is a stable fixpoint of some hp: € H(P) and a stable
model of P’ (Denecker et al. (2000)), and thus a model
of P (Lemma 4.2). Suppose, for the sake of contradic-
tion, that (7, P) is an unstable model of P, then there ex-
ists hpr € H(P) such that S(hp.)(T,P) <? (T,P)
(Lemma 4.3), which directly contradicts the assumption that
(T, P) € min-2{S(h)(T, P) | h € H(P)}. It follows that
(T, P) is not an unstable model of P and, as a model of P,
must be a stable model of P.

(<) Let (T, P) be a stable model of P. It is a stable model
of some P’ € normal(P) (Lemma 4.1), a stable fixpoint of
S(hp+), and fixpoint of hps (Denecker et al. (2000)). As a
stable model, (T, P) is not an unstable model of P, thus
by contrapositive, it is not a <?-prefixpoint of S(hp~) for
any P” € normal(P) (Lemma 4.3). We arrive at (T, P) €
min<:{S(h)(T,P) | h € H(P)}. O

Answer set semantics (i.e., two-valued stable model se-
mantics) and the well-founded model are special cases of
partial stable models.

Proposition 4.2. A ~-stable fixpoint (T, P) of H(P) is
equivalent to an

1. Answer setof Pif T = P, ora



2. Well-founded model of each P’ € normal(P) and stable
model of P iflfpj% S(h) = (T, P) for each h € H(P)

Proof. (1) Partial stable models are faithful to two-valued
stable models (Przymusinski 1991). (2) (=) lfp<g S(h) ex-
ists by Denecker et al. (2000) and is the well-founded model.
(<) As a fixpoint of every stable operator, it is a y-stable fix-
point. O

We finish this section with a few examples to concretize
our definitions and shine light on a few subtler details.

Example 5. For normal programs, both types of supported
models are equivalent, that is, every weakly supp. model of
a program P’ € normal(P) is a strongly supp. model of
P’. Define P as a program containing two rules such that
P ={(a,b,c +),(a,b,d <)}. We have a P' € normal(P)
where P’ = {a <, b <}. The interpretation ({a,b}, {a, b})
is a strongly supp. model of P’, but only a weakly supp.
model of P. Now, using P = {a,b <} we have that
({a,b},{a,b}) is a weakly supp. model of P, but not a
weakly supp. model of any P’ € normal(P).

We adopt the following example from Heyninck et
al. (2024) for a DLP with no partial stable model.

Example 6. Let P = {(a,b,c <),(a < notd), (b +
notc), (c < nota)}. We have H(P) = {hp_, hp,, hp,} s.t.
(a <) € P, and so on. While each approximator has a sin-
gle <2-least stable fixpoint (({a, b}, {a,b}), ({b,c}, {b, c}),
and ({c,a},{c,a})) each is a <2-prefixpoint of another sta-
ble operators. Thus, H(P) has no y-stable fixpoint.

We’ve linked deterministic approximators to partial sta-
ble semantics, two types of supported models, well-founded
models, and answer sets.

5 Relation to Nondeterministic AFT

We now relate apprx. sets from Section 3 to Heyninck et al.’s
nondeterministic AFT (2024). We introduce stable revision
in their theory now.

Notably, a nondeterministic operator returns a set given a
pair. Thus, we introduce an ordering over sets similar to jﬁ.

Definition 5.1. Given a complete lattice (L, =), its bilattice
(L2, j§> induces apreorder-ﬁ?9 over p°(L)2.

(XY 25 (X Y)iff (X' 1) 2 X)A (Y1) 2Y)

While the ordering above lacks antisymmetry, it functions
enough like a partial order for our purposes. We note that the
ordering only inflates (via 1/ ]) the pair (X', Y”).!

Heyninck et al’s nondeterministic approximators
((2024)) generalize deterministic approximators (Denecker
et al. (2000)); We recall them now:

Definition 5.2. Given a complete lattice (L2, <) A nonde-

terministic approximator (or nondeterministic approximat-

ing operator (ndao)) o : L2 — ©°(L)? is

1. Order-preserving from (L*,<2) to (0°(L)?, 2)

"Later (Definition 5.6), we use ordering (X', Y”) 52 (X,Y)

which inflates (via 1/ |) the pair (X,Y) instead of (X', Y”).
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2. Exact: Vz € £, 0(z,z)1 = o(x, x)2

We call a pair (z,y) € L an n-prefixpoint of an ndao o if
o(z,y) 22 ({z},{y}) An n-fixpoint of o is a pair (z,y) s.t.
x € o(z,y)1 and y € o(z,y)2.

Heyninck et al. (2024) generalize the standard AFT defi-
nition of the stable revision operator to ndaos as follows.

