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Abstract

In the logic of theory change, the AGM model has acquired
the status of a standard model. However, the AGM model
does not seem adequate for some contexts and application do-
mains. This inspired many researchers to propose extensions
and generalizations to AGM. Among these extensions, one of
the most important are belief bases. Belief bases have more
expressivity than belief sets, as explicit and implicit beliefs
have different statuses. In this paper, we present reformula-
tion, a belief change operation that allows us to reformulate a
belief base making some particular sentences explicit without
modifying the consequences of the belief base. We provide a
constructive method and its axiomatic characterization.

1 Introduction
The primary objective underlying research in the area of be-
lief change is to identify appropriate methods for modeling
belief states of rational agents and the changes that occur in
these states when the agent receives new information as a
result of its interaction with the world. What is now gener-
ally considered the standard model of belief change was pro-
posed by Alchourrón, Gärdenfors, and Makinson (1985) and
is commonly known as the AGM model. In this framework,
the belief state of an agent is modeled by a belief set, i.e.,
a set of sentences that is closed under logical consequence.
Furthermore, contractions are considered the primary type
of belief change, that is, when one or more beliefs are to be
eliminated from the agent’s belief state.

In Alchourrón, Gärdenfors, and Makinson (1985), a set of
conditions, commonly referred to as the AGM postulates for
contraction, were defined as the properties that such oper-
ations should satisfy. Additionally, a constructive definition
of contraction operations was presented, called partial meet
contractions, and a representation theorem was established,
proving that the AGM postulates for contraction exactly
characterize this class of operations. Subsequently, several
other constructive definitions have been proposed that yield
the same class of operations, including safe and kernel con-
traction (Alchourrón and Makinson 1985; Hansson 1994).

Various extensions and generalizations of the AGM model
have been proposed since then. One of the most significant
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extensions is the use of belief bases (Hansson 1991) instead
of belief sets. Belief bases consist of sets of sentences not
necessarily closed under logical consequence. Belief bases
have more expressive power than belief sets, as they allow
to distinguish between basic beliefs and beliefs that are in-
ferred from basic beliefs: a logical consequence p of B is
explicitly believed if p ∈ B, and is implicitly believed other-
wise (Levesque 1984; Lorini 2020). For example, consider
the following two belief bases:

B1 = {p, p ↔ q};
B2 = {p, q}.

They have the same logical consequences, and, therefore,
generate the same belief set. However, note that the differ-
ence between B1 and B2 is not just a “notational bondage”
that should be straightened out by some process of “articula-
tion” ((Belnap 1979), cited in (Rott 2000)): the fact that they
are expressed differently adds to their semantics.

Several contraction models initially defined for belief sets
have been adapted to belief states, such as partial meet and
kernel contractions (Hansson 1991). Going back to the pre-
vious example, AGM contractions by p on B1 and B2 would
yield the same result, the reason being that it is not B1
and B2 that are contracted, but rather the set of all log-
ical consequences of B1 and B2. However, in Hansson’s
tradition of belief bases, due to the postulate of inclusion
((B−p ⊆ B) the contraction by p can yield different results
for B1 and B2 even when B1 and B2 have the same logical
consequences. 1 Under pseudo-contraction one would get
the same result in both bases when contracting by p; how-
ever, this is a much more complex operation from a compu-
tational point of view.

A similar situation arises when we focus on revision. Con-
sider the previous belief bases and let B1 represent Abe’s
belief state and B2 Bob’s belief state; let also proposition
p be “Liberal Party will support the proposal to subsidize
the steel industry”, and let q be “Ms. Smith, who is a liberal
party’s member, will vote in favor of that proposal”. Now,
Abe and Bob receive and accept the information that p is

1In Santos et al. (2018), the authors define the operation of
pseudo-contraction, which explores a different inclusion postulate,
namely the set of logical consequences of B − p is included in the
set of logical consequences of B.
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wrong, and they both revise their belief states to include ¬p.
After that, Bob has the basic beliefs ¬p and q, while Abe has
the basic beliefs ¬p and p ↔ q. Therefore Bob now implic-
itly believes that q while Abe implicitly believes that ¬q.

