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Abstract

The gold standard in human-AlI collaboration is complemen-
tarity—when combined performance exceeds both the human
and algorithm alone. We investigate this challenge in binary
classification settings where the goal is to maximize 0-1 ac-
curacy. Given two or more agents who can make calibrated
probabilistic predictions, we show a “No Free Lunch”-style
result. Any deterministic collaboration strategy (a function
mapping calibrated probabilities into binary classifications)
that does not essentially always defer to the same agent will
sometimes perform worse than the least accurate agent. In
other words, complementarity cannot be achieved “for free.”
The result does suggest one model of collaboration with guar-
antees, where one agent identifies “obvious” errors of the
other agent. We also use the result to understand the neces-
sary conditions enabling the success of other collaboration
techniques, providing guidance to human-Al collaboration.

1 Introduction

Many important decisions depend—in large part—on pre-
diction. Doctors decide if a patient should undergo a pro-
cedure by predicting if the operation will succeed. Judges
decide whether or not to grant bail by predicting if the de-
fendant will reoffend. Loan officials decide whether or not to
offer a loan by predicting if the loan will be repaid. In all of
these tasks, algorithmic predictions are now commonly in-
corporated into the decision-making process. Still, humans
remain a central part of each of these settings, and often have
the final say. The hope of human-Al collaboration is that a
human and an algorithm can leverage their unique strengths
to make predictions that are more accurate than either alone.
This standard has been called complementarity.

The present work investigates the conditions under which
complementarity can be guaranteed when making binary
classifications, where the goal is to maximize 0-1 accuracy
(minimize the number of misclassifications). We consider a
setup in which two or more agents can make calibrated prob-
abilistic predictions on a shared task. These predictions may
differ—for example, due to differences in the information
available to each agent. Each agent can use their probabilis-
tic predictions to make binary classifications, each achieving
some level of accuracy. We ask: Is there a way to combine
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each agent’s calibrated predictions to produce binary classi-
fications that are guaranteed to be at least as accurate, and
sometimes more accurate, than every individual agent? In
other words, if agents are calibrated, can we achieve com-
plementarity “for free”?

Our main result answers this question, mostly in the neg-
ative. In fact, Theorem 1 shows that it is difficult to ensure
a much lower bar: producing binary classifications that are
always at least as accurate as the worst individual agent. As
we will show—except under very narrow circumstances—
the only way to guarantee that a collaboration does not per-
form worse than the worst agent is to always defer to a single
agent (in which case the standard is trivially met). In other
words, substantive collaboration in our setup must at times
come at a significant cost. There is no “free lunch.”

Let us be more concrete, if still somewhat informal. Con-
sider n agents, who, given an input z, produce calibrated
probabilistic predictions Py (z), Py(z),- -, Py(z) € [0,1].
By calibrated, we mean that among inputs for which an
agent predicts a positive label with probability p, the true
proportion of positive labels is in fact p. For agent k, given
their calibrated prediction Pj(z), the optimal 0-1 classi-
fication to maximize accuracy is obtained by a threshold
rule: predict 1 if Py(z) > 0.5 and 0 if Px(x) < 0.5. Us-
ing |-] to denote the rounding operator, the optimal clas-
sification is | Py(x)]. In this way, each individual agent
can achieve some level of accuracy on their own. A col-
laboration strategy is a way to combine the calibrated pre-
dictions Py (x), Py(z), -+, Py(z) into a 0-1 classification.
Therefore, a collaboration strategy is defined as a function
C : [0,1]™ — {0, 1}. There are a number of intuitive col-
laboration strategies: one approach is to round the average
of predicted probabilities; another is to take a majority vote
of each agent’s classifications; yet another is to defer to
the classification of the most confident agent (i.e., the agent
whose probabilistic prediction is furthest from %). Any given
collaboration strategy also achieves an accuracy, which can
be compared to the accuracy of individual agents.

We call a collaboration strategy C reliable if it is always
at least as accurate as the least accurate agent. We call C
non-collaborative if there exists k£ € [n] such that for all
(plap% T 7p7b) € (07 1)n, C(p17p27 T vpn) = |_pk.| - In
other words, C is non-collaborative if and only if it always
defers to the same agent, except in the special case when an-



other agent is certain in their prediction (i.e., predicts exactly
0 or 1). We may then state our main result.

