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Abstract

Structural Equation Models (SEM) are the standard approach
to representing causal dependencies between variables in
causal models. In this paper we propose a new interpretation
of SEMs when reasoning about Actual Causality, in which
SEMs are viewed as mechanisms transforming the dynam-
ics of exogenous variables into the dynamics of endogenous
variables. This allows us to combine counterfactual causal
reasoning with existing temporal logic formalisms, and to in-
troduce a temporal logic, CPLTL, for causal reasoning about
such structures. We show that the standard restriction to so-
called recursive models (with no cycles in the dependency
graph) is not necessary in our approach, allowing us to rea-
son about mutually dependent processes and feedback loops.
Finally, we introduce new notions of model equivalence for
temporal causal models, and show that CPLTL has an effi-
cient model-checking procedure.

Introduction

There has recently been increased interest in causal rea-
soning from Al researchers and philosophers. The stan-
dard framework for reasoning about causal dependencies
in both stochastic and deterministic settings is Structural
Equation Modelling (SEM) (Pearl 2000; Spirtes, Glymour,
and Scheines 2001). Both types of reasoning are crucial for
the field of Al in stochastic domains it is often used in
Causal Machine Learning (Peters, Janzing, and Scholkopf
2017) and Causal Discovery, while in deterministic domains
it forms the basis for work on Actual Causality (Halpern
2016).

However, reasoning about many real-world phenomena
and their dynamics requires reasoning about time and tem-
poral properties. As a result, temporal reasoning in, for ex-
ample, Linear-time Temporal Logic (LTL) (Pnueli 1977),
has become an important technique for reasoning about the
dynamics of Al systems. Progress in this field has resulted in
many theoretical results in areas such as formal verification
and synthesis (Demri, Goranko, and Lange 2016).

While structural equation models are the main tool for
analysing cause—effect relations and have been applied in
a range of disciplines, e.g., medicine, economics, computer
science and industrial engineering, they are not specifically
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designed for representing the temporal behaviour of a sys-
tem, which play important role for causality claims in many
domains. For example, the effect of some treatment may
(causally) depend not only on whether the treatment was
given to a patient or not, but also on temporal properties (i.e,
dynamics) of this treatment, such as timing, duration and
repetition of the treatment. Combining SEM models with
temporal reasoning is therefore key in many applications.

Previous work on combining SEM models with tempo-
ral reasoning has focused on causal discovery, and several
methods for analysing time-series data with SEMs have
been developed, e.g., (Assaad, Devijver, and Gaussier 2022;
Hyvirinen, Khemakhem, and Monti 2023). In this paper, we
propose an approach to temporal reasoning with SEMs for
reasoning about actual causality. While a causal model is
usually understood as a static representation of causal de-
pendencies transforming values of exogenous variables into
the values of endogenous variables, we show it can also be
interpreted as a causal mechanism transforming the dynam-
ics of exogenous changes into the dynamics of endogenous
ones. In our framework, we assume that input to a causal
model is a (time) series of values assigned to the exogenous
variables, which we call the ‘temporal context’. We give a
procedure that, given a causal model as input, processes a
temporal context and transforms it into a (time) series of
assignments to endogenous variables. We then show how
the framework of actual causality can be combined with the
temporal logic LTL to give the logic CPLTL, allowing us to
express statements about future and past of the system, e.g.,
“a fact ¢ was always true”, “a fact ¢ will be true until an-
other fact 1) is true”, etc.

Our framework has several interesting features. Firstly, in-
terventions (necessary for counterfactual reasoning) become
‘time-sensitive’: in temporal settings it is necessary to spec-
ify not only which intervention happens, but also when it
happens. Secondly, most existing works on actual causality
only deal with recursive causal models (models with acyclic
dependency graphs). In our approach cycles in the depen-
dency graph have a natural temporal interpretation, so they
do not create technical difficulties, but instead provide use-
ful modelling tools. Following Beckers (2021), we introduce
new notions of (temporal) equivalence for causal models,
which also covers non-recursive cases. Finally, we show that
our framework has an efficient model-checking procedure.



Formal Background

In this section we introduce the formal apparatus we use in
the rest of the paper: Structural Equation Models (SEM’s),
also called Causal Models, used for modelling causal depen-
dencies between events, and Linear-time Temporal Logic
(LTL) designed for temporal reasoning.

Structural Equation Models

The presentation below essentially follows (Halpern 2016).
Let U/ and V be the finite sets of exogenous and endogenous
variables respectively. We say that S = (U, V,R) is a signa-
ture, where R : U UV — 28 associates with every variable
Y €U UV a non-empty finite set R(Y") of possible values,
also called range of Y.

Definition 1 (Causal model). Causal Model (or SEM) over
S is a tuple M = (S,F), where F associates with every
endogenous variable X €V a function

Ze(UuY)

which defines the structural equation describing how the
value of X depends on the values of U U V.

Informally, in causal models different events are repre-
sented by the assignment of different values to abstract vari-
ables. Values of endogenous variables depend on the val-
ues of other variables, while values of exogenous variables
are determined outside of the model. A complete assignment
(Uy =uq,..., U = ug) of U is called a context and denoted
4. A pair (M, ) is called causal setting.

Example 1 (Rocks). Suzy and Billy both pick up rocks and
throw them at a bottle (encoded as ST=1 and BT=1 respec-
tively). Both throws are perfectly accurate, so the bottle shat-
ters (BS=1) whenever ST=1 or BT=1.