From the examples described above, it can be consid-
ered that while B1 and B2 are statically equivalent, they
fail to be dynamically equivalent (Hansson 2022) because
their revision may lead to different outcomes. Both in the
AGM framework and in the belief base framework there are
no operations transforming B1 into the logically equivalent
B2 (or the other way round). If we take belief bases seri-
ously then such operations should however be of interest.
We therefore propose in this article a new belief change op-
eration for belief bases that we call reformulation. Such an
operation has not been considered up to now in the belief re-
vision literature. Through this operation, some implicit be-
liefs are converted into explicit beliefs and vice versa, while
the resulting base remains logically equivalent to the ini-
tial base. In the most general case, reformulation is a func-
tion that typically takes a belief base B1 and a sentence
p ∈ Cn(B1) as input and returns a new belief base B2 that
is logically equivalent to B1, but not necessarily equal to
B1.

For the sake of simplicity, we start with a reformulation
operation R with two arguments: a belief base B and a sen-
tence p that we want to make explicit, in the sense that its
epistemic status should be “upgraded” from an implicit to
an explicit belief. We generalize the operation to the case
where p is not a logical consequence of B: we stipulate that
R(B, p) = B in that case.

For a practical application of such operator, consider a
piece of legal text, e.g. filled with legal terms like the ones
we agree to when using an app or a service online. As im-
portant information may be kept buried in a large set of rules
and statements, it is of interest to be to be able to make ex-
plicit some terms. Such terms are implied but not explicitly
stated in the text, and the role of reformulation is to make
things clearer from a user’s perspective or from a legal ad-
vice point of view.

A straightforward candidate for the definition of R is

R(B, p) = {p} ∪B.

However, we typically aim not only to expand B but also
to “clean it up,” i.e., in the pursuit of non-redundancy, we
would like to eliminate those sentences or sets of sentences
that render p implicit. That is, we require that R(B, p) \
{p} ̸⊢ p when ̸⊢ p. For example, for

B3 = {q, q → p},

p is merely a consequence of q and q → p. Therefore either
q or q → p must be eliminated. Going back to the legal text
example, besides making some statements explicit, it may
be important to remove all other redundant implications of
them to both simplify the text and to facilitate future updates,
as regulations and terms of services change quite often.

The aim of the paper is to define a constructive reformu-
lation method and to study its axiomatic characterization.

The paper is organized as follows. In Section 2 we pro-
vide the necessary background. In Section 3 we present an

operation of reformulation that is based on AGM base con-
traction. In Section 4 we provide and analyse some postu-
lates for reformulation operations. In Section 5 we axiomat-
ically characterize the defined reformulation operation. In
Section 6 we discuss some possible alternatives and exten-
sions to our proposal. In Section 7 we relate our operation
with other approaches in the literature and finally, conclu-
sions and future work come in Section 8.

2 Background
In this section we recall some of the formal concepts of be-
lief change operations for belief bases.

2.1 Formal Preliminaries
Beliefs are expressed in a language L that is called the object
language of our model. We will assume that L is closed un-
der truth-functional connectives: negation (¬), conjunction
(∧), disjunction (∨), implication (→) and equivalence (↔).

We shall make use of a consequence operation Cn that
takes sets of sentences to sets of sentences and satisfies the
standard Tarskian properties (Tarski 1956), namely: (i) B ⊆
Cn(B) (inclusion); (ii) If B ⊆ B′, then Cn(B) ⊆ Cn(B′)
(monotony) and (iii) Cn(B) = Cn(Cn(B)) (iteration).
Furthermore, we assume that Cn satisfies supraclassical-
ity and compactness. We will sometimes use Cn(p) for
Cn({p}), B ⊢ p for p ∈ Cn(B), ⊢ p for p ∈ Cn(∅),
B ̸⊢ p for p ̸∈ Cn(B), ̸⊢ p for p ̸∈ Cn(∅). Finally, we as-
sume that p → q ∈ Cn(B) iff q ∈ Cn(B∪{p}). The letters
p, q, . . . will be used for denoting sentences of L. B,B′, . . .
shall denote sets of sentences of L.

2.2 Base Contraction Functions
In this subsection we recall two well-known constructive
models of contraction operations on belief bases and their
characterization in terms of postulates.

Partial meet contractions are obtained by means of a se-
lection among the maximal subsets of B that do not im-
ply the sentence to be contracted (Alchourrón, Gärdenfors,
and Makinson 1985). They were adapted to belief bases by
Hansson (1992).

Definition 1 (Alchourrón, Gärdenfors, and Makinson
1985; Hansson 1992) Let B be a belief base. Let B⊥p be
the set of all maximal subsets of B that do not imply p. Let
γ : (2L × L) → 22

L
be a selection function2 that satisfies:

γ(B⊥p) is a non-empty subset of B⊥p (unless B⊥p is
empty, in which case γ(B⊥p) = {B}).
The partial meet contraction on B that is generated by γ is
the operation −γ such that for all sentences p:

B −γ p =
⋂

γ(B⊥p).

