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Abstract

We present an algorithm for computing pure-strategy e-
perfect Bayesian equilibria in sequential auctions with con-
tinuous action and value spaces. Importantly, our algorithm
includes a verification phase that computes an upper bound
on the utility loss of the found strategies. Prior work on
equilibrium computation in auctions with verification has fo-
cussed on the single-round case, but the methods do not work
for sequential auctions because of two main challenges: (1)
there are infinitely many subgames, and (2) the setting has
no optimal substructure as bidders’ beliefs and best response
strategies depend on the strategies of previous rounds. We
make two contributions. First, we introduce a tailor-made
game abstraction that discretizes the auction and augments
the state space with the public beliefs, such that an approx-
imate equilibrium can be computed via dynamic program-
ming. Second, we prove a decomposition theorem to upper
bound the utility loss of the computed equilibrium. This is
essential because it is neither guaranteed that the auction has
an equilibrium nor that any algorithm converges to it. We vali-
date our algorithm on multiple settings with known equilibria
and apply it to a new multi-round combinatorial auction.

1 Introduction

In sequential auctions, multiple items are sold or bought
over multiple rounds. Such formats are widely used, for ex-
ample for selling art, fish, timber, mineral rights, broadcast
licences, and government debt (Gale and Stegeman 2001).
Sequential auctions are easy to run in practice and are par-
ticularly useful in settings where not all bidders or items are
present in all rounds (Parkes and Singh 2003).

Equilibrium computation in auctions

As many auctions used in practice are not strategyproof, it is
important to study their equilibrium properties. This is nec-
essary to predict how bidders are likely to bid, for providing
strategic recommendations to bidders, and to assess the effi-
ciency and revenue properties of new auction designs (Biinz,
Lubin, and Seuken 2022). Consider the famous example of
the 2000 Swiss 3G sequential auction that only produced a
fraction of the expected revenue due to a poor design and
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a failure to anticipate the equilibrium outcome (Klemperer
2002).

Few analytical results are known for sequential auc-
tions, which motivates computational methods. However,
designing scalable or converging algorithms is challeng-
ing, given the existing hardness results for computing equi-
libria (Daskalakis, Goldberg, and Papadimitriou 2009; Cai
and Papadimitriou 2014). Prior work has used iterative
best-response algorithms to compute Bayes-Nash equilib-
ria in single-round auctions (Vorobeychik and Wellman
2008; Reeves and Wellman 2004; Rabinovich et al. 2013a;
Bosshard et al. 2020). This does not extend to sequential
auctions, due to two complications: (1) the continuous bid-
ding space leads to infinitely many subgames, in each of
which the bidders need to play an equilibrium strategy and
form beliefs by Bayesian updating, and (2) the auction does
not have an optimal substructure, i.e. the equilibrium of a
subgame depends on bidding strategies in previous rounds.
Therefore, the auction cannot be solved by backward induc-
tion.

Our Contribution

We study the problem of computing perfect Bayesian equi-
libria (PBEs) with verification in sequential auctions. We
make two technical contributions. First, we introduce a be-
spoke game abstraction that reduces the state space to finite
cardinality. It further endows the game with an optimal sub-
structure, such that we can compute PBEs by backward in-
duction (Section 4). We achieve this by (1) introducing pub-
lic belief states, on which the bidders condition their strat-
egy, (2) restricting them to bid piecewise constant, and (3)
choosing how bidders update their beliefs off-equilibrium.
To find a PBE candidate in the abstraction, we recursively
compute Bayes-Nash equilibria (BNEs) in each round of the
auction via an iterated best-response algorithm (Section 4).

Second, we prove a bound on the utility loss of our com-
puted PBEs in the unabstracted game (Section 5). Our proof
exploits the optimal substructure and the piecewise convex-
ity of bidders’ utilities to bound the utility loss over the in-
finite set of possible types and histories. To approximate the
bound for a given set of strategies, we provide an easy-to-
implement verification procedure (Section 5).

Our algorithm reproduces existing analytical results in
multiple settings, including sequential sales with and with-



out reserve prices, as well as procurement auctions. It further
finds interesting strategic behavior in a novel sequential auc-
tion with combinatorial values (Section 6).

2 Related Work
Analytical Equilibria in Sequential Auctions

The seminal work of Milgrom and Weber (2000) derived
equilibria for sequential auctions with single-minded bid-
ders. This was later extended to multi-unit demand (Katz-
man 1999; Rodriguez 2009; Gale and Stegeman 2001)
and round-dependent reserve prices (Gong, Tan, and Xing
2013; Landi and Menicucci 2018). Another line of work
has focused on equilibria of sequential procurement auc-
tions (Gale, Hausch, and Stegeman 2000; McAfee and Vin-
cent 1993; Ashenfelter 1989; Kokott, Bichler, and Paulsen
2019).

