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Abstract

This paper introduces two new compilation languages
restricting weak decomposable negation normal form
(wDNNF) circuits and integrates them into the knowledge
compilation map. Positive (resp. negative) wDNNF circuits
restrict wDNNF circuits so that each variable shared among
the inputs of a conjunction node can only have positive (resp.
negative) occurrences in that subcircuit. Unlike wDNNF cir-
cuits, pwDNNF (resp. nwDNNF) circuits satisfy the max-
imum (resp. minimum) cardinality query. We present a
compiler for converting CNF formulae into pwDNNF and
nwDNNF circuits by extending Bella — the state-of-the-art
compiler for wDNNF circuits. We introduce a new caching
scheme, called Cara, that exploits isomorphism. Using that
scheme, we show a new compilation method based on copy-
ing subcircuits, which may significantly speed up compila-
tions at the expense of increasing circuit sizes. Our exper-
iments demonstrate that nwDNNF circuits are suitable for
computing most probable explanations (MPEs) in two-layer
Bayesian networks (BNs) with large domains.

Introduction
Knowledge representation is a research area that studies rep-
resentations (also called languages) of propositional theo-
ries. The knowledge compilation map (Darwiche and Mar-
quis 2002) consists of languages that have been studied
from the following perspectives: (1) Universality: Can the
language represent any Boolean function? (2) Succinct-
ness (Gogic et al. 1995): How compactly can the language
represent Boolean functions with respect to other languages?
(3) Tractable operations: What operations (that is, queries
and transformations) does the language satisfy?

This paper focuses only on a particular class of languages:
Circuits based on negation normal form (NNF) circuits
enriched with additional properties. The decomposability
property (Darwiche 1999) or its variants (that is, weak de-
composability (Akshay et al. 2018) or structured decom-
posability (Pipatsrisawat and Darwiche 2008)) are sufficient
for the following queries: Consistency check, clausal entail-
ment check, and model enumeration. Therefore, decompos-
able NNF (DNNF) circuits (Darwiche 1999), weak DNNF
(wDNNF) circuits (Akshay et al. 2018; Illner and Kučera
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2024), and structured DNNF (SDNNF) circuits (Pipatsri-
sawat and Darwiche 2008) are appropriate for such queries.
These circuit types have been thoroughly studied in terms
of the knowledge compilation map. The other circuit types
that satisfy the mentioned queries (for example, determinis-
tic DNNF (d-DNNF) circuits (Darwiche 2001b), decision-
DNNF circuits (Huang and Darwiche 2007), SDDs (Dar-
wiche 2011), or OBDDs (Bryant 1986)) also satisfy other
unnecessarily more complex queries (for example, the
model counting query) at the expense of succinctness, mean-
ing that circuits can be exponentially bigger.

Knowledge compilation is concerned with transforming
a given propositional theory (usually a CNF formula) into
a circuit of an appropriate type. For this purpose, (knowl-
edge) compilers are used. The existence of a compiler is
a vital part of a language. For wDNNF circuits, there is
a compiler called Bella (Illner and Kučera 2024). To our
knowledge, there is no compiler that compiles (directly) into
DNNF or SDNNF circuits. Hence, instead of compiling di-
rectly into DNNF circuits, decision-DNNF circuits, which
are strictly less succinct, are used. The well-known compil-
ers for decision-DNNF circuits are C2D (Darwiche 2004),
D4 (Lagniez and Marquis 2017), DSHARP (Muise et al.
2010), and SharpSAT-TD (Kiesel and Eiter 2023).

Besides theoretical aspects, circuits can also be employed
in applications. The main idea is divided into two phases:
Offline and online. Let us assume we have a CNF formula
that represents the problem we wish to solve. The CNF for-
mula is compiled into a circuit of an appropriate type in the
offline phase. This phase is time-consuming but is done only
once. In the online phase, we solve multiple instances of that
problem in polynomial time in the size of that circuit us-
ing an appropriate query that is tractable for that circuit type
and is suitable for solving that problem. Such knowledge
compilation-based approaches are often considered state-of-
the-art, even if the circuit is used only once.

The maximum and minimum cardinality queries are
known to be tractable for DNNF circuits (Darwiche 2001a),
and we prove that they are intractable for wDNNF circuits.
Therefore, if we are interested in any of these queries, which
are essential for many applications, we must use decision-
DNNF circuits. Addressing this issue, we introduce two new
restricted variants of wDNNF circuits, namely pwDNNF
and nwDNNF circuits, that satisfy these queries.
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The main contributions of this paper are as follows:
• We introduce pwDNNF and nwDNNF circuits and study

them in terms of the knowledge compilation map.
• We relate the new circuit types to wDNNF and DNNF

circuits with respect to succinctness.
• We show a new caching scheme that exploits isomor-

phism and a new compilation method based on that
caching scheme.

• We present our extended variant of Bella for pwDNNF
and nwDNNF circuits.

• We demonstrate that nwDNNF circuits are suitable for
computing MPEs in two-layer BNs with large domains.

Basic Definitions
In this section, we introduce notation and preliminaries.
We assume that the reader is familiar with the following
terminologies related to probabilistic reasoning: Bayesian
networks (BNs), conditional probability tables (CPTs), and
variable instantiations. For the definitions, see (Park 2002).

Propositional Logic
We mention only some crucial definitions. For more, see
Section “Propositional Logic” in (Illner and Kučera 2024).

Let X be a set of variables. A literal is a variable x ∈ X
(a positive literal) or its complement ¬x (a negative literal).
A clause is a disjunction of literals. A weighted clause is a
clause with an associated non-negative weight. We denote
the weight of a weighted clause as a superscript (for exam-
ple, (xi ∨ ¬xj)wc ). A (weighted) conjunctive normal form
(CNF) formula is a conjunction of (weighted) clauses. A
CNF formula φ is positive (resp. negative) if every clause
of φ contains only positive (resp. negative) literals.

