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Abstract

Student placements under diversity constraints are a com-
mon practice globally. This paper addresses the selection of
students by a single school under a one-to-one convention,
where students can belong to multiple types but are counted
only once based on one type. While existing algorithms in
economics and computer science aim to help schools meet
diversity goals and priorities, we demonstrate that these meth-
ods can result in significant imbalances among students with
different type combinations.

To address this issue, we introduce a new property called bal-
anced representation, which ensures fair representation across
all types and type combinations. We propose a straightfor-
ward choice function that uniquely satisfies four fundamen-
tal properties: maximal diversity, non-wastefulness, justified
envy-freeness, and balanced representation. While previous
research has primarily focused on algorithms based on bi-
partite graphs, we take a different approach by utilizing flow
networks. This method provides a more compact formaliza-
tion of the problem and significantly improves computational
efficiency. Additionally, we present efficient algorithms for
implementing our choice function within both the bipartite
graph and flow network frameworks.

Introduction

School choice programs with diversity considerations are
widespread globally and have been extensively studied in the
economics and computer science literature (Bir6 et al. 2010;
Echenique and Yenmez 2015; Kurata et al. 2015; Goto et al.
2016; Kamada and Kojima 2018; Aziz et al. 2019; Baswana
et al. 2019). In these programs, students are often associated
with multiple types, such as gender, race, disability, or spe-
cial talent, and schools typically establish quotas or targets
for each type to achieve diverse and balanced outcomes.
Many studies implicitly adopt a one-to-all convention,
where each student is counted under every type they belong
to, as observed in Israeli gap year programs (Gonczarowski
et al. 2019). In contrast, the omne-to-one convention is
more practical in settings like college admissions in India
(Sonmez and Yenmez 2022) and school choice in Chile
(Correa et al. 2022). Under this convention, each student is
counted under only one of their associated types. For exam-
ple, an Aboriginal girl might occupy either a seat reserved
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for Aboriginal students or one reserved for girls, but not
both. The one-to-one convention also applies in other crit-
ical contexts, such as vaccine allocation (Pathak et al. 2021;
Aziz and Brandl 2021).

The one-to-one convention has been extensively studied
in the school choice literature, with most studies assuming
that students have strict preferences over reserved seats of
different types (or resolving ties to create a strict prefer-
ence ordering) (Aygiin and Turhan 2017; Kurata et al. 2017;
Baswana et al. 2019). However, students are often indiffer-
ent to the type of reserved seat they are assigned, provided
they secure a spot at their desired school. Imposing strict
preferences over reserved types can lead to unintended con-
sequences, potentially impacting the assignments of other
students. Additionally, this approach does not always op-
timally fulfill diversity goals. To address these limitations,
Sonmez and Yenmez (2022) proposed a novel method called
“smart reserves” where all reserved seats aimed at achieving
diversity goals are maximally satisfied without requiring stu-
dents to express preferences over different types of reserved
seats. Aziz and Sun (2021a, 2025) further extended this con-
cept to a more general framework with “multiple ranks of
reserves,” accommodating a broader spectrum of diversity
constraints such as minimum and maximum quotas and pro-
portionality requirements.

An important issue that has not been adequately addressed
in previous work is the potential for imbalanced outcomes
among students with distinct type combinations. For in-
stance, consider a school that reserves seats for both aborig-
ines and girls. Existing algorithms might lead to scenarios
where the seats reserved for aborigines are filled exclusively
by aboriginal boys, while the seats reserved for girls are oc-
cupied by non-aboriginal students. Consequently, no aborig-
inal girls are matched, even though the quotas for both types
are technically met. Such an outcome fails to achieve the
original objective of fostering a diverse and balanced inte-
gration of students from different backgrounds. Ideally, the
goal is to compute an assignment that ensures fair represen-
tation not only for each individual type but also for combi-
nations of types.

Another critical issue is computational efficiency. This
concern becomes particularly relevant because, in practice,
the number of privilege types is typically small, leading to
a significantly smaller number of distinct type combinations



compared to the number of students. For instance, in Brazil-
ian college admissions, there are three privilege types: pub-
lic high school, low-income, and racial minority (Aygiin and
B6 2020). Similarly, in Indian college admissions, the social
privilege groups include Scheduled Castes (SCs), Scheduled
Tribes (STs), and Other Backward Classes (OBCs), along-
side additional reservation categories such as gender and dis-
ability (Sonmez and Yenmez 2022).

Existing selection rules for schools are based on bipar-
tite graph structures that model the relationship between stu-
dents and reserved seats (Sonmez and Yenmez 2022; Aziz
and Sun 2021a). In contrast, we show that the problem
can be represented more compactly by leveraging flow net-
works, where nodes correspond to types and type combina-
tions. This approach offers a key advantage: the associated
flow network problem can be solved in strongly polynomial
time, making it independent of the number of students.

