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Abstract

Equational reasoning is one of the most intuitive and widely
used types of symbolic reasoning. In this setting, the goal is
to determine whether a given ground equation t ≃ t′ follows
as a consequence of a set of equational axioms E using the
process of replacing equals with equals. An equation t ≃ t′

is variable-preserving if each variable occurring in t occurs
in t′ and vice versa. Such equations have widely applicability
in algebra, since they can be used to express properties such
as commutativity, associativity, distributivity, among others.
In this work, we show that for each fixed set E of variable-
preserving equations, the set of ground equations derivable
from E in depth at most d is soundly over-approximable in
fixed-parameter tractable time. More specifically, we devise
an algorithm that takes as input a set E of variable-preserving
equations and a target ground equation t ≃ t′, and always
halts with a YES or NO answer.

1. If equation t ≃ t′ can be derived from E in depth at most
d, the algorithm always halts with a YES.

2. If equation t ≃ t′ does not belong to the equational closure
of E, then the algorithm always halts with a NO.

In other words, the set of YES instances contains the set of
ground equations that can be deduced from E in depth at
most d, and possibly other equations that require derivations
of higher depth. However, this set contains no ground equa-
tion that is not in the equational closure of E. For this rea-
son, the algorithm is sound. Our algorithm works in time
fE(d) · |t| · |t′|, where |t| and |t′| are the number of sym-
bols in t and t′ respectively, d is the depth parameter, and
fE(d) is a function whose growth depends only on d and on
parameters associated with the equations in E.

1 Introduction
Equational reasoning, or the process of replacing equals by
equals, is one of the most intuitive and widely used methods
of formal reasoning. Given a set E of equations, called ax-
ioms, and terms t and t′, the goal is to determine whether
the equation t ≃ t′ follows as a logical consequence of
the axioms in E (Plaisted 1993; Echenim, Peltier, and Tour-
ret 2013; Fish and Lisitsa 2014; Bachmair and Ganzinger
1998). A celebrated theorem due to Birkhoff (Birkhoff 1935)
states that such a logical implication holds if and only if term
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t can be transformed into term t′ by a chain of replacements
of equals with equals.

In this work, we consider an enhanced version of this cal-
culus where at each inference step, several axioms can be
applied to a term simultaneously as long as they do not inter-
fere with one another. When ignoring complexity theoretic
considerations, this parallel variant of equational reasoning
has the same expressiveness as the sequential variant. Nev-
ertheless, the minimum number of parallel inference steps
to derive a given equation t ≃ t′ may be drastically smaller
than then the minimum number of sequential steps. For ex-
ample, consider the axiom x+y ≃ y+x stating that addition
is commutative. For each n ∈ N, there is a ground equation
tn ≃ t′n that is derivable from this axiom in a single paral-
lel step, but whose sequential derivations require Ω(n) steps
(Observation 7).

It is worth noting that the problem of determining whether
a given ground equation t ≃ t′ can be inferred from equa-
tions in a set E of axioms is, in general, undecidable (Mc-
Nulty 1992). The problem becomes NEXP-complete if in-
stead we ask whether t ≃ t′ can be derived in d steps, for
a given d specified in binary 1. In this work, we cope with
the intractability of the equational inference problem using
the framework of the theory of fixed-parameter tractability
(Downey and Fellows 1995). A computational problem is
said to be fixed-parameter tractable with respect to param-
eters k1, ..., kr if there is an algorithm that solves instances
of size n in time at most f(k1, ..., kr) · nc for some constant
c and some function f depending only on the parameters ki.

Our main result (Theorem 11) states that for each fixed
set E of variable-preserving equations, the set of ground
equations derivable from E in depth at most d is soundly
over-approximable in fixed-parameter tractable time. More
specifically, we devise an algorithm that takes as input a set
of variable-preserving equations E and a target ground equa-
tion t ≃ t′, and always halts with a YES or NO answer.

1. If the equation t ≃ t′ is derivable from E in depth at most
d, the algorithm always halts with a YES.

2. If the equation t ≃ t′ does not belong to the equational
closure of E, then the algorithm always halts with a NO.

1NEXP is the class of problems solvable in nondeterministic ex-
ponential time. If d is specified in unary, then the problem becomes
NP-complete.
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In other words, the set of YES instances contains the set of
ground equations that are derivable from E in depth at most
d, and possibly other equations that require derivations of
higher depth. Nevertheless, our algorithm guarantees that all
ground equations in this set belong to the equational closure
of E. For this reason, the algorithm is sound. Our algorithm
works in time fE(d)·|t|·|t′|, where |t| and |t′| are the number
of symbols in t and t′ respectively, d is the depth parameter,
and fE(d) is a function whose growth depends only on d
and on parameters associated with the equations in E.

It is worth noting that in the context of equational reason-
ing, a sound over-approximation is an advantage because,
in practice, what is relevant is determining whether a given
equation (for instance, representing a theorem) is provable
from a set of equational axioms. In this sense, while our al-
gorithm is able to certify the provability of all ground equa-
tions derivable in depth at most d, as a positive side effect,
it may also certify the provability of some ground equa-
tions that are provable in depth greater than d. The important
thing is that the algorithm never certifies the provability of
a ground equation that is not provable from the given set of
equational axioms.