Negation Normal Form Circuits and Variants
A negation normal form (NNF) circuit is a rooted directed
acyclic graph in which each inner node is a conjunction (∧)
or disjunction (∨), and each leaf is a literal, True, or False.

For a node α, we denote by Vars(α) (resp. |Vars(α)|)
the set (resp. the number) of variables that occur in the sub-
circuit rooted at α. A variable x is positive (resp. negative)
in a subcircuit if ¬x (resp. x) does not occur in that subcir-
cuit. The size of a circuit ∆, denoted by |∆|, is measured by
the number of edges in that circuit. Sometimes, we handle a
node α of a circuit as the subcircuit rooted at α.

The cardinality of a model is the number of variables that
are set to True. The minimum (resp. maximum) cardinal-
ity of an NNF circuit ∆, denoted by MinCard(∆) (resp.
MaxCard(∆)), is the minimum (resp. maximum) cardinal-
ity of all its models. If ∆ has no model, the minimum (resp.
maximum) cardinality is defined as∞ (resp. −∞).

Decomposable NNF Circuits A conjunction node α
is decomposable (Darwiche 1999) if no variable is
shared among its child nodes (that is, Vars(childi) ∩
Vars(childj) = ∅ for any pair of different child nodes childi
and childj of α). An NNF circuit in which all the conjunc-
tion nodes are decomposable is named a decomposable NNF
(DNNF) circuit (Darwiche 1999).

Weak DNNF Circuits A conjunction node α is weak
decomposable (Akshay et al. 2018) if each variable x ∈
Vars(α) that is shared by at least two child nodes of α is
either positive or negative in the subcircuit rooted at α. An
NNF circuit in which all the conjunction nodes are weak de-
composable is named a weak DNNF (wDNNF) circuit (Ak-
shay et al. 2018).

Problems
The weighted MaxSAT problem is defined as follows: Given
a weighted CNF formula, find an assignment that maximises
the sum of the weights of the satisfied clauses. Sometimes,
the clauses of that formula are divided into two groups: Hard
clauses, which must always be satisfied, and soft clauses.

The weighted minimum cardinality (wMinCard) prob-
lem is defined as follows: Given an NNF circuit ∆ and a
non-negative weight for each variable, find a model of ∆
that minimises the sum of the weights of the variables that
are set to True. The weighted minimum cardinality problem
on CNF formulae is called the minimum-cost satisfiability
(MinCostSat) problem (Li 2004). In the weighted maximum
cardinality (wMaxCard) problem, we wish to maximise the
sum of the weights of the variables that are set to True.

The most probable explanation (MPE) problem is defined
as follows: Given a Bayesian network and some evidence,
find a variable instantiation of the remaining variables (that
is, an MPE instantiation) with the highest probability given
that evidence (that is, the MPE probability). The decision
version of this problem is NP-complete (Littman 1999).

Positive and Negative wDNNF Circuits
In this section, we define two new restricted variants of weak
decomposability (that is, positive and negative weak decom-
posability) and the new circuit types, namely pwDNNF and
nwDNNF circuits, which are based on them.

Definition 1. A conjunction node α is positive weak decom-
posable (resp. negative weak decomposable) if every vari-
able that is shared by at least two child nodes of α is positive
(resp. negative) in the subcircuit rooted at α.

Definition 2. An NNF circuit in which all the conjunction
nodes are positive (resp. negative) weak decomposable is
named a positive wDNNF (pwDNNF) circuit (resp. negative
wDNNF (nwDNNF) circuit).

The following is a direct corollary of the definitions.

Corollary 1. Positive (resp. negative) CNF formulae form a
proper subset of pwDNNF (resp. nwDNNF) circuits.

Corollary 2. The following is true based on the definitions
of decomposability and its generalised variants:

(i) DNNF circuits are a proper subset of pwDNNF and
nwDNNF circuits (for example, (x1 ∨ x2) ∧ (x2 ∨ ¬x3)
is a pwDNNF circuit but not a DNNF circuit).

(ii) The new circuit types form a proper subset of wDNNF
circuits (for example, (x1∨x2)∧(x2∨¬x3)∧(¬x3∨x4)
is a wDNNF circuit, but it is neither a pwDNNF circuit
nor an nwDNNF circuit).
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The new circuit types are universal (that is, they can rep-
resent any Boolean function) since they include DNNF cir-
cuits, which are universal (Darwiche 2001a).

Operations
This section examines the new circuit types concerning the
operations presented in the knowledge compilation map.
Operations are composed of queries (that is, circuit ques-
tions) and transformations (that is, circuit modifications).

In addition to the queries presented in the knowledge
compilation map, we incorporate two cardinality queries:
The maximum cardinality query, which was studied for
DNNF circuits (see Darwiche 2001a), and the minimum car-
dinality query. Note that our definition of the maximum car-
dinality query follows (Pipatsrisawat and Darwiche 2007),
whilst it is called the minimum cardinality query in (Dar-
wiche 2001a). Similarly, we consider two additional trans-
formations dealing with cardinality: The maximising (Dar-
wiche 2001a) and minimising transformations.

Queries
A query is called tractable for a circuit type (that is, the cir-
cuit type satisfies that query) if and only if there is a polyno-
mial time algorithm for answering that query on the circuits
of that type. Otherwise, the query is called intractable. The
following queries are considered:
• Consistency check (CO): Is the circuit consistent?
• Validity check (VA): Is the circuit valid?
• Clausal entailment check (CE): Does the circuit entail a

given clause?
• Implicant check (IM): Does a given term imply the cir-

cuit?
• Model counting (CT): How many models does the cir-

cuit have?
• Model enumeration (ME): Enumerate the circuit models

with polynomial delay.
• Sentential entailment check (SE): Does one circuit entail

another circuit?
• Equivalence check (EQ): Are two circuits equivalent?
• Minimum cardinality (MinCard): What is the minimum

cardinality of the circuit?
• Maximum cardinality (MaxCard): What is the maxi-

mum cardinality of the circuit?
Table 1 presents the tractable and intractable queries for

pwDNNF and nwDNNF circuits. DNNF circuits (Darwiche
and Marquis 2002) and wDNNF circuits (Illner and Kučera
2024) are shown for comparison.
Proposition 1. The results for the queries in Table 1 hold.