Equilibrium Computation

There exists a vast literature on equilibrium computation in
extensive-form games. The main approaches are: computing
best-responses (Hendon, Jacobsen, and Sloth 1996; McMa-
han and Gordon 2007; Ganzfried and Sandholm 2009; Hein-
rich, Lanctot, and Silver 2015), counterfactual regret min-
imization (Zinkevich et al. 2007; Moravéik et al. 2017,
Brown and Sandholm 2019), and reinforcement learning
(RL) (Silver et al. 2016; Brown et al. 2020).

These methods generally assume finite actions and of-
ten restrict to two-player zero-sum games. In contrast, auc-
tions are general-sum and have a continuous type and ac-
tion space. This gap has motivated auction-specific equilib-
rium solvers. Ideas include using deep learning (Martin and
Sandholm 2023; Bichler et al. 2021), gradient-based opti-
mization (Bichler, Fichtl, and Oberlechner 2023; Kohring,
Pieroth, and Bichler 2023), and iterated best response com-
putation (Vorobeychik and Wellman 2008; Reeves and Well-
man 2004; Rabinovich et al. 2013b; Li and Wellman 2021).
Generally, these approaches compute equilibria in an ab-
stracted version of the game, without guarantees on the util-
ity loss in the original auction. Bosshard et al. (2017; 2018;
2020) provide a verification procedure to bound this loss.
However, all the above approaches for equilibrium compu-
tation are limited to single-round auctions.

There are few results on equilibrium computation in se-
quential auctions. The concurrent work of Pieroth, Kohring,
and Bichler (2023) and an earlier work by Greenwald, Li,
and Sodomka (2012) both iteratively use RL to compute ex-
ante Nash equilibria, such that bidders’s strategies are best
responses to each other in expectation before the auction
starts and bidders observe their own type. In contrast, we fo-
cus on ex-interim perfect Bayesian equilibria, requiring that
bidders best respond in each subgame after having observed
their type and updating their beliefs. d’Eon, Newman, and
Leyton-Brown (2024) use RL to compute equilibria in auc-
tions with demand instead of value queries, and Thoma et al.
(2023) use it to study the exploitability of truthful bidding.

From an algorithmic perspective, these RL approaches
iterate over bidders and approximately compute their best
responses for the whole auction by solving single-agent
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Bellman equations. In contrast, we first introduce equilib-
rium Bellman equations. These decompose the auction into
simpler single-round auctions, whose equilibria we subse-
quently find via iterated best responses.

3 Preliminaries
Formal Model

A set N of n bidders compete over 7' rounds for a set K
of k items. Each bidder 7 has a type §; € ©; C R% with
d; € N4. 6; is a continuous random variable with density
fi- We use the subscript —i to denote all bidders except 4
and no subscript to denote all bidders, e.g. §_; denotes all
but ¢’s types and 6 all types. In every round ¢, bidders can
submit an XOR bid b;; € R%,, where ¢ < 2K.! Given
by = (b1t,--.,bn,), the auctioneer employs an allocation
rule X;(bs|x <), where x ., denotes past allocations. X; de-
terministically assigns a subset K; C K \ |J, ., K, of the
remaining items to the bidders, who get charged according to
a deterministic payment rule P;(b:|x<;) € R™. The alloca-
tion x; and a deterministic announcement a; = A;(b|z<¢)
is made public after each round. Examples for A; are an-
nouncing the winning bid, all bids, or the winner’s payment.

Bidders can decide to drop out of the auction, e.g. if they
already won what they are interested in. Ny(x<;) C N de-
notes the set of bidders remaining at round ¢, given x ;.

We illustrate the model in the following example, which
we elaborate on in Appendix E.

Example 1 (Two-round FPSB auction). Consider a two-
round first-price sealed-bid (FPSB) auction with uniform
types where the highest bid wins. In this case, 0; € [0,1],
fi(0;) = 1. The bidding space is R>q. The allocation
rule assigns the good to the highest bidder, i.e. X
arg max; b; ; for t € {1,2}. The auctioneer announces the
winning bid, such that Ay (blhy) = Pi(be|hy) = max; b, 4.
As bidders are single-minded in the first round, we have
Vi : v;(0;,{i}|0) = 0;, where v; is the value function of
bidder 1.

A sequential auction 4 can be modeled as a Bayesian
extensive-form game. The state space is S = © x H, where
© = {01,...,0,} and H is the set of histories. A history
ht = {x1,a1,...,o¢—1,a:—1} consists of past allocations
and announcements. Bidders act simultaneously. The result-
ing allocation and announcement define the transition to the
next state. The possible successors of state s; are denoted by
Nt(sy) = {s]0% = 0% A Jwy,a; 2 h* = A% U {4y, a¢}},
where 6%, h® denote the types and history of s. NT en-
dows S with a tree structure, which we call game tree. The
game starts with nature choosing 6 and entering the state
so = (0,0). A subgame at s is an auction that starts from s
instead of sg.