An interesting aspect of our algorithm is that it does not
construct an explicit derivation of the equation t ≃ t′ from
the equations in E. Instead, by leveraging on tree-automata
completion techniques (Feuillade, Genet, and Tong 2004;
Genet 1998; Korp and Middeldorp 2009; Felgenhauer and
Thiemann 2014; Genet and Rusu 2010; Iosif, Rogalewicz,
and Vojnar 2014; Bachmair and Dershowitz 1989) we
will show how to efficiently construct a tree automaton
A(E, d, t) whose language soundly over-approximates the
set of terms that can be reached from t in depth at most d,
using rewriting rules extracted from equations in E. Our al-
gorithm answers YES if t′ is accepted by A(E, d, t), and NO
otherwise.

2 Preliminaries
2.1 Basic Notation
We let N =̇ {0, 1, . . . } denote the set of natural numbers,
including 0, and N+ = N\{0} denote the set of positive
natural numbers. For each n ∈ N+, we let [n] = {1, . . . , n}.
We may write [0] to denote the empty set ∅.

2.2 Term Rewriting Systems
In this section, we define some basic concepts related to the
theory of term rewriting systems. We refer (Baader and Nip-
kow 1999; N. Dershowitz 1990) for a detailed treatment on
this subject.

A ranked alphabet is a finite set Σ whose elements are
called function symbols, together with an arity function a :
Σ → N. Intuitively, the arity a(f) of a symbol f ∈ Σ speci-
fies the number of inputs of f . A function symbol of arity 0
is called a constant symbol. We let a(Σ) = max{a(f) | f ∈
Σ} be the maximum arity of a function symbol in Σ.

Let Σ be a ranked alphabet, and X be a countable set of
variables disjoint from Σ. We let Ter(Σ, X) be the smallest
set satisfying the following three conditions:

1. each function symbol a ∈ Σ of arity 0 is a term in
Ter(Σ, X);

2. each variable x ∈ X is a term in Ter(Σ, X);

3. for each r ∈ N, each function symbol f ∈ Σ of arity r,
and each sequence of terms t1, t2, . . . , tr ∈ Ter(Σ, X),
f(t1, t2, . . . , tr) is a term in Ter(Σ, X).

Given such a term t, we let var(t) be the set of variables
occurring in t. We say that t is a ground term if it has no
variables (that is, var(t) = ∅). We let Ter(Σ) be the set of
all ground terms in Ter(Σ, X).

The set of positions of a term t ∈ Ter(Σ, X) is the set
Pos(t) of strings over the set [a(Σ)] inductively defined as
follows:

1. if t = a, for some function symbol a of arity 0, or t = x
for some variable x ∈ X , then Pos(t) = {ε}, where ε is
the empty string;

2. if t = f(t1, . . . , tr) for some function symbol f of arity
r, then

Pos(t) = {ε} ∪
r⋃

j=1

{jp : p ∈ Pos(tj)}.

We let |t| = |Pos(t)| denote the size of the term t. We
say that the empty string ε is the root position of t. For each
p ∈ Pos(t), we let t(p) be the function symbol of t at po-
sition p. The symbol t(ε) is called the root symbol of t. For
each position p ∈ Pos(t), we let t|p denote the subterm of t
rooted at position p. That is to say, Pos(t|p) = {p′ : pp′ ∈
Pos(t)} and for each p′ ∈ Pos(t|p), t|p(p′) = t(pp′). We
say that a term t′ is a proper subterm of t if t′ = t|p for some
position p ∈ Pos(t) with p ̸= ε. If s and t are terms and p
is a position in Pos(t) then we denote by t[s]p the term ob-
tained from t by replacing the subterm t|p with the term s. A
(Σ, X)-substitution is a function σ : X → Ter(Σ, X) map-
ping variables in X to terms in Ter(Σ, X). If t is a term in
Ter(Σ, X), and σ is a substitution, then we denote by tσ the
term obtained from t by replacing each occurrence of each
variable x ∈ X with the term σ(x).

A rewriting rule over Ter(Σ, X) is a pair l → r where
l and r are terms in Ter(Σ, X) such that l is not a vari-
able and var(r) ⊆ var(l). We say that l → r is variable-
preserving if var(r) = var(l). A term rewriting system on
Ter(Σ, X) is any finite set R of rewriting rules. Let t be a
term in Ter(Σ, X), p be a position in Pos(t), and l → r be
a rewriting rule in R. We say that l → r can be applied to t
at position p if there is a substitution σ : X → Ter(Σ, X)
such that t|p = lσ . In this case, we let t′ = t[rσ]p be the
term obtained from t by replacing the subterm t|p with the
term rσ . We write t →R t′ to denote that t′ can be obtained
from t by applying some rewriting rule l → r ∈ R at some
position p of t. We say that →R is the relation induced by R
on the set Ter(Σ, X). We let →∗

R be the transitive closure
of →R. In other words, t →∗

R t′ if and only if t′ is obtained
from t by applying a finite number of rewriting rules from
R.
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2.3 Tree Automata
In this subsection, we briefly define some notation related to
tree automata theory. An extensive treatment on the subject
can be found in (Comon et al. 2007).

