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Abstract

Conditional independence is a crucial concept supporting ad-
equate modelling and efficient reasoning in probabilistics. In
knowledge representation, the idea of conditional indepen-
dence has also been introduced for specific formalisms, such
as propositional logic and belief revision. In this paper, the
notion of conditional independence is studied in the alge-
braic framework of approximation fixpoint theory. This gives
a language-independent account of conditional independence
that can be straightforwardly applied to any logic with fix-
point semantics. It is shown how this notion allows to reduce
global reasoning to parallel instances of local reasoning, lead-
ing to fixed-parameter tractability results. Furthermore, rela-
tions to existing notions of conditional independence are dis-
cussed and the framework is applied to normal logic program-
ming.

1 Introduction
Over the last decades, conditional independence was shown
to be a crucial concept supporting adequate modelling
and efficient reasoning in probabilistics (Pearl, Geiger, and
Verma 1989). It is the fundamental concept underlying
network-based reasoning in probabilistics, which has been
arguably one of the most important factors in the rise of
contemporary artificial intelligence. Even though many rea-
soning tasks on the basis of probabilistic information have
a high worst-case complexity due to their semantic nature,
network-based models allow an efficient computation of
many concrete instances of these reasoning tasks thanks to
local reasoning techniques. Therefore, conditional indepen-
dence has also been investigated for several approaches in
knowledge representation, such as propositional logic (Dar-
wiche 1997; Lang, Liberatore, and Marquis 2002), belief re-
vision (Kern-Isberner, Heyninck, and Beierle 2022; Lynn,
Delgrande, and Peppas 2022) and conditional logics (Heyn-
inck et al. 2023). For many other central formalisms in KR,
such a study has not yet been undertaken.

Due to the wide variety of formalisms studied in knowl-
edge representation, it is often beneficial yet challenging
to study a concept in a language-independent manner. In-
deed, such language-independent studies avoid having to
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define and investigate the same concept for different for-
malisms. In recent years, a promising framework for such
language-independent investigations is the algebraic ap-
proximation fixpoint theory (AFT) (Denecker, Marek, and
Truszczyński 2003), which conceives of KR-formalisms
as operators over a lattice (such as the immediate conse-
quence operator from logic programming). AFT can repre-
sent a wide variety of KR-formalisms; such as propositional
logic programming (Denecker, Bruynooghe, and Vennekens
2012; Heyninck 2024b; Heyninck and Bogaerts 2023a),
default logic (Denecker, Marek, and Truszczyński 2003),
autoepistemic logic (Denecker, Marek, and Truszczyński
2003), abstract argumentation and abstract dialectical frame-
works (Strass 2013), hybrid MKNF (Liu and You 2022) and
SHACL (Bogaerts and Jakubowski 2021), and was shown
to be fruitful for language-independent studies of concepts
such as splitting (Vennekens, Gilis, and Denecker 2006), or
non-determinism (Heyninck, Arieli, and Bogaerts 2022).

In this paper, we give an algebraic, operator-based ac-
count of conditional independence. In more detail, the paper
makes the following contributions:
(1) Definition of conditional independence in an operator-
based, algebraic framework, providing a notion applicabble
to any formalism that admits an operator-based characteri-
zation, such as the ones mentioned above.
(2) Proof of crucial properties about conditional indepen-
dence, including that search for fixpoints of an (approxima-
tion) operator over conditionally indepedent modules.
(3) Fixed-parameter tractability results based on conditional
independence.
(4) A proof-of-concept application to normal logic programs
under various semantics.
(5) Establish connections with existing work on conditional
independence in KR.
Outline of the Paper: The necessary preliminaries on logic
programming (Section 2.1), lattices (Section 2.2) and ap-
proximation fixpoint theory (Section 2.3) are introduced in
Section 2. The concept of conditional independence of sub-
lattices w.r.t. an operator is introduced and studied in Sec-
tion 3, and applied to approximation operators in Section 4.
Fixed-parameter complexity results are shown in Section 5.
This theory is applied to the semantics of normal logic pro-
grams in Section 6. Related work is discussed in Section 7,
after which the paper is concluded (Section 8).
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2 Background and Preliminaries
In this section, we recall the necessary basics of logic pro-
gramming, abstract algebra, and AFT. We refer to the liter-
ature for more detailed introductions on logic programming
semantics based on four-valued operators (Fitting 1991; De-
necker, Bruynooghe, and Vennekens 2012), order theory
(Davey and Priestley 2002) and AFT (Bogaerts 2015).

2.1 Logic Programming
We assume a set of atoms A and a language L built up from
atoms, conjunction ∧ and negation not. A (propositional
normal) logic program P (a nlp, for short) is a finite set of
rules of the form p ← p1∧ . . .∧pn∧not q1∧· · ·∧not qm,
where p, p1, . . . , pn, q1, . . . , qm are atoms that may include
the propositional constants ⊤ (representing truth) and ⊥
(falsity). A rule is positive if there are no negations in the
rule’s bodies, and a program is positive if so are all its rules.
We use the four-valued bilattice consisting of truth values
U, F, T and C ordered by ≤i by: U ≤i F ≤i C and
U ≤i T ≤i C, and ordered by ≤t by: F ≤t C ≤t T and
F ≤t U ≤t T. We also assume a ≤t-involution − on ≤t

