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Abstract

Optimal control problems (OCPs) involve finding a control
function for a dynamical system such that a cost functional is
optimized. It is central to physical systems in both academia
and industry. In this paper, we propose a novel instance-
solution control operator perspective, which solves OCPs in
a one-shot manner without direct dependence on the explicit
expression of dynamics or iterative optimization processes.
The control operator is implemented by a new neural op-
erator architecture named Neural Adaptive Spectral Method
(NASM), a generalization of classical spectral methods. We
theoretically validate the perspective and architecture by pre-
senting the approximation error bounds of NASM for the con-
trol operator. Experiments on synthetic environments and a
real-world dataset verify the effectiveness and efficiency of
our approach, including substantial speedup in running time,
and high-quality in- and out-of-distribution generalization.

Code — https://github.com/FengMingquan-sjtu/NASM
Extended version — https://arxiv.org/abs/2412.12469

1 Introduction

Although control theory has been rooted in a model-
based design and solving paradigm, the demands of model
reusability and the opacity of complex dynamical systems
call for a rapprochement of modern control theory, machine
learning, and optimization. Recent years have witnessed the
emerging trends of control theories with successful applica-
tions to engineering and scientific research, such as robotics
(Krimsky and Collins 2020), aerospace technology (He et al.
2019), and economics and management (Lapin, Zhang, and
Lapin 2019) etc.

We consider the well-established formulation of optimal
control (Kirk 2004) in finite time horizon T' = [to, ¢s]. De-
note X and U as two vector-valued function sets, represent-
ing state functions and control functions respectively. Func-
tions in X (resp. U) are defined over 7" and have their out-
puts in R% (resp. R%+). State functions & € X and control
functions w € U are governed by a differential equation.
The optimal control problem (OCP) is targeted at finding a
control function that minimizes the cost functional f (Kirk
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2004; Lewis, Vrabie, and Syrmos 2012):

min  f(o.u) = /tofp<w<t>,u<t>>dt+h<w<tf>> (1a)
st. &) =d(z(t),ult)), (1b)
.’I}(to) = Xy, (1C)

where d is the dynamics of differential equations; p eval-

uates the cost alongside the dynamics and h evaluates the
cost at the termination state (¢ 7); and @ is the initial state.
We restrict our discussion to differential equation-governed
optimal control problems, leaving the control problems in
stochastic networks (Dai and Gluzman 2022), inventory
management (Abdolazimi et al. 2021), etc. out of the scope
of this paper. The analytic solution of Eq. 1 is usually un-
available, especially for complex dynamical systems. Thus,
there has been a wealth of research towards accurate, effi-
cient, and scalable numerical OCP solvers (Rao 2009) and
neural network-based solvers (Kiumarsi et al. 2017). How-
ever, both classic and modern OCP solvers are facing chal-
lenges, especially in the big data era, as briefly discussed
below.

1) Opacity of Dynamical Systems. Existing
works (Bohme and Frank 2017a; Effati and Pakdaman
2013; Jin et al. 2020) assume the dynamical systems a priori
and exploit their explicit forms to ease the optimization.
However, real-world dynamical systems can be unknown
and hard to model. It raises serious challenges in data
collection and system identification (Ghosh, Birrell, and
De Angelis 2021), where special care is required for error
reduction.

2) Model Reusability. Model reusability is conceptually
measured by the capability of utilizing historical data when
facing an unprecedented problem instance. Since solving an
individual instance of Eq. 1 from scratch is expensive, a
reusable model that can be well adapted to new problems
is welcomed for practical usage.

3) Running Paradigm. Numerical optimal control
solvers traditionally use iterative methods before picking the
control solution, thus introducing a multiplicative term re-
garding the iteration in the running time complexity. This
sheds light on the high cost of solving a single OC problem.

4) Control Solution Continuity. Control functions are
defined on a continuous domain (typically time) despite be-
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Figure 1: Phase-2 cost curves of two failed instances of two-
phase control (Hwang et al. 2022) on Pendulum system. The
control function gradually moves outside the training distri-
bution of phase 1. As a result, the control function converges
w.r.t. the cost predicted by the surrogate model (blue), but di-
verges w.r.t. true cost (red).

ing intractable for numerical solvers. Hence resorting to dis-
cretization in the input domain gives rise to the trade-off in
the precision of the control solution and the computational
cost, as well as the truncation errors. While the discrete solu-
tion can give point-wise queries, learning a control function
for arbitrary time queries is much more valued.