Considering the knowledge compilation map queries,
wDNNF, pwDNNF, nwDNNF and DNNF circuits are in-
distinguishable. The new circuit types satisfy CO, CE, and
ME since they are also satisfied by wDNNF circuits (Illner
and Kučera 2024), which form a proper superset (see Corol-
lary 2(ii)). We note that the COp predicate presented in (Ill-
ner and Kučera 2024) can also be used to check the con-
sistency of a pwDNNF and nwDNNF circuit. Corollary 2(i)

and the fact that VA, IM, CT, SE, and EQ are not tractable
for DNNF circuits (Darwiche and Marquis 2002) make these
queries intractable for pwDNNF and nwDNNF circuits.

The following procedure can be used to show that
nwDNNF circuits satisfy MinCard.

Definition 3. For a node α, the value of the MinCardp(α)
procedure is recursively computed as follows:

(a) MinCardp(α = True) = 0.
(b) MinCardp(α = False) =∞.
(c) MinCardp(α) = 1 if α is a positive literal.
(d) MinCardp(α) = 0 if α is a negative literal.
(e) MinCardp(α =

∨
i αi) = miniMinCardp(αi).

(f) MinCardp(α =
∧
i αi) =

∑
iMinCardp(αi).

MinCardp(α) can obviously be computed in linear time
in the size of the circuit rooted at α.

Theorem 1. The MinCardp procedure computes the mini-
mum cardinality of an nwDNNF circuit.

Darwiche (2001a) showed that the maximum cardinality
query is tractable for DNNF circuits. By Theorem 1 and
Corollary 2(i), DNNF circuits also satisfy the minimum car-
dinality query.

Symmetrically, we can define the MaxCardp procedure
that originates from the MinCardp procedure by switching
the roles of the constants 0 and 1. We can use this procedure
to compute MaxCard as follows.

Theorem 2. The maximum cardinality of a pwDNNF circuit
with the root α is equal to |Vars(α)| −MaxCardp(α).

The MinCardp (resp. MaxCardp) procedure can be triv-
ially extended to return a model with the minimum (resp.
maximum) cardinality.

Let us modify MinCardp (resp. MaxCardp) so that the
weight wx of a variable x replaces the constant 1. We call
this modified procedure wMinCardp (resp. wMaxCardp).

Using the wMinCardp (resp. wMaxCardp) procedure,
we find that the weighted minimum (resp. maximum) cardi-
nality problem can be solved in linear time on an nwDNNF
(resp. pwDNNF) circuit.

Theorem 3. Let ∆ be a circuit with the root α and assume
a non-negative weight wx for each variable x ∈ Vars(α).

(i) If ∆ is an nwDNNF circuit, then wMinCardp(α) solves
the wMinCard problem of ∆.

(ii) If ∆ is a pwDNNF circuit, then the wMaxCard problem
on ∆ is solved using (

∑
x∈Vars(α)

wx)− wMaxCardp(α).

Transformations
A transformation can be viewed as a function from a circuit
(resp. a set of circuits of identical type) to an appropriate cir-
cuit of the same type. A transformation is called tractable for
a circuit type (that is, the circuit type satisfies that transfor-
mation) if and only if a polynomial time algorithm exists that
carries out that transformation on the circuits of the given
type. Otherwise, the transformation is called intractable. We
regard the following transformations:
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Circuit type CO VA CE IM CT ME SE EQ MinCard MaxCard CD FO ∧BC ∨BC ¬C Mini Maxi

wDNNF ✓ ◦ ✓ ◦ ◦ ✓ ◦ ◦ ◦ ◦ ✓ ✓ ◦ ✓ ◦ ◦ ◦
pwDNNF ✓ ◦ ✓ ◦ ◦ ✓ ◦ ◦ ◦ ✓ ✓ ✓ ◦ ✓ ◦ ◦ ✓

nwDNNF ✓ ◦ ✓ ◦ ◦ ✓ ◦ ◦ ✓ ◦ ✓ ✓ ◦ ✓ ◦ ✓ ◦
DNNF ✓ ◦ ✓ ◦ ◦ ✓ ◦ ◦ ✓ ✓ ✓ ✓ ◦ ✓ ◦ ✓ ✓

Table 1: ✓ denotes that the operation is tractable, and ◦ means that the operation is intractable unless P = NP .

• Conditioning (CD): Given a circuit ∆ and a consistent
term τ , construct a circuit representing ∆|τ .

• Forgetting (FO): Given a circuit ∆ and a set of variables
Y , construct a circuit equivalent to ∃Y.∆.

• Bounded conjunction (∧BC): Given ∆1 and ∆2 of the
same type, construct a circuit representing ∆1 ∧∆2.

• Bounded disjunction (∨BC): Given ∆1 and ∆2 of the
same type, construct a circuit representing ∆1 ∨∆2.

• Negation (¬C): Given a circuit ∆, construct a circuit
equivalent to ¬∆.

• Minimising (Mini): Given a circuit ∆, construct a circuit
whose models are exactly the minimum cardinality mod-
els of ∆. Such a circuit is called a minimisation of ∆.

• Maximising (Maxi): Given a circuit ∆, construct a circuit
whose models are exactly the maximum cardinality mod-
els of ∆. Such a circuit is called a maximisation of ∆.