Theorem 1. Every reliable collaboration strategy is non-
collaborative.

Consequently, essentially any collaboration strategy that
can sometimes achieve complementarity must at other times
perform worse than all agents. For example, it shows
that none of the collaboration strategies described above—
averaging probabilities, majority vote, deferring to the most
confident agent—are reliable; each of these collaboration
strategies sometimes perform worse than the least accurate
agent. Theorem 1 is not, however, a statement about these
particular collaboration strategies—rather, it applies to the
entire space of collaboration strategies C : [0,1]™ — {0, 1}.
In this way, Theorem 1 is a “No Free Lunch”-style re-
sult (Wolpert and Macready 1997). Wolpert and Macready
showed that in optimization problems, “if an algorithm per-
forms well on a certain class of problems then it necessarily
pays for that with degraded performance on the set of all
remaining problems.” Like Wolpert and Macready’s classi-
cal result, our result implies that further structure in the col-
laboration setting must be leveraged or assumed to obtain
guarantees. (There is also a sense in which our result is rem-
iniscent of Arrow’s Impossibility Theorem (Arrow 1950),
which shows that the only way to aggregate votes while sat-
isfying certain axioms is by deferring to a single dictator.
However, our results fundamentally differ, in that Arrow fo-
cuses on aggregating ranked preference lists, whereas we fo-
cus on aggregating continuous predictions.)

Note, however, that Theorem 1 leaves a small window for
collaboration: if a (calibrated) agent is certain, it is clearly
possible (and optimal) to defer to that agent. This points to
a possible model of successful human-Al collaboration, in
which one agent is only in charge of identifying “obvious”
errors of the other agent. In contrast, it is not sufficient, how-
ever, for an agent to be very confident in their prediction
(i.e., predicting close to probability 0 or 1). The agent must
be certain. At a high level, the reason is because an agent’s
predicted probability is not (generally) calibrated after con-
ditioning on the other agents’ predictions. The exception is
when an agent is fully certain, in which case no outside in-
formation can alter this certainty.

Many results in computer science and economics—
experts, ensemble prediction methods, Condorcet’s Jury
Theorem, and recent human-Al collaboration techniques—
demonstrate that collaboration in prediction is often possible
when further structure is imposed. Theorem 1 can be used
to shed light on what conditions enable these approaches to
succeed. In Section 3, we survey this literature, identifying
two conditions that distinguish these approaches from our
setting, both of which enables success: independence in pre-
dictions, or (learned) knowledge of the joint distribution of
agent predictions and outcomes. Neither condition is satis-
fied in the setup of Theorem 1. Our result thus suggests that
conditions like these are necessary to ensure successful col-
laboration.

In particular, our setup is reminiscent of typical imple-
mentations of human-Al collaboration where humans are
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shown a probabilistic algorithmic prediction to incorpo-
rate into their decision (e.g., Shin, Han, and Rhee (2021);
Cabrera, Perer, and Hong (2023)). In these situations, nei-
ther independence nor knowledge of the joint distribution is
guaranteed. Existing empirical evidence suggests that these
kinds of implementations do not typically result in com-
plementarity, even in laboratory settings (e.g., Green and
Chen (2019); Lai and Tan (2019); Kiani et al. (2020)). (Vac-
caro, Almaatouq, and Malone 2024) provide a meta-analysis
demonstrating that most studies of human-AlI collaboration
do not document complementarity. It should be noted that
in real-world settings, human behavioral biases and cogni-
tive limitations further complicate human-Al collaboration
(Bucginca, Malaya, and Gajos 2021; Bhatt et al. 2021; Bondi
et al. 2022). Theorem 1 suggests that even should humans
not suffer from these limitations, there remain fundamental
challenges in combining expertise in prediction problems.