5) Running Phase. The two-phase models (Chen, Shi,
and Zhang 2018; Wang, Bhouri, and Perdikaris 2021;
Hwang et al. 2022) can (to some extent) overcome the above
issues at the cost of introducing an auxiliary dynamics infer-
ence phase. This thread of works first approximates the state
dynamics by a differentiable surrogate model and then, in
its second phase, solves an optimization problem for con-
trol variables. However, the two-phase paradigm increases
computational cost and manifests inconsistency between the
two phases. A motivating example in Fig. 1 shows that the
two-phase paradigm leads to failures. When the domain of
phase-2 optimization goes outside the training distribution
in phase-1, it might collapse.

Table ?? compares the methods regarding the above as-
pects. We propose an instance-solution operator perspec-
tive for learning to solve OCPs, thereby tackling the issues
above. The highlights are:

1) We propose the Neural Control Operator (NCO)
method of optimal control, solving OCPs by learning a neu-
ral operator that directly maps problem instances to solu-
tions. The system dynamics is implicitly learned during the
training, which relies on neither any explicit form of the
system nor the optimization process at test time. The op-
erator can be reused for similar OCPs from the same distri-
bution without retraining, unlike learning-free solvers. Fur-
thermore, the single-phase direct mapping paradigm avoids
iterative processes with substantial speedup.

2) We instantiate a novel neural operator architecture:
NASM (Neural Adaptive Spectral Method) to implement the
NCO and derive bounds on its approximation error.

3) Experiments on both synthetic and real systems show
that NASM is versatile for various forms of OCPs. It shows
over 6Kx speedup (on synthetic environments) over classical
direct methods. It also generalizes well on both in- and out-
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of-distribution OCP instances, outperforming other neural
operator architectures in most of the experiments.

Background and Related Works. Most OCPs can not be
solved analytically, thus numerical methods (Korkel* et al.
2004) are developed. An OCP numerical method has three
components: problem formulation, discretization scheme,
and solver. The problem formulations fall into three cate-
gories: direct methods, indirect methods, and dynamic pro-
gramming. Each converts OCPs into infinite-dimensional
optimizations or differential equations, which are then dis-
cretized into finite-dimensional problems using schemes like
finite difference, finite element, or spectral methods. These
finite problems are solved by algorithms such as interior-
point methods for nonlinear programming and the shooting
method for boundary-value problems. These solvers rely on
costly iterative algorithms and have limited ability to reuse
historical data.

In addition, our work is also related to the neural oper-
ators, which are originally designed for solving parametric
PDEs. Those neural operators learn a mapping from the pa-
rameters of a PDE to its solution. For example, DeepONet
(DON) (Lu et al. 2021) consists of two sub-networks: a
branch net for input functions (i.e. parameters of PDE) and
a trunk net for the querying locations or time indices. The
output is obtained by computing the inner product of the out-
puts of branch and trunk networks. Another type of neural
operator is Fourier transform based, such as Fourier Neural
Operator (FNO) (Li et al. 2020). The FNO learns parametric
linear functions in the frequency domain, along with nonlin-
ear functions in the time domain. The conversion between
those two domains is realized by discrete Fourier transfor-
mation. There are many more architectures, such as Graph
Element Network (GEN) (Alet et al. 2019), Spectral Neural
Operator(SNO) (Fanaskov and Oseledets 2022) etc., as will
be compared in our experiments.

2 Methodology

In this section, we will present the instance-solution control
operator perspective for solving OCPs. The input of oper-
ator G is an OCP instance ¢, and the output is the optimal
control function u*, i.e. G : I — U. Then we propose the
Neural Control Operator (NCO), a class of end-to-end OCP
neural solvers that learn the underlying infinite-dimensional
operator G via a neural operator. A novel neural operator ar-
chitecture, the Neural Adaptive Spectral Method (NASM),
is implemented for the NCO method.