Definition 5.3. Given an ndao o : L* — °(L)?, its non-
deterministic stable revision operator S(o) follows.

Clow(y) ={¢] & € 0(d,y),¥(¢' < ¢),(¢' & o(¢',9))}
Chign(x) ={d| ¢ € o(x,),Y(¢' < ¢),(¢' & o(x,¢))}
S0)(x,y) = (Cit (y), Chign())

We call n-fixpoints of nondeterministic stable operators n-
stable fixpoints

Comparing Frameworks

A direct comparison of frameworks is challenged by differ-
ences in how the frameworks treat consistency and exactness
and the difference in the underlying orderings. An ndao o has
a more relaxed notion of exactness and consistency because
some non-exact pairs (resp. inconsistent pairs) may occur in
o(x,y)1 X o(x,y)s where z = y (resp. x =< y).

Example 7. For the constant ndao o equal to
{L, TH{L, T}), wehave (T, L) €o(T, T)1 xo(T,T)a.

Every apprx. set H can be converted to a function of the
same type as Heyninck et al.’s (2024) ndaos.

Definition 5.4. We say an apprx. set H induces a function
0:L? — ©°(L)? s.t.

o(z,y) = ({h(z,y)1 [ h € H}, {h(x,y)2 | h € H})

The “induces” relation is the glue that enables us to con-
nect apprx. sets with Heyninck et al.’s ndaos. An approx-
imator’s monotonicity and exactness both carry the order-
preserving and exactness requirements of an ndao when the
set is converted, thus the following comes easily.

Proposition 5.1. Given an apprx. set H, its induced func-
tion is an ndao.

Note that this relation is not bijective, i.e., many apprx.
sets may induce the same function o and for some ndao o,
there may be no apprx. sets that induce o (Discussed further
in the next subsection). However, every apprx. set induces
an ndao. We link stable fixpoints between frameworks.

Theorem 5.1. Given an ndao o and an apprx. set H, an
n-stable fixpoint (x,y) is an y-stable fixpoint of H if

* H induces o, and

* (z,vy) is a fixpoint of some h € H

Proof. Let h € H be the approximator s.t. (x,y) is a fix-
point of h. Because (x,y) is an n-stable fixpoint, we have
that there does not exist ' < z s.t. ' € o(z/,y). Because
H induces o, there does notexist b’ € H s.t. 2’ = h/(a,y).
With b’ = h, it follows that z = lfp h(-,y). Similarly, we
can show y = Ifp h(z, -) and conclude S(h)(z,y) = (x,y).
Furthermore, we can conclude there does not exist b’ € H
st S(H) (@, y) <2 S(h) (2, ). O



The opposite direction of the above theorem does not
hold, i.e., not every y-stable fixpoint is an n-stable fixpoint.
This is by design (it’s sufficient to capture partial stable mod-
els of DLPs). We can narrow +y-stable fixpoint so that there
is a bidirectional relationship with n-stable fixpoints.

Definition 5.5. A pair (z,y) is a a-stable fixpoint if it is a
fixpoint of some h € H and for each I/ € H, neither hold

(i) S(K)(x,y)1 <z  (ii.) S(W)(z,y)2 <y

Every a-stable fixpoint of H is a stable fixpoint of an ap-
proximator i € H, thus linking this definition to determin-
istic AFT. This can easily shown by using h = h’. We can
link a-stable fixpoints directly to ndaos.

Theorem 5.2. An a-stable fixpoint (x,y) of an apprx. set H
is an n-stable fixpoint of the ndao o induced by H.

Proof. We have

r € min<{lfpL h(-,y)1 |h € H}
o(z,y)1 = {h(z,y)1 | h € H}
Clow(y) ={0] 6 =h(d,y)1,Y¢' < ¢,
—3n, ¢ =1h'(¢',y)}

With a few steps, the first line can be converted to the third.
The other side of the operator can be shown easily as well.
O

We connect a-stable fixpoints with ~y-stable fixpoints.

Proposition 5.2. An «-stable fixpoint of a stable-consistent
apprx. set H is a v-stable fixpoint of H.

Proof. When considering the contrapositive, observe that
the condition S(h')(2',y')1 < S(z,y)1 or S(W')(2',y" )2 <
S(z,y)2 and weaker than S(h')(z',y’") <? S(z,y). There
are more -y-stable fixpoints than a-stable fixpoints. O

With Theorems 5.1, 5.2 and Proposition 5.2, we have a
bidirectional link between frameworks.

Corollary 5.3. Given a stable-consistent apprx. set H, a
Sfixpoint (x,y) of some h € H is an a-stable fixpoint of H iff
it’s an n-stable fixpoint of the ndao induced by H.