In this paper, we adopt the model of multiple ranks of quo-
tas and follow the one-to-one matching convention. While
maintaining ranked quotas for different types as the primary
diversity goals, we aim to address imbalances among stu-
dents with different type combinations to promote a more
equitable and integrated outcome. We summarize our con-
tributions as follows:

* First, we introduce a new property called balanced repre-
sentation to address the issue of imbalance. This property
aims to maximize the minimum selection ratio across all
matchings that adhere to maximal diversity.

Second, we propose a straightforward choice function
for schools that uniquely satisfies four key properties:
1) maximal diversity, ii) non-wastefulness, iii) justified
envy-freeness, and iv) balanced representation.

Third, we develop a novel graph structure based on flow
networks, providing a more compact representation of
the problem compared to existing methods.

Fourth, we present efficient algorithms to implement the
newly proposed choice function using two graph struc-
tures: ranked reservation graphs, as studied in previous
work, and flow networks, which we propose.

Related Work

Abdulkadiroglu and Sénmez (2003) and Abdulkadiroglu
(2005) explored the school choice model with rigid racial
and gender quotas, imposing limits on the number of ad-
mitted students from specific groups. Schools commonly
set both maximum and minimum quotas for each student
type (Hafalir, Yenmez, and Yildirim 2013; Kojima 2012;
Kominers and Sonmez 2013). Ehlers et al. (2014) developed
the controlled school choice model, analyzing the effects
of treating diversity quotas as hard or soft bounds, while
Echenique and Yenmez (2015) investigated choice functions
that satisfy substitutability.

These studies assume that each student belongs to a single
type. However, real-world programs in Brazil, Chile, Israel,
and India consider overlapping types (Aygiin and Turhan
2016; Baswana et al. 2019; Correa et al. 2019; Kurata et al.
2017; Gonczarowski et al. 2019). When individuals have
multiple types, two main conventions determine seat alloca-
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tion: the one-for-all and one-for-one conventions (Sénmez
and Yenmez 2022).

In the one-for-all convention, individuals occupy reserved
seats for all qualifying types (Aziz 2019; Aziz, Gaspers,
and Sun 2020; Gonczarowski et al. 2019), but optimally
meeting diversity goals under this convention is NP-hard
(Bir6 et al. 2010). The one-for-one convention, on the other
hand, assigns an individual to a single reserved seat, either
based on strict preferences over types (Aygiin and Turhan
2016; Kurata et al. 2017), fixed tie-breaking (Baswana et al.
2019; Correa et al. 2019), or dynamically updated priorities
(Ehlers et al. 2014).

In these cases, the decision on which type a student should
use is often made sequentially, which may not maximize di-
versity when students have overlapping types. Similar ap-
proaches have been employed by Kominers and Sonmez
(2013, 2016), Aygiin and B6 (2020), and Aygiin and Turhan
(2020b,a). Sonmez and Yenmez (2022) introduced the con-
cept of “smart reserves” in controlled school choice, offer-
ing a more flexible approach to type selection. Aziz and
Sun (2021a) expanded on this by proposing a new match-
ing model called matching with multi-rank reserves, provid-
ing a comprehensive framework to address various diversity
constraints.

Type combinations were previously studied by Aziz,
Gaspers, and Sun (2020) under the one-for-all convention,
where they derived new quotas for type combinations from
original type quotas. However, this method does not fully
maximize diversity relative to the original quotas, as it fo-
cuses on the new quotas for type combinations, neglecting
the original type quotas.

Our new algorithms, based on the ranked reservation
graph, build on the concept of rank-maximal matching (Irv-
ing et al. 2006). Recent works by Peters (2022) and Hosseini
et al. (2021) have applied rank-maximal matching to elicit
agent preferences in the house allocation model, which deals
with allocating indivisible objects among agents.

Model

In this paper, we focus on how a single school selects stu-
dents based on its diversity goals while adhering to a prior-
ity order, as explored in recent works (Aziz and Sun 2021b;
Sonmez and Yenmez 2022; Hafalir et al. 2022; Yokote
et al. 2023). In the Appendix, we will also demonstrate how
this selection procedure can be seamlessly incorporated into
the generalized deferred acceptance algorithm (Hatfield and
Milgrom 2005), allowing for the accommodation of multiple
schools.

Diversity goals often take the form of minimum and max-
imum quotas, where schools first aim to fulfill minimum
quotas, followed by maximum quotas whenever possible.
This approach is known as dynamic priority (Ehlers et al.
2014), where precedence is given to students who contribute
to achieving diversity goals, even if the resulting set of se-
lected students does not strictly follow the school’s priority
order over students.