Each bidder 7 does not fully observe s but only their re-
spective information set I;(s) = (6¢,h®). A (pure) bid-
ding strategy is thus a function o : Z; — R%, (6;,h) —
o(0;|h), where Z; is the set of i’s information sets. In

"We use the XOR language for ease of exposition, but our re-
sults apply without loss of generality to other bidding languages.



Section 4 we work with piecewise-constant strategies. Fol-
lowing Bosshard et al. (2020), we define a hyperrectangle
ly,z) = Hizl[yk, 21,) in R? as a Cartesian product of half
open intervals and a partition P; of ©; as a set of dis-
joint hyperrectangles [y, z); covering ©;. A strategy o; is
piecewise constant if there exists a partition P; such that
Vly,2); € Pi,V0; € y, 2); : 0i(0:h) = o3(y|h).

As bidders do not know each other’s types, they form be-
liefs. Initially, the public belief about 6;, denoted by 1;(-|0),
is given by f;. As the game progresses, h; reveals informa-
tion about the other bidders’s types—referred to as signal-
ing—and is used to update the beliefs using Bayes rule. We
denote the common belief about bidder ¢ after history h; by
wi(-|he) and definde p = (p1,...,un). To ensure beliefs
are independent and common information, we make two as-
sumptions. First, the announcements cannot correlate bid-
der types. Moreover, any bidder remaining in the auction
has no informational advantage from his privately observed
payment p; ; over the public observation (x, a;). Both as-
sumptions are satisfied for most standard auctions.?

Utility and Equilibrium

Bidder 4 has a value function v; ¢(0;, 2|z <), linear in 6;,
denoting the value of assignment x; in round ¢, given x ;.
The corresponding utility is defined as w;(0;, x4, pt|r<t) =
v (05, Tt|x<t) — pi ¢ Given hy and biddmg strategies 0,1’s
expected utility @;(6;|o, h;) (over all remaining rounds) is
defined as:

Nﬂ 1 Zu (0:, X+ (

where o(s;) = (61(077|hE7), ..., 0, (027 |h57)) and the ex-
pectation is taken with respect to p1—;(+|hs).

Given fixed opponent strategies o_;, we define the best re-
sponse utility as w2 ¥ (0;|o_;, h) = sup,, W;(0;|0i,0_;, h).
If the utility- maximizing strategy exists, we refer to it as the
best response o BT, The related utility loss of agent i is de-
noted as ZZBR(92|(T, h) = aPE(0;|0_;, h) —1;(0;]o, h). The
latter is used to characterize equilibrium strategies.
Definition 1 (¢-PBE). A tuple (o, 1) of strategies and beliefs
constitutes an e-perfect Bayesian equilibrium if it fulfills the
following conditions:

1. Sequential rationality: Yi,V0,,Yh : IPE(0;|o,h) < e

2. Correct initial beliefs: Vi : 1;(0;|h) = f:(0;).

3. Bayesian updating: Whenever possible, beliefs are ob-
tained by Bayesian updating.

o(sr)|r<r), Pr(o(sr)|z<r)) |,
()

4 Equilibrium Search

We focus on finding pure-strategy PBEs. First, pure strate-
gies are more intuitive for bidders to follow and simplify
the search space. Second, there always exists an ¢-PBE in
pure strategies for some ¢, which we can upper bound with

2We defer the details to Appendix D. However, we briefly note
that piecewise-constant strategies—as we use later—in combina-
tion with random tiebreaking can cause types to become interde-
pendent, which is why we focus on deterministic mechanisms.
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our verification procedure introduced in Section 5.3 Third,
most auction mechanisms do not disclose all bids, such that
bidders have fewer incentives to mix strategies in order to
conceal their types. Fourth, results in finite games link pure-
strategy equilibria to better convergence of learning dynam-
ics (Mertikopoulos and Sandholm 2016).

Our approach involves (1) creating a belief-augmented
representation, such that finding a PBE can be decom-
posed into iteratively finding BNEs of the individual auction
rounds, and (2) creating a finite abstraction, such that the
resulting dynamic program can be approximately solved.