An operation − on B is a partial meet contraction if and
only if there is a selection function γ for B such that for all
sentences p : B−p = B −γ p.

Partial meet base contraction has been characterized in
terms of the following postulates:

2We use the standard notation γ(B⊥p) instead of γ(B, p).
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Observation 2 (Hansson 1992) Let B be a belief base. The
operation − is an operation of partial meet base contraction
if and only if it satisfies:

(C1) B−p ⊆ B. (C-Inclusion)
(C2) If ̸⊢ p, then B−p ̸⊢ p. (C-Success)
(C3) If q ∈ B and q ̸∈ B−p, then there is a set B′ such
that B−p ⊆ B′ ⊆ B and B′ ̸⊢ p but B′ ∪ {q} ⊢ p.

(C-Relevance)
(C4) If it holds for all subsets B′ of B that p ∈ Cn(B′) if
and only if q ∈ Cn(B′) then B−p = B−q. (C-Uniformity)

Kernel base contraction (Hansson 1994) is based on iden-
tifying the minimal sets of sentences of a belief base B that
contribute effectively to imply p, the p kernels. For each of
them an incision is made so that they no longer imply p.

Formally:

Definition 3 (Hansson 1994) Let B⊥⊥p be the set of all
minimal subsets of B that imply p. An incision function
σ : 22

L → 2L for B is a function such that for all sentences
p:

1. σ(B⊥⊥p) ⊆
⋃
(B⊥⊥p).

2. If ∅ ̸= B′ ∈ B⊥⊥p, then B′ ∩ σ(B⊥⊥p) ̸= ∅.

Hansson characterized kernel base contraction through
the following set of postulates:

Definition 4 (Hansson 1994) Let B be a belief base and σ
an incision function for B. A kernel base contraction − is
defined as follows:

B−p = B \ σ(B⊥⊥p).

Kernel base contraction has been characterized in terms
of the following postulates:

Observation 5 (Hansson 1994) Let B be a belief set. The
operation − is an operation of kernel base contraction if and
only if it satisfies C-Inclusion, C-Success, C-Uniformity, and

(C5) If q ∈ B and q /∈ B−p then there is some set B′ such
that B′ ⊆ B and B′ ̸⊢ p but B′ ∪ {q} ⊢ p.

(C-Core-retainment)

We now recall some other well known base contraction
postulates; we refer to (Hansson 1999, Ch.2) and (Garapa
2017) for more details.

(C7) If ⊢ p then B−p = B. (C-Failure)
(C8) If B ̸⊢ p then B−p = B. (C-Vacuity)
(C9) B ∩ Cn(B−p) ⊆ B−p. (C-Relative Closure)
(C10) If ⊢ p ↔ q then B−p = B−q. (C-Extensionality)
(C11) If q ∈ B and q /∈ B−p then B−p ̸⊢ p ∨ q.

(C-Disjunctive Elimination)

The following observation highlights some relations
among the postulates presented above.

Observation 6 (Hansson 1999; Fermé, Krevneris, and Reis
2008) Let − be a belief change operation. Then:
(a) If − satisfies C-Relevance, then it satisfies relative C-

Relative Closure and C-Core-retainment.
(b) If − satisfies C-Inclusion and C-Core-retainment, then

it satisfies C-Failure and C-Vacuity.
(c) If − satisfies C-Uniformity, then it satisfies C-

Extensionality.
(d) If − satisfies C-Disjunctive Elimination, then it satisfies

C-Relative Closure. If − also satisfies C-Inclusion then it
satisfies C-Failure.

(e) If − satisfies C-Relevance, then it satisfies C-Disjunctive
Elimination.

3 Construction of Reformulation Operations
As we mentioned in the introduction, the first candidate for
a reformulation operation is nothing but an expansion, i.e.,

R(B, p) = B ∪ {p}.

In the case where p was already derived from B, this op-
eration conserves p not only as an implicit belief but also
as an explicit belief. We may however want to avoid redun-
dancy and transform p into an explicit belief. Then we have
to satisfy the following condition:

R(B, p) \ {p} ̸⊢ p.