Minimum and maximum quotas can be translated into two
ranks of quotas, as illustrated in Figure 1. These ranks rep-
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Figure 1: An interpretation of minimum and maximum quo-
tas for type ¢ as two ranks of quotas is as follows. Rank 1 cor-
responds to the scenario where the number of matched stu-
dents of type ¢ does not exceed the minimum quota. Rank 2
applies when the number of matched students surpasses the
minimum quota but does not exceed the maximum quota.

resent the importance of each quota, with smaller ranks in-
dicating higher importance. Schools prioritize filling quotas
with smaller ranks first, consistent with the concept of dy-
namic priority.

This framework of multiple ranks provides a flexible way
to model diverse constraints, including principles such as
egalitarianism and proportionality. For further discussion on
how such constraints are handled in school choice, we refer
readers to (Aziz et al. 2020; Aziz and Sun 2021Db).

An instance consists of a tuple I = (S, ¢, =, T, n), where
S denotes a set of students, g represents the school capac-
ity, > is a strict priority order over S, and 7" denotes a set
of types. With a slight abuse of notation, we use T'(s) to
denote the subset of types associated with student s € S.
The parameter 7 represents a set of ranked quotas, where

n] denotes the quota for type ¢ at rank j. For simplicity, we
consider no more than two ranks of quotas in our examples
throughout this paper.

Let U C 27 represent the set of type combinations, which
are referred to as groups. Each student s belongs to a unique
group, denoted by U(s). We consider only the groups asso-
ciated with the students in S, so |U| < |S].

Next, we illustrate the issue of imbalance across groups
using Example 1. This aspect, overlooked in previous stud-
ies, underscores the need for further consideration.

Example 1. Consider a school ¢ with a capacity of 100
seats, which includes minimum quotas of 25 seats each for
two types, t1 and t5. Additionally, the school reserves 50
seats for a general type t(, available to any student. We de-
fine four groups as follows: wugg, w19, up1, and u3;, where
the subscripts indicate the presence (1) or absence (0) of
types t1 and to. Specifically, w1 includes type ¢; but not
ta2, ugy includes type to but not ¢1, and wy; includes both
types, as depicted in Figure 2. Assume there are 50 stu-
dents in each group, and the priority ordering for students is
Ugg > Ug > Up1 > uy1. Here, we focus on how many stu-
dents from each group will be chosen, rather than on which
particular students will be selected.

The algorithms by Sonmez and Yenmez (2022) and Aziz
and Sun (2021a) produce the same outcome: 50 students
from wuqg, 25 students from wu1g, 25 students from ug;, and O
students from wuq; are selected. While the minimum quotas
for types t1 and ¢, are met, the outcome is highly inequitable
for students from w11, as none of them are chosen.
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Figure 2: Three types and four groups in Example 1.
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Graph Structure

In this section, we introduce two graph structures that un-
derpin our results and algorithms. We begin by revisiting the
ranked reservation graph from previous work, followed by
presenting a more compact representation using a flow net-
work structure.

Ranked Reservation Graph

Irving et al. (2006) studied ranked bipartite graphs, where
edges are assigned ranks corresponding to students’ prior-
ities. Aziz and Sun (2021a) introduced ranked reservation
graphs to represent diversity goals within the model of mul-
tiple ranks of quotas, where the ranks correspond to the quo-
tas rather than to the priorities.

Given an instance I = (S, ¢, >, T,n), the corresponding
ranked reservation graph G = (SUV, E) is a bipartite graph
with one set of vertices .S representing students and another
set V representing reserved seats.

Each reserved seat v; ; is associated with a rank 7, a type
t, and an index . The indices distinguish between reserved
seats of the same rank j and type ¢. For rank j and type ¢,
there are 7] reserved seats. Additionally, a general type g
is introduced, available to all students. There are g reserved
seats for type to with the largest rank.

An edge (s,v] ;) is added between student s and reserved

seat v{z if the student has type ¢. Each edge (s, vf’i) is as-
sociated with the rank j, corresponding to the rank of the
reserved seat v} ;. The set of all edges F can be partitioned

into r categories: F = E'U---UE", where E7 denotes the
set of edges with rank 7, and r represents the largest rank.

Definition 1 (Matching). Given a graph G, a matching M
is a set of edges in which each vertex appears in at most one
edge of the matching.

Definition 2 (Signature). Given a ranked reservation graph
G, the signature of a matching M, denoted as p(M), is a tu-
ple of integers (1, x2, . .., x,), where each element x; rep-
resents the number of matched edges of rank ¢ in M.