(i.e, −F = T, −T = F, −U = U and −C = C). A four-
valued interpretation of a program P is a pair (x, y), where
x ⊆ AP is the set of the atoms that are assigned a value in
{T,C} and y ⊆ AP is the set of atoms assigned a value in
{T,U}. Somewhat skipping ahead to section 2.2, the intu-
ition here is that x (y) is a lower (upper) approximation of
the true atoms. Interpretations are compared by the informa-
tion order ≤i, where (x, y) ≤i (w, z) iff x ⊆ w and z ⊆ y
(sometimes called “precision” order), and by the truth order
≤t, where (x, y) ≤t (w, z) iff x ⊆ w and y ⊆ z (increased
‘positive’ evaluations). Truth assignments to complex for-
mulas are then recursively defined as follows:

• (x, y)(p) =


T if p ∈ x and p ∈ y,
U if p ̸∈ x and p ∈ y,
F if p ̸∈ x and p ̸∈ y,
C if p ∈ x and p ̸∈ y.

• (x, y)(not ϕ) = −(x, y)(ϕ),
• (x, y)(ψ ∧ ϕ) =

⊔
≤t
{(x, y)(ϕ), (x, y)(ψ)},

A four-valued interpretation of the form (x, x) may be
associated with a two-valued (or total) interpretation x, in
which for an atom p, x(p) = T if p ∈ x and x(p) = F oth-
erwise. We say that (x, y) is a three-valued (or consistent)
interpretation, if x ⊆ y. Note that in consistent interpreta-
tions there are no C-assignments.

We now consider the two- and four-valued immediate
consequence operators for nlps, defined as follows:
Definition 1. Given a nlpP and a two-valued interpretation
x, we define:

ICP(x) = {p ∈ AP | p← ψ ∈ P , (x, x)(ψ) = T}.
For a four-valued interpretation (x, y), we define:

IClP(x, y) = {p | p← ψ ∈ P , (x, y)(ψ) ∈ {T,C}},
ICuP(x, y) = {p | p← ψ ∈ P , (x, y)(ψ) ∈ {U,T}},
ICP(x, y) = (IClP(x, y), IC

u
P(x, y)).

Again somewhat skipping ahead to Section 2.2, denoting
by 2A the powerset of A, ICP is an operator on the lat-
tice ⟨2A,⊆⟩ that derives all heads of rules with true bodies.
ICP , on the other hand, is a generalisation of this operator
to (2A)2.

2.2 Lattices and Sub-Lattices
We recall some necessary preliminaries on set theory and
(sub-)lattices. A lattice is a partially ordered set L = ⟨L,≤⟩
where every two elements x, y ∈ L have a least upper x ⊔ y
and a greatest lower bound x⊓ y. We will often also refer to
a lattice ⟨L,≤⟩ by its set of elementsL. A lattice is complete
if every set X ⊆ L has a least upper (denoted

⊔
X) and a

greatest lower bound (denoted ⊔X). ⟨2A,⊆⟩ is an example
of a complete lattice. x is a fixpoint of O if x = O(x), and
the least fixpoint of O is denoted lfp(O).

We now provide background on how to (de)compose lat-
tices into sub-lattices, following Vennekens, Gilis, and De-
necker (2006). Let I be a set, which we call the index set,
and for each i ∈ I , let Li be a set. The product set

⊗
i∈I Li

is the following set of functions:⊗
i∈I

Li = {f | f : I →
⋃
i∈I

Li s.t. ∀i ∈ I : f(i) ∈ Li}.

The product set
⊗

i∈I Li contains all ways of selecting one
element of every set Li. E.g. for the sets L1 = {∅, {p}} and
L2 = {∅, {q}},

⊗
i∈{1,2} Li contains, among others, f and

f ′ with f(1) = f(2) = ∅ and f ′(1) = ∅ and f ′(2) = {q}.
For finite I = {1, . . . , n}, the product

⊗
i∈I Li is (isomor-

phic to) the cartesian product L1 × . . . × Ln. We will also
denote

⊗
i∈{1,2} Li by L1 ⊗ L2 to avoid clutter.

If each Lj is partially ordered by some ≤j , this induces
the product order ≤⊗ on

⊗
j∈I Lj : for all x, y ∈

⊗
j∈I Lj ,

x ≤⊗ y iff for all j ∈ I , x(j) ≤j y(j). We will some-
times denote the product order over

⊗
j∈I Lj by ≤I

⊗. It can
be easily shown that if all ⟨Lj ,≤j⟩ are (complete) lattices,
then ⟨

⊗
j∈I Lj ,≤⊗⟩ is also a (complete) lattice, called the

product lattice of the lattices Lj .
We denote, for x ∈

⊗
i∈I Li and i ∈ I , x|i ∈ Li as f(i),

and for J ⊆ I we denote x|J by
⊗

i∈J xi. For example,
using L1 and L2 as in the example above, ∅ × {q}|1 = ∅.
Likewise, we denote by xi ⊗ xj the element x ∈ Li ⊗ Lj

s.t. x|k = xk for k = i, j, and we lift this to sets as usual.

2.3 Approximation Fixpoint Theory
We recall basic notions from approximation fixpoint theory
(AFT) by (Denecker, Marek, and Truszczyński 2000).