To prove Theorem 1 (which we do in Section 4), it suffices
to show that for any collaboration strategy C : [0,1]" —
{0, 1} that is not non-collaborative, it is possible to con-
struct a setting in which C is less accurate than all individual
agents. The high-level approach is to use the violation of the
non-collaborative condition to construct a set of inputs on
which we know the collaboration strategy’s behavior: specif-
ically, for every k € [n], there must exist (p1, P2, ,Pn)
that C classifies differently than k. We use this to construct
a setting in which C performs at least as bad as every agent
and strictly worse than k. After doing this for each k, we
can then “glue together” the resulting settings to obtain the
desired adversarial example. Intuitively, our result and proof
leverage the insight that what matters for collaboration is
the joint distribution of agent predictions: conditional on the
predictions of other agents, when is an agent accurate? De-
spite calibration implying that each agent has a strong sense
of when they are more or less confident, calibration alone
does not reveal sufficient information about interactions be-
tween agent predictions—more is needed to know when to
defer to one agent or another.

2 A No Free Lunch Theorem
A binary classification problem can be represented as a dis-
tribution D over X x {0,1} where X is the input space. A

classifier is a function Y : X — {0,1}. The 0-1 accuracy
of a classifier is given by

E(x,y)~p|Y(X) =Y. (1)

A predictor is a function P : X — [0, 1]. A predictor P is
calibrated on D if

Pr

WP =11 =5l =

2)

for all p € [0, 1] (more precisely, for all p € Image(P)).
We may now define collaboration settings.

Definition 1. A collaboration setting is an ordered tuple
S:(D7P17"'5Pn)a (3)

where D is a probability distribution over X x {0,1} and
Py, .-, P, are each calibrated predictors on D.



The predictor P; induces the classifier Y; : z — | P;(z)],
where |-] is the rounding operator (without loss of general-

ity, set [0.5] = 1). ¥; achieves 0-1 accuracy

acci(S) = E(X’y)ND[IHaX{Pi(X), 1-— PZ(X)}] (4)

A collaboration strategy is a way to combine the predicted
probabilities of each agent to make a classification.

Definition 2. A collaboration strategy is a deterministic
function C : [0,1]™ — {0,1}.

Here, C should be interpreted as a function that takes in n
predicted probabilities and returns a 0-1 classification. Given
a collaboration setting S = (D, Py,---, P,), a collabora-
tion strategy C induces the classifier

YCX_){Ovl}v xHC(Pl(w)v an(x)) ©)
Let acce(S) denote the 0-1 accuracy of Y on D. In other
words, for each x € X, each agent ¢ produces a pre-
dicted probability P;(x). The collaboration strategy aggre-
gates these predictions into a binary classification.

Definition 3. A collaboration strategy C : [0,1]™ — {0, 1}
is reliable if accc(S) > min;epy,) acc;(S) for all collabora-
tion settings S.

In words, a collaboration strategy is reliable if and only
if it always performs at least as well as the least accurate
agent.

Definition 4. A collaboration strategy C : [0,1]™ — {0,
is non-collaborative if there exists k € [n] and « € {0,
such that

for all (plaan T 7pn) € (07 1)n

A collaboration strategy is non-collaborative if it essen-
tially always defers to the classification of a single agent
k € [n]. The definition admits two exceptions. First, when
Pr = %, the collaboration may select either O or 1, but must
always select the same such value; this choice has no effect
on the accuracy of the classifier, so this exception can be
essentially ignored. Second, the collaboration strategy need
not select |py | when (p1,p2,- - ,pn) ¢ (0,1)"—i.e., when
p; € {0,1} for some ¢ € [n]; this exception is somewhat
more interesting, and we will return to it after stating our
main result.

1}
1}

Pk F
Pk =

|k

(6)

C(p17p27 e 7p71)

NI NI

Theorem 1. Every reliable collaboration strategy is non-
collaborative.

Theorem 1 implies that the search for “free” complemen-
tarity in human-AlI collaboration is futile. Any collaboration
strategy that is reliable (performs no worse than the worst
agent) is non-collaborative (essentially always defers to the
same one agent).

While Theorem 1 implies that any reliable collaboration
strategy generally must defer to the same agent, it allows
for one exception. In particular, taking note of Definition 4,
if some other agent is entirely confident in their prediction
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(p; € {0,1} for some %), it is not necessary to always de-
fer to the same agent k. Indeed, it is always “reliable” (and,
in fact, optimal) to defer to the prediction of an agent who is
entirely confident, since agents are calibrated—guaranteeing
that on the set of points for which the agent predicts proba-
bility 1, all points are truly positive. This suggests a simple
collaboration strategy: always defer to a fixed agent, except
when another agent is entirely confident. For example, either
the human or algorithm can be assigned “primary”” decision-
making power, and the other party can be tasked only with
overriding obvious mistakes. For example, in sports, “robot
referees” are sometimes delegated cases where the algorithm
is certain, such as in making line calls in tennis or offside
calls in soccer.