The signatures of two matchings are compared in a lexi-
cographical manner. Specifically, a matching M’ with signa-
ture p(M') = (x1, - - -, x,.) is strictly better than a matching
M" with signature p(M") = (y1, - - -, yy) if there exists an
index 1 < k < r such that for all indices ¢ where 1 <1 < k,
x; = y; and x > yi. A matching M’ is weakly better than
a matching M"" if M is not strictly better than M.
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Figure 3: A ranked reservation graph for Example 2. Create
one reserved seat vtll 1 of rank 1 for type ¢, and two reserved

seats v7, ; and v7, , of rank 2 for type to. Solid lines incident
to vertex Utll .1 have rank 1 and dashed lines incident to ver-
tices v7, ; and v, , have rank 2.

Definition 3 (Rank Maximality). Given a ranked reservation
graph GG, a matching M of size at most g is considered rank-
maximal if it is weakly better than any other matching of the
same size.

The size requirement in the definition of rank maximality
is necessary because the total number of reserved seats may
exceed the school’s capacity when including g reserved seats
for the general type .

Example 2. Consider four students S = {s1, $2, S3, S4} and
two types: a privilege type ¢; and a general type t(. Students
s1 and s» belong to type 1, while all students are associated
with type to. A minimum quota of 1 is imposed on type 1,
and the school has a capacity of 2, with the priority order s4
> 83 > So > S1.

The ranked reservation graph, depicted in Figure 3, uses
solid lines to represent rank 1 edges and dashed lines for
rank 2 edges. The matching M; = {(s1, v{, 1), (s2. 07, 1)}
has a signature p(M7) = (1, 1) and is rank-maximal. In con-
trast, the matching My = {(s3, v7, 1), (54, v7, 5)} has a sig-
nature p(Ms) = (0, 2).

Flow Network

In this paper, we introduce a more compact graph structure
that partitions agents into distinct groups based on the types
with which each agent is associated. Recall that each distinct
type combination is referred to as a group u € U.

Formally, given an instance I = (S, ¢, >, T, 1), the corre-
sponding flow network F' = (V, E) is defined as a directed
graph with capacities ¢ and costs (or weights) w. The flow
network is organized into four layers, along with two addi-
tional vertices: a source vertex s and a sink vertex ¢.

o First Layer: This layer consists of |U| nodes, each corre-
sponding to a group u € U. A directed edge is created
from the source vertex s to each node u in this layer, with
a capacity equal to |S,| (the number of students from
group u) and a weight of 0.

* Second Layer: This layer contains |T'| nodes, each rep-
resenting a type t € T'. For every group u that includes
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type t, a directed edge is added from the node u in the
first layer to the node ¢ in the second layer. The capacity
of this edge is |S; NS, | (the number of students with type
t from group u), and its weight is 0.

Third Layer: This layer consists of |T'| X r nodes, where
each node t* corresponds to a reserved quota 7! with rank
1 (with the largest rank being ). An edge is drawn from
each node ¢ in the second layer to each node ' in the
third layer, with a capacity of 7 and a weight of i.
Fourth Layer: This layer includes a single node, denoted
as @, representing the school capacity. Each node ¢ in
the third layer has a directed edge to the node (), with a
capacity of 7! and a weight of 0.

Finally, a directed edge is added from the node () to the
sink vertex ¢, with a capacity equal to ¢ (the school ca-
pacity) and a weight of 0.
Note that only edges between Layer 2 and Layer 3 have
non-zero costs, corresponding to the ranks of the quotas.

Definition 4 (Flow). A flow in a network F' is a function

f:V xV — R that satisfies the following two properties:
1. Capacity Constraint: For any u,v € V,

0 < f(u,v) < c(u,v),

where c(u, v) denotes the capacity of the edge (u, v).
2. Flow Conservation: For all u € V' \ {s,t},

Zf(v,u) = Zf(uw).

veV veV

Definition 5 (Minimum Cost Maximum Flow). The value
of a flow f is defined as

f1=> fsv).

veV

The cost of a flow f is defined as

Cost(f) = Z w(v,u) X f(v,u).

(v,u)EE

A minimum cost maximum flow is a flow that maximizes the
flow value while minimizing the total cost among all flows
that achieve this maximum value.

Example 3. Figure 4 depicts the flow network of Exam-
ple 2. Consider the matching My = {(s1, v}, 1), (52, 03, 1)}
with a signature p(M;) = (1,1) in the ranked reservation
graph. It corresponds to a minimum cost maximum flow
where two students s; and so are sent from s to u, student
s is then sent through u; — t; — t% — ¢ — t and student
so is then sent through uy — to — t3 — ¢ — t.