A natural way to do this could be to first completely elimi-
nate p from B. This means that reformulation is based on a
base contraction followed by explicitly adding back p. For-
mally:

R(B, p) = B−p ∪ {p}

As we want Cn(R(B, p)) = Cn(B) to hold, the following
condition should be satisfied by the contraction operation:

(C6) If q ∈ B and q /∈ B−p then B−p ⊢ p → q.
(C-Recovery)

C-Recovery is a well-known postulate in the literature: it
was introduced by the AGM trio for minimal change in (be-
lief set) contraction. None of the base contraction functions
presented above satisfies recovery.3

However, one can transform any contraction function
into a contraction function satisfying C-Recovery and C-
Success.4

Proposition 7 Let B be a belief base and − a contraction
function that satisfies C-Success and C-Inclusion. The oper-
ation ÷ defined by

B ÷ p = B−p ∪ {p → q : ̸⊢ q ↔ p and q ∈ B \B−p}

satisfies C-Recovery.
3The postulate of recovery is the most debated postulate of clas-

sic AGM contraction. We refer to (Fermé 2001) and (Fermé and
Hansson 2018, Section 5.1) for an overview of the discussion.

4This construction was inspired by contraction functions de-
fined in Nebel (1989).
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Proof. Trivial by definition of C-Recovery (C6).

With this addition, it is possible to define a model of re-
formulation that fulfills our previous intuitions:

Definition 8 Let B be a belief base, p a formula, and − a
base contraction function. The reformulation of p in B is:

R(B, p) = B−p

∪ {p → q : ̸⊢ q ↔ p and q ∈ B \B−p}
∪ {p}

when B ⊢ p, and R(B, p) = B when B ̸⊢ p.

If − is a partial meet base contraction then R(B, p) is
a partial meet-based reformulation operation, and if − is a
kernel base contraction then R(B, p) is a kernel-based re-
formulation operation.

Basically, the operation eliminates all the implicit ways to
obtain p from the belief base via a contraction function and
adds p explicitly. All the explicit sentences that were erased
in the contraction can be recovered, implicitly, thanks to the
addition of {p → q : ̸⊢ q ↔ p and q ∈ B \B−p}.

4 Postulates for Reformulation
In this section we introduce postulates that constitute desir-
able properties of reformulation operations.

We will start by setting minimum requirements. The first
one is that reformulation produces only internal changes:
no new beliefs are added or removed from the belief set.

(R1) Cn(R(B, p)) = Cn(B). (Logical Equivalence)

The second postulate claims that, after the reformulation
by p, p must be explicitly believed:

(R2) If B ⊢ p, then p ∈ R(B, p). (Explicit Success)

Definition 9 Let B be a belief base and p a formula. An op-
eration R : 2L×L → 2L is a basic reformulation operation
if and only if it satisfies (R1) and (R2).

The following postulate claims that reformulating B by p
eliminates p as an implicit sentence:

(R2b) If ̸⊢ p then R(B, p) \ {p} ̸⊢ p. (Isolation Success)

According to the criterion of minimal change, reformu-
lating a belief base by p only can change sentences in B
that are, in some sense, “related” to p. This is reflected by
postulates (R3) and (R5), which are respectively inspired by
the belief base contraction postulates C-Relevance (C3) and
C-Core-retainment (C5).

(R3) If q ∈ B and q ̸∈ R(B, p), then there exists H such
that H ⊆ B such that (B ∩R(B, p)) \ {p} ⊆ H and H ̸⊢ p
but H ∪ {q} ⊢ p. (Relevance)

(R5) If q ∈ B and q ̸∈ R(B, p), then there exists H ⊆ B
such that H ̸⊢ p but H ∪ {q} ⊢ p. (Core-retainment)

When ⊢ p ↔ p′ then it is reasonable that the reformu-
lations of B by p and p′ have the same outcome, with the
exception of p and p′:

(R4a) If ⊢ p ↔ p′, then Cn(R(B, p) \ {p}) =
Cn(R(B, p′) \ {p′}).

(Weak Extensionality)

(R4b) If ⊢ p ↔ p′, then for each r ∈ R(B, p) there exists
s ∈ R(B, p′) such that ⊢ r ↔ s.

(Extensionality)

As in belief contraction, the notion of extensionality can
be extended to sentences with the same status regarding B.
Similar to what Hansson pointed out for base contraction
(Hansson 1992, p.94), the next postulate ensures that the
result of reformulating B by p depends only on which
subsets of B imply some element of B; that is, if two
sentences have the same epistemic attitude regarding all the
subsets of B, then their reformulations coincide (with the
exception of the proper sentences). Formally, this is:

(R4) If p ∈ Cn(B′) if and only if q ∈ Cn(B′) for
all subsets B′ of B, then B ∩ (R(B, p) \ {p, q}) =
B ∩ (R(B, q) \ {p, q}). (Uniformity)

The following postulate describes what happens when a
sentence q is eliminated from B in a reformulation:

(R6) If q ∈ B \R(B, p), then p → q ∈ R(B, p).
(Recovery)

On the other hand, the following postulate is about what
happens when q is introduced by the reformulation.