Because all the variables are binary here, for simplicity
we write ST and -S7T instead of ST=1 and ST=0 respec-
tively. It is assumed that exogenous variables Ugy and Ugr
determine values of ST and BT: ST := Ugr, BT := Upr.
The structural equation for BS is BS := ST v BT It is of-
ten convenient to represent the structure of the model as a
dependency graph. Nodes in the graph represent variables,
and directed edges represent (direct) dependencies among
variables.

Figure 1: A dependency graph for Example 1.

A model M is recursive if there exists a partial order <
on V), such that unless Xy < X;, X; is independent of Xo
(Halpern 2016). As a result, a dependency graph of a recur-
sive model is a directed acyclic graph. Recursiveness also
guarantees that given 4, the set of structural equations has
a unique solution, i.e., a unique assignment of V. For this
reason, many papers on actual causality consider recursive
causal models only (e.g., (Halpern and Pearl 2005; Beckers
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and Vennekens 2018)). As we show later, this restriction re-
cursive models is not necessary in our approach.

The last ingredient we need for reasoning about actual
and counterfactual courses of events are interventions. An
intervention [ X <« ]y, meaning “after fixing the values of
X cVto Z, o holds”, results in a new casual model de-
noted M 4 _.. M ¢ _ . is the model M where functions Fx
for any X ¢ X are replaced with a constant function FY,
which always returns z*, where X = z* € X « Z and the
remaining functions remain unchanged.

Note that X abbreviates {X1,..., X}; X = Z abbrevi-
ates {X1 = x1,..., Xk = Tx}; X « 7 abbreviates {X; «
Z1,...,Xg < 1 }. Sometimes we slightly abuse this nota-
tion and write X = x € X « Z instead of X « z € X « .

In our example in a context 4 = (Usr = 1,Upr = 1),
where both Suzy and Billy throw their rocks, formulas ST =
1, BT =1, BS =1 are true. At the same time, interventions
allow us to formulate statements, such that [ST < 0]BS =
1, meaning “if Suzy does not throw the rock, the bottle still
shatters” or [ST <« 0,BT <« 0]-(BS = 1), meaning “if
neither Suzy nor Billy throw the rock, then the bottle is not
shattered”. Thus, interventions provide us all the necessary
machinery for counterfactual reasoning about SEM’s.

Definition 2 (Syntax). The grammar of the basic causal lan-
guage is defined as follows:

pu=[Y <yl |-plonre

Y= (X=2)| ¥ |y,
where X e UUV, € R(X),Y ¢V and §j € R(Y). Note
that Y < §j may be empty, so we write o instead of [].

The fruth relation (M, 4) I+ ¢, meaning that a causal
formula ¢ is true in a causal setting (M, @), is defined in-
ductively as follows:

(M, ) - (X =) iff (X =z) € Sol(@)';

(M, 0) Ik = iff (M, d) ¥ @3

(M, 1) IF (@A) iff (M, 4) I- g and (M, ) I 9;
(M) Ik [Y < §lpiff (Mg, 1) - o,

Linear-time Temporal Logic

Now we introduce some basics of Linear-time Tempo-
ral Logic (LTL), for an extensive overview see (Demri,
Goranko, and Lange 2016). In this paper we use both fu-
ture and past LTL operators, so we call it PLTL, and it con-
tains four basic modalities: O meaning “p will be true in
the next moment”, U meaning “p will be true until ”,
© meaning “@ was true in the previous moment” and ¢St
meaning “p is true since 1. The only difference of our ap-
proach from the standard PLTL definitions is that we use
atomic expressions (X = z) generated by a given signature
S instead of atomic propositions Prop = {p,q, ... }.

Definition 3 (PLTL syntax). Given a signature S, PLTL
syntax is defined as:

pu=(X=2)|-plorp|OpleUe| ©p| ¢Sy,
where X € V,x € R(X).

"Here, Sol (@) denotes the unique solution of the equations in
M in context % (existing by the recursiveness of M).



We use standard abbreviations for other Boolean connec-
tives, together with derived operators Fo = TU¢ for eventu-
ally; Gp = —=F-p for always in future; Py = TS for some-
time in the past; Hp = -P-¢ for always in the past. We refer
to the fragments of PLTL without { ©¢, ¢St} operators and
without { O, U} operators as to LTL and pure-past LTL
respectively. We also write (O™ to abbreviate O nested n
times. The models of PLTL are infinite sequences of com-
plete assignments to the variables in ).

Definition 4 (Linear model). For a given signature S, a lin-
ear model is an infinite sequence of assignments of all en-
dogenous variables, i.e.,

o:N- [] R(X)
XeVy

Example 2 (Treatment). Suppose a patient is ill, and a med-
ication exists. But this medication works only if it is given
twice, on two consecutive days. The patient is recovered
(R = 1) at step i if and only if the treatment was given
(T = 1) at two consecutive previous steps i — 1 and i — 2.
Once the patient is recovered, they remain so.

Letus fix S = (U,V,R), with V = {T, R} (T stands for
Treatment and R stands for Recovery) and all variables are
binary. Consider two linear models over S:

Uld: ((T_‘R)v (_'T_‘R)a (TﬂR)7 (_‘T_‘R)v (T_'R)a s )
an
02 = ((_'T_'R)7 (T_'R)7 (T_'R)7 (_'TR)a (_'TR)a s )

The first model o depicts a situation, when the treatment
is given at every even time moment ¢ (including 7 = 0) and
the patient is never recovered. In the second model the treat-
ment is given twice in a row, at steps ¢ = 1 and ¢ = 2, and the
patient recovers at ¢ = 3. Given a model and a time moment,
PLTL logic allows us to express various facts about the past,
the present and the future with respect to this time moment.