Theorem 1. Given an instance I, let G be the correspond-
ing ranked reservation graph, and F' be the associated flow
network. A matching M is rank-maximal in G if and only if
the corresponding flow f is a minimum-cost maximum flow
in F.

Desirable Properties of a Choice Function

In this section, we define some desirable properties of choice
functions for schools. Intuitively, a choice function selects a



Source Layer 1 Layer 2

Terminal

Figure 4: The flow network corresponding to Example 2 consists of four layers, plus a source node and a terminal node. Each
edge is labeled with (¢, w) where ¢ denotes the edge capacity and w denotes the cost. Only edges between Layer 2 and Layer 3
have non-zero costs, representing their ranks. For example, dashed lines represent a cost of 2.

subset of students from a pool of applicants. For example, in
the classical deferred acceptance algorithm (Gale and Shap-
ley 1962), a school’s choice function simply selects students
based on its priority order, up to its capacity. In this paper,
we aim to design a choice function that balances achieving
diversity goals with respecting school priorities.

Formally, given an instance I = (.5, ¢, >,T,n), a choice
function Ch : I — 25 returns a subset S* C S of stu-
dents. We assume the choice function satisfies the feasibility
requirement: |Ch(I)| < gq.

The first property is a modest efficiency criterion com-
monly used in two-sided matching models (Goto et al. 2016;
Hamada et al. 2017; Kurata et al. 2017; Aziz, Gaspers, and
Sun 2020). A choice function is non-wasteful if a student is
excluded only when the school’s capacity q is fully utilized.
Here, we assume all applicants are acceptable to the school,
or we can exclude all unacceptable students.

Definition 6 (Non-wastefulness). A choice function satis-
fies non-wastefulness if |Ch(I)| = min(|5], q).

Maximal diversity, as introduced by Sonmez and Yenmez
(2022), was initially applied to scenarios with a single rank
of quotas (i.e., maximum quotas for types). The core idea is
that the selected students should be able to form a maximum
matching within the reserved seats graph. Aziz and Sun
(2021a) extended this concept to models with multiple ranks
of quotas by proposing the use of rank-maximal matchings
instead of maximum matchings. In essence, a choice func-
tion satisfies maximal diversity if it consistently selects a set
of students that can be included in a rank-maximal matching.

Definition 7 (Maximal Diversity). A choice function Ch(I)
satisfies maximal diversity if, for the corresponding ranked
reservation graph G, there exists a rank-maximal matching
M of size at most ¢ such that Sy; € Ch(I), where Sy,
denotes the set of students matched in M.

To promote a more balanced distribution among different
groups, we introduce the concepts of selection ratio and bal-
anced representation. For a given matching M, the selection
ratio for group u is defined as the proportion of students se-

lected from group u, i.e., ||Jg““ , where | M| is the number of
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students chosen from group u, and |.S,| is the total number
of students in that group.

Intuitively, a choice function achieves balanced represen-
tation if it selects a set of students that maximizes the mini-
mum selection ratio across all groups, among the matchings
that also satisfy maximal diversity.

Definition 8 (Balanced Representation). A choice function
satisfies balanced representation if there exists a matching
M € M such that the set of students selected by the choice
function is matched in M and

| M|

[Su

where M denotes the set of all matchings that adhere to max-
imal diversity, M/, represents the subset of students from
group u who are matched in M’, and S,, denotes the set of
all students belonging to group wu.

M € argmax min
M’eM ueU

Example 4. Consider Example 1 again. For a balanced rep-
resentation matching, the minimum selection ratio is 50%
for all groups, where the number of matched students from
each group is exactly 25.

In the classical school choice problem without diversity
constraints (Abdulkadiroglu and S6nmez 2003), student s is
said to have envy towards student s’ if student s prefers the
school ¢ assigned to s’ and has a higher priority at school
c than s’. A matching is considered fair if no student has
envy towards another. In our setting, we can reinterpret this
concept: an unmatched student has envy towards another if
the student has a higher priority. However, in general, this
fairness concept is incompatible with non-wastefulness and
maximal diversity, even if each student is associated with
one type (Ehlers et al. 2014).

A natural, less stringent version of fairness restricts envy
to occur only within the same group of students.

Definition 9 (Respect of Priorities for Same Groups). A
choice function respects priorities for students from the
same group if, for any unmatched student s and for any stu-
dent s’ € Ch(I) with U(s") = U(s), it holds that s’ > s.

We now introduce the concept of justified envy-freeness,
which is stronger than respect for priorities within the same



Algorithm 1: Maximum and Balanced Choice Function

Input: Aninstance I = (S,q,>,T,n)
Output: A set of students S* C .S

1: Selected students S* < {)
: for each s € S in the descending order of > do
if there exists a matching M of size at most q that sat-
isfies maximal diversity and balanced representation,
and includes all students in S* U {s} then
S* «— S*U {s}
end if
end for
return S*

W N

AR AN

group. This concept asserts that a student with higher pri-
ority is unmatched only if replacing a student with lower
priority would compromise the criteria of maximal diversity
or balanced representation.