This exception illustrates an underlying intuition behind
Theorem 1: conditional on other agents’ predictions, a given
agent’s prediction is no longer calibrated. Only in the spe-
cific case when an agent is certain in their prediction, can
they be confident. Otherwise, even if an agent predicts prob-
ability 0.95, for example, deferring to that agent is not guar-
anteed to be a good idea in all situations—given the predic-
tions of other agents, and conditional on the choice of de-
ferring to the agent, the prediction of 0.95 may be far from
calibrated.

3 Implications for Human-AI Collaboration

In this section, we use Theorem 1 to better understand
the conditions that enable effective human-Al collaboration.
We begin by discussing numerous settings in ML, human-
Al collaboration, and beyond, in which collaboration has
been shown to be possible (often, with guarantees). We then
identify two common features of these “success stories”—
features which are not present in the setup of Theorem 1.
We then argue that common implementations of human-Al
collaboration also lack these features, and suggest a path for-
ward. Like Wolpert and Macready’s “No Free Lunch Theo-
rem,” a primary use of Theorem 1 is in clarifying the addi-
tional structure needed to ensure successful prediction.

3.1 Successful Collaborations

There are many lines of work that are fundamentally about
collaboration in classification tasks, each of which—unlike
us—obtain positive results. For example, the machine learn-
ing literature is ripe with such results. Combining expert pre-
dictions is a basic problem in online learning theory (see
Blum (2005) for an overview). There, it has been shown, for
example, that expert predictions can be combined to perform
better than the best linear combination of experts (Little-
stone, Long, and Warmuth 1991). The idea of mixing expert
predictions is also seen in the literature on ensemble classi-
fiers, including boosting methods and random forests. Pivot-
ing, Condorcet’s jury theorem (de Condorcet 1785) provides
a collaboration-based view of voting theory: when individ-
ual jurors are biased towards the correct decision, the ma-
jority vote is more accurate than individual votes. Finally,
recent work on human-Al collaboration has presented nu-
merous approaches to achieving complementarity (Madras,
Pitassi, and Zemel 2018; Donahue, Chouldechova, and Ken-
thapadi 2022; Alur, Raghavan, and Shah 2024). Why do



each these methods work, and why do they have guarantees?
We suggest two distinct features behind these successful col-
laborations.

Leveraging Independence: Condorcet’s Jury Theorem,
Wisdom of Crowds, Random Forests. Condorcet’s jury
theorem (de Condorcet 1785) states that when individual ju-
rors are biased towards the correct decision (i.e., vote in that
direction independently with probability p > %), the ma-
jority vote is more accurate than any individual vote. In-
deed, the idea of aggregating independent signals appears
in a much broader literature studying information aggrega-
tion and the “wisdom of crowds.” A key distinction between
Theorem 1 and these settings is a lack of “independence”
in our setting; agents need not make predictions “indepen-
dently” in our setup. This also appears to be the key dis-
tinction between our setting and that of majority vote en-
semble classifiers in ML such as random forests, which rely
on some amount of independence in how decision trees are
constructed (Breiman 2001). Independence cannot be guar-
anteed in human-AlI collaboration in this way.

Leveraging Learning: Experts, Boosting. Theorem 1
contrasts with the longstanding machine literature in ma-
chine learning that shows how multiple “expert” predictions
can be effectively combined (Blum 2005). In fact, the idea of
combining expert advice has formed a fruitful baseline intu-
ition for how to build effective ML algorithms more broadly,
such as in boosting (Schapire et al. 1999). A crucial aspect
of these methods is the process of learning which experts
to trust, and when and how much to trust them. (Note that
while both random forests and boosting are considered en-
semble methods—methods that combine predictions—the
former relies on independence of predictions and the latter
on learning joint behavior.) This learning process is absent
in the setup of Theorem 1. While agents have strong infor-
mation about their own predictions (calibration), they do not
know direct information about joint behavior

3.2 Human-AI Collaboration

We have described two general approaches to ensuring ef-
fective collaboration: independence and learning. Since we
cannot generally ensure that a human and algorithm produce
independent estimates, we focus on the potential of the latter
approach.