Belief-Augmented Game Representation

In perfect-information extensive-form games, an equilib-
rium can be written as a dynamic program and computed
by backward induction (Laraki, Renault, and Sorin 2019).
This is not true for sequential auctions, as the best response
in a subgame depends on the beliefs induced by previous-
round strategies. In comparable cases, these issues were re-
solved by augmenting the state space with the public be-
liefs (also referred to as common information) (Brown et al.
2020; Nayyar et al. 2014; Zhang and Sandholm 2021). As
the belief-augmented representation gives agents all neces-
sary information to make their decision, an equilibrium can
be computed via backward induction. In particular, Ouyang,
Tavafoghi, and Teneketzis (2017) propose a dynamic pro-
gram to compute PBEs, where each timestep consists of
finding the BNE of a simpler stage game. We extend the
approach to sequential auctions, where—in contrast to their
setting—actions are not public, bidders can leave and have
continuous type and action spaces.

So far, a strategy depended on 6; and h; = {x¢,a<t}.
Next, we augment h; by p. In fact, as the main purpose of
announcements a; is signaling, we replace them with p.

Definition 2 (PBS). A Public Belief State (PBS) is a tuple
(t, x<t, p), where t is the round, x; the past allocations
and p the set of current public beliefs.

We denote a single PBS by 3. Moreover, B; is the set of
all possible PBS in round ¢ and B = Uthl B;. To ensure
correct initial beliefs, we set By = {(1,0, f)}. We define a
PBS strategy o;(6;|53) as bidding o;(0;|3) in every history
h that has the same allocations xit, and induces the same
public belief 7 as 3. % As beliefs are part of a PBS, the
belief updates and state transitions merge.

Definition 3 (PBS Transition Function). A PBS transition
function p maps a tuple of the current PBS, allocation, and
announcement (3, xy, a;) to a new PBS (.

3While auctions without pure-strategy PBEs exist (Gong, Tan,
and Xing 2013), they are not guaranteed to have a mixed-strategy
equilibrium either (consider a first-price auction with one good and
one bidder with bidding space (0, 1]).

“Mapping histories to their induced beliefs is not injective. By
focussing on PBS strategies we are restricting the strategy space.
This is a mild restriction, as past announcements have no direct
influence on the expected utility (the mechanism only depends on
Z<¢). Moreover, in Proposition 3 we show that the best response to
PBS strategies is a PBS strategy again.



Definition 4 (Consistent Transition). Given PBS strategies
o, a transition function p is consistent with o if for all § it
holds that if (x, at) has a nonzero probability under o (-|3),
then p(B, x¢,at) maps B to (x<y U {x}, 1), where p' is
obtained by Bayesian updating.

To compute PBEs by backward induction, we introduce
the concept of a stage auction.
Definition 5 (Stage Auction). Given a sequential auction A,
round t, a function Uy : ©; X Byy1 — R, and a PBS tran-
sition py, we define the stage auction Ay(Ugi1, pr, B) as the
following Bayesian game. There is a set of strategies o, as-
sumed to be common knowledge. Bidder i observes 0; and
B, bids b; + = 0;(0;|8) and receives the utility

a2 01,y =vy(03, Xo(br)[22,) = Pra(be)
+ Us1(0i, pe(B, X1(bt), At (D)),
where v;, X;, Ay, P; are as described by A.
Bidder i’s expected utility in the stage auction is given by
E u;‘\t(Utﬂ,pt,B)(ai‘bt)} )

—i~H—i,

b7i~0'71

ﬂ;‘\t(Uthtﬁ) (9i|bz‘,t)

Strategies o(-|3) form a BNE of the stage auction
A (Ug1, pt, B) if for all ¢ and 6; it holds that

sup @ TP (0], ) < T UeenB)(9;10,(6;18)).

bie
To formulate PBEs as a dynamic program, we need a Bell-
man equation for equilibria.
Definition 6 (Bellman Utility Update). The Bellman utility
update is given by
T(t>iaUt+17Ut7pt)(0-i7Bt) <|Ul(91‘6))

Next, we extend the PBE dynamic program of Ouyang,
Tavafoghi, and Teneketzis (2017) to sequential auctions.

. U,
_ u;‘lt( t+1:0t,0)

Proposition 1. A set of strategies o and a transition func-
tions p form a PBE of a sequential auction A, if they solve
the following dynamic program fort € {1,...,T}:

1. Vi: Ul =0andVi ¢ N*(B;) : U(-|8¢) = 0.

2. Vi € N,Vt: Utl T(t,l, Ut+170't;pt)~

3. Vt,VB;, € By : 04(+|Bt) is a BNE of Ay(Upy 1, pr, Br)-

4. Nt,NBy € By : pi(By, -, +) is consistent with o (-|5t).

The proof works by backward induction and is deferred to
Appendix C.