Definition 10 (Justified Envy-freeness). Given an instance
1, a choice function C'h([) satisfies justified envy-freeness
if, for any unselected student s ¢ Ch([I), there does not exist
a student s’ € Ch(I) such that, if S’ = Ch(I) U {s}\ {s'},
the following conditions hold: (i) s > s’, and (ii) S’ satisfies
both maximal diversity and balanced representation.

Although these properties are defined for the choice func-
tion of schools, we sometimes use the term loosely by stating
that “a matching” satisfies a particular property instead of
the choice function. This is because these properties can be
framed such that there exists a matching that meets certain
conditions in the corresponding ranked reservation graph,
with the choice function returning the set of students who
are matched in such a matching.

Design of Choice Function

In this section, we first introduce a straightforward choice
function that uniquely satisfies the four key properties: max-
imal diversity, non-wastefulness, justified envy-freeness,
and balanced representation. We then provide a high-level
overview of how this choice function is implemented. The
specific methods for implementation are dependent on the
two graph structures we utilize, and we defer the technical
details to the subsequent sections.

The new choice function is described in Algorithm 1. The
algorithm iterates over each student s based on the school’s
priority ordering > and checks whether s can be matched in
a matching of size at most ¢ that achieves maximal diversity
and balanced representation along with a set of previously
selected students denoted by S*. If so, s is added to the set
of chosen students S*. Otherwise, the algorithm moves on to
the next student. After traversing each student, the algorithm
returns S* as output. The choice function is similar in spirit
to (Sonmez and Yenmez 2022) and (Aziz and Sun 2021a).

Example 5. We illustrate Algorithm 1 with Example 2. Re-
call that school ¢ imposes a minimum quota of 1 for type
t1 and has a capacity of 2. Balanced representation requires
that one student is selected from each group. Algorithm 1
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checks each student in the decreasing order of school pri-
ority: $Sy4, S3, S2, 1. Student s4 is first added to S*, since
there exists a matching M = {(s1,v}, 1), (s4,07, 1)} satis-
fying maximal diversity and balanced representation. How-
ever, adding student s3 to S* would violate balanced rep-
resentation and maximal diversity, so s3 is not selected.
Student s, is then added to S™, since the matching M =
{(s2,v}, 1), (54,07, 1)} satisfies maximal diversity and bal-
anced representation. Student s; cannot be selected due to
the capacity restriction. Thus, Algorithm 1 returns S* =
{52, 4} as the outcome.

We next demonstrate that the choice function we propose
is the unique one satisfying all four desirable properties.

Theorem 2. The choice function in Algorithm 1 is the
unique one which satisfies non-wastefulness, maximal di-
versity, justified envy-freeness and balanced representation.

High Level Description of Implementation

Next, we introduce two concepts that are critical for the ef-
fective implementation of Algorithm 1. Intuitively, an in-
stance is considered valid with respect to a target vector for
groups if it allows for a matching that maximizes diversity
while ensuring that the number of matched students from
each group meets the specified targets.

Definition 11 (Validity). An instance I = (S, ¢, >,n) is

considered valid with respect to a target vector 6 = (0, )uev

if there exists a matching M such that:

1. M achieves maximal diversity, and

2. Forallu € U, |M N S,| > d,, where S,, denotes the set
of students from group w.

If we have an algorithm I' that can check in polynomial
time whether an instance is valid with respect to a given tar-
get vector for groups, we can use binary search, invoking I,
to compute the max-min selection ratio needed to achieve
balanced representation, as shown shortly.

Definition 12 (Max-min Ratio & Crucial Vector). Given an
instance I, let o denote the max-min selection ratio that en-
sures balanced representation. Let 0* = (0, ), be the cru-
cial vector corresponding to the max-min selection ratio c,
where 0,, = |« - |S,|] forallu € U.

The following Theorem 3 asserts that if an instance I is
valid with respect to the crucial vector (corresponding to bal-
anced representation), then a matching exists that satisfies all
four properties. This theorem provides a sufficient condition
to guarantee the existence of such a matching.

Theorem 3. An instance I is valid with respect to its cru-
cial vector §* if and only if it admits a matching that sat-
isfies non-wastefulness, maximal diversity, balanced repre-
sentation, and justified envy-freeness.