Learning enables collaboration by understanding the joint
behavior of agents. Theorem 1 itself illustrates this point in
one setting: when an agent is entirely certain in their pre-
diction. In such a setting, the relevant “joint” information is
fully understood: regardless of what the other agents pre-
dict, it is safe to defer to the agent. This connects more
generally to recent work showing that complementarity is
achievable exactly when there are subsets of the domain
in which each agent has an advantage (Donahue, Choulde-
chova, and Kenthapadi 2022). The approach of “overriding
only when an agent is certain” can be viewed in this fram-
ing, in which there is a designated region in which one agent
has a clear advantage (due to their full certainty), but oth-
erwise, the other agent is deferred to. However, as Theo-
rem 1 implies, the regions in which each agent has an ad-
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vantage cannot in general be determined a priori from only
their predictions in each region (even if calibrated probabili-
ties intuitively give a measure of effectiveness). Thus, imple-
mentations of such collaboration models must reason more
directly with whether or not one agent is more equipped
to handle a given subset of the feature space. One way in
which to do this is by performing additional training using
joint information. Indeed, idea has been taken up by “learn-
ing to defer” approaches (e.g., Madras, Pitassi, and Zemel
(2018); Mozannar, Satyanarayan, and Sontag (2022)). Sim-
ilarly, Alur, Raghavan, and Shah (2024) introduce a method
to identify subsets of inputs that are indistinguishable to an
agent, in which case signal from the prediction of the other
agent can then be leveraged to improve predictions overall.
These approaches require data from the joint distribution of
agent predictions and outcomes. Theorem 1 suggests that
such data is necessary to obtain guarantees.

4 Proof of Theorem 1

Before proceeding to the proof of Theorem 1, we begin by
establishing some basic language and tools with which to
analyze and construct collaboration settings.

4.1 Preliminaries

Correctness and Agreement. We first introduce basic
language to describe the performance of agents and collab-
oration strategies.

Definition 5. For a collaboration setting (D, Py,--- , Py)
and x € X, we say that

* agent i is correct on x if

Yi(z)=| Pr [Y=1|X=a]
L(X,Y)~D
* agent i is incorrect on x if
Y; Pr [Y=1|X=
(@) # | (Pr IV =11X =]

* agents i and j agree on x if

Yi(z) =Y,

()

* agents i and j disagree on x if
Vi) # Vi (a).

For each of these statements, we can replace i or j with a
collaboration strategy C.

For example, if Pr(x y)~p[Y = 1| X = x] = 0.75, then
i is correct on x if and only if Yj(z) = 1. (This is the cor-
rect classification to maximize 0-1 accuracy.) Using the lan-
guage established in Definition 5, we can make some simple
observations about accuracies. For example, if 7 is correct
on x whenever j is correct on z, this implies that acc;(S) >
acc;(S). If there furthermore is some x for which i is cor-
rect but j is incorrect, and where Pr(x y).p[X = 2] # 0,
this implies that acc;(S) > acc;(.S).



Combining collaboration settings. Having established
some basic language with which to describe and analyze
the performance of experts and collaboration strategies on a
collaboration setting, we now establish a basic tool for con-
structing collaboration settings “piece by piece.”

Proposition 6. Linear combinations of settings. Con-

sider { collaboration settings Si,---,Sp. Then for all
(A1, ,N\e) € A’ there exists a collaboration setting S
such that
¢
acc; (S) = Z Am acc; (Sm,) @)
m=1
¢
acce(S) = Y Amacce(Sim) ®)
m=1

for all i € [n] and collaboration strategies C.