(R6b) If q ∈ R(B, p) \ (B ∪ {p}), then there exists r such
that r ∈ B \R(B, p) and ⊢ q ↔ (p → r).

(Dual Recovery)

If p is not believed in B, then the minimal change to
reformulate B by p is to do nothing.

(R7) If B ̸⊢ p, then R(B, p) = B. (Vacuity)

Observation 10 Let R be a belief change operation.
Then:

(a) If R satisfies (R3), then it satisfies (R5).
(b) If R satisfies (R6b), and (R7), then it satisfies (R1).
(c) If R satisfies (R5) and (R6b), then it satisfies (R7).

Proof.
(a) Trivial.
(b) Due to idempotence of Cn it is enough to prove that
R(B, p) ⊆ Cn(B) and B ⊆ Cn(R(B, p)).
Let w ∈ R(B, p) and assume w ̸∈ Cn(B). If w = p, con-
tradiction by (R7). Then it follows by (R6b) that there exists
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r : r ∈ B \ R(B, p) and ⊢ w ↔ (p → r). r ⊢ w, hence
w ∈ Cn(B). Contradiction.
(c) Let B ̸⊢ p. We will prove the two senses of the inclu-
sion separately. Let q ∈ B and assume q ̸∈ R(B, p). Then
it follows by (R5) that there exists H ⊆ B such that H ̸⊢ p,
but H ∪ {q} ⊢ p, from which it follows that B ⊢ p. Con-
tradiction. Hence q ∈ R(B, p), from which it follows that
B ⊆ R(B, p).
For the other direction, let q ∈ R(B, p) and assume q ̸∈ B.
Then it follows by (R6b) that there exists r such that r ∈
B \ R(B, p) and ⊢ q ↔ (p → r). But this is not possible,
since B ⊆ R(B, p). Then q ∈ B. Hence, B = R(B, p).

The previous observation allows us to focus on a minimal
set of postulates for reformulation.

5 Representation Theorem
In this section we present the representation theorems for the
reformulation operation defined in Definition 8. We provide
two results, each corresponding to the two possible construc-
tions of base contraction operations, namely partial meet and
kernel, respectively.

We start with the following lemma that intuitively estab-
lishes that from Definition 8, the definition of contraction by
p can be recovered considering exactly the set of formulas
that belong to the reformulation and were originally in the
belief base (minus p).

Lemma 11 Let B a belief base, − : 2L × L → 2L a con-
traction function and R : 2L × L → 2L a reformulation
operation based on − defined as in Definition 8. If ̸⊢ p and
− satisfies C-Inclusion, C-Success and C-Core-retainment,
then B−p = (R(B, p) ∩B) \ {p}.

Proof.
We prove both senses of the inclusion. Let w ∈ B−p. By
definition of R, w ∈ R(B, p). By C-Inclusion, w ∈ B and
by C-Success, w ̸= p. Hence, w ∈ (R(B, p) ∩B) \ {p}.
For the other sense, let w ∈ (R(B, p) ∩ B) \ {p} and
assume by reductio that w ̸∈ B−p. Then w ∈ R(B, p),
w ∈ B, and w ̸= p. Then by definition of R, there exists
q such that w = p → q. From C-Core-retainment, there
exists H ⊆ B such that H ̸⊢ p but H ∪ {w} ⊢ p. By
deduction H ⊢ w → p, then H ⊢ (p → q) → p, hence
H ⊢ p. Contradiction. Hence w ∈ B−p, which concludes
the proof.

Theorem 12 characterizes reformulation when − is a par-
tial meet base contraction.

Theorem 12 Let B a belief base, − : 2L × L → 2L a
contraction function, and R : 2L×L → 2L a reformulation
operation based on − defined as in Definition 8.

Then R satisfies (R2), (R2b), (R3), (R4), (R6), and (R6b)
if and only if − is a partial meet base contraction function.