We now present a high-level overview of the implementa-
tion of the choice function in Algorithm 1 by addressing the
following two key questions:

*» The first question involves designing an efficient algo-
rithm to check whether an instance is valid, which al-
lows us to compute the max-min selection ratio among
all groups using binary search.



Algorithm 2: Checking Whether an Instance is Valid

Input: Aninstance I = (S, ¢, >, T, n) and a target vector
0= (5u)u€U

Output: a rank-maximal matching M of size at most ¢ s.t.
Yu € U,|M,| > §, or no-instance

1: Construct a ranked reservation graph G and compute a
rank-maximal matching M of size at most g
Denote the set of students matched in M as Sy
S0
for each group v € U do
Choose min(dy,, | Sas,.|) students from Sy ,, (the set

of students from group u in Sps) and add them to S
end for
for each group u € U do
while |S,| < 6, and 3s € S, \ Sys do
if there exists an alternating path P w.r.t. M that
starts from s and ends at s € Sy; \ S then
10: S« SU{s}, M+~ MaoP
11: else if there exist i) an augmenting path P w.r.t.
M that starts from s and ends at some unmatched
seat v of rank k and ii) a student s’ € Sy, \ S who
is matched to some seat v’ of rank k in M then
12: S SU{s}, M <~ M@P, M <+ M\{(s',v")}
13: end if
14:  end while
15: if ‘SJVI,u| < 6, then

LR

16: return NO-instance
17:  end if
18: end for

19: return matching M

* The second question focuses on designing an efficient
algorithm to verify the existence of a matching with the
desired properties, while ensuring that a specific set of
students is included (line 3). We can then repeat this pro-
cedure and update the matching accordingly to ensure
justified envy-freeness, while maintaining both maximal
diversity and balanced representation.

Algorithm Design Based on Rank-maximal
Matching

In this section, we propose two polynomial-time algorithms
based on rank-maximal matching to solve the two technical
questions in implementing Algorithm 1.

Given a matching M, an alternating path is a set of edges
that begins with an unmatched vertex and whose edges be-
long alternately to the matching and not to the matching.
An augmenting path is an alternating path that starts and
ends on unmatched vertices. Given an augmenting path P,
let M & P denote a new matching in which edges from P\ M
are matched while edges from M N P are not matched.

Checking Validity

Algorithm 2 solves the first question of checking whether
a given instance is valid w.r.t. some target vector § and it

returns a rank-maximal matching for a yes-instance.

Theorem 4. Given an instance [ and a target vector 9, Al-
gorithm 2 checks whether the instance I is valid w.r.t. § in
time O(r|E|\/|V| + |E||V]), where r, V and E denote the
number of ranks, the number of nodes and the number of
edges in the ranked reservation graph.

Example 6. We illustrate how Algorithm 2 works through
Example 2. Suppose school ¢ imposes a minimum target
of 1 for both groups u; and ug. First, we compute a rank-
maximal matching of size at most 2, say M = {(s1, v7, 1),

(s2. v}, 1)} Both students s and s are from group uy, and
we need to select one of them. Let’s choose sy from Sy, =
{s1, s2} (where Sy, is the set of students matched in M),

so we set S = {s2}. For the undersubscribed group ug, we
select one unmatched student, say ss, and check whether s3

can be added to S. Since there exists an alternating path from
s3 to sp through the seat vt20,1’ we can add s3 to S. Conse-
quently, we update the matching to M’ = {(ss, v7, ;). (s2,
v, 1)} Thus, Example 2 is valid and Algorithm 2 returns
matching M’ as outcome.

Implementation Based on Rank-maximal Matching

We next provide a detailed implementation of the choice
function in Algorithm 1, based on a rank reservation graph,
as described in Algorithm 3. The input consists of an in-
stance I, a critical vector 6*, and a rank-maximal matching
M of size at most ¢ that is valid w.r.t. §* and the top &
students are matched for each v € U.

Example 7. We illustrate how Algorithm 3 works using Ex-
ample 2. Suppose we start with the rank-maximal matching
M = {(s3,v, 1), (s2,v}, 1)}, which was produced by Al-
gorithm 2 as described in Example 6. We first update M
to ensure that the top ¢;, students are matched, resulting in
M = {(s2,v{, 1), (s4,07, 1)}. We then check all students
in the order sy, s3, S2, S1. Student s4 is already matched and
is added to S*. Student s3 cannot be added, as none of the
required conditions are met. Student s5 is already matched
in M and is added to S*. Student s; is rejected, and the al-
gorithm terminates.

Algorithm Design Based on Flow Network

In this section, we propose new algorithms to implement the
choice function in Algorithm 1 using flow networks. Com-
pared to the methods based on a ranked reservation graph,
these algorithms are more straightforward and much faster
for large instances where the number of students signifi-
cantly exceeds the number of groups.