Definition 5 (PLTL Semantics). Given a linear model o, a
position i € N and a formula ¢ € PLTL, we define the truth
relation =pL1L inductively as follows

(U,i) EpLTL (X = l‘) lﬁc(X = l‘) € O'(i),‘

(0,1) EpLTL —9@ iff (0,1) EPLTL ¥5

(0,1) EpLTL (9 A ) iff (0,1) FpLTL @ and (0,7) FpLTL Y5
(0,9) EpirL Oy iff (0,0 + 1) EpLTL @5

(0,7) E U iff there exists j > 0 such that (0,7 + j) EpLTL
Yandforall0<k<j:(o,i+k)EpTL @5

(U,i) EpLTL O iffi > 1 and (O’,i - 1) EpLTL ©5

(O’,i) EpLTL QOS’(b iff 3k with 0 < k < i such that (O’, k) EpLTL
Yand Vjwithk <j<i:(0,j) EpLTL ¥

The following expressions are true about Example 2:
¢ (01,0) EpLtL G(OT - (=T A OT) A =R), meaning that
at (o1,0) “it will always be the case that if the treatment was
given yesterday, then it is not given today, but will be given
again tomorrow, and the patient will never recover”;
* (02,0) Epr F((O(T = 1) A ©*(T = 1)) AG(R = 1)),
meaning that at (02,0) “eventually it will be the case that
the treatment is given yesterday and two days ago, and from
that moment forward the patient will be recovered”.

Definition 6 (Periodic model). A linear model o is ulti-
mately periodic if 3i,1 > 0 such that o(k) = o(k +1) for
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every k > i. We call the (possibly empty) finite sequence
7(0),...,0(i— 1) the prefix of o and o (i), ...,0(i +1) the
loop of o and say that o is of type (i,1).

An ultimately periodic model can be represented by a fi-
nite sequence ¥y, . . ., (¥);4; of the assignments of V.

Temporal Interpretation of Causal Models

In order to proceed we need to modify some of the defini-
tions presented already. Firstly, we need to adjust the idea
of contexts. Note that normally, the context 4 is understood
as an assignment of all exogenous variables (Halpern 2016).
But in our setting, we want to consider contexts as a (time)
series of such assignments describing how the values of ex-
ogenous variables evolve over time.

Definition 7 (Temporal context). A temporal context U is
an infinite sequence of complete assignments of U:

©:N- J] R).
Ueld

We denote a particular time instance of w. as 6. (n).

We also need to adjust the definition of interventions. In
our framework it is essential to specify not only which inter-
ventions take place, but also when. We extend the notation
to make interventions time sensitive and, instead of ¥ <« y,
we use Y (n) < y, where n € N, which means that we in-
tervene on Y with value y at time step n. For multiple in-
terventions, we use the notation Y (7)) « 3 = (Yi(n1) <
Y1, Yi(nm) < yi). Note that we allow the same vari-
able Y to occur in Y (i) « ¢ multiple times, meaning that
we can intervene on the same variable at multiple time mo-
ments.

Given M describing causal dependencies between the
variables, and © describing how the values of exogenous
variables evolve over time, we want to understand how the
values of endogenous variables evolve over time. We repre-
sent this evolution as an (infinite) sequence C = (vp, U1, . .. )
called a computation. First we define a call to F. Let u/
and v’ be complete assignments of I/ and V respectively. We
say that a call to F with (u’,v") takes (u/,v’) and returns
0" = TIxep Fx (u',v"). A computation C starts with a de-
fault assignment ¥ of V (representing ‘initial’ configuration
of endogenous values)” and evolves as a process of iterative
calls to F, using values of &/ UV from the previous step >.

Definition 8 (Computation). Given a tuple (M7_u»,17), a

computation C over (M, Tu», ) is a function mapping N to
the complete assignments [] R(V') of endogenous vari-
Vey

ables, such that C(M, w,%)(0) := ¥ and for all i > 0,
C(M,u,5)(i) = [T Fx(u(i-1),C(M,u,5)(i-1))

Xey

*The idea to use default assignments of V was also discussed in
the context of non-recursive models in (Halpern 2016, Ch.2.7)

3The idea of a computation C is adapted from (Gladyshev et al.
2023).



We use the short notation C(4) instead of C(M, u,v) (i) if
(M, U, %) is clear from the context.

Because any C(i) is a vector of values whose coordi-
nates are indexed by the elements of V, we write C(i)|x
to refer to X’s value at the i’th step of C. An intervention
int = Y (7t) < g results in an updated computation C¥ (") <7,
defined as follows. Given a default assignment @, let 7! be
an assignment of VV, which agrees with ¢ everywhere, except
the variables Y, such that Y'(0) < y occurs in Y (72) < .
The values of those variables in " are set according to
Definition 9 (Updated Computation). Given an intervention
int = Y (i) < § and (M,E,T)), an updated computation
C™ s defined as C'™*(0) = o', and Vi > OV X € V:

int ‘T,v le(Z) «a'e Y/(ﬁ) “ ﬂ

C'"™(i)|x = >, ity - )

Fx(u(i-1),C"(i—1)), otherwise

Simply speaking, an updated computation C*"* replaces

the values of variables from int on the corresponding steps.