Instance-Solution Control Operator Perspective of
OCP Solvers

This section presents a high-level instance-solution control
operator perspective of OCPs. In this perspective, an OCP
solver is an operator that maps problem instances (defined
by cost functionals, dynamics, and initial conditions) into
their solutions, i.e. the optimal controls. Denote the problem
instance by ¢ = (f,d, ®in;:) € I, with its optimal control
solution u* € U. The operator is definedas G : I — U, a
mapping from cost functional to optimal control.

In practice, the non-linear operator G can hardly have



Methods Phase Continuity Dynamics Reusability Paradigm
Direct (Bohme and Frank 2017a) Single Discrete Required No Iterative
Two-Phase (Hwang et al. 2022) Two Discrete Dispensable! Partial® Iterative
PDP (Jin et al. 2020) Single Discrete Required No Iterative
DP (Tassa, Mansard, and Todorov 2014)  Single Discrete Required No Iterative
NCO (ours) Single Continuous Dispensable Yes One-pass

Table 1: Optimal control approaches. Our NCO covers all the merits of performing a single-phase direct-
mapping paradigm without relying on known system dynamics and supports arbitrary input-domain queries.

lif phase-1 uses PINN loss (Wang, Bhouri, and Perdikaris 2021): required.

a closed-form expression. Therefore, various numerical
solvers have been developed, such as direct method and in-
direct method, etc, as enumerated in the related works. All
those numerical solvers can be regarded as approximate op-
erators N : I — U of the exact operator G. To measure the
quality of the approximated operator, we define the approxi-
mation error as the distance between the cost of the solution
and the optimal cost. Let y be the probability measure of the
problem instances, assume the control dimension d,, = 1,
and cost f; > 0 (subscript ¢ means the cost is dependent on
1), w.l.o.g. Then the approximation error is defined as:

/ fioN(i) — fi o G(i)
I fz‘og(i)

Classical numerical solvers are generally guaranteed to
achieve low approximation error (with intensive computing
cost). For efficiency, we propose to approximate the oper-
ator G by neural networks, i.e. Neural Control Operator
(NCO) method. The networks are trained by demonstra-
tion data pairs (¢, u*) produced by some numerical solvers,
without the need for explicit knowledge of dynamics. Once
trained, they infer optimal control for any unseen instances
with a single forward pass. As empirically shown in our ex-
periments, the efficiency (at inference) of neural operators
is consistently better than that of classical solvers. We will
also provide an approximation error bound for our specific
implementation NASM of NCO.

Before introducing the network architecture, it is neces-
sary to clarify a common component, the Encoder, used in
both classical and neural control operators. The encoder con-
verts the infinite-dimensional input ¢ to finite-dimensional
representation e. Take the cost functional for example. If
the cost functional f(z,u) = [(z — :ctarge[)th is explicitly
known, then the f may be encoded as the symbolic expres-
sion or the parameters Xy ger Only. Otherwise, the cost func-
tional can be represented by sampling on grids. After encod-
ing, The encoded vector e is fed into numerical algorithms
or neural networks in succeeding modules. The encoder’s
design is typically driven by the problem setting rather than
the specific solver or network architecture.

~

& =

dp(i). b)

Neural Adaptive Spectral Method

From the operator’s perspective, constructing an OCP solver
is equivalent to an operator-learning problem. We propose to
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2 only phase-1 is reusable.

learn the operator by neural network in a data-driven man-
ner. Now we elaborate on a novel neural operator architec-
ture named Neural Adaptive Spectral Method (NASM), in-
spired by the spectral method.

The spectral method assumes that the solution is the linear
combination of p basis functions:

Mpec(i) (t) = Z Cj (Z)b] (t)v

j=1

3)

where the basis functions {b;}, are chosen as orthogonal
polynomials e.g. Fourier series (trigonometric polynomial)
and Chebyshev polynomials. The coefficients {c; }, are de-
rived from instance ¢ by a numerical algorithm. The Spectral
Neural Operator (SNO) (Fanaskov and Oseledets 2022) ob-
tains the coefficients by a network.