Given a lattice L = ⟨L,≤⟩, we let L2 = ⟨L2,≤i,≤t⟩ be
the structure (called bilattice), in which L2 = L × L, and
for every x1, y1, x2, y2 ∈ L,
• (x1, y1) ≤i (x2, y2) if x1 ≤ x2 and y1 ≥ y2,
• (x1, y1) ≤t (x2, y2) if x1 ≤ x2 and y1 ≤ y2.

An approximating operator O : L2 → L2 of an operator
O : L → L is an operator that maps every approximation
(x, y) of an element z to an approximation (x′, y′) of an-
other element O(z), thus approximating the behavior of the
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approximated operatorO. As an example, ICP is an approx-
imation operator of ICP .

Definition 2. Let OL : L → L and O : L2 → L2.
(1) O is ≤i-monotonic, if when (x1, y1) ≤i (x2, y2), also
O(x1, y1) ≤i O(x2, y2); (2) O is approximating, if it is ≤i-
monotonic and for any x ∈ L, (O(x, x))1 = (O(x, x))2;1

(3) O is an approximation of OL, if it is ≤i-monotonic and
O extends O, that is: (O(x, x))1 = (O(x, x))2 = OL(x).

To avoid clutter, we denote (O(x, y))1 by Ol(x, y) and
(O(x, y))2 by Ou(x, y) (for lower and upper bound).

The stable operator, defined next, is used for expressing
the semantics of many non-monotonic formalisms.

Definition 3. Given a complete lattice L = ⟨L,≤⟩, let
O : L2 → L2 be an approximating operator. Ol(·, y) =
λx.Ol(x, y), i.e.: Ol(·, y)(x) = Ol(x, y) (and similarly for
the upper bound operatorOu). The stable operator forO is:
S(O)(x, y) = (lfp(Ol(., y)), lfp(Ou(x, .)).

The components lfp(Ol(., y)) and lfp(Ou(x, .) of S(O)
will be denoted by C(Ol)(y) respectively C(Ou)(x).

Stable operators capture the idea of minimizing truth,
since for any ≤i-monotonic operator O on L2, fixpoints of
the stable operator S(O) are≤t-minimal fixpoints ofO (De-
necker, Marek, and Truszczyński 2000, Theorem 4). Alto-
gether, we obtain the following notions: Given a complete
lattice L = ⟨L,≤⟩, let O : L2 → L2 be an approximating
operator, (x, y) is

• a Kripke-Kleene fixpoint of O if (x, y) =
lfp≤i

(O(x, y));

• a three-valued stable fixpoint of O if (x, y) =
S(O)(x, y);

• a two-valued stable fixpoints of O if (x, y) =
S(O)(x, y); and x = y;

• the well-founded fixpoint of O if it is the ≤i-minimal
(three-valued) stable model fixpoint of O.

It has been shown that every approximation operator ad-
mits a unique≤i-minimal stable fixpoint (Denecker, Marek,
and Truszczyński 2000). Pelov, Denecker, and Bruynooghe
(2007) show that for normal logic programs, the fixpoints
based on the four-valued immediate consequence operator
ICP (recall Definition 1) for a logic program P give rise to
the following correspondences: the three-valued stable fix-
points of ICP coincide with the three-valued stable seman-
tics as defined by Przymusinski (1990), the well-founded
fixpoint of of ICP coincides with the homonymous se-
mantics (Przymusinski 1990; Van Gelder, Ross, and Schlipf
1991), and the two-valued stable fixpoints of ICP coincide
with the two-valued (or total) stable models.

1In some papers (Denecker, Marek, and Truszczyński 2000), an
approximation operator is defined as a symmetric ≤i-monotonic
operator, i.e. a ≤i-monotonic operator s.t. for every x, y ∈ L,
O(x, y) = (Ol(x, y),Ol(y, x)) for some Ol : L2 → L. However,
the weaker condition we take here (taken from Denecker, Marek,
and Truszczynski (2002)) is actually sufficient for most results.

3 Conditional Independence
Conditional independence in an operator-based setting is
meant to formalize the idea that for the application of an
operator to a lattice consisting of three sub-lattices L1, L2

and L3, full information about L3 allows us to ignore L2

when applying O to L1 ⊗ L3. In more detail, it means that
the operator O over

⊗
i∈{1,2,3} Li can be decomposed in

two operators O1,3 and O2,3 over the sub-lattices L1 ⊗ L3

respectively L2 ⊗ L3.
Definition 4. Let O be an operator

⊗
i∈{1,2,3} Li. The lat-

tices L1 and L2 are independent w.r.t. L3 according to O, in
symbols: L1 ⊥⊥O L2 | L3, if there exist operators

Oi,3 : Li ⊗ L3 → Li ⊗ L3 for i = 1, 2

s.t. for every x1 ∈ L1, x2 ∈ L2, x3 ∈ L3 it holds that:

O(x1 ⊗ x2 ⊗ x3)|1,3 = O1,3(x1 ⊗ x3) and

O(x1 ⊗ x2 ⊗ x3)|2,3 = O2,3(x2 ⊗ x3)

Thus, two sub-lattices L1 and L2 are independent w.r.t.
L3 according to O if, once we have full information about
L3, information about L2 does not contribute anything in
the application of O when restricted to L1 (and vice versa).
Where L1 ⊥⊥O L2 | L3, we will also call L3 the conditional
pivot, and will refer to members of L3 as such as well.
Example 1. Consider the logic program P using atoms for
infected, vaccinated and contact:

r1 : inf(b)← inf(a), cnct(a, b), not vac(b).

r2 : inf(c)← inf(a), cnct(a, c), not vac(c).

r3 : inf(a)., r4 : cnct(a, b)., r5 : cnct(a, c).