A bottom-up tree automaton is a tuple A = (Q,Σ, F,∆)
where Q is a finite set of states, Σ is a ranked alphabet, F ⊆
Q is a set of final states and ∆ is a finite set of rewriting
rules of the form f(q1, ..., qa(f)) → q, where f is a function
symbol in Σ and q1, ..., qa(f) and q are states in Q. Here,
we should regard ∆ as a term rewriting system acting on
terms in Ter(Σ, Q). That is to say, we regard the states in Q
as variables. We let →∆⊆ Ter(Σ, Q) × Ter(Σ, Q) be the
rewriting relation induced by ∆, and let →∗

∆ be the transitive
closure of →∆. For each state q ∈ Q, we let L(A, q) =
{t ∈ Ter(Σ) | t →∗

∆ q} be the set of ground terms that
reach q. The language of A is defined as the set L(A) =⋃

q∈F L(A, q) of ground terms reaching some final state of
A. We let |A| = |Q| + |∆| be the size of A. We may write
Q(A), F (A) and ∆(A) to denote the set of states, the set of
final states, and the set of transitions of A respectively. Let
q ∈ Q be a state in Q. A q-context is a term t ∈ Ter(Σ, Q)
where there is exactly one leaf position p ∈ Pos(t) with
t(p) = q, and for every leaf position p′ ∈ Pos(t) distinct
from p, t(p′) ∈ Σ. We say that A is reachable if for each
state q ∈ Q, the language L(A, q) is nonempty. We say that
A is co-reachable if for each state q ∈ Q, there is a q-context
t and a final state q′ such that t →∗

∆ q′.
A tree-automaton A is said to be deterministic if for

each function symbol f ∈ Σ and each sequence of states
q1, . . . , qa(f) ∈ Q there is at most one state q ∈ Q such that
the transition f(q1, . . . , qa(f)) → q belongs to ∆. We ob-
serve that if A is a deterministic tree automaton, then each
term t ∈ Ter(Σ) reaches at most one state in Q.

3 Equational Reasoning in Bounded Depth
3.1 Equational Reasoning vs Term Rewriting
In this section, we let X be a countable set of variables. Let
Σ be a ranked alphabet. A Σ-equation is a pair t ≃ t′ of
terms in Ter(Σ, X). Next, we define the notion of equa-
tional closure of a finite set of Σ-equations.
Definition 1 (Equational Closure). Let Σ be a ranked alpha-
bet and E be a set of Σ-equations. The equational closure
of E, denoted by ClosureΣ(E) is the smallest set S of Σ-
equations closed under the following rules of inference:
1. Reflexivity: for each term t ∈ Ter(Σ, X), t ≃ t ∈ S.
2. Symmetry: for each t, t′ ∈ Ter(Σ, X), if t ≃ t′ belongs

to S, then t′ ≃ t belongs to S.
3. Transitivity: for each t, u, t′ ∈ Ter(Σ, X), if t ≃ u and

u ≃ t′ belong to S then t ≃ t′ belongs to S.
4. Congruence: for each function symbol f ∈ Σ of arity

a, if equations t1 ≃ t′1, . . . , ta ≃ t′a belong to S, then
f(t1, . . . , ta) ≃ f(t′1, . . . , t

′
a) belongs to S.

5. Substitution: for each substitution σ : X → Ter(Σ, X),
and each two terms s, t ∈ Ter(Σ, X), if s ≃ t ∈ S, then
sσ ≃ tσ is in S.

An equation t ≃ t′ is said to be a logical consequence of
E if s ≃ t belongs to ClosureΣ(E). The rules of inference

defined above may be used to certify that a given equation
t ≃ t′ is implied by E. More specifically, t ≃ t′ belongs
to ClosureΣ(E) if and only if there is a sequence of terms
s0, s1, ..., sn such that t = s0, t′ = sn, and for each i ∈ [n],
si is obtained from previous terms in the sequence by the
applications of one of the rules (1)− (5).

A more intuitive, and widely used, inference system is
the so-called replacement of equals by equals. In this sys-
tem, equations are essentially used as rewriting rules. More
specifically, given a Σ-equation s ≃ t, we define the follow-
ing set of rewriting rules:

R(s ≃ t) =

{ {s → t} if var(t) ⊊ var(s)
{t → s} if var(s) ⊊ var(t)
{s → t, t → s} if var(t) = var(s)

(1)

Going further, given a set E of Σ-equations, we let
R(E) =

⋃
s≃t∈E R(s ≃ t) be the term rewriting system

derived from E. We let →∗
R(E) denote the reflexive, tran-

sitive closure of R(E), and ↔∗
R(E) denote the reflexive,

symmetric, transitive closure of R(E). Birkhoff’s theorem,
a classical result in the field of equational reasoning, estab-
lishes a close connection between the equational inference
system described in Definition 1 and replacement of equals
by equals (see for instance Theorem 3.1.12 of (Baader and
Nipkow 1999)).

Theorem 2 ((Birkhoff 1935)). Let E be a set of Σ-equations
and t ≃ t′ be a Σ-equation. Then t ≃ t′ belongs to
ClosureΣ(E) if and only if t ↔∗

R(E) t.

If all equations in E are variable-preserving, then for each
equation s ≃ t in E, R(s ≃ t) = {s → t, t → s}, and
therefore, in this case, R(E) is a symmetric relation. Since
this implies that ↔∗

R(E) is the same relation as →∗
R(E), we

have the following corollary of Theorem 2.