The truth-minimality of a-stable fixpoints follows from
the above claim and the truth minimality of n-stable fix-
points (Heyninck et al. (2024)). a-Stable fixpoints bridge
the gap between n-stable fixpoints and y-stable fixpoints and
demonstrates the flexibility of our framework. The other di-
rection of Proposition 5.2 does not hold, namely, a-stable
fixpoints do not capture all partial stable models of DLPs.

Example 8. Define P as (a,b <+),(a + nota)
({b},{a,b}) is a partial stable model of P and a ~y-stable
fixpoint of H(P), but it is not an a-stable fixpoint of H(P).

Due to the link between «-stable fixpoints and n-stable
fixpoint, a-stable fixpoint do capture the two-valued stable
model of DLPs (Heyninck et al. 2024).
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Framework Incompatibilities

Not every ndao can be represented as an apprx. set. We now
discuss some incompatibilities between the frameworks and
argue that these differences are insignificant in nonmono-
tonic systems.

The first difference stems from comparing the ordering
over sets induced by a set of jf,—monotone approximators
with < 12,. Apprx. sets induce ndaos with an image that re-

=

spects 4127 (introduced below), whereas ndaos are only re-

quired to be fi—monotone (Definition 5.1) (distinct from
ﬁi-monotonicity which is introduced below).

Definition 5.6.

(XY 22 (X Y)iff (X' 1) 2 X)A((Y'])2Y)
(X, Y) 2 (X, Y)iff (X' C (X D)AY' S (Y1)
AL’ Biff (A%} B)A(AX2 B)

A nondeterministic approximator o : £2 — ©°(£)? that
is not order-preserving from jf, to X 127 does not have an in-

ducing apprx. set. We briefly demonstrate the case where a
ndao does not respect the ordering X 12).

Example 9. Define the complete lattice (L,=) s.t. L =
{L,a1,a2,b1,b2, T} where a1 = ag and by < bs.

{a1,b1} ifz € {a1,b1}
{az} ifv € {az,ba}

{z} otherwise

where o(x,y)2 is 0o(y, x)1 for exact pairs, {T } for consistent
pairs and { L} otherwise. o can be quickly verified to be ex-
act and order-preserving from 512) to ff, However; o is not

O(xay)l =

order-preserving from jf, to 512) as we have by € o(by, T)1
but O(bg, T)l = {CLQ}.

The class of ndaos without this stronger ordering does not
include symmetric operators (Remark 11 from Heyninck et
al. (2024)). Thus, we arrive at a weak condition regarding
the non-existence of an inducing apprx. set.

Corollary 5.4. If a non-symmetric ndao is not order-
preserving from jf, toX 129, then it does not have an inducing
apprx. set.

This identifies a populated class of ndaos that do not have
corresponding apprx. sets. However, this is not much of a
limitation as the underlying lattice £ can be easily tweaked
to preserve this ordering (e.g., by adding T to every set).

Even with the stronger ordering, not every <2 order-
preserving ndao has an inducing apprx. set. Intuitively, to
construct an apprx. set from an ndao, each element in the
image of the ndao must be mapped to a deterministic ap-
proximator. We can construct an ndao over an infinite lattice
s.t. any such mapping will violate an approximator’s jg-
monotonicity.

Example 10. Have o : L2 — ©°(L) be an ndao such that
there exists a sublattice {T,a,b, L} in L where a and b are
incomparable and o has the following property: There exists



an element x € o(T,T)1, such that there is only one ele-
ment ' € o(a, T)y s.t. 2’ 5127 x. Similarly, there is only one
element " € o(L,T); s.t. 2" jf, x'. Continuing, there is
only one element " € o(b, T)y s.t. ' =7 2. We can have
""" and x to be incomparable, while maintaining the un-
derlying lattice structure by continuing this spiral infinitely.
That is, there exists only one element z""" € o(T,T)1 s.t.
" ii z, and so on. For o to have an inducing apprx. set,
there must exist an approximator h such that h(T,T); = x
and h(a,b)1 € o(xz,y)1 for every (a,b) € L2. However, we
are forced to assign h(b, T)1 to an element that is not com-
parable to x, thus h is not jf)—monotone.

To summarize, we have linked apprx. sets and ndaos and
shown a correspondence between each framework’s notion
of a stable fixpoint. We have also shown that some ndaos do
not have an inducing apprx. set while every apprx. set has
an ndao. When we narrow our notion of stable revision (a-
stable fixpoints) there is a conditional one-to-one correspon-
dence with n-stable fixpoints. In Section 4, we demonstrated
that our framework can, like ndaos, be applied to DLPs, thus
the gap between frameworks is not pragmatically limiting.