Table 1 summarises the tractable and intractable trans-
formations for pwDNNF and nwDNNF circuits. DNNF
circuits (Darwiche and Marquis 2002) and wDNNF cir-
cuits (Illner and Kučera 2024) are presented for comparison.
Proposition 2. The results in Table 1 hold.

Similar to the queries, wDNNF, pwDNNF, nwDNNF and
DNNF circuits satisfy the same transformations except those
dealing with cardinality.

The proof of Proposition 5.1 in (Darwiche and Marquis
2002) can be reused to show that ∧BC, and ¬C are hard for
pwDNNF and nwDNNF circuits. The tractability of FO fol-
lows directly from the proof used for wDNNF circuits (Ill-
ner and Kučera 2024) since the new circuit types are special
cases of wDNNF circuits.

The following procedure can be used to create a minimi-
sation of an nwDNNF circuit.
Definition 4. For a node α, let Minimisep(α) be defined as
follows:

(a) Minimisep(α) = α if α is a literal, True, or False.
(b) Minimisep(α =

∨
i αi) =

∨
MinCard(αi)
=MinCard(α)

Minimisep(αi).

(c) Minimisep(α =
∧
i αi) =

∧
iMinimisep(αi).

In case (b), if MaxCard(αi) = MaxCard(α) replaces
MinCard(αi) = MinCard(α), we get the Maximisep
procedure that can be used to create a maximisation of a
pwDNNF circuit.
Theorem 4. For an nwDNNF (resp. pwDNNF) cir-
cuit with the root α, the result of Minimisep(α) (resp.
Maximisep(α)) is a minimisation (resp. maximisation) of
that circuit.

DNNF

pwDNNF

nwDNNF

wDNNFNNF

Figure 1: An edge C1 → C2 means that C1 < C2. An edge
C1 ←→ C2 indicates that C1 and C2 are not comparable.
The dashed edges show relations that are already known.

It should be evident that all of the above-mentioned pro-
cedures run in linear time in the size of the circuit.

Succinctness
This section relates the new circuit types to wDNNF and
DNNF circuits in terms of succinctness (Gogic et al. 1995).
Definition 5. Let C1 and C2 be two different circuit types.
C1 is said to be at least as succinct as C2, denoted by
C1 ≤ C2, if and only if for every circuit ∆2 of type C2,
there exists an equivalent circuit of type C1 whose size is
polynomial in the size of ∆2. C1 is said to be strictly more
succinct than C2, denoted by C1 < C2, if C1 ≤ C2 and
C2 ≰ C1. If C1 ≰ C2 and C2 ≰ C1, then C1 and C2 are not
comparable.

It was shown (de Colnet and Mengel 2021) that wDNNF
circuits are strictly more succinct than DNNF circuits. The
idea of the proof can be reused to show that the new circuit
types are also strictly more succinct than DNNF circuits.

Bova et al. (2014) introduced a class C2+
B of positive 2-

CNF formulae that provides an exponential separation be-
tween CNF formulae and DNNF circuits. Let us define
C2–

B = {φ̄ | φ ∈ C2+
B } where φ̄ originates from φ by negat-

ing all the literals in φ. Then C2–
B is a class of negative 2-

CNF formulae that also provides an exponential separation
between CNF formulae and DNNF circuits.
Corollary 3. By Corollary 1, pwDNNF and nwDNNF cir-
cuits are strictly more succinct than DNNF circuits.

The following theorem gives the rest of the relations.
Theorem 5. The following relations hold:
(i) pwDNNF and nwDNNF circuits are not comparable.

(ii) wDNNF circuits are strictly more succinct than pwDNNF
and nwDNNF circuits.

Figure 1 depicts the relations.

A Knowledge Compiler: Bella
Since pwDNNF and nwDNNF circuits are just special cases
of wDNNF circuits, it is natural to use some existing com-
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piler for wDNNF circuits and restrict that compiler so that
only positive (resp. negative) variables can be shared to
create a compiler for pwDNNF (resp. nwDNNF) circuits.
Based on this idea, we extended1 Bella (Illner and Kučera
2024), the only known compiler for wDNNF circuits.

We describe only our modifications, namely how con-
nected components are computed, and how dual hyper-
graphs are created. We refer the curious reader to (Illner and
Kučera 2024) for a more detailed description of Bella and
the pseudocode, where the methods computeComponents
and computeNewCut were changed as described below.

For pwDNNF (resp. nwDNNF) circuits, disjoint compo-
nents can only share positive (resp. negative) variables. This
is in contrast to wDNNF circuits for which disjoint compo-
nents can share both positive and negative variables.
Example 1. Let φ = (x1∨x2)∧ (x1∨¬x2)∧ (x1∨¬x3)∧
(¬x3 ∨ x4) ∧ (¬x3 ∨ ¬x4) ∧ (¬x3 ∨ x5) ∧ (¬x3 ∨ ¬x5).
Considering pwDNNF circuits, φ has only two components:
(x1 ∨ x2) ∧ (x1 ∨ ¬x2), and (x1 ∨ ¬x3) ∧ (¬x3 ∨ x4) ∧
(¬x3 ∨ ¬x4) ∧ (¬x3 ∨ x5) ∧ (¬x3 ∨ ¬x5). Unlike wDNNF
circuits, the last four clauses must be in the same component
because the shared variable x3 is negative in φ.