Corollary 3. Let E be a set of variable-preserving Σ-
equations and t ≃ t′ be a Σ-equation. Then t ≃ t′ belongs
to ClosureΣ(E) if and only if t →∗

R(E) t
′.

3.2 Parallel Rewriting
Next, we define the notion of multi-step rewriting as intro-
duced by Oostrom in (van Oostrom 1999) (see also Chapter
4 of (Jan Willem Klop 2003)). Intuitively, multi-steps can
be used to give a formal definition for the notion of parallel
rewriting, where several term rewriting rules are allowed to
be applied simultaneously, as long as they do not interfere
with each other.

Definition 4 (Multi-Step). Let R be a term rewriting system.
The multi-step relation ⊆ Ter(Σ) × Ter(Σ) induced
by R is inductively defined as follows.

1. Let f ∈ Σ be a function symbol of arity a(f) = 0. Then
f f .

2. Let f ∈ Σ be a function symbol of arity a(f) ≥ 1, and
t1, . . . , ta(f) and t′1, . . . , t

′
a(f) be sequences of terms such

that ti t′i for each i ∈ [a(f)]. Then

f(t1, ..., ta(f)) f(t′1, ..., t
′
a(f)).
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3. Let l → r be a rewriting rule R, and σ, θ : X → Ter(Σ)
be substitutions such that σ(x) θ(x) for each vari-
able x ∈ var(l). Then lσ rθ.

We note that items 1 and 2 of Definition 4 imply that
t t for each ground term t ∈ Ter(Σ). We say that a
term t′ is reachable from a term t in depth at most d if there
is a sequence of multi-steps t0 t1 ... td such
that t0 = t and td = t′. We write t

d
t′ to denote that

t′ is reachable from t in depth at most d. Next, we use the
notion of multistep to define a suitable notion of provability
in bounded depth.
Definition 5 (Provability in Depth d). Let E be a set of Σ-
equations, be the multistep relation induced by R(E),
and t and t′ be ground terms in Ter(Σ). We say that equa-

tion t ≃ t′ is provable from E in depth at most d if t d
t′.

If all equations in E are variable-preserving then we have
the following observation.
Observation 6. Let E be a set of variable-preserving Σ-
equations and t ≃ t′ be a Σ-equation. Then t ≃ t′ belongs
to ClosureΣ(E) if and only if t d

t′ for some d ∈ N.

3.3 Parallel vs Sequential Rewriting
Next, we illustrate the applicability of parallel equational
reasoning with two examples. First, we show that equational
reasoning in depth at most 1 can already be unboundedly
more powerful than sequential equational reasoning. Sec-
ond, we show that equational reasoning in depth 1 is already
sufficient to model non-trivial combinatorial problems, such
as isomorphism of labeled trees of bounded degree.

Example 1. Let Σ = {+, a, b} where + is a sym-
bol of arity 2 and a and b are constant symbols. Let
E = {x + y = y + x} be the set of equations that contain
a unique axiom that expresses the commutativity of +. For
each n ∈ N, where n is a power of 2 and each α ∈ {0, 1}n,
we let sα denote the term that has the structure of a complete
binary tree with 2n leaves, where all internal nodes are
labeled with the symbol +, and where for each i ∈ [n], the
i-th deepest internal node, from left to right, has the left
child labeled with a and the right child with b, if αi = 0,
and vice versa, if αi = 1. Then, we have the following
observation.

Observation 7.
1. For each α, α′ ∈ {0, 1}n, the equality sα ≃ sα′ can be

proved from E in depth at most 1.
2. The equality s0n ≃ s1n requires sequential proofs of

length Ω(n).
Item 1 of Observation 7 provides us with a concrete ex-

ample where exponentially many terms can be derived from
a single term in depth at most 1. In particular, for each
α ∈ {0, 1}n, sα can be derived from s0n in a single parallel
derivation step. Contrast this with the fact that in sequential
rewriting using the rules of any term rewriting system R,
a term with n nodes can reach at most |R| · n other terms
in a single sequential step, since each rewriting rule can be

matched in at most one way at each node. On the other hand,
Item 2 of Observation 7 provides us with a concrete exam-
ple of an equation that can be derived in a single parallel
step, but that can only be derived using a linear number of
sequential steps.

3.4 Term Isomorphism in a Single Parallel
Rewriting Step

Example 2. Let Σ be a ranked alphabet and s and t be
ground terms in Ter(Σ). We say that two terms s and t in
Ter(Σ) are isomorphic if there is a bijection ϕ : Pos(s) →
Pos(t) such that ϕ(root(s)) = ϕ(root(t)), for each posi-
tion p ∈ Pos(s), s(p) = t(ϕ(p)), and for each two positions
p and p′ in Pos(s), p′ is a child of p in s if and only if ϕ(p)
is a child of ϕ(p′) in t. Intuitively, two terms are isomorphic
if they are isomorphic as labeled tree structures, where the
ordering on the children of each node is forgotten.
Theorem 8. Let Σ be a ranked alphabet with symbols of ar-
ity at most r. Then there is a set EΣ with O(|Σ|·r!) variable-
preserving equations with the property that for each two Σ-
terms s and t in Ter(Σ), s and t are isomorphic if and only
if the equation s ≃ t is provable from EΣ in depth at most 1.