Proof.
If part
(R2): trivial by definition.
(R2b): Let ̸⊢ p and assume by reductio that R(B, p)\{p} ⊢
p. Then there exists x1 . . . xn ∈ R(B, p) s.th. {x1 . . . xn} ⊢
p. Assume (since Cn is compact) that if X ′ ⊂ {x1 . . . xn},

then X ′ ̸⊢ p. Let’s take an arbitrary xi such that xi ∈ {p →
q : q ∈ B\B−p} then {x1 . . . xi−1, xi+1 . . . xn}∪{xi} ⊢ p.
Note that such xi exists, otherwise, by Definition 8, xi

would be either be p or {x1, . . . , xn} ⊆ B−p, which
is impossible since − satisfies C-Success. By deduction
{x1 . . . xi−1, xi+1 . . . xn} ⊢ xi → p. Let xi have the form
xi = p → qj for some qj , then {x1 . . . xi−1, xi+1 . . . xn} ⊢
(p → qj) → p, hence {x1 . . . Xi−1, xi+1 . . . xn} ⊢ p,
contradiction. Since we prove it for a generic xi it follows
that {x1 . . . xn} ∩ {p → q : q ∈ B \ B−p} = ∅. Then
{x1 . . . xn} ⊆ B−p, from which it follows that B−p ⊢ p
which contradicts C-Success. Contradiction.
(R3): Let w ∈ B and w ̸∈ R(B, p), then by definition of
R(B, p) we have that w ̸∈ B−p and w ̸= p. By C-Relevance
there exists H such that B−p ⊆ H ⊆ B, and H ̸⊢ p but
H ∪ {w} ⊢ p. By Observation 6 and Lemma 11 B−p =
(B ∩R(B, p)) \ {p}.
(R4): We want to prove that if B′ ⊆ B and B′ ⊢ p iff
B′ ⊢ q, then B∩(R(B, p)\{p, q}) = B∩(R(B, q)\{p, q}).

Let B′ ⊆ B and B′ ⊢ p iff B′ ⊢ q, by C-Uniformity
we know that B−p = B−q. Now, let w ∈ B ∩ (R(B, p) \
{p, q}). Due to the symmetry of the claim, it is enough to
prove the following cases:
1. w ∈ B−p, then w ∈ B−q ⊆ R(B, p). Hence, B ∩

R(B, p) ⊆ B ∩R(B, q).
2. w ̸∈ B−p, then it must be the case that w ∈ {p →

r | r ̸= p, r ̸∈ B \ B−p}. Then, if w ∈ B \ B−p, let
H be such that B−p ⊆ H ⊆ B, we have that H ̸⊢ p,
however, H ∪ {w} ⊢ p then p → w ∈ Cn(H), p →
(p → p) ∈ Cn(H) and therefore p ∈ Cn(H), which is a
contradiction. On the other hand, if w ̸∈ B \ B−p, then
w ̸∈ B, which is also a contradiction.

(R6): trivial by definition.
(R6b): We want to prove that if q ∈ R(B, p) \ (B ∪ {p}),
then there exists r ∈ B \R(B, p) and ⊢ q ↔ (p → r).

Let q ∈ R(B, p) \ B ∪ {p}, then q ∈ R(B, p), but
by definition R(B, p) = B−p ∪ {p → q | q ̸= p, q ∈
B\B−p}∪{p}, then by C-Inclusion, we have that q ̸∈ B−p
and q ̸∈ {p}, then q ∈ {p → q | q ̸= p, q ∈ B \B−p}.

Only if part

Let − be defined as:

B−p = (R(B, p) ∩B) \ {p}
when ̸⊢ p, and B−p = B when ⊢ p.

We will start by proving that − is a partial meet base
contraction function.

C-Inclusion: Trivial by definition of −.
C-Success: Let ̸⊢ p. By (R2b) we have that R(B, p) \

{p} ̸⊢ p. Hence, by definition of −, we have that B−p ̸⊢ p.
C-Uniformity: Assume that if it holds for all subsets B′ of

B that p ∈ Cn(B′) iff q ∈ Cn(B′). Then ⊢ p iff ⊢ q, from
which it follows that if ⊢ p, then B−p = B−q = B. Idem
if ⊢ q. Let ̸⊢ p and ̸⊢ q. Then, it follows that for all w ∈ B,
w ⊢ p iff w ⊢ q.
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Let w ∈ B−p. By the previous proof of C-Success, we have
that w ̸⊢ p and then w ̸⊢ q. Therefore, w ̸= p and w ̸= q.
From which it follows, by (R4), that w ∈ B−p iff w ∈
(R(B, p) ∩ B) \ {p} iff w ∈ (R(B, p) ∩ B) \ {p, q} iff
w ∈ (R(B, q)∩B) \ {p, q} iff w ∈ (R(B, q)∩B) \ {q} iff
w ∈ B−q. Hence B−p = B−q.