The last thing that must be altered is the creation of a dual
hypergraph, based on which a cut is computed representing
a set of variables such that if the variables are assigned (re-
gardless of how they are assigned), the simplified formula
is split into more disjoint components. For wDNNF circuits,
both positive and negative variables are left out in dual hy-
pergraphs. Clearly, only positive (resp. negative) variables
can be ignored for pwDNNF (resp. nwDNNF) circuits.
Example 2. Let φ = (¬x1 ∨ x3 ∨ x5) ∧ (x2 ∨ x4 ∨ x5) ∧
(¬x2∨ ¬x3∨x5)∧(¬x1∨¬x4∨x5) be a residual CNF for-
mula, which cannot be split into multiple components. Con-
sidering pwDNNF circuits, the variable x5 is positive in φ,
meaning this variable will not occur in the dual hypergraph.
The dual hypergraph of φ is H(φ) = ({c1, c2, c3, c4},
{{c1, c4}, {c2, c3}, {c1, c3}, {c2, c4}}) where ci represents
the i-th clause and the i-th hyperedge corresponds to the
variable xi. The minimum cuts are {x1, x2} and {x3, x4}.

A Caching Scheme: Cara
During a compilation, the same residual CNF formula (that
is, the input CNF formula under the current partial as-
signment) may be encountered multiple times. Component
caching prevents repetitive compilations of these formulae.
It is based on a cache, implemented as a hash table map-
ping residual CNF formulae to the identifiers of the nodes
representing those formulae. Before a residual CNF formula
(after unit propagation and decomposition) is compiled, it is
checked if it has already been compiled. If so, the node from
the cache is reused. If not, the residual CNF formula is com-
piled, and the result is stored in the cache. A caching scheme
maps a residual CNF formula to a representation, typically
a string of numbers, which is used for hashing.

We introduce a caching scheme, called Cara, that exploits
isomorphism. The main idea is that even if a residual CNF

1https://github.com/Illner/BellaCompiler

formula has not been compiled yet, a syntactically identi-
cal formula up to renaming its variables (resp. literals) may
have been compiled. If so, this information can be exploited
to create a subcircuit that represents the residual CNF for-
mula. Since deciding whether two formulae are isomorphic
is expected not to be in P , some approximation needs to be
used. We took inspiration from sample moments in statistics.

The big picture is as follows. First, sample moments are
computed for each variable V ′ appearing in a residual CNF
formula. Second, the variables are sorted based on the sam-
ple moments. This sorting naturally provides a mapping
from the variables to 1, . . . , |V ′|. Last, based on the map-
ping, the variables (resp. literals) are renamed accordingly.

Let φ be a CNF formula. We assume a strict total ordering
over the variables (that is, x1 ≺ ... ≺ xn′ ). By the index of
xi (resp. ¬xi), we mean i (resp.−i). For a literal ℓ, Cℓ (resp.
µℓ) denotes the number (resp. the average size) of clauses
with ℓ. For each variable xi, we compute the following (or-
dered) tuple: (Cxi , C¬xi , µxi , µ¬xi , i). We create a mapping
function Mφ from the variables to 1, . . . , n′ based on the
lexicographic ordering of the tuples. Let φM originate from
φ by renaming the variables according to Mφ. The repre-
sentation rφ is described by the sorted formula φM, where
each clause is represented as a string of sorted indices of
its literals, terminated by zero. For multi-occurrent clauses,
only one occurrence is kept.Mφ, which is represented as a
string of indices, is stored as part of the value in the cache.

Example 3. Let φ = (x5 ∨¬x6)∧ (x6 ∨¬x7). The ordered
tuples for x7, x5, and x6 are (0, 1, 0, 2, 7), (1, 0, 2, 0, 5),
and (1, 1, 2, 2, 6), respectively. Mφ is “7, 5, 6”, φM =
(x2 ∨ ¬x3) ∧ (x3 ∨ ¬x1), and rφ is “−1, 3, 0, 2,−3, 0”.

Let us mention several observations. First, the creation of
representations is deterministic because of the indices in tu-
ples. Second, two syntactically identical (up to the ordering)
CNF formulae have the same representation and mapping
function. Third, more moments can be used in tuples (in
Example 3, only the first moment µ is used), which may
improve isomorphism detection at the expense of slowing
down. Fourth, mapping functions can also take signs into
account. For example, if Cxi < C¬xi , then the sign is
changed. In Example 3,Mφ (resp. rφ) would be “-7, 5, 6”
(resp. “1, 3, 0, 2,−3, 0”). However, this is reasonable only
for compiling into wDNNF and decision-DNNF circuits.

Ignoring isomorphism, based on the second observation,
Cara and the caching scheme i (Lagniez and Marquis 2020),
which is used in D4, have the same quality of equivalence
detection. Since untouched clauses are ignored in i, the rep-
resentation sizes are smaller than those created by Cara. On
the other hand, having all clauses in a representation, which
makes the correctness of Cara easy to see, is necessary for
correct isomorphism detection. So, it is a quid pro quo.

We refer the reader to (Lagniez and Marquis 2020) for
more caching schemes that do not exploit isomorphism and
are used in other knowledge compilers or #SAT solvers.

A Method Based on Copying Subcircuits
In the following, we assume that Cara is used. Suppose we
wish to compile a residual CNF formula ψ, and there is an
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A B

C D

domain: a1, a2 domain: b1, b2

domain: c1, c2 domain: d1, d2, d3

Figure 2: A fully dense two-layer BN. The CPTs are left out
because they are unnecessary; only the domains are shown.

entry ⟨rφ, (Mφ, idφ)⟩ in the cache such that rψ = rφ. The
formula does not have to be compiled. However, depending
on whether isomorphism was exploited, two situations can
occur. The trivial case is if Mψ and Mφ are the same, then
the subcircuit rooted at idφ is simply shared. Otherwise, we
copy that subcircuit in a bottom-up fashion while renaming
the literals according to Mφ ◦M−1

ψ . We point out that the
unique-node technique (see Brace, Rudell, and Bryant 1991)
must be used to prevent possible exponential blow-ups.
Example 4. Continuing with Example 3, suppose that φ
was successfully compiled, and ⟨rφ, (Mφ, idφ)⟩ was stored
in the cache. During the compilation, we encounter ψ =
(x4 ∨ ¬x6) ∧ (x6 ∨ ¬x8). Mψ is “8, 4, 6”, and rψ is
“−1, 3, 0, 2,−3, 0”. Since rψ = rφ, we get a cache hit.
Mφ ◦ M−1

ψ = {7 7→ 8, 5 7→ 4, 6 7→ 6}. The subcircuit
rooted at idφ is copied while respecting the given renaming.