Game Abstraction

The dynamic program defined in Proposition 1 is not yet
computationally solvable. First, B; is infinite for all £ > 1,
such that there are infinitely many stage auctions to solve.
Second, computing the BNE of a single stage auction is
hard, especially due to the continuous type space. For this
reason, we create a finite abstraction of .4, compute a PBE of
the abstraction and then map it back to 4. This is a common
approach for solving games with prohibitively large strategy
spaces (Sandholm et al. 2012; 2015). Below, we seperately
describe our approach to create a finite set of PBS 5, (to
solve only finitely many stage auctions) and to discretize ©
(to compute approximate BNESs).
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Type Space Abstraction Given A;(Uit1,p:,5) and
strategies o_;, the continuity of ©; renders it infeasible to
compute a best response for each 6;. However, Bosshard
et al. (2020) have presented an approach for computing
BNEs using piecewise-constant strategies that we extend to
stage auctions.

By restricting PBS strategies to be piecewise constant
with respect to a partition PP, we are creating an abstracted
game, where each bidder ¢ has a finite typespace 6, = P,
with types 0; corresponding to hyperrectangles [y, z) j.5 In
this case, the initial distributions become probability mass
functions Fl(él) = féi f:(6;)dh;, which simplifies Bayesian
updating (cf. Appendix E). The utility of a bidder in the ab-
straction with type [y, z); is the utility of the corresponding
bidder in A with type ¥ (the vertex nearest to the origin).
This causes an approximation error, which we bound in Sec-
tion 5.

Belief Space Abstraction Given partition P of © and ini-
tial distribution f, we denote by B‘tf P c B; the set of PBS in
round ¢ that can be reached by Bayesian updating from f.
We further define B/-7 = |J_, B/"". B/"P is finite, which
is crucial to solving only finitely many stage auctions.

Proposition 2. Given a partition P of © and initial type
distribution f, it holds that |B¥P| < oo.

This follows from the finiteness of the P and the auction be-
ing deterministic. The full proof is deferred to Appendix C.

If all bidders follow a piecewise-constant strategy &, the
number of bids and thus of payments, announcements and
histories with positive probability is finite. In particular, all
PBS with positive probability are in B/>7. However, for a
PBE we need counterfactual reasoning. In order for &; to be
a best response to 6_; in a given stage auction, we need to
know what utility ¢ would achieve by deviating. There are
infinitely many such deviations that have probability zero
under 6 and thus infinitely many possible PBS and stage
auctions to solve. However, recalling Definition 1, in a PBE
we are free to choose beliefs on histories with zero prob-
ability under &. In particular, we can choose a consistent
transition function p that projects all those outcomes onto
the finite set 377 We call a transition function p consistent
with a piecewise-constant strategy ¢ and finite if it performs
Bayesian updating on all histories with positive probability
under & and projects all other histories onto B/-7 . There are
several ways to implement a finite and consistent transition
function. We discuss this in Appendix E. Next, we formalize
the auction abstraction.

Definition 7 (Abstracted Belief-Based Sequential Auction).
A partition P, strategies ¢ = (61, . ..,0,), and transition p
induce a finite belief-augmented abstraction A of a sequen-
tial auction A if the following hold:
e For all i, 6; : P; x BI'P — RY is a well-defined
piecewise-constant (with respect to P) PBS strategy.
* pis finite and consistent with 6.

3The definition of piecewise-constant strategies canonically ex-
tends to PBS strategies.



A Recursive Best Repsonse PBE Algorithm

Backward induction In Algorithm 1, we combine the dy-
namic program from Proposition 1 with the abstraction from
Definition 7 to compute a PBE of A. This is done by recur-
sively computing the BNEs of its finitely many stage auc-
tions, starting in the final round 7.

Algorithm 1: Recursive PBE Computation

1: Input: Auction A, Partition P

2: Compute B{ P forall t

3: Set Ury1 = 0and Uj(-|3) = O forall i ¢ N*(53)

4: fort =Tto1l do

5. forall g, € Bf’P do

6: 61(|Be), pe(-,|Be) = FindBNE(Ay(Upy1,-, Br))
7: Ui(+|1Be) < T(t,4,Uss1,64, pr)

8: end for

9: end for

10: return &, p

Computing BNEs of Stage Auctions To compute the
BNEs of the abstracted stage auctions, we build upon the
work of Bosshard et al. (2020) for single-round auctions.
We describe the main ideas of how we adapt their algorithm
below and defer the details to Appendix A.

In brief, the approach relies on iteratively computing the
best response of each bidder in the stage auction and updat-
ing their strategies accordingly. While such best response
dynamics are not guaranteed to converge, when they do, the
obtained strategies form a BNE by definition.

As the expected utility is not differentiable, we cannot
use gradient-based methods to compute best responses.® In-
stead, we use pattern search—a zeroth order method pro-
posed by Hooke and Jeeves (1961). To evaluate the ex-
pected utility, we use Monte Carlo (MC) integration, sam-
pling types from the belief distribution //i ,- Having com-
puted a best response 2% to &;, we do not directly use
6B% in the next iteration but instead update according to
o; + (1 —)o; +vyoBE, where y decreases over time to
avoid oscillations. Additionally, we design a setting-specific
rule on how to choose a finite and consistent transition func-
tion for the stage auction. The pseudocode is given in Ap-
pendix A (Algorithm 2), along with further details.