Our NASM model is based on a similar idea but with more
flexible and adaptive components than SNO. The first dif-
ference is that summation ) | is extended to aggregation €P.
The aggregation is defined as any mapping R? — R and can
be implemented by either summation or another network.
Secondly, the coefficient {c; }, is obtained from Coefficient
Net, which is dependent on not only instance ¢ but time in-
dex t as well, inspired by time-frequency analysis (Cohen
1995). It is a generalization and refinement of /\/’Spec(Eq. 3),
for the case when the characteristics of G are non-static. For
example, Npe. with Fourier basis can only capture globally
periodic functions, while the NMyasm with the same basis
can model both periodic and non-periodic functions. Lastly,
the basis functions {b;}, are adaptive instead of fixed. The
adaptiveness is realized by parameterizing basis functions
by 6, which is inferred from ¢, ¢ also by the neural network.

Nyasm(4)(t) = @cj(t,i)bj(t;G(t,i)). 4)

As a concrete example of adaptive basis functions, the
adaptive Fourier series is obtained from the original basis
by scaling and shifting, according to the parameter 6. We
limit the absolute value of elements of 8 to avoid overlap-
ping the adaptive range of basis functions. Following this
principle, one can design adaptive versions for other basis
function sets.

{b;(t;0)} = {1, sin(w[(1+ 61)t + 62]),

cos(r[(1+ 02t + 0a]), -}, |6s] < 0.5,k



_______

OCP Instance

_________

(cost, d i i Encoder ¥ I’ Coefficient )
cos namics.
[{cost, dynamics, 1 - | | Network I Ovtimal Control
initial conditions) I Expression, | e gR™ , 1 c € RP ptimal Contro)
. ! Parameters | | ! Multiplication , o
= - N@)(E) = u(t
i= (., Xiie) €1 —! — | & Ageregation —— VOO = 2®
: Neural I 1 I
1 Networks ! ‘o ,'
1 : """"" Adaptive
1
I Sampling : Params 6
1
1
1
I eee eee ‘I soTTTEEEEEEEEEES \\
AP 4 { Adaptive Basis Functions |
Time Index : by=1 : b € R?
teT ; by = sin(m[(1+ 6,)t + 6,]) |
1
1

1 bz =cos(m[(1+ 63)t +6,])

/

Figure 2: The architecture of NASM. The network takes two inputs: OCP instance ¢ and time index ¢. The input ¢ is pre-
processed by the Encoder. Then both ¢ and encoding e are fed into the Coefficient Network to obtain coefficients ¢ and adaptive
parameters 6. The adaptive basis (e.g. Fourier series) outputs function values b, which is multiplied with ¢ and aggregated to
the final output 4(t), the estimation of optimal control for instance ¢ at time ¢. Detailed explanation is given in Section 2.

The overall architecture of NASM is given in Fig. 2. The
theoretic result guarantees that there exists a network in-
stance of NASM approximating the operator G to arbitrary
error tolerance. Furthermore, the size and depth of such a
network are upper-bounded. The technical line of our analy-
sis is partly inspired by (Lanthaler, Mishra, and Karniadakis
2022) providing error estimation for DeepONets.

Theorem 1 (Approximator Error, Informal). Under some
regularity assumptions, given an operator G, and any er-
ror budget ¢, there exists a NASM satisfying the budget with
bounded network size and depth.

Comparing NASM error bound with that of DeepONet,
we discover that NASM can achieve the same error bound as
DeepONet with fewer learnable parameters. More details of
theorems and proofs are presented in Appx.C and Appx.D.

3 Experiments

We give experiments on synthetic and real-world environ-
ments to evaluate our instance-solution operator framework.