Notice that, as soon as we know that inf(a). is the case, we
can decompose the search for models into two independent
parts, as can also be seen in the dependency graph in figure
1.

inf(a)cnct(a, b) cnct(a, c)

inf(b) inf(c)

vac(b) vac(c)

inf(d)

cnct(c, d)

vac(d)

inf(e)

cnct(c, e)

vac(e)

Figure 1: A dependency graph for the programP1 (Example
1), and its extension P2 (Example 2, atoms only occuring in
P2 have gray outlines.).

As a product lattice consisting of power sets of sets
A1, . . . ,A3 is isomorphic to the powerset of the union of
these setsA1∪ . . .∪A3, we shall use them interchangeably.
We let:

Ab = {inf(b), cnct(a, b), vac(b)}
Ac = {inf(c), cnct(a, c), vac(c)}
Aa = {inf(a)}
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We see that 2Ab ⊥⊥ICP 2Ac | 2Aa , by observing that:

ICAb,Aa

P = ICPAb,Aa and ICAc,Aa

P = ICPAc,Aa

where PAb,Aa = {r1, r3, r4} and PAc,Aa = {r2, r3, r5}. It
is easily verified that for every x1 ∪ x2 ∪ x3 ⊆ AP , it holds
that ICP(xb ∪ xc ∪ xa)∩ (Ai ∪Aa) = ICPAi,Aa (xi ∪ xa)
for any i = b, c.

Intuitively, our notion of conditional independence relates
to the analogous notion known from probability theory as
follows: two events x1 and x2 in probability theory are in-
dependent conditional on a third x3 if we can calculate the
probability of x1 given x2 and x3 as the probability of x1
given x3, i.e. P (x1 | x2x3) = P (x1 | x3). The idea of con-
ditional probability relative to an operator is the same: we
can apply the operator to one of the two sub-lattices inde-
pendently of the second, independent sub-lattice.

We now undertake a study of the properties of operators
that respect conditional independencies. In probability the-
ory, an equivalent definition of conditional independence is
given by: P (x1, x2|x3) = P (x1|x3)P (x2|x3). This prop-
erty or definition is mirrored in the following fact, where
we show that the application of an operator over the entire
lattice can likewise be split up over the two independent sub-
lattices L1 and L2 (together with the conditional pivot L3):
Fact 1. 2 Let an operator O on ⊗i∈{1,2,3}Li s.t. L1 ⊥
⊥O L2 | L3 be given. Then for any x1 ⊗ x2 ⊗ x3 ∈⊗

i∈{1,2,3} Li, it holds that:

O(x1 ⊗ x2 ⊗ x3) = O1,3(x1 ⊗ x3)⊗O2,3(x2 ⊗ x3)|2
= O1,3(x1 ⊗ x3)|1 ⊗O2,3(x2 ⊗ x3).

Furthermore, for any i, j = 1, 2, i ̸= j, xi ∈ Li, xj , x
′
j ∈

Lj and x3 ∈ L3 it holds that:

O(xi ⊗ xj ⊗ x3)|i,3 = O(xi ⊗ x′j ⊗ x3)|i,3
The output of an operator w.r.t. the conditional pivot only

depends on the input w.r.t. the conditional pivot:
Lemma 1. Let an operator O on ⊗i∈{1,2,3}Li s.t. L1 ⊥⊥O

L2 | L3 be given. Then O2,3(x2 ⊗ x3)|3 = O1,3(x1 ⊗ x3)|3
for every x1 ⊗ x2 ⊗ x3 ∈ ⊗i∈{1,2,3}Li.

We now show one of the central results, namely that fix-
points of an operator O respecting independence of L1 and
L2 w.r.t. L3 can be obtained by combining the fixpoints of
O1,3 and O2,3. Thus, the search for fixpoints, a central task
in KR, can be split into two parallel, smaller searches:
Proposition 1. Let an operator O on

⊗
i∈{1,2,3} Li s.t.

L1 ⊥⊥O L2 | L3 be given. Then x1⊗x2⊗x3 = O(x1⊗x2⊗
x3) iff x1⊗x3 = O1,3(x1⊗x3) and x2⊗x3 = O2,3(x2⊗x3)
(for any x1 ⊗ x2 ⊗ x3 ∈

⊗
i∈{1,2,3} Li).

A second central insight is that monotonicity is preserved
when moving between a product lattice and its components:
Proposition 2. Let an operator O on

⊗
i∈{1,2,3} Li s.t.

L1 ⊥⊥O L2 | L3 be given. Then O is ≤⊗-monotonic iff Oi,3

over Li ⊗ L3 is ≤i,3
⊗ -monotonic for i = 1, 2.

2Proofs of all results are available in an extended version of this
article (Heyninck 2024a).

Finally, for monotonic operators over complete lattices,
the least fixed points can be obtained by combining the least
fixed points of conditionally independent sub-lattices:

Proposition 3. Let a≤⊗-monotonic operatorO on the com-
plete lattice

⊗
i∈{1,2,3} Li s.t. L1 ⊥⊥O L2 | L3 be given.