We note that isomorphism of labeled trees of degree at
most r can be reduced straightforwardly to the isomorphism
of terms of arity at most r. We also note that tree isomor-
phism is a well-understood computational problem that can
be solved in polynomial even if no restriction on maximum
degree is imposed (Jenner, McKenzie, and Torán 1998).
However, the fact that isomorphic terms (over alphabets of
bounded arity) can be reached from each other in single par-
allel step suggests that derivation in bounded depth is rele-
vant in settings where isomorphic terms should be identified,
such as in unification modulo commutative theories (Neuge-
bauer and Petermann 1998).

4 Ground Equational Reasoning is FPT with
Respect to Depth of Derivations

In this section, we state and prove our main result (The-
orem 11). Intuituively, this result states that ground equa-
tional reasoning can be soundly over-approximated in fixed-
parameter tractable time when parameterized by the depth
of derivations, provided all equations in the set of equational
axioms are variable-preserving. We start by defining the no-
tion of a tree automaton compatible with a set of equations
(Definition 9).
Definition 9. Let A be a tree automaton over Σ. We say that
A is E-compatible if for each state q ∈ Q(A), and each two
terms t, t′ ∈ L(A, q), the equation t ≃ t′ belongs to the
equational closure of E.

The proof of our main result will depend crucially on the
following lemma.
Lemma 10 (Main Technical Lemma). Let Σ be a ranked al-
phabet, E be a finite set of variable-preserving Σ-equations,
and d ∈ N. For each ground term t ∈ Ter(Σ), one can con-
struct in time fE(d) · |t| an E-compatible tree automaton
A(E, d, t) with a single accepting state such that

{t′ | t d
t′} ⊆ L(A(E, d, t)). (2)
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In Lemma 10, fE(d) is a function that depends only on
the depth parameter and on parameters associated to the set
of equations E and alphabet Σ. Intuitively, the language
L(A(E, d, t)) is a sound over-approximation of the set of
terms that can be reached from t in depth at most d. On the
one hand, Equation 2 guarantees that every term reachable
from t in depth at most d belongs to L(A(E, d, t)). On the
other hand, the fact that A(E, d, t) has a unique accepting
state, combined with the fact that it is E-compatible implies
that for each term t′ ∈ L(A(E, d, t)), the equation t ≃ t′

belongs to the equational closure of E. We will prove
Lemma 10 in the next three subsections. Before that, we
will use this lemma to prove Theorem 11.

Below, we formally state our main theorem.

Theorem 11 (Main Theorem). Let Σ be a ranked alphabet,
and E be a set of variable-preserving Σ-equations. There is
an algorithm that takes as input a positive integer d and two
Σ-terms t and t′ and always halts with a YES or with a NO.

1. If the equation t ≃ t′ is derivable from E in depth at
most d, the algorithm always halts with a YES.

2. If the equation t ≃ t′ does not belong to the equational
closure of E, then the algorithm always halts with a NO.

Furthermore, the algorithm works in time fE(d) · |t| · |t′| for
some function fE(d) depending only on the depth parameter
d and on parameters associated to the set E.

Proof. The algorithm proceeds as follows when given a
ground equation t ≃ t′ as input: first, it constructs the tree
automaton A(E, d, t). Subsequently it tests whether t′ be-
longs to L(A(E, d, t)). If t′ does belong to L(A(E, d, t)),
the algorithm halts with a YES. Otherwise, it halts with a
NO.

Now, we show that this algorithm satisfies Condition 1
and Condition 2 of Theorem 11. First, we note that if t can
be derived from E in depth at most d then, by Lemma 10,
t′ belongs to L(A(E, d, t)). Therefore, if t

d
t′, then

the algorithm always halts with a YES, as required by Con-
dition 1. Now, suppose that the equation t ≃ t′ does not
belong to the equational closure of E. We claim that t′ does
not belong to L(A(E, d, t)). Therefore, in this case, the al-
gorithm always answers NO, as required by Condition 2. To
prove our claim, assume, for the sake of contradiction, that
t′ belongs to L(A(E, d, t)). Since A(E, d, t) has a unique
final state, and both t and t′ are accepted by A(E, d, t), both
t and t′ reach this unique final state. But since A(E, d, t)
is E-compatible, the equation t ≃ t′ belongs to the equa-
tional closure of E. This contradicts our initial supposition
that t ≃ t′ does not belong to the equational closure of
E, and therefore, we conclude that t′ does not belong to
L(A(E, d, t)).

Finally, we analyze the running time of our algorithm. By
Lemma 10, A(E, d, t) can be constructed in time fE(d) · |t|
for some suitable function fE(d). Therefore, this automaton
has size at most f(d) · |t|. This implies that one can test in
time fE(d) · |t||t′| whether t′ belongs to L(A(E, d, t)). This
concludes the proof of Theorem 11.