Synthetic Control Systems

Control Systems and Data Generation We evaluate
NASM on five representative optimal control systems by
following the same protocol of (Jin et al. 2020), as sum-
marized in Table 8. We postpone the rest of the systems to
Appendix E, and only describe the details of the Quadrotor
control here:

0 0
p=v, mv=|0|+R(q)| 0 |,
mg 17w
1
(jziﬂ(w)q, Jw=Tu—w x Jw.
This system describes the dynamics of a helicopter with
four rotors. The state * = [p', v, w']T € RY consists

of parts: position p, velocity v, and angular velocity w. The
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control w € R* is the thrusts of the four rotating propellers
of the quadrotor. ¢ € R* is the unit quaternion (Jia 2019)
representing the attitude (spacial rotation) of quadrotor w.r.t.
the inertial frame. J is the moment of inertia in the quadro-
tor’s frame, and T'u is the torque applied to the quadrotor.
We set the initial state @;,;; = [[~8,—6,9]",0,0]T, the
initial quaternion gq,,,, = 0. The matrices Q(w), R(q),T
are coefficient matrices, see definition in Appx. E. The

cost functional is defined as fot‘f ce ' (x(t) — Tgou)? +
callw(t)||® dt, with coefficients ¢ = 1, ¢, = 0.1.

In experiments presented in this section, unless other-
wise specified, we temporally fix the cost functional sym-
bolic expression, dynamics parameters, and initial condi-
tion in both training and testing. In this setting, the solu-
tion of OCP only depends on the parameter of cost, i.e.
target state @g0q;. The input of NCO is the cost functional
only, and the information of dynamics, and initial condi-
tions are explicitly learned. Therefore, we generate datasets
(for model training/validation) and benchmarks (for model
testing) by sampling target states from a pre-defined distri-
bution. To fully evaluate the generalization ability, we de-
fine both in-distribution (ID) and out-of-distribution (OOD)

(Shen et al. 2021). Specifically, we design two random vari-
in base base

1 o . out .__
ables, Xy, = Tgoar + €ins aNd Xgo, = Tgoa] + €outs
where :cg‘;‘;f is a baseline goal state, and €;y, o, are dif-

ferent noise applied to ID and OOD. In Quadrotor prob-

lems for example, we set wg‘éfj = 0.6, and uniform noise

€in ~ U(—0.5,0.5), and €,y ~ U(—0.7,—0.5).

The training data are sampled from ID, while validation
data and benchmark sets are both sampled from ID and OOD
separately. The data generation process is shown in Alg. 1
in Appendix. For a given distribution, we sample a target
state & 404, and construct the corresponding cost functional f
and OCP instance 7. Then define 100 time indices uniformly
spaced in time horizon T' = [0,tf], tf ~ 2{(1,1.01). The
length of T is slightly perturbed to add noise to the dataset.



Then we solve the resulting OCP by the Direct Method(DM)
solver and get the optimal control u* at those time indices.
After that we sample 10 time indices {t;}1<;<10, creating
10 triplets {(f,t;,u*(t;))}1<;j<10 and adding them to the
dataset. Repeat the process, until the size meets the require-
ment. The benchmark set is generated in the same way, but
we store (f, Jopt) pairs (J,p: is the optimal cost) instead
of the optimal control. The dataset with all three factors
(cost functional, dynamics parameters, and initial condition)
changeable can be generated similarly.

Implementation and Baselines For all systems and all
neural models, the loss is the mean squared error de-
fined below, with a dataset D of N samples: L
~ Xijen IN (@) () — uf (t;)]|%., the learning rate starts
from 0.01, decaying every 1,000 epochs at a rate of 0.9.
The batch size is min(10,000, N), and the optimizer is
Adam (Kingma and Ba 2014). The NASM uses 11 basis
functions of the Fourier series. For comparison, we choose
the following baselines. Other details of implementation and
baselines are recorded in Appendix F.

1) Direct Method (DM): a classical direct OCP solver,
with finite difference discretization and Interior Point OP-
Timizer (IPOPT) (Biegler and Zavala 2009) backend NLP
solver.

2) Pontryagin Differentiable Programming (PDP) (Jin
et al. 2020): an adjoint-based indirect method, differentiat-
ing through PMP, and optimized by gradient descent.

3) DeepONet (DON) (Lu et al. 2021): The seminal work
of neural operator. The DON output is a linear combination
of basis function values, and both coefficients and basis are
pure neural networks.

4) Multi-layer Perceptron (MLP): A fully connected
network implementation of the neural operator.

5) Fourier Neural Operator (FNO) (Li et al. 2020): A
neural operator with consecutive Fourier transform layers,
and fully connected layers at the beginning and the ending.

6) Graph Element Network (GEN) (Alet et al. 2019):
Neural operator with graph convolution backbone.