Then x1⊗x2⊗x3 is the least fixed point ofO iff xi⊗x3 is the
least fixed point ofOi,3 (for i = 1, 2 and any x1⊗x2⊗x3 ∈⊗

i∈{1,2,3} Li).

4 Conditional Independence and AFT
The notion of conditional independence is immediately ap-
plicable to approximation operators. In this section, we de-
rive results on the modularisation of AFT-based semantics
based on the results from the previous section.

As observed by Vennekens, Gilis, and Denecker (2006),
the bilattice L2 of a product lattice L =

⊗
i∈I Li is iso-

morphic to the product lattice of bilattices
⊗

i∈I L2
i , and we

move between these two constructs without further ado.
As an approximation operator is a≤i-monotonic operator,

we immediately obtain that the search for fixpoints, includ-
ing the Kripke-Kleene fixpoints, can be split on the basis of
conditional independence of an approximator:

Proposition 4. Let an approximation operator O over a
bilattice of the product lattice

⊗
i∈{1,2,3} Li be given s.t.

L2
1 ⊥⊥O L2

2 | L2
3. Then the following hold:

• (x, y) is the Kripke-Kleene fixpoint of O iff (x|i,3, y|i,3)
is the Kripke-Kleene fixpoint of Oi,3 for i = 1, 2.

• (x, y) is a fixpoint of O iff (x|i,3, y|i,3) is a fixpoint of
Oi,3 for i = 1, 2.

We now turn our attention to the stable operators. We first
investigate the relation between an approximation operator
and the lower and upper-bound component of this operator
when it comes to respecting independencies. It turns out that
the component operators Ol and Ou respect conditional in-
dependencies, and, vice-versa, that the respect of the two
component operators of conditional independencies implies
respect of these independencies by the approximator:

Proposition 5. Let an approximation operator O over a bi-
lattice of the product lattice

⊗
i∈{1,2,3} Li be given. Then

L2
1 ⊥⊥O L2

2 | L2
3 iff L2

1 ⊥⊥Ol
L2
2 | L2

3 and L2
1 ⊥⊥Ou

L2
2 |

L2
3.3

Stable operators respect the conditional independencies
respected by the approximator from which they derive:

Proposition 6. Let an approximation operator O over a
bilattice of the complete product lattice

⊗
i∈{1,2,3} Li be

given s.t. L2
1 ⊥⊥O L2

2 | L2
3. Then L1 ⊥⊥C(Ol) L2 | L3 and

L1 ⊥⊥C(Ou) L2 | L3.

This allows us to derive another central result, stating that
search for stable fixpoints, including the well-founded one,
can be split up on the basis of conditional independencies.

3Notice that we slightly abuse notation here, as Ol and Ou map
from L2 to L. However, one can easily obtain an operator O′

l on
L2 by e.g. defining Ol(x, y) = (O′

l(x, y),⊤).
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Proposition 7. Let an approximation operator O over a
bilattice of the product lattice

⊗
i∈{1,2,3} Si be given s.t.

L2
1 ⊥⊥O L2

2 | L2
3. Then:

1. (x, y) is a fixpoint of S(O) iff (x|i,3, y|i,3) is a fixpoint of
S(Oi,3) for i = 1, 2.

2. (x, y) is the well-founded fixpoint of O iff (x|i,3, y|i,3) is
the well-founded fixpoint of Oi,3 for i = 1, 2.

5 Parametrized Complexity Results Based on
Conditional Independence

In this section, we show how the notion of conditional in-
dependence can be made useful to break up reasoning tasks
into smaller tasks that can be solved in parallel. We do this
by introducing conditional independence trees, and illustrate
its usefulness by showing that the size of the induced mod-
ules serves as a parameter for the fixed parameter tractability
of calculating the well-founded fixpoint.

5.1 Preliminaries on Parametrized Complexity
In this section, we recall the necessary background on
(parametrized) complexity. For more detailed references, we
refer to (Downey and Fellows 2013). We assume familiarity
with basics on the polynomial hierarchy. An instance of a
parametrized problem L is a pair (I, k) ∈ Σ∗ × N for some
finite alphabet Σ, and we call I the main part and k the pa-
rameter. Where |I| denotes the cardinality of I , L is fixed-
parameter tractable if there exists a computable function f
and a constant c such that (I, k) ∈ L is decidable in time
O(f(k)|I|c). Such an algorithm is called a fixed-parameter
tractable algorithm. Thus, the intuition is that when f(k)
remains sufficiently small, the problem remains tractable no
matter the size of I .

5.2 Conditional Independence Trees
How can conditional independence be used to make rea-
soning more efficient? Conditional independence allows to
split up the application of an operator over lattice elements
to parallel reasoning over elements of the sub-lattices.These
sub-lattices thus define sub-modules for parallel reasoning.
Conditional independence only allows us to split up reason-
ing into two modules, thus only splitting the search space
in half at best. However, the operator allowing, these mod-
ules can again be split up into smaller modules, leading to a
tree structure of nested modules, which we call conditional
independence trees:

Definition 5. Let
⊗

i∈I Li be a product lattice. We call a bi-
nary labelled tree (V,E, ν) a conditional independence tree
for O (in short, CIT) if the following holds:

• ν : V → 2I × 2I × 2I ,
• the root is labelled ⟨I1, I2, I3⟩ where I1, I2, I3 is a parti-

tion of I ,
• for every (v1, v2), (v1, v3) ∈ E, where ν(vi) =

⟨Ii1, Ii2, Ii3⟩ for i = 1, 2, 3, I1j ∪ I13 = Ij+1
1 ∪ Ij+1

2 ∪ Ij+1
3

for j = 1, 2.
•
⊗

i∈I1
Li ⊥⊥OI1∪I2∪I3

⊗
i∈I2
Li |

⊗
i∈I3
Li for every

v ∈ V with ν(v) = ⟨I1, I2, I3⟩.