Recall Example 1 and let ¢ = (00,10,00,01,00...),

so the generated computation for % and § = 000 (here
we write 000 instead of (ST=0, BT=0, BS=0)) is C =
(000,000, 100,001,010,001,...). Suzy throws (ST=1) at
step 2 and Billy (BT=1) at step 4 (we start counting from
0). Then, we can say that the LTL formula O%*(ST = 1) A
O*(BS =1) AQ*(BT = 1) is true at C(0). And counter-
factually, O(BS = 1) is true in BT (0)<1(0) 4

As can be seen, our approach allows us to merge causal
time-sensitive interventions with the machinery of PLTL.
We call this logic Causal LTL with Past (CPLTL).

Definition 10 (Syntax of CPLTL). The grammar of CPLTL
is defined as follows:

pu=[Y(R) < Y |~ |one,

where 1 € PLTL (Definition 3) and Y (i) < 4 =
Y1(n1) < y1,--, Yi(nm) < yk), such that Y; € V,
yi € R(Y:), ni € Nand for any Yi(ni) < yi,Y;(n;) <
yj € Y(n) < 4, Y; =Y implies n; + nj. Y (i) < § may
be empty, in this case we write v instead of [ |1. We use the
same abbreviations for boolean connectives and temporal
operators as in PLTL.

In contrast to static causal reasoning, where formulas are
evaluated wrt a causal setting (M, 1), to evaluate CPLTL
formulas, we need to know a causal model M, a temporal
context TZ, a default assignment ¥, and a time moment ¢.

We call (M, @, %) a causal scenario. Note that (M, u, )
together with an intervention Y (7i) « ¢ produces a compu-
tation C¥ (™*“¥ according to Definition 9, which is a linear

*You may notice that in this computation the bottle shatters at
step 3 due to Suzy’s throw, then BS=0 happens again at step 4 be-
cause both (ST=0, BT=0) hold at C(3), then BS=1 holds again at
C(5) due to Billy’s throw. This is an artifact of structural equations
being defined in a specific way. We discuss how this can be fixed
below.
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model in the sense of Definition 4, used to define the seman-
tics of the PLTL fragment.

Definition 11 (Semantics of CPLTL). Given a causal
scenario (M, w,0), t € N and ¢ € CPLTL we define truth
relation (M, u, ¥),t E @ inductively as follows:

(M, 0,8), = [V () < glv iff (7D, ¢) mpur v,
where Ep Ty is introduced in Definition 5;

(M,Z[,f)),t = 2 W(M,Z,T}),t K '2

(M, 0, D), tE QAX iff (M, U, 0),t = p&(M, U, 5),t E X

Non-Recursiveness The temporal approach to SEM’s
proposed above not only allows to deal with non-recursive
models without additional technical adjustments, but also
often provides more elegant ways to describe the desired
temporal behaviour of the system.

Consider Example 2 again. To model this scenario, we
want our model M to contain V = {T, R} (for Treatment
and Recovery), such that (1) R = 1 once the treatment is
given twice in a row, and (2) once R = 1, it remains so. Let
variable U(R(U) = {0, 1}) represent whether the treatment
is given in a given moment. And let R(T") = {0,1},R(R) =
{0, 2,1}, where T=1 means the treatment is given. We want
to define our structural equations in such a way that R=0
if the treatment is not given on the previous step, R:% if
the treatment was given once, and R=1 if the treatment was
given twice in a row. Additionally, we require that if the pa-
tient is recovered, he must remain so.

U.—>.—Q

T R

Figure 2: Non-recursive representation of Example 2.

The desired behaviour of the system may be achieved if
we define Fr, as follows. R:= 0if (T =0AR#1); R:= £
if (T=1AR=0);R:=1if (T=1AR=1)vR=1.
This model is clearly non-recursive, because Fr depends of
R. However, note that under temporal interpretation every
edge in the dependency graph takes (at least) 1 time interval
to proceed. It is a feature of computation C, which performs
consecutive calls to F, where values of ) at any step ¢ de-
pend on values of (i U V) on the previous step. So, R := 1
if ((I'=1AR=3)vR=1) means that “R=1 is true now
if on the previous step both T=1 and R=% were true, or R=1
was true.”

Given a temporal context, e.g. u; = (0,1,0,1,1,0...)
and a default assignment v = 00 (we write 00 instead
of (T=0,R=0)), (M,JI,@) generates a computation C =
(00,00,10,03,10,1%,01,01,...), in which u(1)=1 trig-
gers (T=1 at t=2), which triggers (R=% at t=3). But since

w1 (2)=0, T=0 becomes true at t=3, leading to (R=0 at t=4).
Later, at step 4, T=1 happens again, triggering (R=% at t=95).
Since both T=1 and R:% are true at t=5, R=1 triggers at
t=6. From this moment, R=1 remains true at any t=i, be-

cause R=1 holds at i-1. This corresponds to the temporal be-



havior we wanted to achieve in Example 2. Our CPLTL lan-

guage allows to formulate such statements as (M, ©,3), 6 £
(R =1)AH=(R = 1) A[T(0) < 1]&°G(R = 1) mean-
ing that at step 6 it is true that: (1) (R=1); (2) (R=1) has
never been true before (H-(R = 1)); and (3) if the inter-
vention 7' < 1 was performed at step 0, R=1 would have
been true for 3 time steps already (and would remain so for-
ever). Note also that the same computation could be gen-

erated for the trivial context uy = (0,0,...) and an in-
tervention int’ = (T(2) < 1,T(4) < 1,T(5) « 1), so
C(M,u1,8) = C™ (M, g, B).