7) Spectral Neural Operator (SNO) (Fanaskov and Os-
eledets 2022): linear combination of a fixed basis (Eq. 3),
with neuralized coefficients. It is a degenerated version of
NASM and will be compared in the ablation study part.

Results and Discussion We present the numerical results
on the five systems to evaluate the efficiency and accuracy
of NASM and other architectures for instance-solution op-
erator framework. The metrics of interest are 1) the running
time of solving problems; 2) the quality of solution, mea-
sured by mean absolute percentage error (MAPE) between
the true optimal cost and the predicted cost, which is defined
as the mean of |(Jopt — Jso1) / Jopt|» Where J,, is the optimal
cost generated by DM (regarded as ground truth), and Js,; is
the cost of the solution produced by the model. The MAPE
is calculated on ID/OOD benchmarks respectively, and the
running time is averaged for 2,000 random problems. The
results of ODE-constrained OCP are visualized in Fig. 3.
First, the comparison of the wall-clock running time is
shown in Fig. 3a as well as in the third column of Tab. 2,
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which shows that the neural operator solvers are much faster
than the classic solvers, although they both tested on CPU
for fairness. For example, NASM achieves over 6000 times
speedup against the DM solver. The acceleration can be rea-
soned in two aspects: 1) the neural operator solvers produce
the output by a single forward propagation, while the classic
methods need to iterate between forward and backward pass
multiple times; 2) the neural solver calculation is highly par-
alleled. Among the neural operator solvers, the running time
of NASM, DON, and MLP are similar. The FNO follows a
similar diagram as MLP, but 10+ times slower than MLP,
since it involves computationally intensive Fourier transfor-
mations. The GEN is 100+ times slower than MLP, proba-
bly because of the intrinsic complexity of graph construction
and graph convolution.

The accuracy on in- and out-of-distribution benchmark
sets is compared in Fig. 3b-3c. Compared with other neu-
ral models, NASM achieves better or comparable accuracy
in general. In addition, NASM outperforms classical PDP on
more than half of the benchmarks. As a concrete example,
we investigate the performance of the Quadrotor environ-
ment. From Tab. 2, one can observe that MAPE of NASM
on the ID and OOD is the best among all neural models. The
OOD performance is close to that of the classical method
PDP, which is insensitive to distribution shift. We conjecture
that both ID/OOD generalization ability of NASM results
from its architecture, where coefficients and basis functions
are explicitly disentangled. Such a structure may inherit the
inductive bias from numerical basis expansion methods (e.g.
(Kafash, Delavarkhalafi, and Karbassi 2014)), thus being
more robust to distribution shifts.

For NASM in all synthetic environment experiments, we
choose MLP as the backbone of Coefficient Net, Fourier
adaptive basis, non-static coefficients, and summation ag-
gregation. To justify these architecture choices, we perform
an ablation study by changing or removing each of the mod-
ules, as displayed in Tab. 3. We use the abbreviation w.o.
for ’without’, and w. for ’with’. The first row denotes the
unchanged model, and the second and third rows are fixing
basis functions, and using static (time-independent) Coeffi-
cient Net. These two modifications slightly lower the perfor-
mance in both ID and OOD. The 4th row is Fourier SNO, i.e.
applying the above two modifications together on NASM,
which dramatically increases the error. The reason is that
SNO uses a fixed Fourier basis, and thus requires the opti-
mal control to be globally periodic for accurate interpola-
tion, while Quadrotor control is non-periodic. If the basis
of SNO changes to non-periodic, such as Chebyshev basis
as in the 5th row, then the performance is covered. The re-
sult shows that the accuracy of SNO depends heavily on the
choice of pre-defined basis function. In comparison, NASM
is less sensitive to the choice of basis due to its adaptive
nature, as the 6th row shows that changing the basis from
Fourier to Chebyshev hardly changes the NASM’s perfor-
mance. The 7th and 8th rows demonstrate that both replacing
summation with a neural network aggregation and switch-
ing to a Convolutional network backbone do not improve
the performance on Quadrotor.
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Figure 3: Inference time and mean absolute percentage error (MAPE) on in-distribution (ID) and OOD benchmarks. NASM
(red bars) achieves higher or comparable accuracy, with the fastest or second fastest speed.