4.1 Construction of the Automaton A(E, d, t)
Given a term t ∈ Ter(Σ, X), we let

Sub(t) = {s : s is a subterm of t}
be the set of subterms of t. We note that a term s may occur
multiple times as a subterm of t, and this term is counted
only once in Sub(t). We let Ŝub(t) = Sub(t)\var(t) be the
set of subterms of t that are not a variable.
Definition 12 (Tree Automaton Associated with a Term).
Given a term t ∈ Ter(Σ, X), we let B(t) be the tree au-
tomaton over Σ defined as follows.

Q(B(t)) = {qs | s ∈ Sub(t)} F (B(t)) = {qt}

∆(B(t)) = {f(qs1 , ..., qsa(f)
) → qs | s ∈ Ŝub(t),

s = f(s1, . . . , sa(f))}.
The tree automaton B(t) has one state qs for each subterm

in Sub(t), and one transition f(qs1 , ..., qsa(f)
) → qs for each

subterm s ∈ Ŝub(t) whose leading symbol is f and whose
children are s1, . . . , sa(f). The only final state is the state qt
corresponding to the term t itself. We note that the language
of B(t) is empty if t is not a ground term because states
associated with variables of t are unreachable in B(t). On
the other hand, when t is a ground term then t is the unique
term accepted by B(t).
Proposition 13. Let t be a ground term in Ter(Σ).
1. B(t) is deterministic, reachable and co-reachable.
2. L(B(t)) = {t}.
3. For any set E of Σ-equations, B(t) is E-compatible.

Let A be a tree automaton over Σ. A configuration for A
is a term u ∈ Ter(Σ, Q(A)). In other words, the variables
of u are states of A. Now, let l be a term in Ter(Σ, X) for
some X disjoint from Q(A), and let m : Y → Q(A) be
a map from some set of variables Y with var(l) ⊆ Y ⊆
X to states of A. Then, we let l ◦ m be the configuration
for A obtained from l by replacing each occurrence of each
variable x ∈ var(l) with the state m(x).
Definition 14 (Matching). Let A be a tree automaton and
l be a term in Ter(Σ, X). A matching for l in A is a pair
(q,m) where q is a state in Q(A), and m : var(l) → Q(A)
is a map such that the configuration l ◦m reaches state q in
A (that is to say, l ◦m →∗

A q).
We let M(A, q, l) be the set of all maps from variables of

l to states of A with the property that (q,m) is a matching
for l in A.
M(A, q, l) = {m : var(l) → Q(A)|(q,m) is a matching

for l in A}.

Let t be a term in Ter(Σ, X), and m : Y → Q(A) for
some set of variables Y with var(t) ⊂ Y . We say that t
is matchable by m if there is a state q ∈ Q(A) such that
(q,m|var(t)) is a matching for t in A, where m|var(t) is the
restriction of m to the variables of t. Given a configura-
tion r(q1, . . . , qk) with state variables q1, ..., qk, and given
ground terms t1, . . . , tk in Ter(Σ), we let r(t1, . . . , tk) be
the ground term obtained by replacing each occurrence of qi
in r with the term ti.
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Definition 15 (Residuos). Given a term r ∈ Ter(Σ), and a
function m : Y → Q(A) with var(r) ⊆ Y , we say that a
configuration r(q1, . . . , qk) is an m-residuo of r in A if there
are proper subterms t1, . . . , tk of r satisfying the following
conditions:

1. r = r(t1, . . . , tk),
2. for each i ∈ [k], ti is matchable by m,
3. for each i ∈ [k], no proper subterm of t that is a proper

superterm of ti is matchable by m, and
4. for each i ∈ [k], m ◦ ti →∗

∆ qi.

Intuitively, the terms t1, . . . , tk are the maximal proper
subterms of r that can be reduced to some state in Q(A)
when their variables are replaced according to m. Further-
more for each i ∈ [k], the configuration m ◦ ti reaches
state qi. Note that the fact that the terms t1, . . . , tk are re-
quired to be proper subterms of t implies that an m-residuo
always exists. Given such a residuo r = r(q1, . . . , qk), let
B(r) be the tree automaton associated with the configuration
r as specified in Definition 12. Note that, since r is a term
in Ter(Σ, Q(A)), the elements in Q(A) act as variables.
We let C(A, q, r) be the tree automaton obtained from B(r)
by performing the following modifications: first, rename the
state qr of B(r) to the state q of A; subsequently, set the set
of final states of C(A, q, r) to the empty set.

Now, consider the tree automaton

N (A, E) = A ∪
⋃
q,r

C(A, q, r). (3)

obtained by taking the union of A with all C(A, q, r) where
q is a state in Q(A), and r is a configuration with the prop-
erty that there exists a rule l → r in R(E), and a map
m : var(l) → Q(A) in M(A, q, l), such that r is an m-
residuo for r in A.

The next lemma states that the language of the tree au-
tomaton N (A, E) contains every term that can be reached
from some term in L(A) by the application of one R(E)-
multi-step. Additionally, if A is E-compatible, then so is
N (A, E).
Lemma 16. Let Σ be a ranked alphabet, E be a set of
variable-preserving Σ-equations, and A be reachable, co-
reachable, and E-compatible tree automaton. Let be
the multistep relation induced by R(E). Then N (A, E) is
reachable, co-reachable, and E-compatible. Additionally,

{t′ | ∃t ∈ L(A), t t′} ⊆ L(N (A, E)). (4)

Proof. Let A = (Q,Σ, F,∆) be a reachable, co-reachable,
E-compatible tree automaton, and let N (A, E) = (Q ∪
Q′,Σ, F,∆∪∆′) where Q∩Q′ = ∅ and ∆∩∆′ = ∅. Note
that every state of A is a state of N (A, E), and every tran-
sition of A is a transition of N (A, E). Therefore, for each
state q ∈ Q, we have that L(A, q) ⊆ L(N (A, E), q). Ad-
ditionally, since A and N (A, E) have the same final states,
we have that L(A) ⊆ L(N (A, E)).