In many cases non-recursive causal models are the only
way to represent mutually dependent variables and feedback
loops processes, which are necessary to model many inter-
esting phenomena. However, most of the literature on actual
causality is restricted to recursive models because (in static
settings) non-recursiveness may create serious technical dif-
ficulties, leading to non-uniqueness of the solution of struc-
tural equations with no clear way to choose the *correct’ one
(Halpern 2016, Ch. 2.7). We argue that non-recursive mod-
els do not create any technical difficulty under the temporal
interpretation of SEM’s. But also sometimes provide fruitful
modelling tools, as we will later see.

Modelling Assumptions Here we list our modelling as-
sumptions. First of all, in our settings the time is discrete.
This is a standard assumption for LTL-style temporal log-

ics. We also assume that the temporal context U represents a
time series of exogenous changes given to us as an input. In
this time series equal intervals between indexes correspond
to equal time intervals. And similarly, equal time intervals
correspond to equally spaced indices of the computation C.

Given v time series, we want our model to return the correct
time series of V' values that (temporally) correspond to the
behaviour of the phenomena of our interest. So, our frame-
work requires causal models to contain correct temporal in-
formation, which affects the way we design them.

To illustrate this, let us revisit Example 1. Assume we
know that Suzy’s throws are consistently faster that Billy’s.
Let us say it takes n time steps (e.g. seconds) for Suzy’s rock
to reach the bottle, and k for Billy’s, where n < k. So, when-
ever Suzy decides to throw the rock at time ¢g and Billy at
tp, the Suzy’s rock will reach the bottle (if it is still there) at
time tg + n and Billy’s at time ¢ + k. We want our model
to predict when the bottle will be shattered, given a tempo-

ral context 1. So, our model must contain the information
about ‘delays’ between the Suzy’s (or Billy’s) throw and the
bottle shattering. One way to achieve this, is to add ‘chains’
of hidden (i.e. dummy) variables in the model (Figure 3 (a)).

Firstly, we assume that if BS=1 at some step, then it
should remain so, because once the bottle is shattered it
obviously remains so. This creates a reflexive arrow in the
dependency graph. If they throw simultaneously at step i,
then the bottle shatters at step (¢ + n), because n < k. But
now we can model situations when they decide to throw
a rock at different time. So, if Suzy decides to throw at
ts and Billy at tp, then the bottle will be shattered at

t* == min((tg + n), (tp + k)), i.e. for u = (00,00,...),
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X Xno1 X
ST &—e&— - —@_ BS ST BS
BT @ @ - BT
Y; Y._ Y
1 @ k-1 (b)

(a) Time scale = 1 min. (b) Time scale = 1 sec.

Figure 4: Dependency graphs for Example 3.

(M, 0,8),0 [ST(ts) < 1,BT(tg) < 1]O" (BS = 1).

Such a representation is not compact, and non-recursive
models provide us a better way to represent this example.
Instead of adding a long chain of dependencies to capture
time intervals between events and their effects, we can add a
single variable to abbreviate each chain (Figure 3 (b)). Note,
however, that it is not enough to specify the range of these
new variables, X and Y, as R(X) = {0,...,n -1} and
R(Y) ={0,...,k — 1}, where each value ‘emulates’ posi-
tion of the rock on the original chain. This is because noth-
ing prevents multiple variables in the corresponding chains
X1...X,—1and Y7 ...Y;_4 to have value 1 at the same time
moment. This situation can be interpreted as multiple rocks
thrown at different moments. To properly encode the tem-
poral behaviour of the original model using a ‘chain-free’
model, the range of X and Y must contain all binary strings
of the length n — 1 and k£ — 1 respectively. In other words,
the new values must represent not only in which position
the rock is at a given time moment, but also how many
rocks there are. The equations then can be defined straight-
forwardly, and we omit the formal description due to lack
of space. This construction provides a more compact graph-
ical representation of the model, by reducing long chains of
dependencies. It is easy to verify that as long as we are inter-
ested only in the variables {ST', BT, BS}, these two mod-
els behave identically wrt any context and time moment. We
discuss the notion of temporal equivalence in detail in the
next section.

Our models must adequately represent temporal be-
haviour of a system. This, in turn, requires a clear tempo-
ral semantics of each ‘tick’ of the model. To illustrate the
problem, we present our final example.

Example 3 (Deadline). Assume the agent has a dead-
line to perform some task. Let variables D,H,6 M
with R(D)={Mon,...,Sun}), R(H)={0,...,23} and
R(M)={0,...,59} represent days, hours and minutes re-
spectively. At any moment the agent may decide to Start the



task (Start=1). It takes 8 hours for the agent to process the
task, so the range of Process variable contains 8 * 60 = 480
values, representing minutes. Once the task is completed, it
is sent to the server (Send=1). If this happens not later than
Friday (D#SatnD+Sun), then the task is passed (Pass = 1);
otherwise Pass = 0.

The model shown in Figure 4 (a) obviously allows us to
reason about the agent’s decisions, and whether the deadline
is met. However the interesting point is that there are clocks
embedded in the model, and is obvious from the model it-
self which time interval we denote as 1 computational step.
We can also easily change our time scale by adding a vari-
able S for seconds and modifying the structural equation in
obvious way, see Figure 4 (b). Note, however, that the two
models are not equivalent (in the sense of the previous ex-
ample), because now it takes 60 times more steps for any of
the variable D, H, M to change value. At the same time, it
allows us to model various sub-processes with higher accu-
racy. So, in our framework it is crucial to understand how 1
computational step of a model is interpreted in terms of real-
world time, i.e., to understand which clocks are supposed to
tick along with a model.