Proof. Let Sy, = (D Py 3 Paym) for m € [{],
where D,, is a distribution over X,,, x {0,1}. Then con-
sider the collaboration setting S = (D, Py,--- , P,), where
D is a distribution over X x {0, 1} for X := Ufnzl{(m7 x):
x € X, }. Specifically, we define D such that

(XAPf§~D[X = (m o) = An (Xm,ssnr)wm X =] ©)
and
P Y=1X= 1
WPV =X = (o) 10)
= Pr Yo = 1| X, = z]. (11)

(Xmaym)NDnL

D is essentially the distribution obtained by first randomly
sampling m € [¢] with probability A\, and then sampling
from D,y,. Now define P; such that P;(m,z) = P; ,,(z) for
all z € X,,. P; is calibrated since P; , is calibrated for all
m € [¢]. By inspection, S satisfies (7) and (8). O

Building Calibrated Predictors from Partitions. Fi-
nally, given a distribution D over X’ x {0, 1}, we show how
partitions of the input space X induce calibrated predictors.
Indeed, let A; be a partition of X. Then A; induces a cali-
brated predictor P;, where forz € A € A;,

P(z):= Pr [Y=1|X¢€A.

12
(X,Y)~D (12)

Here P is the Bayes-optimal predictor given a “coarsening”
of the input space into the partitions X. In this way, a col-
laboration setting may also be identified by an ordered tuple
(D, Ay, -+, Ay,). This approach is central to the subsequent
proofs.

4.2 Main Proof

In the remainder of this section, we prove Theorem 1 in full.
We first rewrite Theorem 1 in an equivalent formulation.

Theorem 1. For a collaboration strategy C, accc(S) >
min; e, acc;(S) for all collaboration settings S if and only
if there exists k € [n] and o € {0,1} such that for all
(p1,p2,- -+ ,pn) € (0,1)":

(”) prk = %: then C(plaan e

7pn) = |_pkr-| .
Do) = .

The high level plan for the proof is to first show that there
must exist k£ such that condition (i) holds. Then, given that
there must exist & such that (i) holds, we show that it must
be the case that (ii) also holds (for the same k). The heart
of the proof is in showing the first step, formalized in the
proposition below.

(i) If pp # %, then C(p1,p2, - -

Proposition 7. For a collaboration strategy C, if acce(S) >
min;e () acc; (S) for all collaboration settings S, then there
must exist k € [n] such that for all (p1,p2, - ,pn) €
(0,1)™ where py, # 5,C(p1,p2,- -+ ,Pn) = pr].

To show Proposition 7, suppose for sake of contradiction
that there does not exist k € [n] satisfying this property.
This means that for every k& € [n], there must exist some
tuple (p1,pa,-+ ,pn) € (0,1)™ where pj, # %, such that
C(p1,p2, - »Pn) # |pr]. We show in Lemma 8 below
that the existence of such a tuple implies that there is a col-
laboration setting S}, such that accy(Sk) > acce(Sk) and
acc;(Sk) > acce(Sy) for all ¢ € [n] \ {k}. Since we can
construct such an Sy, for all & € [n], Proposition 6 implies
the existence of a collaboration setting S such that

n

acce(S) = Z

1 1
2 - acce(Sk) < ; o acc;(Sk) = ace;(S)

) (13)
for all i € [n], providing the desired contradiction. There-
fore, it suffices to show Lemma 8.

Lemma 8. Consider a collaboration strategy C. Suppose
that there exists a tuple (p1,p2,--+ ,pn) € (0,1)"™ where

pi # 2 and C(py,p2, -+ ,pn) # |pw]| - Then there exists a
collaboration setting Sy, such that

(i) acck(Sk) > acce(Sk),

(ii) acc;(Sk) > acce(Sk) forall i # k.
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Proof. We  first define the collaboration  set-
ting Sk(D,Ay,---,A,). Define the input space
X = {0,1,--- ,n}, and for all i € [n], let A; be the
partition comprising the set {0, 7} together with the single-
ton sets {j} for j ¢ {0,4}. (X and A; are depicted in Figure
1.) Define a distribution D over X' x {0, 1} in the following
manner. Set

(X,Y)~D Clpi, - ,pn) x € [n].
(14)
Furthermore, when C(py,- -+ ,pn) = 0, set
% =0
Pr [X =a]= { 2 (P s (15)
(X¥)~D =S sy
When C(py,--- ,pn) = 1, set
L =0
Pr w=ﬂ={”%mW$p” (16)
(X,Y)~D 75, e 72/ (=77 € [n].