Reducing MPE to MinCostSat
Park (2002) presented an intuitive reduction from MPE to
weighted MaxSAT, and Pipatsrisawat and Darwiche (2007)
showed a reduction from weighted MaxSAT to MinCost-
Sat. In the following two subsections, we outline these two
known reductions, which are then combined.

Considering BNs, there are two main classes of reduc-
tions. The first exploits the global structure (that is, the
topology) of a BN, and the second additionally exploits the
local structure (that is, the specific values of probabilities).
Each of these classes has different applicability. On the one
hand, the use of local structures (for example, determin-
ism (Chavira and Darwiche 2005), and context-specific in-
dependence (Boutilier et al. 1996)) can greatly simplify CNF
formulae. On the other hand, robustness to changes in prob-
abilities is lost. We focus on the former class.

Reducing MPE to Weighted MaxSAT
We delineate how to convert a discrete Bayesian network
into a weighted CNF formula so that solving a weighted
MaxSAT problem computes the corresponding MPE.

Since the domain of a network variable can have more
than two values, we introduce an indicator variable for each
value of that variable. For example, the network variable D
in Figure 2 has three indicator variables: Id1 , Id2 , and Id3 .

For each CPT entry, we introduce a weighted clause
(called the parameter clause) containing the negation of the
corresponding indicator variable for each network variable
in that variable instantiation. The weight of that clause is
the negative log of the corresponding conditional probabil-
ity. If a CPT entry has zero probability, we treat the corre-

sponding parameter clause as a hard clause. The parameter
clause representing the CPT entry Pr(d3 |a1, b2) in Figure 2
is (¬Ia1 ∨ ¬Ib2 ∨ ¬Id3)− log(Pr(d3 | a1,b2)).

For each network variable, it must be guaranteed that pre-
cisely one of the corresponding indicator variables must be
true. For this purpose, an exactly-one constraint is used,
and the clauses encoding such a constraint are called the
indicator clauses. For example, the indicator clauses for
the network variable D in Figure 2 are (Id1 ∨ Id2 ∨ Id3),
(¬Id1 ∨ ¬Id2), (¬Id1 ∨ ¬Id3), and (¬Id2 ∨ ¬Id3).

Since indicator clauses must always be satisfied to ensure
valid variable instantiations, we treat them as hard clauses.
Example 5. We show a part of the weighted CNF formula
that encodes the Bayesian network depicted in Figure 2. The
hard clauses (that is, indicator clauses) do not have weights.

The part that encodes A is (Ia1 ∨ Ia2)∧ (¬Ia1 ∨¬Ia2)∧
(¬Ia1)− log(Pr(a1)) ∧ (¬Ia2)− log(Pr(a2)).

The part that encodes C is (Ic1 ∨ Ic2) ∧ (¬Ic1 ∨ ¬Ic2) ∧
(¬Ia1 ∨ ¬Ib1 ∨ ¬Ic1)− log(Pr(c1 | a1,b1)) ∧
(¬Ia1 ∨ ¬Ib1 ∨ ¬Ic2)− log(Pr(c2 | a1,b1)) ∧
(¬Ia1 ∨ ¬Ib2 ∨ ¬Ic1)− log(Pr(c1 | a1,b2)) ∧
(¬Ia1 ∨ ¬Ib2 ∨ ¬Ic2)− log(Pr(c2 | a1,b2)) ∧
(¬Ia2 ∨ ¬Ib1 ∨ ¬Ic1)− log(Pr(c1 | a2,b1)) ∧
(¬Ia2 ∨ ¬Ib1 ∨ ¬Ic2)− log(Pr(c2 | a2,b1)) ∧
(¬Ia2 ∨ ¬Ib2 ∨ ¬Ic1)− log(Pr(c1 | a2,b2)) ∧
(¬Ia2 ∨ ¬Ib2 ∨ ¬Ic2)− log(Pr(c2 | a2,b2)).

Evidence is treated as conditioning. The indicator vari-
ables are assigned appropriately for each observed network
variable. The correctness is given in (Park 2002).

Reducing Weighted MaxSAT to MinCostSat
We show the main idea of the reduction from weighted
MaxSAT to MinCostSat based on selector variables.

Let φ = Cw1
1 ∧· · ·∧Cwm

m be a weighted CNF formula. We
introduce a selector variable si for each clauseCi. Let ψ de-
note the CNF formula obtained from φ by augmenting each
Ci with si. That is, ψ = (C1∨s1)∧· · ·∧(Cm∨sm). Let the
weight of si be wi, and let the original variables have zero
weights. Pipatsrisawat and Darwiche (2007) showed that
solving the MinCostSat problem on ψ with these weights is
equivalent to solving the weighted MaxSAT problem on φ.

Following the reduction, each hard clause should have a
selector variable with a sufficiently large weight. Clearly,
this is superfluous, and no selector variable is needed at all.

Bella and nwDNNF Circuits
Based on how Bella compiles into nwDNNF circuits, we
claim that leaf network variables (LNVs) do not require their
indicator clauses. We can notice that a positive literal of an
indicator variable can occur only in indicator clauses. Thus,
all the occurrences of all the indicator variables of an LNV
are negative. Therefore, these indicator variables will never
appear in dual hypergraphs (so not even in hypergraph cuts)
and will thus never be chosen as decision variables. For an
LNV, after assigning an indicator variable for each of its par-
ents to True, the corresponding simplified parameter clauses
are trivially represented as an nwDNNF circuit.
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Evidence is treated as follows: The indicator variables are
assigned appropriately for each observed network variable.
Before the minimum cardinality query is computed to obtain
an MPE instantiation, all the indicator variables for all the
LNVs must be assigned as follows. The path from the root
to such a node gives the values to all its parents. Suppose that
the value of the LNV corresponding to that indicator variable
has the highest probability in the related CPT. In that case,
the node is set to False. Otherwise, it is set to True.