Formulation Model Time(sec./instance) ID MAPE OOD MAPE
Direct Method DM 9.23 x 1072 . N
Indirect Method ~ PDP 7.25 x 10! 1.24 x107* 116 x 10~*
NASM 6.50 x 1075 6.17x107% 1.21 x10°%
Instance-Solution DON 6.54 x 10~° 4.09 x 107  2.40 x 10~
- _ 4 —2
Control Operator ~ MLP 3.04 x 107° 1.10 x 10 1.33 x 10
GEN 6.15 x 1073 6.40 x 107% 277 x 1073
FNO 6.38 x 1074 873 x107% 1.92x 1073

Table 2: Results of Quadrotor environment.

Table 3: Architecture justification of NASM on Quadrotor.

Extended Experiment Result on Quadrotor 1) More
Variables. In the previous experiments, only the cost func-
tion (target state) is changeable. Here, we add more variables
to the network input, such that the cost function, dynam-
ics (physical parameters e.g. wing length), and initial condi-
tion are all changeable. The in/out- distributions for dynam-
ics and initial conditions are uniform distributions, designed
similarly to that of the target state. The result is listed in
Tab. 4.

2) Extreme OOD shifts and Transfer Learning. In
addition to the OOD shifts in the previous experiments,
we design some more extremely shifted distributions:
€, ~ U-1.0,-08),€2, ~ U(-13,-1.1),€, ~
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Modification ID MAPE OOD MAPE Model  Time(sec./instance) ID MAPE OOD MAPE
1 NASM 6.17x107% 1.21x10°4 DM 1.59 x 107! . .
2 w.o. Adapt Params 7.86x 1076  1.97 x 1074 PDP 7.25 x 10 1.13x107*  1.15x 10~*
; -6 —4
3 w.o. Non-static Coef 9.01 x 10 5.83 x 10 NASM 440 % 10-° 592 x 105 1.57 x 104
4 SNO (Fourier) 9.59 x 1072 8.39 x 1072 DON 3.39 x 1073 1.02x10™*  3.19x 107
5 SNO (Chebyshev) 6.64x1076  3.82x107% MLP 8.45 x 1075 594 x 107%  2.36 x 1073
6 w. Chebyshev 6.36 x 1076 2.86 x 1074 GEN 1.10 x 1072 6.06 x 107*  2.32 x 1073
-3 —4 -3
7 w. Neural Aggr 713x 1075  1.29 x 10~ FNO R 6.22 x 10 el
8 w.Conv 1.16 x 107° 495 x 1073

Table 4: Changeable cost, dynamics, initialization on Quad.

MOdel €éut egut egut

NASM 1.29x10"% 6.90x 102  1.50 x 102
DON 232x 1073  7.58x1073  1.61 x 1072
MLP 3.15x10® 6.10x10°% 9.53x10°3
GEN 114 x 1072 394 x 1072 218 x 107!
FNO 1.35x 1072 5.04x 1072 1.03x 107!

Table 5: MAPE of Quadrotor OOD shift, without finetune.

U(-1.6,—1.4)

Tab. 5 shows the OOD MAPE on those distributions.
From the table, one can observe that the performance of neu-
ral models decreases with more distribution shifts. When the

distribution shift increases to €3,,,,

the results of neural mod-



1 2 3
Model €out €out €out

NASM 1.02x107% 229x107% 3.07x107°
DON 1.95x 107> 257x107° 3.02x10°°
MLP 310 x 1075 1.0l x10~* 1.88x 10~
GEN 236 x 1074 4.07x10* 8.06 x 10*
FNO 434x107% 1.16x107%* 2.11 x10~*

Table 6: MAPE of Quadrotor OOD shift, with finetune.

els are almost unacceptable.

In practice, if large shift OOD reusability is required for
some applications, we may assume a few training samples
from OOD are available (i.e. few-shot). NCOs can be fine-
tuned on the training samples from OOD to achieve better
performance. This idea has been proposed for DeepONet
transfer learning in (Goswami et al. 2022).