Temporal Equivalence for Causal Models

When dealing with structural equation modelling, we usu-
ally have many alternative causal models that describe the
same underlying process. These models may have different
sets of variables and describe causal dependencies in differ-
ent ways. Moreover, at some point we may expand the set of
variables in a model or reconsider some dependencies due
to new discoveries. The only requirement ensuring that dif-
ferent models talk about the same process is that the models
share some set of common variables. In such settings, it is
crucial to have an adequate notion of equivalence between
models to guarantee that different models correctly repre-
sent causal (and temporal) properties of some process with
respect to the variables of interest (Beckers 2021). Since pre-
vious work has focused on static interpretation of SEMs (and
so usually applicable only to recursive models), in this sec-
tion we discuss how model equivalence can be treated in our
framework.

Following (Beckers 2021), we assume that, two models
M and M share the same exogenous variables (U; = Us)
and a set of observable variables O ¢ (V1 n)s). So, we can
only observe the values of and perform interventions on O.

Definition 12 (Equivalent Computations). Consider two
computations C1 and Cy sharing some set of variables O.
We call C1 and C, temporally equivalent wrt O if

VX eO,Vi>0: (X =x)eCi(4) iff (X =z) € Ca(d).

In other words, at any step equivalent computations agree
on the values of all variables in O.
Definition 13 (Model Equivalence). Two models M1 and
My are temporally equivalent wrt O if for any intervention
Y (i) < i, where Y € O and for any (u,0,) there ex-
ists Uy, such that computations for (MY(ﬁ)ﬂj

1
Y(#)<§ > - . .
(M, My 7, U ) are equivalent, and vice versa.

-

,u,v1) and
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Temporal equivalence of causal models guarantees that
no matter what intervention Y (71) < ¢ we use, there is no
C}/(")‘—y and C;(")‘—y

difference in in how the endogenous

changes in O proceed with exogenous changes U.

Observation 1. Models M, and My, in Figure 3 are tem-
porally equivalent for O = {ST, BT, BS}.

It is easy to check, that whatever the context ﬂ» de-
fault assignment v} and an intervention Y (7) <« ¢ for
Y ¢ Oéare, there exists a default assignment vs, such
that (My ™9 % 41) and (Mz/(ﬁ)eg, U, U,) generate O-
equivalent computations. However, this notion of equiva-
lence is too strong to capture the similarities in Example 3.

Observation 2. Models M, and M, from Example 3 are
not temporally equivalent wrt O = {Start, Pass}.

We therefore need a more general notion of equivalence.
Note that the models in Example 3 describe identical pro-
cesses, but on a different time scale. To capture this aspect,
we introduce the notion of rescalable equivalence.

Definition 14 (Rescalably Equivalent Computations). Cs is
rescalably equivalent to C1 wrt O (with a coefficient k € N)
VX eOVi>0:(X=2)eCi(4) iff (X =x) €Ca(i-k).
Informally, k£ demonstrates how many ticks of My are
needed to emulate one tick of M;. Given an intervention
Y (1) < g and a coefficient k, Y (7i*) « ¢ denotes an inter-
vention, in which all indexes from 7 are multiplied by k.

Definition 15 (Rescalably Equivalent Models). A model
My is rescalably equivalent (with a coefficient k) to My
wrt O if for any intervention Y (1) < 4 (Y ¢ O) and
for any (Tu»ﬂfl) there exists Ua, such the computation for
( Mgm’wey
cient k) to the computation for (Mr(ﬁ)eg
Observation 3. Model My in Example 3 is rescalably
equivalent to Mg wrt O = {Start, Pass} with k = 60.

We disagree with Beckers (2021) that it is impossible to
come up with a useful notion of equivalence that takes into
account ‘numerical’ properties. We believe that we have pro-
posed such a notion, and it is useful because in temporal set-
tings it is essential to consider not only what happened, but
also how much time it took to happen.

u, Uy) is rescalably equivalent (with a coeffi-

auavl)~

Model-Checking

In this section, we study the model-checking complexity of
CPLTL.

Definition 16 (Model-checking). The CPLTL model-
checking problem is, given (M, _u»ﬁ),t) and a CPLTL for-
mula ¢, to decide whether (M, 0,7),t = ¢.

Note that the input to the problem is not necessarily finite
or finitely presentable, since only M, ¥ and ¢ are finite ob-

jects. To ensure that U is finitely presentable, analogously to
Definition 6, we require that U is ultimately periodic of type
(n,m), i.e. there exist n,m > 0 such that u (k) = u (k +m)



Algorithm 1: Computing C¥ (M7 of (M, 7,5, Y (1) < i),
type of 1 is (n,m)

1: procedure PERIODIC-COMP(M, 1,3, Y (i) < )
2 n'™ < max(ni,...,ng €7)
3: n* < max(n,n™
4 C0) « {X =2"| X(0) < x’ eint}
5 CO)«CO)u{X=a2"|X=a"€edn
3z(X(0) « z €int)}
6: foriec[1,n"] do
7: if i <n'™" then
8: CGi) + {X =2"| X(i) « 2’ eint}
9: C(i) < CH)u{X = Fx(u(i-1),CG-1))]
3z (X (i) < xeint)}
10: C(i) « {X =Fx(u(i-1),C>i-1)| X eV}
11: repeat
12: i<—1+1
13: C@i) « {X =Fx(u(i-1),C>i-1)| X eV}
14: until C'(7) = C(j) A (4 mod m) = (§j mod m)
for some n* < j <1
15: Yy<1i1—-7
16: T—i-y
17: "t C

18: end procedure

for every k > n. We say that %[0, n — 1] is the prefix and
Uu[n,n+m] is the loop of u.