C-Relevance: We have that w ∈ B and w ̸∈ B−p. The
case w = p is trivial. Let w ̸= p. Then by definition of
−, w ̸∈ R(B, p); then by (R3) there exists H , such that
B−p = (R(B, p) ∩ B) \ {p} ⊆ H ⊆ B and H ̸⊢ p,
H ∪ {w} ⊢ p.

The last step is to prove that for all p, R(B, p) =
R′(B, p), where R′ is a reformulation operation built from a
partial meet contraction function − as stated in Definition 8:

R′(B, p) = B−p

∪ {p → q : ̸⊢ q ↔ p and q ∈ B \B−p}
∪ {p}

when B ⊢ p, and R′(B, p) = B when B ̸⊢ p.

If B ̸⊢ p, it follows by definition that R′(B, p) = B and
by (R7) (see Observation 10) that R(B, p) = B. Let B ⊢ p,
substituting − by its definition (B−p = (R(B, p) ∩ B) \
{p}), we obtain

R′(B, p) = (R(B, p) ∩B) \ {p}
∪ {p → q : ̸⊢ q ↔ p and

q ∈ B \ ((R(B, p) ∩B) \ {p})}
∪ {p}.

We will prove the two senses of the inclusion.
Let w ∈ R(B, p). If w = p, trivial. Let w ̸= p. If w ∈ B,

trivial. Let w ̸∈ B. Then by (R6b), there exists r : r ∈
B \ R(B, p) and ⊢ q ↔ (p → r), hence w ∈ {p → q : ̸⊢
q ↔ p and q ∈ B \ ((R(B, p) ∩B) \ {p})}.

In the other direction, let w ∈ R′(B, p). If w = p,
trivial by (R2). Let w ̸= p. Assume (by reductio) that
w ̸∈ R(B, p).
Then w ∈ {p → q : ̸⊢ q ↔ p and q ∈
B \ ((R(B, p) ∩ B) \ {p})}. Let w = p → qi. Since
qi ∈ B \ ((R(B, p) ∩ B) \ {p})}, it follows by (R6) that
p → qi = w ∈ R(B, p), contradiction.

Theorem 13 characterizes reformulation assuming − is a
kernel base contraction.

Theorem 13 Let B a belief base, − : 2L × L → 2L a
contraction function and R : 2L × L → 2L a reformulation
operation based on − defined as in Definition 8. Then R
satisfies (R2), (R2b), (R5), (R4), (R6), and (R6b) if and only
if − is a kernel base contraction function.

Proof.
If part
In Theorem 12 we proved R2, R2b, R4, R6, and R6b with-
out using C-Relevance.
(R5): Let w ∈ B and w ̸∈ R(B, p), then by definition of

R(B, p) we have that w ̸∈ B−p and w ̸= p. By C-Core-
retainment, there exists H , such that H ⊆ B, and H ̸⊢ p but
H ∪ {w} ⊢ p. By Lemma 11, B−p = (B ∩R(B, p)) \ {p}.
Only if part
We will use the same construction as defined in Theorem 12.
We only need to prove that − satisfies C-Core-retainment:
We have that w ∈ B and w ̸∈ B−p. If w = p, trivial. Let
w ̸= p. Then by definition of −, w ̸∈ R(B, p), then by
(R5), there exists H , such that H ⊆ B, such that H ̸⊢ p,
H ∪ {w} ⊢ p.

Theorems 12 and 13 establish the formal characterization
of the two versions of reformulation that can be instantiated
from our proposal in Section 4. In the following section we
study other alternatives for the operation.

6 Other Versions of Reformulation
In this section we introduce some slight variants of the
reformulation operation defined in Definition 8.

We start by noting that if B−p ⊢ p → q then, again if we
aim for non-redundancy, it is not necessary to reincorporate
p → q. We can thus refine the model as follows:

Definition 14 (Reformulation Operation 2) Let B be a
belief base, p a formula, and − a base contraction function.
The reformulation Operation 2 of p in B is:

RM2(B, p) = B−p ∪ {p}
∪ {p → q : q ∈ B \B−p and
B−p ̸⊢ p → q}

when B ⊢ p, and RM2
(B, p) = B when B ̸⊢ p.