We follow the fine-tuning scheme proposed in (Goswami
et al. 2022). We set the size of the OOD fine-tuning dataset
and #epochs to be 20% of that of the ID training dataset.
The learning rate is fixed at 0.001. The embedding network,
basis function net, and the first two convolution blocks are
all frozen during fine-tuning since we assume they keep the
distribution invariant information.

Tab. 6 reveals that fine-tuning greatly improves neural
model performance on extreme distribution shifts. There-
fore, the availability of fine-tuning on extra data benefits the
reusability of neural operators on OCP.

Real-world Dataset of Planar Pushing

We present how to learn OC of a robot arm for pushing ob-
jects of varying shapes on various planar surfaces. We use
the Pushing dataset (Yu et al. 2016), a challenging dataset
consisting of noisy, real-world data produced by an ABB
IRB 120 industrial robotic arm (Fig. 4, right part).

The robot arm is controlled to push objects starting from
various contact positions and 9 angles (initial state), along
different trajectories (target state functions), with 11 object
shapes and 4 surface materials (dynamics). The control func-
tion is represented by the force exerted on to object. Left of
Fig. 4 gives an overview of input variables.

We apply NASM to learn a mapping from a pushing OCP
instance (represented by variables above) to the optimal con-
trol function. The input now is no longer the parameters of
cost functional f only, but parameters and representations
of (f,d,x;ni). The encoder is realized by different tech-
niques for different inputs, such as Savitzky—Golay smooth-
ing (Savitzky and Golay 1964) and down-sampling for target
trajectories, mean and standard value extraction for friction
map, and CNN for shape images.

We extract training data from ID, validation, and test data
from both ID/OOD. The ID/OOD is distinguished by dif-
ferent initial contact positions of the arm and object. The
accuracy metric MAPE is now defined as |4 — u*]|/||w*]|.
We compare NASM performance only with neural baselines
since the explicit expression of pushing OCP is unavailable,
thus classical methods DM and PDP are not applicable. All
neural models share the same encoder structure, while the
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Figure 4: Pushing environment(Yu et al. 2016).

Model ID MAPE 0OOD MAPE
NASM 0.108 (& 0.006)  0.137 (£ 0.007)
NASM (Fourier) 0.113 (£ 0.006)  0.139 (& 0.009)

NASM(w.o. Conv)
NASM(w.o. NAggr)

0.132 (£ 0.008)
0.125 (£ 0.007)

0.151 (& 0.009)
0.172 (£ 0.009)

DON 0.117 (& 0.006)  0.134 (£ 0.008)
MLP 0.128 (& 0.006)  0.149 (£ 0.008)
GEN 0.209 (£ 0.014)  0.199 (& 0.015)
FNO 0.131 (& 0.008)  0.172 (< 0.009)

Table 7: Results of Pushing environment.

parameters of the encoder are trained end-to-end individu-
ally for each model. The results are displayed in Tab. 7, from
which one can observe that NASM outperforms all baselines
in the ID MAPE and that NASM achieves the second lowest
OOD MAPE, with a slight disadvantage against DON.

The design of NASM in the pushing environment is an
adaptive Chebyshev basis, non-static Coefficient Net with
Convolution backbone, and neuralized aggregation. The jus-
tification of the design is shown in Tab. 7. Its performance is
insensitive to the choice of basis, as the second row reveals.
Both the convolution backbone and the neuralized aggrega-
tion contribute to the high accuracy. A possible reason is that
the control operator G in the pushing dataset is highly non-
smooth and noisy, thus a more complicated architecture with
higher capability and flexibility is preferred.

4 Conclusion and Outlook

We have proposed an instance-solution operator perspective
of OCPs, where the operator directly maps cost functionals
to OC functions. We then present a neural operator NASM,
with a theoretic guarantee on its approximation capability.
Experiments show outstanding generalization ability and ef-
ficiency, in both ID and OOD settings. We envision the pro-
posed model will be beneficial in solving numerous high-
dimensional problems in the learning and control fields.

We currently do not specify the forms of problem in-
stances (e.g. ODE/PDE-constrained OCP) or investigate so-
phisticated models for specific problems, which calls for
careful designs and exploitation of the problem structures.
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