Definition 17 (Model Size). The size of a periodic temporal
context U of type (n,m) is

[ (5)I-

>

0<j<(n+m)
The size of a model M, denoted | M|, is
M| = U] + V] + [R] +]F],

where [R| = X xewuvy|R(X)| and |F| is the cardinality of
the set of tuples in the extensional definition of F (which
is V|- xewovy IR(X)D). [0] = |V|. We assume that all
numbers are written in unary, in particular |t| = t. Then,
(M, @, 3, 6)] = M|+ ] +[5] + [t

The size of ¢, denoted ||, is the number of symbols in ¢,

assuming that numbers are written in unary.
Informally, our approach is as follows. First, we show

that computation C** for (M,ﬂ»,ﬁ) and an intervention
int from ¢ is ultimately periodic of type (z,y) for some
x,y € N. Then, we use a PLTL path model-checker (Markey
2002) to verify (C™,t) pL1L 1 for each intervention sub-
formula of ¢ of the form [int]y and compute the value of
their boolean combination.

Algorithm 1 first computes the prefix of the computation
by applying all the interventions (lines 7-9) and, if neces-
sary, continues the computation until the end of the prefix

] =

of u (line 10). We then start searching for a cycle (lines 11-
14). Note that, to find a cycle, it is not sufficient to find 7, j

3Unary encoding gives more intuitive results, e.g., traversing a
path up to position n is linear rather than exponential in |n)|.
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such that C(7) = C(5) and u (i) = ©(5), as u (i) can be the
same at different points in the loop of . Instead, we need

to consider positions pg, . . . , Pmm—1 in the loop of % and find

i,j such that C(i) = C(j) and u is at the same position in
its loop at ¢ and at j.

Observe that the loop at lines (11-14) terminates after at
most m - | x xep R(X)|, where x xpyR(X) is the set of all
possible assignments of the variables in V. This is also the

upper bound on y (the length of loop of C¥ (M) <¥),

Given a periodic computation C, a PLTL formula ¢ and a
natural number %, the path model-checking problem is to de-
cide whether (C,4) EpLtL . The future modalities Ot and
x U1 can be solved straightforwardly by a standard labelling
algorithm for LTL (e.g., (Demri, Goranko, and Lange 2016))
in time O(|C| - |¢|). However, this approach does not extend
to the full PLTL. We therefore use the technique presented in
(Markey 2002). Let hp(p) denote the past-temporal height
of ¢, which is the maximum number of nested past modali-
ties in .

Lemma 1 (Markey (2002)). For any periodic C of type
(x,y), p e PLTLand k > x + hp((p) ST (C,kj) EpLTL
@iff (C.k +y) EpLTL .

This lemma states that after some initial segment of C
past modalities in ¢ cannot distinguish how many times the
loop has been repeated. In other words, in order to ver-
ify if (C,7) & ¢ for any 4, it is sufficient to check only
the first « + (hp(p) + 1) - y elements of the computation
C,and if ¢ > x + (hp(p) + 1) -y, then it is sufficient to
find ¥ = (i — (x + (hp(p) + 1) - y) mod y and check
(C,(k+z+hp(p)-y))E e
Corollary 1 (Path model-checking). Given an ultimately
periodic C of type (x,y), ¢ € PLTL and i € N, path
model-checking (C,i) EpLTL @ can be done in time O((z +
(hp(@)+1)-y)-|l).

Original proofs of Lemma 1 and Corollary 1 can be found
in (Markey 2002). The only difference with our approach is
that we use atomic statements (X = x) instead of atomic
propositions. Now we are ready to establish the main result.

Theorem 1. CPLTL model-checking is in P.

Proof. Let our input be ((M, u,%,t), ) where @ has the
prefix length n and the loop length m. Note that any CPLTL
formula is a boolean combination of intervention subformu-
las of the form [Y'(71) < 4], where ¢ € PLTL. For every
intervention subformula \' = [Y”(n’) < ]t of ¢ we gen-
erate a computation C* ' (")<¥" using Algorithm 1 and verify
if the PLTL formula ¢’ holds at (C¥'(")<¥' t). By Defi-
nition 11, (Cyl(n’)gy’,t) FPLTL 1/)’ iff (M, EL», T)),t = X/.
Finally, it remains to substitute the truth values of all sub-
formulas in ¢. The overall procedure requires O(|Sub(y)|)
calls to Algorithm 1, and each call takes O((max([w|, |p|) +
|2]) -|M]) steps to generate C’. Checking each (C',t) EpirL
¢ can be done in O((n + (hp(p) +1)-m)-|p|) by Corol-
lary 1, where O(|hp(p)]) = O(|Sub(¥)]). The final substi-
tution takes O(|Sub(y)|) more steps. Thus, CPLTL model-
checking problem is solvable in polynomial time. O



Related Work

The computational complexity of verifying actual causation
in SEMs have been studied by many researchers, for exam-
ple, Halpern (2015), Gladyshev et al. (2023) and de Lima
and Lorini (2024).