Thus, a CIT is a tree where each vertex is labelled with
a partition ⟨I1, I2, I3⟩ of a sub-lattice

⊗
i∈I1∪I2∪I3

Li s.t.⊗
i∈I1
Li is independent w.r.t.

⊗
i∈I2
Li given

⊗
i∈I3
Li

according to O, and such that the labels of the leaves of a
node compose the sub-lattices mentioned in the the labels
of the parent node. Finally, the root of the tree should be a
decomposition of the original lattice.
Example 2. We consider an extension of Example 1 where
P2 = {r1, r2, r3, r4, r5, r6, r7, r8} with:

r6 : inf(d)← inf(c), cnct(c, d), not vac(d).

r7 : inf(e)← inf(c), cnct(c, e), not vac(e).

r8 : cnct(c, d)., r9 : cnct(c, e).

Furthermore, we let:

Ae = {inf(e), cnct(c, e), vac(e)}
Ad = {inf(d), cnct(d, e), vac(d)}

The dependency-graph for this program is given in Figure 1.
We observe the following independencies:

2Ab⊥ICP2
2Ac∪Ae∪Ad | 2Aa

2Ae⊥ICP2
2Ad | 2Aa∪Ac

We can accordingly obtain the following CIT:

⟨Ab,Ac ∪ Ae ∪ Ad,Aa⟩

⟨Ab, ∅,Aa⟩ ⟨Ae,Ad,Ac ∪ Aa⟩

This CIT can be used to reduce global reasoning to parallel
instances of local reasoning along the different components
occuring in the leaves of the CIT. For example, we can calcu-
late WF(P2) = WF(Pb∪Pa)∪WF(Pe∪Pe∪Pc)∪WF(Pd∪
Pa ∪ Pa) (where Pd = {r6, r8} and Pe = {r7, r9}):

WF(Pb ∪ Pa) = {inf(a), cnct(a, b), inf(b)}

WF(Pe ∪ Pc ∪ Pa) =

{inf(a), cnct(a, c), inf(c), cnct(c, e), inf(e)}

WF(Pd ∪ Pc ∪ Pa) =

{inf(a), cnct(a, c), inf(c), cnct(c, d), inf(d)}

WF(Pb ∪ Pc ∪ Pa ∪ Pe ∪ Pd) =

WF(Pb ∪ Pa) ∪WF(Pe ∪ Pe ∪ Pc) ∪WF(Pd ∪ Pc ∪ Pa)

= {inf(a), cnct(a, b), inf(b), cnct(a, c),
inf(c), cnct(c, e), inf(e), cnct(c, d), inf(d)}

The following result shows that a CIT-tree correctly de-
composes reasoning problems in KR:
Proposition 8. Let an operator O over

⊗
i∈I Li and CIT

T = (V,E, ν) be given with Vl the leafs of T . Then:
1. lfp(O) =

⊗
⟨I1,I2,I3⟩∈Vl

lfp(OI1∪I3)⊗ lfp(OI2∪I3),
2. x is a fixpoint of O iff for every ⟨I1, I2, I3⟩ ∈ Vl and
i = 1, 2, x|Ii∪I3 is a fixpoint of OIi∪I3 .
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We show how the decomposition of reasoning according
to a CIT results in FPT-results, making the following
Important Assumption 1. In the rest of this section, we as-
sume that L is a powerset-lattice, i.e. L = ⟨2S ,⊆⟩ for some
set S, to ensure that cardinality used in Def. 6 is defined.

Lifting this assumption to other lattices is straightforward,
but requires one to define a notion of size on the lattice ele-
ments. We leave this for future work. We furthermore notice
that we will use |S| as the input size of the problems studied
below. Notice that we do not consider |2S | as the input size,
as this would make most results below trivial.

CIT-size encodes the size of modules and serving as basis
for the parameter in the FPT-results below.
Definition 6. Let an operator O over

⊗
i∈I Li, a CIT

T = (V,E, ν) for O and Vl the leafs of T be given. The
CIT-partition-size of O relative to (V,E, ν) is defined as
CPS(T ) =

max({|
⊗
i∈Ij

Li ⊗
⊗
i∈I3

Li| | v ∈ Vl, ν(v) = ⟨I1, I2, I3⟩,

j = 1, 2}).

The CIT-size of O relative to T is defined as CS(V,E, ν) =
max(CPS(V,E, ν), |Vl|).
Example 3. In the CIT of Example 2, the CIT-size is equal
to the size of the largest partition, namely 2|Ae∪Ac∪Aa| =
2|Ad∪Ac∪Aa| = 27.