5 Equilibrium Verification

There are two issues with using Algorithm 1 as a standalone
method. First, even if a pure-strategy PBE exists, the algo-
rithm might not converge. The lack of convergence guar-
antees for equilibrium solvers in auctions has been well-
documented (Bichler et al. 2023). Second, even if Algo-
rithm 1 converges in the abstraction A, the utility loss in
A might be much larger, such that the found strategies only
form an ¢-PBE in A for impractically large €. We refer to
the problem of bounding the utility loss in A as verification.

%Indeed a small change in the bid could mean the difference
between winning or loosing.
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The difficulty with verification is that we need to argue
over the set of all possible strategies and cannot simply re-
strict the search space as in Section 4.7 To address this, we
show in Theorem 2 that the utility loss in .A can be bound
by only computing best responses at finitely many vertices
and in finitely many PBS. Based on this result, we introduce
a verification procedure to run after Algorithm 1.

Decomposing the Utility Loss

All strategies 6 found by Algorithm 1 satisfy Bayesian up-
dating and correct initial beliefs. To verify them, we only
have to bound the utility loss, i.e. find €, such that V6;, Vh :
IBE(9;|6,h) < e. This revives the issue that H and ©); are
continuous. To tackle the continuity of H, we show that the
best response to a PBS strategy is again a PBS strategy.

Proposition 3 (Closedness of PBS strategies). Given a set
of PBS strategies G, a transition function p, and a history
hy. Let [h] denote the equivalence class of all histories that
induce the same PBS according to p. Then ¥0; € ©;,Vh' €
[he],Vb; ¢ € R, it holds that

Ui (0ilo—i, biey 0>ty he) = Wi(0i|o—i, big, 050, 1),

In particular, for any strategy, there exists a corresponding
PBS strategy with the same expected utility.

The proof is deferred to Appendix C. Intuitively, the re-
sult holds because u; is independent of a.;. Proposition 3
shows if a best response to PBS strategies 6_; exists, there
is an equivalent PBS best response. In particular, the utility
loss is the same for all /& inducing the same PBS. There-
fore, we can restrict to bounding the utility loss in the
finitely many PBS in B/>7. We denote by IP%(0;|6,8) =
supg, i(0;6 3,74, B)—u;(0;]6, B) i's utility loss at 3 from
not playing a PBS best response. Similarly, we define the
immediate utility loss I1P1(0;|6,8) = ulBE(0;]6,8) —
ui(0;|6, B), where ul BE (0|6, B) is the highest utility i can
reach by changing bids in the stage auction A;(U;11, p, §),
with p, U1 given by Algorithm 1. Below, we show one of
our main contributions: that the utility loss decomposes into
a finite sum of immediate utility losses.

Theorem 1 (Decomposition). Given piecewise-constant
PBS strategies &, it holds for all i, By, 0; that

120,06, 8:) <U/BR(8;)5, B:)

+ max Z?R(eiw,ﬁt—&-l)’

Bt+1 EBf_ﬁ (Bt,p)
where B"

t+1(5t7ﬂ) - Bgﬁ
of By under p.

The proof works by backward induction and is deferred
to Appendix C. Proposition 3 and Theorem 1 let us tackle
the continuity of H. Fixing #;, we can bound the utility loss
by calculating the immediate utility loss at the finitely many
possible PBS. However, to verify &, we also need to up-
per bound the utility loss over the continuous type space.
To do so, we extend an idea by Bosshard et al. (2020) for

is the set of possible successors

"We can restrict to all pure strategies. Fixing all other bidders,
i faces an MDP with a pure optimal strategy (Puterman 2005).



verifying BNEs in single-round auctions. We can show that
u; is convex in each hyperrectangle of P; and thus up-
per bound by a linear function. u; is linear as well, so that
the immediate utility loss can be upper bound by the differ-
ence of two linear functions evaluated at the hyperrectan-
gle’s finitely many vertices.®

Proposition 4. Given a piecewise-constant (on P) PBS
strategy &, the following holds for all i, B:

sup 1{71(6;16, 8)

0;,€0;

< max max
[y,2); €P; weV([y,2);)

5—1(y)7 a-—i; /B)a
where the last term is i’s expected utility with type w bidding
Gi(y), and V([y, z);) denotes the vertex set of [y, z) ;.

The full proof is deferred to Appendix C. Combining
Proposition 3, Proposition 4, and Theorem 1 yields the main
result of this section: that we can verify an e-PBE in the full
auction by computing the immediate utility loss at finitely
many vertices in finitely many abstracted stage auctions.