We will separate the remainder of the proof in two parts.
In the first part (Completeness Proof), we show that each
term derivable in a single parallel step from some term
in L(A) also belongs to L(N (A, E)). In the second part

(Soundness Proof), we show that if two terms s and t reach
the same state in N (A, E), the equation s ≃ t belongs to
the equational closure of E.

Completeness Proof. Let q ∈ Q, t ∈ L(A, q), and t′ ∈
Ter(Σ) be a ground term such that t t′. We claim
that t′ ∈ L(N (A, E), q). Since A and N (A, E) have the
same set of final states, our claim implies that {t′ | ∃t ∈
L(A), t t′} ⊆ L(N (A, E)). The proof of the claim
is by induction on the structure of t, using the definition of
multi-step (Definition 4). In the base case, t = f for some
function symbol f of arity 0. There are two subcases to be
analyzed. In the first subcase, t′ = f , by Condition 1 of Def-
inition 4, and therefore t′ is already in L(N (A, E), q). In the
second subcase, the rewriting rule t → t′ belongs to E, by
Condition 3 of Definition 4 (with any substitution, since t
has no variable an empty substitution). Since t′ reaches state
q in the component C(A, q, r), we have that t′ reaches state
q in N (A, E). This concludes the proof of the claim in the
base case.

Now, the inductive step is split into two cases. One corre-
sponding to Condition 2 of Definition 4 and one correspond-
ing to Condition 3.

For the inductive step corresponding to Condition 2, let
t = f(t1, ..., ta(f)) and t′ = f(t′1, ..., t

′
a(f)) where ti t′i

for each i ∈ {1, ..., a(f)}. Since t ∈ L(A, q), there exist
states q1, . . . , qa(f), and a transition f(q1, ..., qa(f)) → q
in A such that ti reaches qi for each i ∈ {1, ..., a(f)}.
Since by assumption ti t′i, using the inductive hypoth-
esis we have that t′i ∈ L(N (A, E), qi). This implies that
f(t′1, ..., t

′
a(f)) ∈ L(N (A, E), q).

For the inductive step corresponding to Condition 3, let
l → r be a rewriting rule in R(E) and σ, θ : X → Ter(Σ),
be substitutions such that t = lσ , t′ = rθ, and for each
variable x ∈ var(l), σ(x) θ(x). Since t ∈ L(A, q),
there exists a state substitution γ : var(l) → Q such
that lγ →∗

∆ q and for each x ∈ var(l), σ(x) →∗
∆ γ(x).

Since, by assumption, σ(x) θ(x), we have that by the
induction hypothesis, θ(x) ∈ L(N (A, E), γ(x)) for each
x ∈ var(l). Additionally, rγ →∗

∆′ q by using transitions in
the component C(A, q, r) corresponding to some residuo r.
This implies that t′ ∈ L(N (A, E), q).

Soundness Proof. We claim that for each state q of A, if
t′ ∈ L(N (A, E), q) then there is a ground term t ∈ L(A, q)
such that the equation t ≃ t′ is implied by E. By transitivity
and symmetry this implies that for each two terms t′ and t′′

in L(N (A, E), q), the equation t′ = t′′ is implied by E.
Therefore, the tree automaton N (A, E) is compatible with
E.

The proof of the claim is by well founded induction with
terms ordered by the strict subterm relation. In the base case,
t′ = a for some function symbol a ∈ Σ of arity 0. Let
a → q be a transition in N (A, E). If a → q belongs to ∆
then a ∈ L(A, q) and therefore by Condition 1 of Defini-
tion 4, we have that a a. On the other hand, if a → q
belongs to ∆′, then there is some rewriting rule l → r in
R(E) and some state-substitution γ : var(l) → Q such
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that a → q is a transition in C(A, q, r) for some residuo
r. Let σ : var(l) → Ter(Σ) be a substitution that asso-
ciates with each variable x ∈ var(l) an arbitrary term σ(x)
in L(A, γ(x)). Note that such a term is guaranteed to exist
since by assumption, A is reachable. Then the term lσ be-
longs to L(A, q). Additionally, by Condition 3 of Definition
4, we have that lσ aτ where τ : ∅ → Ter(Σ) is the
empty substitution. This verifies the claim in the base case.

Now, let t′ = f(t′1, ..., t
′
a(f)) where f has arity at least

1. Then there exist states q1, . . . , qa(f) such that the tran-
sition f(q1, ..., qa(f)) → q belongs to ∆ ∪ ∆′ and t′i ∈
L(N (A, E), qi) for each i ∈ {1, ..., a(f)}. There are two
cases to be analysed.