Experimental Results
For completeness, we mention that there is another encod-
ing (Chavira and Darwiche 2008) not described in this paper
that requires smooth d(ecision)-DNNF circuits (Choi and
Darwiche 2017) and the weighted model counting query.
This encoding was also incorporated into the experiments.

We focused solely on two-layer BNs with large domains.
Such two-layer topologies are used in practice (see, for ex-
ample, Shwe et al. 1992; de Campos, Fernández-Luna, and
Huete 2002), and large domains are common for real-world
problems. We highlight that such topologies are used for
medical diagnosis. In such a BN, the top (resp. bottom) layer
represents diseases (resp. symptoms) with large domains.
Moreover, diseases typically change their probabilities (for
example, an epidemic outbreak). If a disease causes a symp-
tom, there is an edge from the disease to the symptom. An
example of such a network is the QMR-DT network (Shwe
et al. 1992) that consists of 600 diseases and 4000 symp-
toms. This network is typically not used in experiments be-
cause of its huge size and density. Thus, abstract variants
called DQMR networks, which are simplified, significantly
smaller, and randomly generated, are used instead.

We implemented Bels2 to (randomly) generate and con-
vert such BNs into CNF formulae using the encodings men-
tioned in this paper. We evaluated both equally and differ-
ently sized top and bottom layers. We also considered dif-
ferent BN densities (that is, how many edges were randomly
generated). For example, a density of 60% means that a BN
has exactly 60% of all the possible edges.

The experiments3 were performed on a Linux machine
(Debian 11) using an AMD EPYC™ 7543 2.8GHz proces-
sor and 512 GiB of RAM. The time-out (resp. memory-out)
was set to two/six hours (resp. 16 GB). The following com-
pilers were considered: Bella, D44 (the randomised variant
introduced by Illner and Kučera (2024) was used), C2D5,
and SharpSAT-TD6. Ten instances were created for each
density. Since the compilers are randomised, each instance
was compiled three times, and the given results are averages.
Cara exploits two moments — the first and second moments.

Table 2 presents the compilation times (in seconds), and
the circuit sizes for fully dense BNs, which are the most
challenging due to the number of parameters. First, the en-
coding requiring smooth d(ecision)-DNNF circuits is poor.

2https://github.com/Illner/Bels
3https://github.com/Illner/BellaExperimentalResults-AAAI25
4https://github.com/Illner/BellaModifiedD4-AAAI24
5http://reasoning.cs.ucla.edu/c2d/
6https://github.com/raki123/sharpsat-td

Second, nwDNNF circuits have smaller sizes than decision-
DNNF circuits. Third, considering nwDNNF circuits and
decision-DNNF circuits (D4), as the domain sizes increase,
so do the time differences (column “improv.”). This im-
provement is maintained as the number of nodes increases.
Last, more instances were compiled into nwDNNF circuits.

Table 3 presents the compilation times (in seconds), the
circuit sizes, and the number of successfully compiled in-
stances (maximum is ten) for 60% and 80% densities. To
perform experiments for decision-DNNF circuits and Cara
(signed variant), we extended Bella to compile into decision-
DNNF circuits just like D4. First, focusing on the caching
scheme i, Bella is faster than D4. Second, Cara notice-
ably speeds up the compilation times at the expense of in-
creasing circuit sizes. However, this increase is tolerable for
nwDNNF circuits, whilst significant for decision-DNNF cir-
cuits. Third, the more sparse a BN is, the better Cara per-
forms. Last, significantly more instances were compiled into
nwDNNF circuits using Cara.

Based on our experiments dealing with BNs with more
complex topologies, we observed that deciding on LNVs
during compilations is greatly beneficial. However, LNVs
will never be used as decision variables for the encoding
used for nwDNNF circuits, resulting in poorer performance.

We do not consider the data set used in (Lagniez and Mar-
quis 2017) here because the results for the new circuit types
are similar to those for wDNNF circuits presented in (Illner
and Kučera 2024). We also mention that DQMR networks,
which are encoded by the encoding that requires smooth
d(ecision)-DNNF circuits, are also part of the data set.

Conclusion
We have introduced pwDNNF and nwDNNF circuits and in-
tegrated them into the knowledge compilation map. We have
distinguished wDNNF, pwDNNF, nwDNNF and DNNF cir-
cuits in terms of operations. We have presented our extended
variant of Bella for pwDNNF and nwDNNF circuits. We
have shown a new compilation method based on copying
subcircuits, which may significantly speed up compilations.
We have demonstrated that nwDNNF circuits are suitable
for computing MPEs in two-layer BNs with large domains.

Proofs
Proof of Theorem 1. We proceed by induction on the struc-
ture of the circuit. Cases (a) to (d) follow directly. Case (e):
The minimum cardinality of

∨
i αi is the smallest minimum

cardinality among all αi. Case (f): Let α =
∧
i αi be nega-

tive weak decomposable. All the variables shared by at least
two child nodes of α can be set to False without increasing
the minimum cardinality of α. Thus, the minimum cardinal-
ity of α is the sum of the minimum cardinalities of αi.