Theorem 2 (e-PBE Verification). A set of piecewise-
constant (on partition 'P) PBS strategies ¢ and a finite and
consistent transition p form an e-PBE in a sequential auc-
tion A, with € being upper bound by

U;

- ﬁi(u}

—IBR A
max max U; U)O’7
[y.2)E€P; weV ([y,2)) (wle,8)

t:T

© < g
T Bep
—u;(wl6i(y), 64, B),
where By.1 denotes a vector of successor PBS under p going
fromttoT.?

The proof is deferred to Appendix C.

Verification Procedure

Theorem 2 gives a strict upper bound on the utility loss of
a set of piecewise-constant PBS strategies &, expressed in
terms of the immediate utility losses evaluated at finitely
many vertices of P and finitely many PBS. The result di-
rectly motivates an implementable verification procedure for
PBEs. We have already developed an algorithm to compute
best responses (and hence the corresponding immediate util-
ity loss) in stage auctions in Section 4. Analogously, we can
use pattern search to approximate the immediate utility loss
at the finitely many vertices of P and then find the largest
possible utility loss for any 3 € B/>7 by backward induc-
tion over the rounds. The detailed pseudocode is given in
Appendix A (Algorithm 4).

6 Experiments

We evaluate our algorithm in a range of settings with and
without known analytical results.!? Unless otherwise speci-
fied, we perform 10 runs per setting, using a partition with

8The argument in the single-round case of Bosshard et al.
(2020) is simpler, as there are no subsequent rounds, and the best
response utility is convex instead of piecewise convex.

The set of 8. is finite, since B is finite.

1%We provide our source code in the supplementary material. We
ran all experiments on a Debian compute cluster with 20 nodes,
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Env. Pay n |[K| Li=' L{=2 LL=3 L{=* Hrs.
Seq. 1st 2 0.008 0.010 22
Seq. 1st 4 3  0.007 0.007 0.012 110
Seq. 1Ist 5 4 0.010 0.005 0.007 0.012 176
Seq. 2nd 3 2 0.008 0.006 4
Seq. 2nd 4 3  0.012 0.008 0.006 76
Seq. 2nd 5 4 0.014 0.009 0.008 0.006 154
Res. Ist 3 2 0.004 0.005 28
Res. 1st 4 2 0.008 0.007 47
Res. 2nd 3 2 0.005 0.006 3
Res. 2nd 4 2 0.006 0.006 5
Split 1st 3 2 0.003 0.003 85
Split 1st 4 2 0.006 0.005 139

Table 1: Average Lo distances (with standard error below
10~°) to the known equilibrium and the runtime (in core
hours). Seq = Sequential, Res = Reserve price, Split = Split-
award. 1st = First-price, 2nd = Second-price. n = number of
bidders, | K| = number of goods.

uniform intervals and a grid size of 100 for our piecewise-
constant strategies, 100 iterations of iterated best responses
to compute BNEs, and up to 100,000 MC samples for search
and 200,000 for verification. Our algorithm is embarrass-
ingly parallelizable, as inherently all 5; in round ¢ can
be solved independently of each other. Therefore, the wall
clock time for solving each setting is a small fraction of the
reported core hours. Below we describe the different settings
and our corresponding results.

Sequential Sales

An auctioneer is selling K identical goods to n single-
minded bidders with values uniformly distributed on [0, 1].
There are K rounds. Each round, the auctioneer runs a first-
price or second-price sealed-bid auction for one item, break-
ing ties by a predefined order. For the first-price auction, the
payments are made public (i.e. a; = p;) and for the second-
price auction, the winning bid (i.e. a; = max; b; ). The win-
ning bidder leaves the auction. The equilibrium strategy in
round k is given by o7 (0;) = (n — K)0;/(n —k + 1) and
ol (6;) (n—K)0;/(n — k), for first-price and second-
price auctions, respectively (Krishna 2002).

In Table 1, we report L, distances to the known analytical
equilibrium for K € {2,3,4} withn = K + 1. We plot
the found strategies in Figures 3-20 in Appendix G. Our
algorithm converges to the known PBEs, achieving small Lo
distances across all settings.

Sequential Sales with Ascending Reserve Price

Gong, Tan, and Xing (2013) present a complication of
the sequential sales setting, where the auctioneer further

each node having 128 GB RAM and two Intel E5-2680 2.80GHz
processors for a total of 40 cores. To speed up computation, we
enforced monotonicity in the strategies after each iteration, as this
makes the number of possible beliefs linear instead of exponential
in the grid size.
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Figure 1: Bidding strategies for the first round of the first-
price sequential sales auction with 3 bidders, 2 goods, and
reserve prices r; = 0,72 = 0.5. Green denotes the analyt-
ical solution and red our found strategies. Types are plotted
on the x-axis, bids on the y-axis.

chooses ascending reserve prices r; < < rg for
each round. The equilibrium strategies are explained in Ap-
pendix F. We consider the cases where n € {3,4}, K = 2
and (r1,72) = (0,0.5). The Ly-distances are given in Ta-
ble 1 and the first-round bidding strategy for the three bidder
case is plotted in Figure 1 (see Figures 21-32 in Appendix G
for the other plots). Across all settings, the Lo distance to the
known PBE is very small; in most settings, the non-zero dis-
tance is due to the finite gridsize of the piecewise-constant
strategies.