1. If f(q1, ..., qa(f)) → q belongs to ∆, then all states
q1, ..., qa(f) belong to Q. In this case, by the induction
hypothesis, there exist terms t1, ..., ta(f) such that for
each i ∈ {1, ..., a(f)}, ti ∈ L(A, qi) and ti ≃ t′i is im-
plied by E. This implies that the term t = f(t1, ..., ta(f))
is in L(A, q). Finally, by congruence (Definition 1.4), we
have that the equation t ≃ t′ is implied by E.

2. If f(q1, ..., qa(f)) → q belongs to ∆′ then the
states q1, ..., qa(f) belong to some right component of
N (A, E). In other words, there is some rewriting rule
l → r in R, some substitution θ : var(r) → Ter(Σ)
with t′ = rθ, and some state-substitution γ : var(l) →
Q satisfying the following conditions: (a) lγ →∗

∆ q.
(b) rγ →∗

∆′ q. (c) For each x ∈ var(r), θ(x) ∈
L(N (A, E), γ(x)). By the induction hypothesis, for
each x ∈ var(r) ⊆ var(l) there is a term sx that be-
longs to L(A, γ(x)) such that the equation sx ≃ θ(x)
is implied by E. Additionally, since A is reachable, for
each variable y ∈ var(l)\var(r) there is at least one
term sy in L(A, γ(y)). Let σ : var(l) → Ter(Σ) be
the substitution that sets σ(x) = sx for each variable
x ∈ var(r), and which sets σ(y) = sy for each vari-
able y ∈ var(l)\var(r). Then the term lσ belongs to
L(A, q). Since l → r is a rewriting rule in R(E), t = lσ ,
t′ = rθ, and σ(x) ≃ θ(x) is implied by E for each
x ∈ var(l)\var(r), we have that the equation t ≃ t′

is implied by E. This concludes the proof of the lemma.

Now, let t ∈ Ter(Σ) be a ground term over Σ, and let E
be a set of Σ-equations. Let B(t) be the tree automaton asso-
ciated with t according to Definition 12. For each d ∈ N we
inductively define the tree automaton A(E, d, t) as follows.

A(E, d, t) =

{ B(t) if d = 0

N (A(E, d− 1, t), E) if d ≥ 1.
(5)

By Proposition 13, B(t) is reachable, co-reachable and E-
compatible. Additionally, L(A(t)) = {t}. Using Lemma 16,
if follows by induction on d that A(E, d, t) is E-compatible
and that Equation 2 holds:

{t′ | t d
t′} ⊆ L(A(E, d, t)).

This almost concludes the proof of Lemma 10. The only
caveat is that it is not immediately clear that the automaton
A(E, d, t) can be constructed in time fE(d) · |t| for some
function fE(d) independent of the size of t (Subsection 4.2).
Proving this upper bound will require performing a careful
analysis of the ratio between the size of a tree automaton A
and the size of the tree automaton N (A, E). The complete
analysis is carried out in the full version of this paper.

4.2 Time Analysis
Let A = (Σ, Q,∆, F ) be a tree automaton, and let
f(q1, ..., qa(f)) → q be a transition in ∆. We say that q is
the consequent of f(q1, ..., qa(f)) → q. The in-degree of a
state q in Q, denoted by δ(q), is the number of transitions in
∆ that have q as a consequent. The maximum state in-degree
of A, defined as δ(A) = maxq∈Q δ(q), is the maximum in-
degree of a state in A.

Given a set E of Σ-equations, we consider the following
parameters: We let a be the maximum arity of a function
symbol in Σ, s1 be the maximum size of the left-hand side
of a rule in R(E), s2 be the maximum size of a right-hand
side of a rule in R(E), and ρ be the maximum number of
rules in R(E) with the same left-hand side. We note that all
four parameters listed above are fixed for fixed E, and often
small.
Lemma 17. Let Σ be a ranked alphabet, E be a set of
variable-preserving Σ-equations, and t be a ground term in
Ter(Σ). The tree automaton A(t, E, d) can be constructed
in time sd2 · (e · ρ · a)s2·d1 · (log |R|) · |t|.

5 Conclusion
In this work, we introduced a novel framework for variable-
preserving equational reasoning. More specifically, we
showed that sound over-approximation equational reasoning
using variable-preserving rules is fixed-parameter tractable
when parameterized by the depth of derivations.

We obtain our main result by leveraging tree automata
completion techniques, to show that given a tree automaton
A compatible with a set of equations E, one can construct
a tree automaton N (A, E) whose language L(N (A, E))
soundly over-approximates the set of terms derivable in a
single parallel step from the terms in L(A). It is worth not-
ing that in this context, over-approximation in the construc-
tion of N (A, E) is a necessity, given that in general, the task
of constructing a tree automaton whose language precisely
matches the set of terms derivable from L(A) in a single
parallel step is uncomputable.

Interestingly, in many contexts such as automated the-
orem proving, satisfiability modulo theories, etc, over-
approximation is an advantage, because in these applica-
tions, the goal is to prove equivalence between terms modulo
some set of equational axioms irrespectively of the deriva-
tion depth. In this sense, although our algorithm is always
guaranteed to certify that a given equation is provable in
depth at most d, as a bonus it can also certify the provabil-
ity of some equations that are indeed logical consequences
of the set of equational axioms E but whose demonstration
using rewriting rules require larger depth.
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