00 -UB- 00

Figure 1: An illustration of a collaboration setting con-
structed in the proof of Proposition 7: the input space X =
{0,1,2,--- ,n} and the partition .A; (comprised of {0,:}
and the remaining singleton sets {j} for ¢ ¢ {0,4}). In this
setting, agent i is always correct for the inputs = ¢ {0,4},
since P;(x) is exactly Pr[Y = 1|X = z] on these points.
The full collaboration setting used in Proposition 7 consists
of combining n such settings—one for each agent k € [n].
Each such setting S, is constructed such that the collabora-
tion strategy C performs strictly worse than agent k and no
better than the remaining agents.

This completes the construction of the collaboration set-
ting Si. Sy satisfies the key property that for all i € [n],
Prxyyop[Y = 1|X € {0,i}] = p;. This implies that
P;(0) = P;(i) = p;, which further implies a central feature
of this construction: that

Ye(0) = C(Pi(0), -+, Pu(0)) = C(p1,-+ ,pn).  (17)

Meanwhile, by construction (14), Pr[Y = 1| X = 0] =
1—C(p1,--- ,pn)- Therefore, C is incorrect on 0 (using the
terminology established in Definition 5). On the other hand,
for all ¢ € [n], agent  is correct on all x € [n] \ {4} since
agent ¢ is correct on all singletons in .4;. The correctness of
agents ¢ and the collaboration strategy C can be summarized
as follows:

r=0 xz=i € [n]\¢
agent ¢ ? ? correct
C incorrect ? ?
Now note that ¥;(0) = Y;(i) and Pr[Y = 1|X =0] =1 —

Pr[Y = 1| X = i], so ¢ must be correct on either 0 or i. To
complete the proof, we would like to show that acce (Sk) <
accy (Sk) and acce(Sk) < acc;(Sk) for i # k. To show
these inequalities, since agent 7 is always correct on j ¢
{0, ¢}, it suffices to analyze the accuracy of the classifiers on
x = 0 and z = 4. This can be handled in two cases:

¢ When C agrees with agent ¢ on z = 0, agent  is incorrect
on x = 0 and correct on « = 1. In this case, agent 7 is
correct whenever C is correct, so acce(Sy) < acc;(Sk).

¢ When C disagrees with agent ¢ on z = 0, agent 4
is correct on * = 0 and incorrect on x = 1; C is
incorrect on = 0, and perhaps correct on =z = 1.

Therefore, agent 7 is at least as accurate than C on {0, ¢}
if Pr[X = 0] > Pr[X = 4], and is strictly more accurate
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than C if Pr[X = 0] > Pr[X = i].

If p; = 1, then Pr[X 0] = Pr[X i]. There-
fore, agent ¢ is at least as accurate as C on {0,i}, so
acce (Sk) < ace;(Sk).

If p; # %, since ¢« makes the optimal classification
with respect to the set {0,¢} (recalling the partition .4;),
Pr[X = 0] > Pr[X = i|. Therefore, agent i is strictly
more accurate than C on {0, 4}, so acce(Sy) < acc;(Sk).

In every case, acce(Sk) < acc;(Sk). Furthermore, by as-
sumption, k disagrees with C on x = 0 and py # %, SO
acce (Sk) < accg(Sk)-

We now show the second component of the proof, han-
dling the case where p,, = %

Proposition 9. Consider a collaboration strategy C such
that there exists k € [n] such that for all (p1,pa,--+ ,pn) €
(0,1)™ where py, # %, C(p1.p2, -+ »pn) = |pk]|. Then,
if acce(S) > mingep, ace;(S) for all collaboration set-
tings S, there must exist o € {0,1} such that for all
(p17p27 e 7p’rL) € (07 1)” where Pk = %7

C(plaPQa T 7pn) = Q.
Proof. We first establish a collaboration setting 57
(D, Ay, -+, Ay) such that acce(S1) = acci(S1) and
acce(S1) < acc;(S1) forall ¢ # k. Set XY = {0,1} and
choose D where
Pr[X = 0] = 1/3, Pr[Y
Pr[X = 1] = 2/3, PrY =1|X =1]=1—¢,

where ¢ < 1. Now set A {{0,1}} and A
g{O} {1}} for all ¢ # k. Then P,(0) = Py(1)

— £, while P;(0) = eand Pi(1) = 1 — ¢ fori #
k. Then Y¢(0) .(0) and Yc(l) V(1) since
(P(0), -+ . Pa(0)), (Pi(1), - , Pa(1)) € (0,1)". Then
observe that acck(S1) = accc(Sl) = % -4 (smce C always
defers to agent k s cla551ﬁcat10n) and accz(Sl) =1—e€for
i # k.Fore < § <1 — ¢, giving the desired conclu-
sion.