6 Related Work

Nondeterministic AFT was introduced only recently by
Heyninck et al. (2024). To the best of our knowledge,
the idea of capturing nondeterministic operators using sets
of deterministic operators has not been investigated alge-
braically.

Several semantics for disjunctive logic programs rely on
a transformation from disjunctive to normal logic programs.
The possible world semantics (Sakama 1990) simply takes
the stable models of programs obtained by replacing every
disjunction with one of its disjuncts. Sakama (1990) shows
that these semantics do not coincide with the stable model
semantics for DLPs, which also illustrates the difference to
our semantics, as we represent the latter. However, it is not
hard to see that the total y-stable fixpoints of H(P) are all
possible models of P according to Sakama (1990):

Proposition 6.1. If (T, T) is a v-stable fixpoint of H(P)
then it is a possible model according to Sakama (1990).

Proof. Recall that every stable model of a P’ € normal(P)
is a possible model of P as defined by Sakama (1990).
Suppose now that (7, T) is a v-stable fixpoint of H(P).
Then with Theorem 4.1, (T,7T) is a stable model of P.
With Lemma 4.1, it is a stable model of some P’ €
normal(’P). O

Sakama (1992) defines well-founded semantics for dis-
junctive logic programs, based on the same idea as the
possible models. However, he uses a different notion of
well-founded semantics, based on a five-valued logic. These
semantics are not faithful to traditional well-founded se-
mantics for normal logic programs (Van Gelder, Ross, and
Schlipf 1991), whereas we take a conservative approach.

Shen and Eiter (2019) define the determining inference
semantics by transforming a DLP into a normal logic pro-
gram and selecting minimal stable models of those normal
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logic programs. Again, it is shown that these semantics dif-
fer from the stable semantics for DLPs. In more detail, we
obtain the following results:

Proposition 6.2. (1) Given a DLP P, if (T,T) is a -
stable fixpoint of H('P) then it is a DI-answer set (w.r.t. GL-
semantics) according to Shen and Eiter (2019). (2) There ex-
ist DLPs P s.t. T is a DI-answer of P set but not a ~y-stable
fixpoints of H(P)

Proof. Ad (1). This follows immediately from Corollary 1
of Shen and Eiter (2019), where it is shown that stable model
of a DLP? P is a DI-answer set (w.r.t. GL-semantics), and by
Theorem 4.1 that shows every ~y-stable fixpoint of H(P) is a
stable model of P. Ad (2). According to Example 6 of Shen
and Eiter (2019), there is a DI-answer set that is not a stable
model, which means with Theorem 4.1 that this DI-answer
set cannot be a y-stable fixpoint of H (P). O

Note that Shen and Eiter (2019) only treat two-valued se-
mantics. We leave generalizing their work to three-valued
semantics to future work.

7 Discussion and Future Work

Nondeterministic AFT by (Heyninck et al. 2024) is an im-
portant extension of AFT, enabling the capture of nondeter-
ministic semantics. Heyninck et al. demonstrate that an ndao
can express a single deterministic approximator. It is natural
to ask the converse: whether a set of deterministic approx-
imators can express an ndao. We formulate apprx. sets by
reusing deterministic AFT definitions to capture n-stable fix-
points and, more concretely, partial stable models of DLPs.
Our work emphasizes the semantic connection between nor-
mal logic programs and disjunctive logic programs - namely
that we can formulate disjunctive partial stable models in
terms of a family of induced normal logic programs. We
generalize this idea to the algebraic level using approxima-
tors to formulate a general theory.

In future work, we intend to investigate whether this ap-
proach makes it easier to lift new semantic developments in
AFT to nondeterministic AFT. For example, Bi et al. (2014)
explore a variation of AFT that relaxes the exactness condi-
tion, which Liu and You (2022) show can be applied to hy-
brid MKNF knowledge bases. Inconsistent pairs play a crit-
ical role in this theory. Thus, the theory cannot be adapted
to ndaos, which deal exclusively with consistent pairs. Other
avenues for future work include looking at other formalisms
incorporating nondeterminism, such as choice programs
(Heyninck 2024; Alviano, Faber, and Gebser 2023) or dis-
junctive default logic (Gelfond et al. 1991).

The relationship between normal and disjunctive pro-
grams, highlighted by our framework, offers an opportunity
to study the properties of disjunctive systems in terms of the
properties of their normal counterparts. For example, the re-
duction of a DLP to a normal program bears similarity to
backdoors to normality (Fichte and Szeider 2015), which
have been shown to have a strong impact on the reduction
of complexity of numerous problems.

2Shen and Eiter (2019) call DLPs “simple disjunctive logic pro-
grams” . Generalizing to their full language is left for future work.
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