We first show that computing the well-founded fixpoint
is FPT with the CIT-partition-size as a parameter. We do
this under the assumption that applying an operator O can
be reduced by a call to an NP-oracle. This covers several
interesting cases, e.g. ADFs (Strass and Wallner 2015) and
the ultimate operator (Denecker, Marek, and Truszczyński
2004) for normal logic programs (see also Section 6).
Proposition 9. Let a ≤⊗-monotonic operator O over the
powerset lattice 2S and a CIT T for O with CIT-size c be
given. Assume that O(x) can be computed by a call to an
NP-oracle for any x ⊆ S. The least fixpoint of O can be
computed in time O(f(c).|S|).

We now show similar results for skeptical and credulous
inference, under the assumption that O(x) is polynomial.
Proposition 10. Let a ≤⊗-monotonic operator O over the
powerset lattice 2S , a CIT T for O with CIT-size c and some
α ∈ S be given. Assume thatO(x) can be computed in poly-
nomial time for any x ⊆ S:
1. Determining whether there exists some fixpoint x of O

s.t. α ∈ x can be done in time O(f(c).|S|).
2. Determining whether for every fixpoint x of O it holds

that α ∈ x can be done in time O(f(c).|S|).
It should be noticed that we do not say anything here

about the complexity of determining the CIT-partition-size.
This is because, firstly, the generality of the operator-based
framework makes it hard to make concrete claims about this
very formalism-dependent question. Secondly, for concrete
operators, efficiently looking for conditional independencies
is a research topic on itself, left for future work.

6 Application to Logic Programs
In this section, we illustrate the theory developed in the pre-
vious section by applying it to normal logic programs. We
can avoid clutter with a slight abuse of notation by writing
A1 ⊥⊥P A2 | A3 to denote 2A1 ⊥⊥ICP 2A2 | 2A3 .

We first define what we call the marginalisation of a pro-
gram w.r.t. a set of atoms, which represents the syntactic
counterpart of the modularised operator Oi,3.
Definition 7. Let an nlp P and some A ⊆ AP be given.
We define PA as the program obtained by replacing in every
rule r ∈ P every occurrence of an atom p ∈ A by ⊥.

For example, {p ← q, r, not s}{r,s} = {p ← q,⊥,⊤}.
This transformation is correct, i.e. given a program P with
A1 ⊥⊥P A2 | A3, the marginalisation PA2

induces the IC-
operator for the sublattice A1 ∪ A3:
Proposition 11. Let a nlp P be given for which AP is par-
titioned into A1 ∪ A2 ∪ A3 s.t. A1 ⊥⊥P A2 | A3. Then
ICi,3P = ICPAj

(for i, j = 1, 2, i ̸= j).

We first observe that the search for supported, (partial)
stable and well-founded models can be split up along condi-
tionally independent sub-alphabets:
Corollary 1. Let an nlp P be given for which AP is parti-
tioned intoA1∪A2∪A3 s.t.A1 ⊥⊥P A2 | A3. x1∪x2∪x3
is a supported (respectively three-valued stable) model of P
iff xi ∪ x3 is a supported (respectively three-valued stable)
model of PAj

(for i, j = 1, 2 and i ̸= j). The well-founded
model of P can be obtained as (x1 ∪ x2 ∪ x3, y1 ∪ y2 ∪ y3),
where (xi ∪ x3, yi ∪ y3) is the well-founded model of PAj

(for i, j = 1, 2, i ̸= j).
It is well-known that computing the well-founded fixpoint

for the operator ICP can be done in polynomial time. The
well-founded fixpoint for the ultimate operator Denecker,
Marek, and Truszczynski (2002), which is NP-hard, is FPT
for the CIT-size (shown in the extended version (Heyninck
2024a) as a corollary of Proposition 9). Likewise, Proposi-
tion 10 can be used to show a similar result for credulous
and skeptical entailment under the stable model semantics.

We now make some observations on how to detect condi-
tional independencies in a logic program based on its syntax.
We first need some further preliminaries. The dependency
order for a logic program P , ≤P

dep⊆ AP × AP , is defined
as p ≤P

dep q iff there is some r ∈ P where q is the head
of r and p occurs in the body of r. The dependency graph,
denoted DP(P) of P is the Hasse diagram of ≤P

dep. Figure
1 is an example of the (inverse of) a dependency graph.

A first conjecture could be that, a sufficient criterion
fo A1 ⊥⊥P A2 | A3 is that A3 graphically separates
A1 and A2, i.e. given DP(P) = ⟨AP , V ⟩, a set A3 s.t.
⟨AP \ A3, V ∩ ((AP \ (A3) × (AP \ (A3)) consists of
two disconnected subgraphs ⟨A1, V ∩ (A1 × A1)⟩ and
⟨A2, V ∩ (A2×A2)⟩ induces the conditional independence
A1 ⊥⊥P A2|A3. However, this conjecture is too naive:
Example 4. Consider the program P = {a1 ←
notb1; b1 ← nota1; e← b1} andP2 = {a2 ← notb2; b2 ←
nota2; e← b2}. This program has the following dependency
graph:
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eb1a1 b2 a2

We could conjecture {a1, b1} ⊥⊥P {a2, b2}|{e}, but this
does not hold, as

ICP({a1, b2})|{a1,b1,e} = {a1, e}
̸= ICP({a1})|{a1,b1,e} = {a1}.