To distinguish it from the ranked reservation graph G, we
denote the number of nodes and edges in the flow network
F as n and m, respectively. Specifically, n = O(|T|r + |U])
and m = O(|U||T| + r|T|?), where |U| < 217! <|S].
Theorem 5. Given an instance I and a target vector 6, let F’
denote the corresponding flow network. Checking validity
with respect to § can then be done in time O(m log(n)(m +
nlog(n))), where m and n denote the number of edges and
nodes in the flow network F'.



Algorithm 3: Implementation of the Choice Function in Al-
gorithm 1 Based on Rank-maximal Matching

Input: Aninstance I = (S, q,>,T,n), a critical vector ¢*,
a rank-maximal matching M of size at most ¢ that is
valid w.r.t. 6%, and the top 9 students are matched.

Output: a set of students S*

. Selected students S* «+ ()

1

2: for each s € S in the descending order of - do

3 if s € Sy then

4: S* +— S* U {s}

5 else

6 fOl‘S/GS]V[ﬁSu\S* S.t. ‘S}\4ﬂSu‘>(52d0

7 if there exists an alternating path P w.r.t. M that
starts from s and ends at s’ then

8: S*+— S*U{s}, M+~ MeaP

9: break

10: else if i) there exists an augmenting path P
w.r.t. M that starts from s and ends at some un-
matched seat v of rank k and ii) student s’ is
matched to some seat v’ of rank k in M then

11: S* +— S* U {s}

12: M+~ M@P, M+ M\{(s,v)}

13: break

14: end if

15: end for

16:  end if

17: end for

18: return a set of students S*

Computing a Crucial Vector
We next proceed to compute a crucial vector in Algorithm 4.

Theorem 6. Given an instance I, Algorithm 4 computes a
crucial vector in time O(m log(n)(m + nlog(n)))log(|S])
where m and n denote the number of edges and nodes in the
flow network.

Implementation Based on Flow Network

We next proceed to the implementation of the choice func-
tion in Algorithm 1 using a flow network approach. The al-
gorithm first selects the top §;; students from each group S,
based on the priority order >. For each unselected student
s € S\ S*, we then check whether s can be included while
still satisfying maximal diversity and balanced representa-
tion. This is done by verifying if there exists a minimum
cost maximum flow with a lower bound of |S!,| on each edge
from the source node to the node u, where S’ = S* U {s}.
If such a flow exists, s can be included in the selection.

Theorem 7. Given a crucial vector 6*, Algorithm 5 returns
a matching satisfying maximal diversity, non-wastefulness,
balanced representation and justified envy-freeness in time
O(]S|mlog(n)(m + nlog(n))) where m and n denote the
number of edges and nodes in the flow network.

If we assume that the number of types and type combi-
nations is bounded by a small constant, as is often the case
in practical markets, then solving the problem based on the
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Algorithm 4: Computing a Crucial Vector

Input: Aninstance I = (S,q,>,T,7)
Output: A crucial vector §* = () ycv

1: Initialize §;, — O for each group v € U
2: Initialize cvg <— 0 and a1 < 1
3: while some ¢}, differs from the last round do

4 a<+ (ap+ag)/2

500 0« |a-|Sy|],YueU

6:  Construct a flow network F'. For each edge from s to

v in the first layer, add a lower bound 4

7. if there exists a minimum cost maximum flow then
8: ag + « {Search between « and o }

9: else
10 oy < « {Search between o and o}
11:  endif

12: end while
13: return §*

Algorithm 5: Implementation of the Choice Function in Al-
gorithm 1 Based on Flow Network

Input: Aninstance I = (S, q, >, T,n) and a crucial vector
0 = (5u)ueU
Output: A set of students S*

1: Initialize the selected students, S*, as the union of the
top 6, students from each group S,, according to > for
allu € U.
Construct a flow network F’
for each s € S\ S* in descending order of > do
Set S + S* U {s}
For each edge from s to u in the first layer, add a
lower bound | S|
if a minimum cost maximum flow exists then
Update S* < S* U {s}
end if
end for
return S*

SPVYXID

flow network structure is much faster than solving it using
the ranked reservation graph.

Conclusion

In this paper, we have addressed the challenge of student
placements under diversity constraints by introducing the
concept of balanced representation. Our proposed choice
function is distinguished by its satisfaction of maximal di-
versity, non-wastefulness, balanced representation, and jus-
tified envy-freeness. We demonstrated the practical advan-
tages of our approach through the development of efficient
algorithms. Future work could explore further refinements to
these algorithms and investigate their applicability to other
settings where fairness and efficiency are critical.

The complete version of this paper is accessible at https:
/larxiv.org/abs/2412.13622.
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