Two-Round Split-Award Auction

Our algorithm can also handle reverse auctions. Consider an
auctioneer that can either procure 100% of a business from
one bidder or 50% each from two bidders. Their type 6; is
the cost of providing 100%. All bidders share a cost param-
eter C' € (0,1) determining their cost C6; for providing the
first 50%. For C' > 0.5 (C < 0.5), the setting has economies
(diseconomies) of scale. The auctioneer, unaware of C', can-
not decide a priori whether to buy 100% from one or 50%
each from two bidders and instead performs a combinato-

rial auction. Each bidder i submits both a split bid ") for

50% and a sole bid b{**) for 100%. The first round has two
possible outcomes:

* Split award: If 2min; bZ(Sp ) < min; bgso), the auctioneer
procures the first half of the business from the bidder with
the lowest split bid. Next, the auctioneer runs a first-price
sealed-bid auction for the remaining split. In the second
round the first-round winner w has cost (1 — C')6,,.

Sole award: If 2 min; bl(.Sp ) > min; bgso), The auctioneer
procures the whole business from the most competitive

sole bidder and the auction ends.

We study the setting for n € {3, 4}. The bidders’ costs are
distributed uniformly on [1, 2]. We choose C' = 0.2; this en-
sures strong diseconomies of scale for which Kokott, Bich-
ler, and Paulsen (2019) derive the PBE that can be found in
Appendix F. In Table 1, we provide the L, distances. Fig-
ures 33-36 in Appendix G show the plotted strategies. As
before, our algorithm closely recovers the known equilibria.
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Figure 2: Bidding strategies in the first round of the sequen-
tial LLG auction. Green denotes truthful bidding, blue the
strategy of the local bidder and red the strategy of the global
bidder. Types are plotted on the x-axis, bids on the y-axis.

Two-Round Local-Local-Global Auction

We study a sequential version of the Local-Local-Global
(LLG) auction (Ausubel and Milgrom 2006), without pre-
vious analytical results. There are two goods A and B sold
sequentially via second-price sealed-bid auctions to three
bidders. The two local bidders are single-minded. Bidder
1 wants A and bidder 2 wants B. Their values are uni-
formly distributed on [0, 1]. Bidder 3 is the global bidder
whose value for the bundle { A, B} is distributed uniformly
on [0, 2]. In the first round, only bidders 1 and 3 bid; in the
second, only bidders 2 and 3 bid.

We run our algorithm with a grid size of 200 and 150 best
response iterations in each round. Figure 2 shows the com-
puted first-round strategies (see Figure 38 in Appendix G
for the second-round strategies). Our verification procedure
computes a small € of 1.47 - 10~4, indicating near-perfect
convergence. In the second round, both bidders bid truth-
fully. In the first round, the global bidder shades the bids for
types less than 1.1 due to the uncertainty of winning B in the
second round. In contrast, for types larger than 1.1 the global
bidder—Ilikely to win B as well—bids truthfully. This inter-
esting, non-continuous behavior shows the potential of our
approach for studying less-understood auction formats.

7 Conclusion

In this work, we have introduced a new algorithm for com-
puting pure-strategy e-perfect Bayesian equilibria in sequen-
tial auctions. We have shown how to abstract and decompose
a sequential auction such that its PBEs can be computed via
backward induction, and how the output can be verified.

Our method complements concurrent works using RL to
compute equilibria in auctions. Instead of first fixing all bid-
ders except ¢ and using deep RL to compute ¢’s best response
(solving the Bellman equation and abstracting the game us-
ing neural networks), we start with an equilibrium Bellman
equation and abstraction that simplify our problem to com-
puting a finite number of BNEs. Only then do we iteratively
compute best responses—in single-round games rather than
multi-round ones. By reversing this order, we obtain a sim-
ple verification procedure and a stronger equilibrium con-
cept (ex-interim PBE vs ex-ante Nash).

Our approach opens up exciting future directions. Com-
bining our decomposition and verification with other meth-



ods (such as double oracle or deep RL) could lead to scal-
able, yet verifiable approaches. On the theory side, an inter-
esting open question is how to address interdependent types
and mixed strategies and whether there is an auction class
for which these algorithms provably converge.
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