A slightly more complicated graphical criterion is a suf-
ficient condition, though. In more detail, if A3 graphically
seperates A1 and A2 in DP(P), and if the program is strat-
ified in a lower layer A3 and a higher layer A1 ∪ A2, then
the conditional independency A1 ⊥⊥P A2 | A3 holds:
Proposition 12. Let a nlp P with DP(P) = ⟨AP , V ⟩ be
given s.t. the following conditions hold
1. there is some A3 ⊆ AP s.t. ⟨AP \ A3, V ∩ ((AP \

(A3) × (AP \ (A3)) consists of two disconnected sub-
graphs ⟨A1, V ∩ (A1×A1)⟩ and ⟨A2, V ∩ (A2×A2)⟩,
and

2. for every a ∈ A3 and b ∈ Ai (i = 1, 2), b <dep a.
Then A1 ⊥⊥P A2 | A3 holds.

A case in point of the criteria in this proposition is Ex-
ample 1. The search for more comprehensive, potentially
even necessary, criteria for identifying conditional indepen-
dencies are an avenue for future work.

7 Related Work
In this section, we provide a summary of related work. For
most of the comparisons, we provide more formal com-
parisons in the extended version of this article (Heyninck
2024a). In the context of classical logic, a notion of con-
ditional independence was proposed by Darwiche (1997).
Darwiche assumes a database ∆ (i.e. a set of propositional
formulas), which is used as a background theory for infer-
ences. The idea behind conditional independence is then
that a database ∆ sanctions the independence of two sets
of atoms x1 and x2 conditional on a third set of atoms x3
if, given full information about x3, inferences about x1 are
independent from any information about x2. Our notion of
conditional independence implies Darwiche’s notion (Heyn-
inck 2024a).

A concept related to conditional independence studied in
approximation fixpoint theory is that of stratification (Ven-
nekens, Gilis, and Denecker 2006). This work essentially
generalizes the idea of splitting as known from logic pro-
gramming, where the idea is to divide a logic program in
layers such that computations in a given layer only depend
on rules in the layer itself or layers below. For example, the
program {q ← not r; r ← not s; s ← not p} can be strat-
ified in the layers {p}, {s, r}, {q}. This concept was for-
mulated purely algebraically by Vennekens, Gilis, and De-
necker (2006). Our study of conditional independence took
inspiration from this work in using product lattices as an al-
gebraic tool for dividing lattices, and many proofs and re-
sults in our paper are similar to those shown for stratified op-
erators (Vennekens, Gilis, and Denecker 2006). Conceptu-
ally, stratification and conditional independence seem some-
what orthogonal, as conditional independence allows to di-
vide a lattice “horizontally” into independent parts, whereas

stratification allows to divide a lattice “vertically” in layers
that incrementally depend on each other. However, condi-
tional independence can be seen as a special case of stratifi-
cation (Heyninck 2024a).

A lot of work exists on the parametrization of the com-
putational complexity of various computational tasks us-
ing treewidth decompositions as a parameter (Gottlob, Scar-
cello, and Sideri 2002). These results show that the compu-
tational effort required in solving a problem is not a func-
tion of the overall size of the problem, but rather of certain
structural parameters of the problem, i.e. the treewidth of
a certain representation of the problem. These techniques
have been applied to answer set programming (Fichte et al.
2017). In these works, the treewidth of the tree decomposi-
tion of the dependency graph DP(P) and incidence graph
(which also contains vertices for rules) of a logic program
are used as parameters to obtain fixed-parameter tractability
results. Conditional independence and treewidth are orthog-
onal (Heyninck 2024a). Furthermore, our results go beyond
the answer set semantics, e.g. partial stable, supported and
well-founded (ultimate) semantics.

Other operator-based formalisms have been analysed in
terms of treewidth decompositions (Fichte, Hecher, and
Schindler 2022; Dvořák, Pichler, and Woltran 2012). A
benefit of our operator-based approach is that all results
are purely algebraic and therefore language-independent,
which means that applications to specific formalisms are
derived as straightforward corollaries. Furthermore, the re-
sults for AFT-based semantics, which subsume many KR-
formalisms (an overview is provided by (Heyninck and Bo-
gaerts 2023b)), are not restricted to the total stable fixpoints,
but also apply to partial stable and well-founded semantics,
in contrast to many studies on fixed-parameter tractability.

Conditional independence has been investigated in sev-
eral other logic-based frameworks, such as (iterated) belief
revision (Lynn, Delgrande, and Peppas 2022; Kern-Isberner,
Heyninck, and Beierle 2022), conditional logics (Heyninck,
Kern-Isberner, and Meyer 2022) and formal argumentation
(Rienstra et al. 2020; Gaggl, Rudolph, and Strass 2021). The
benefit of our work is that the algebraic nature allows for the
straightforward application to other formalisms with a fix-
point semantics.

8 Conclusion
In this paper, the concept of conditional independence, well-
known from probability theory, was formulated and studied
for operators. This allows to use this concept to a wide va-
riety of formalisms for knowledge representation that admit
an operator-based characterisation. As a proof-of-concept,
we have applied it to normal logic programs.

There exist several fruitful avenues for future work.
Firstly, we want to investigate related notions of inde-
pendence, such as context-specific independence (Boutilier
et al. 1996). A second avenue for future work is a more
extensive application of the theory to concrete formalisms,
both in breadth (by applying the theory to further for-
malisms) and in depth (e.g. by investigating more syntac-
tic methods to identify conditional independencies, and by
evaluating the computational gain experimentally).
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