Although Beckers and Vennekens (2018) argued that ac-
counting for temporal information is crucial for actual cau-
sation judgments, to the best of our knowledge the frame-
work proposed in this paper is the first attempt to integrate
LTL-style temporal reasoning into actual causality settings.

Previous work on combining SEM models with tempo-
ral reasoning has focused on causal discovery, and several
methods for analysing time-series data with SEMs have
been developed, e.g., (Assaad, Devijver, and Gaussier 2022;
Hyvérinen, Khemakhem, and Monti 2023). These methods
typically use Full Time Causal Graphs to represent and rea-
son about time-series using SEMs. Full Time Causal Graphs
use time-indexed variables (Peters, Janzing, and Scholkopf
2017, Ch. 10) and thus potentially require specifying in-
finitely many structural equations. However, if all the causal
relations remain constant over time, a Full Time Causal
Graph can be abbreviated with a (finite) Window Causal
Graph or a (finite) Summary Causal Graph (Assaad, Devi-
jver, and Gaussier 2022). Though the dependency graphs of
our models resemble both Window and Summary graphs in
the way they interpret cyclic dependencies, there are impor-
tant differences. Firstly, conventional models of time-series
allow contemporaneous dependencies, i.e., a (time-indexed)
variable X; may depend on the value of another variable Y;
at the same time step t. This modelling choice is usually
driven by the observational limitations in the field of causal
discovery, e.g., the sampling frequency of the time series
may not be able to separate causes and effects. In the field of
actual causality, in contrast, we assume that a given causal
model provides a complete representation of reality, and thus
we assume that the unit interval is sufficiently small to sep-
arate causes and subsequent effects. So, contemporaneous
relations do not occur in our framework. Secondly, both Full
Time and Window graphs allow arbitrary ‘lagged’ depen-
dencies, i.e., a variable X at time ¢ may (directly) depend on
another variable Y at time ¢ —n for arbitrary n. In our models
we interpret all the direct dependencies as 1-step lagged. We
conjecture that for any arbitrary lagged model there exists
an equivalent (Definition 13) 1-step lagged model.

In contrast to causal discovery, where cyclic causal mod-
els are sometimes used, e.g. (Bongers et al. 2021), current
research in actual causality is mostly focused on acyclic (re-
cursive) models. To the best of our knowledge, there has
been relatively little work which considers non-recursive
models, e.g., Halpern (2000) studies axiomatizations for dif-
ferent classes of SEM’s, in particularly non-recursive ones,
and Halpern (2016, Ch. 2.7) discusses the definition of
an actual cause in such models. Finally, Halpern and Pe-
ters (2022) introduce so-called Generalized SEMs (GSEM)
and axiomatize different classes of GSEMs, including non-
recursive ones. Note that in GSEMs structural equations JF
are replaced with F mapping contexts and interventions to
sets of outcomes. We argue that, by staying closer to origi-
nal formalism, our temporal framework accommodates non-
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recursive models without significant adjustments.

Defining the equivalence of causal models is another well-
recognized problem both in causal discovery and actual
causality. We have already mentioned the work of Beckers
(2021), but the problem was recognized already by Verma
and Pearl (1990). A similar notion of causal consistency has
also been studied in (Rubenstein et al. 2017).

Similarly to equivalence, causal consistency, intuitively
guarantees that two models agree in their predictions of
the effects of interventions. Rubenstein et al. (2017) intro-
duced the notion of exact transformations between SEMs
preserving causal consistency, and Willig et al. (2023) pro-
posed another type of transformations, called consolidating
mechanisms, to transform large-scale SEMs into smaller,
computationally efficient ones. Both of these approaches
to consistency-preserving transformations are applicable to
time-series models. We believe studying our models as
transformations of existing time-series models based on
(Rubenstein et al. 2017; Willig et al. 2023) is an interesting
direction for future work.

Discussion

We have proposed a novel conceptual interpretation of exist-
ing formalisms in the field of actual causality. While causal
models have been developed as a useful tool for representing
static dependencies between the variables, we demonstrate
that this formalism (with minor modifications) can be treated
as a mechanism able to transform a time series of exoge-
nous values into a time series of endogenous ones. Though
our approach does not allow us to extract temporal infor-
mation from existing static models which were not designed
with this purpose, it provides new insights and techniques
for (temporal) structural equation modelling.

We make a number of technical contributions. We intro-
duced the core concept of a computation, which treats struc-
tural equations as ‘time-lagged’ and allows us to ‘unwind’

a causal scenario (M, Ti,l_j) into a time series C of the as-
signments to V. In addition, we proposed the logic CPLTL,
which combines the temporal logic LTL with causal time-
sensitive interventions. Finally, we introduced new notions
of temporal equivalence for causal models and showed that
the model-checking problem for CPLTL is in P.

We believe there are a number of interesting directions
for future work. First, in this paper we discussed only fi-
nite models, however the extension of our framework to
models with infinitely many variables (and potentially infi-
nite range) seems to be straightforward. Secondly, the prob-
lems of defining a (bi)simulation relation between temporal
causal models (which would imply their temporal equiva-
lence) as well as defining weaker notions of temporal equiv-
alence are left open. Finally, another promising direction for
future work is adaptation of our framework to probabilistic
settings, when we have a probability distribution on tem-
poral contexts or non-deterministic structural equations as
recently proposed by Beckers (2024).
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