Proof of Theorem 2. Maximising the number of variables
that are set to True can be reformulated as minimising the
number of variables set to False. The proof of the correctness
of MaxCardp is analogous to the case of MinCardp. Be-
cause MaxCardp computes the minimum number of vari-
ables set to False, we must subtract this result from the total
number of variables to obtain the maximum cardinality.
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#nodes
domain

size

nwDNNF circuits decision-DNNF circuits smooth decision-DNNF circuits
Bella (i) D4 C2D D4

time (s) size improv. time (s) size time (s) size time (s) size

5 : 5

4 0.614 70 503.67 1.64 1.007 196 255.00 95.105 2 533 011.67 13.704 485 192.00
7 107.525 1 909 131.67 5.48 589.727 6 770 407.00 — — 19 345.839 20 459 704.00
8 459.405 4 209 175.00 7.17 3 295.746 15 836 293.00 — — — —
9 1 883.894 8 471 321.33 > 11.46 — — — — — —

6 : 6
3 0.415 45 995.00 1.27 0.525 113 348.00 39.237 1 093 022.67 8.079 268 258.00
5 121.543 1 539 814.67 3.23 391.891 4 781 238.00 — — 20 991.073 14 023 422.00
6 1 455.182 5 436 525.33 > 14.84 — — — — — —

Table 2: The compilation times (in seconds), and the circuit sizes for fully dense BNs. The time-out was set to six hours.

#nodes density
domain

size

nwDNNF circuits decision-DNNF circuits
Bella (i) Bella (Cara) D4 (i) Bella (Cara - signed variant)

time (s) size # time (s) size # time (s) size # time (s) size #

5 : 5

80%
13 664 19 509 851 10 437 21 705 539 10 6 625 34 465 982 1 621 215 247 313 8
14 1 492 32 614 471 10 867 36 403 555 10 — — 0 1 091 274 720 896 2
15 3 255 49 867 671 10 1 670 56 643 910 10 — — 0 — — 0

60%
20 856 29 159 870 10 121 36 543 985 10 3 255 26 635 851 8 168 215 716 865 8
25 2 027 34 843 482 10 577 45 881 028 10 — — 0 576 352 399 770 4
28 3 796 52 154 815 10 1 265 78 709 459 10 — — 0 — — 0

7 : 7

80%
7 499 26 198 478 10 138 29 087 302 10 2 072 23 058 910 10 207 166 739 933 8
8 2 150 79 957 669 10 706 87 660 004 10 — — 0 716 189 548 823 1
9 4 921 79 666 358 5 2 951 160 648 695 10 — — 0 — — 0

60%
10 741 43 397 886 10 98 57 991 430 10 2 526 42 752 348 9 154 267 145 930 2
11 1 934 83 373 914 9 266 114 309 981 9 5 254 48 384 725 6 — — 0
12 3 653 132 864 751 8 551 209 529 685 8 — — 0 — — 0

Table 3: The compilation times (in seconds), the circuit sizes, and the number of successfully compiled instances (maximum
is ten) for 60% and 80% densities. The time-out was set to two hours. The caching schemes i and Cara were considered.

Proof of Proposition 1. Most of the proof follows from The-
orems 1 and 2, and the discussion below the proposition
statement. It remains to show the hardness of MinCard
(resp. MaxCard) for pwDNNF (resp. nwDNNF) circuits.
The minimum vertex cover problem is defined as follows:
Given a graph, find the size of a minimum set of vertices X
such that for each edge e, there is at least one incident ver-
tex of e in X. This problem is NP-hard (Dinur and Safra
2005). We show a sketch of a polynomial reduction from
vertex cover to MinCard. Let G be a graph. We construct a
positive formula φ such that for every edge e = (vi, vj), we
have a clause (vi ∨ vj) in φ. By Corollary 1, a pwDNNF cir-
cuit can compactly represent φ. MinCard of that circuit can
solve the minimum vertex cover problem of G. To show the
hardness of MaxCard for nwDNNF circuits, we modify the
reduction using clause (¬vi ∨ ¬vj). By Corollary 2(ii), the
cardinality queries are NP-hard for wDNNF circuits.

Proof of Theorem 4. We proceed by induction on the struc-
ture of the circuit. Case (a) is straightforward. Case (b): It
follows that minimising a disjunction can be replaced by
minimising each of its children and then removing those
minimised children with a higher minimum cardinality.
Case (c): Let α =

∧
i αi be negative weak decomposable.

All the variables shared by at least two child nodes of α can
be set to False without increasing the minimum cardinality
of α. In addition, the minimum cardinality of α is the sum
of the minimum cardinalities of αi. Thus, minimising α can

be done by minimising each of its children αi. The proof of
the correctness of Maximisep is symmetrical.

Proof of Proposition 2. Most of the proof follows from The-
orem 4 and the discussion below the proposition statement.
CD: Conditioning means replacing some literals by True or
False, but this cannot violate positive (resp. negative) weak
decomposability. ∨BC: Positive (resp. negative) weak de-
composability restricts only conjunction nodes. Minimising
and Maximising: The hardness of Minimising (resp.
Maximising) for pwDNNF (resp. nwDNNF) circuits is a re-
sult of the hardness of MinCard (resp. MaxCard).

Proof of Theorem 5. (i) Let φ be a positive 2-CNF formula
from C2+

B . Assume an nwDNNF circuit ∆ representing φ.
Let ∆′ originate from ∆ by replacing every negative literal
by True. By Lemmata 1 and 2 in (Illner and Kučera 2024),
it holds that ∆ ≡ ∆′ and |∆| ≥ |∆′|. Since ∆′ does not
contain any negative literal, it is clear that ∆′ is a DNNF cir-
cuit. Therefore, the size of ∆′ is exponential in the size of
φ. By Corollary 1, a pwDNNF circuit can compactly repre-
sent φ. Hence, nwDNNF circuits are not at least as succinct
as pwDNNF circuits. By a symmetric argument using C2–

B ,
we get that pwDNNF circuits are not at least as succinct as
nwDNNF circuits. (ii) This follows from the incomparabil-
ity of pwDNNF and nwDNNF circuits (case (i)).
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