A further refinement we can make to the operation is to
eliminate the direct consequences of p present in B−p. By
applying this to the reformulation operations respectively
defined in Definition 8 and Definition 14 we obtain the fol-
lowing two operations:

Definition 15 (Reformulation Operation 3) Let B be a
belief base, p a formula and − a base contraction function.
The weak non-redundant reformulation of p in B is:

RM3
(B, p) =

(
B−p \ Cn(p)

)
∪ {p}

∪ {p → q : q ∈ B \B−p}
when B ⊢ p, and RM3(B, p) = B when B ̸⊢ p.

Definition 16 (Reformulation Operation 4) Let B be a
belief base, p a formula, and − a base contraction function.
The non-redundant reformulation of p in B is:

RM4(B, p) =
(
B−p \ Cn(p)

)
∪ {p}

∪ {p → q : q ∈ B \B−p and
B−p ̸⊢ p → q}

=
(
B−p \ Cn(p)

)
∪ {p}

∪
(
{p → q : q ∈ B \B−p} \ Cn(B−p)}

)
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when B ⊢ p, and RM4(B, p) = B when B ̸⊢ p.

The full characterization of these operations will be a task
of future studies.

7 Related Work
To the best of our knowledge, this is the first work on
the reformulation of belief bases within the area of belief
change. In this section, we recall two other operators which,
although different, we consider to be related to reformula-
tion in the sense that they encompass an introspection of the
belief base that is not provoked by an epistemic input (like
AGM changes are).

Replacement is an operation that substitutes one sentence
for another within a set of beliefs. A substitution operation
involves two input sentences, such that in B|pq , p is replaced
by q. Consequently, the result is a set of beliefs that includes
q but not p. This operation may yield outcomes that cannot
be achieved through partial contraction or partial revision by
intersection. Replacement can also serve as a kind of Shef-
fer stroke for belief change, that is, an operation by which
other operations may be defined. Contraction by p can be
defined as the replacement |p⊤ of p by a tautology, revision
by p as the replacement |⊥p of falsum by p, and expansion
by p as the replacement |⊤p of a tautology by p. (Tautologies
are considered immovable, as is always the case in belief
revision.) Partial meet replacement has been axiomatically
characterized and a semantic explanation has been provided
in terms of possible worlds in Hansson (2009).

Reconsideration, introduced by Johnson and Shapiro
(2005) and Johnson (2006), is a non-prioritized operation
based on beliefs. It formalizes changes that are performed in
hindsight in order to eliminate negative effects of previously
performed changes. Beliefs that were previously removed
may be reintroduced if there are no longer valid reasons for
their removal. This operation can be seen as an optimization
that eliminates the negative effects of the order in which in-
puts were received. It may involve an examination of all cur-
rent and past beliefs.

8 Conclusion and Future Work
Our aim in this paper was to introduce an operation that re-
formulates a belief base by making explicit a particular sen-
tence that was originally implicit. Such an operation had not
been investigated before in the theory of belief base change
operations. We have defined this operation of reformulation
in terms of a base contraction operator. We have studied its
axiomatic characterization in two versions that are respec-
tively based on partial meet contraction and kernel base con-
traction. We have also proposed three alternatives that fur-
ther refine reformulation and that enhance non-redundancy.
The precise axiomatic characterization for these alternatives
is left to future work.

Acknowledgments
We want to thank the anonymous referees for their sugges-
tions on the previous version of the article.

MVM was partially supported by the Span-
ish project PID 2022-139835NB-C21 funded by
MCIN/AEI/10.13039/501100011033, PIE 2023-5AT010
and iTrust (PCI 2022-135010-2) CHIST-ERA under grant
2022/04/Y/ST6/00001. EF was partially supported by
FCT-Fundação para a Ciência e a Tecnologia, Portugal,
through project PTDC/CCI-COM/4464/2020 and by NOVA
LINCS ref. UIDB/04516/2020 and ref. UIDP/04516/2020
with the financial support of FCT.IP.
https://doi.org/10.54499/UIDP/04516/2020.

References
Alchourrón, C.; Gärdenfors, P.; and Makinson, D. 1985. On
the Logic of Theory Change: Partial Meet Contraction and
Revision Functions. Journal of Symbolic Logic, 50: 510–
530.
Alchourrón, C.; and Makinson, D. 1985. On the Logic of
Theory Change: Safe Contraction. Studia Logica, 44: 405–
422.
Belnap, N. 1979. Rescher’s hypothetical reasoning: An
amendment. In Sosa, E., ed., The Philosophy of Nicholas
Rescher: Discussion and Replies, 19–28. Dordrecht: D. Rei-
del.
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