More substantively, we now establish a collaboration set-
ting Sz such that acce(S2) < accg(S2). If there does

(18)

=1|X =0]=-¢,

e (01

2’3

not exist a such that C(p1,p2,---,pn) = « for all
(p1,p2, - ,pn) € (0,1)"™ where pp, = %, then there must
exist two tuples (p1, - ,pn), (g1, - ,qn) € (0,1)™ such
that p, = g, = % and
Clqi, -+ ,qn) = 0. (20)
Now consider
X = {(077’) S {07 ,n}}U{(l,z) S {07 771}}
(21)

Choose D such that Pr[X = z] is equal to

z € {(0,0),(1,0)}

1
2+ e Pi/(A—pi)+(1=q;) /4

pi/(1—pi) B .
2+Eje [n] pi/(1—p;)+(1—q;)/q; xTr = (O,Z)

(A-ai)/qi — (14)
Y e i /(=P T(1—4;) /4 ,

(22)



and
0  forx=(0,0)
PrlY = 1|X = 2] = 1 gij(l)f))) i€nl
0 forxz = (1,4) : i € [n]
(23)
Then
Prly =1]X € {(1,0),(1,i)}] = ¢ (25)

Take A, to be the partition with {(0,0), (1,0)} and the re-
maining singleton sets. Take A; for i # k to be any parti-
tion with {(0,0), (0,4)} and {(1,0), (1,¢)}. Then consider

So= (D, Ay,---,A,). Then
1
1
SO
Ye(0,0) = C(p1, -+ ,pn) =1 =1-Pr[Y = 1| X = (0,0)]
(28)

so C is incorrect on (0, 0). Similarly, C is also incorrect on
(1,0). Meanwhile, & is correct on either (0,0) or (1,0),
and is correct on all (0,4) and (1,4) for ¢ # 0. Therefore,
acce(S2) < accy(S2).

The result follows by applying Proposition 6 with S; and
S, taking A; sufficiently close to 1. In particular, Propo-
sition 6 implies that for all A, there exists a collaboration
setting S such that

acc; (S) = Xace;(S1) + (1 — A) ace; (S2) (29)

for all ¢ € [n], and
acce(S) = dacce(S1) + (1 — ) acce(S2). (30)
Then, for all A < 1, since accg(S1) = acce(Sh)

and accp(S2) > acce(S2), we have that acci(S) >
acce(S). Now, since acc;(S1) > acce(Sy), regardless
of acc;(S2),acce(S2), by taking A sufficiently close to 1,
acc;(S) > acce(S). This provides the desired contradic-
tion. O

Finally, recall that Theorem 1 follows directly from se-
quentially applying Propositions 7 and 9.

5 Conclusion

In this paper, we proved a “No Free Lunch”-style result in
human-AlI collaboration. In particular, in a classification set-
ting with multiple calibrated agents, we showed that any col-
laboration strategy that is guaranteed to perform no worse
than the least accurate agent must essentially always defer
to the same agent. The result does, however, imply one suc-
cessful collaboration strategy: deferring to the same agent
except when another agent is fully certain in their prediction.
More broadly, Theorem 1 suggests that strong individual in-
formation (calibration) is not sufficient to enable collabora-
tion; rather, successful collaboration hinges on learning joint
information across agents.

3
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Open Problems. The present result suggests a number of
problems for future work. In the binary setting, it is not clear
from the proof of Theorem 1 whether or not complementar-
ity can be achieved for loss functions beyond 0-1 accuracy.
For example, the baseline of reliability can be guaranteed
under /5 loss by simply predicting the average probability of
agents. Moreover, the present result places no restrictions on
the distribution over X' x {0, 1}. In the spirit of the No Free
Lunch Theorem, it would be interesting to consider what re-
strictions on this distribution enable collaboration strategies
(and what those collaboration strategies are). Finally, Theo-
rem 1 does not obviously extend to multi-class classification
problems. Multi-class problems further opens up the possi-
bility of collaboration strategies that succeed in set predic-
tion (Straitouri et al. 2023; De Toni et al. 2024).
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