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Abstract

Consider public health officials aiming to spread awareness
about a new vaccine in a community interconnected by a
social network. How can they distribute information with
minimal resources, so as to avoid polarization and ensure
community-wide convergence of opinion? To tackle such
challenges, we initiate the study of sample complexity of
opinion formation in networks. Our framework is built on
the recognized opinion formation game, where we regard
each agent’s opinion as a data-derived model, unlike previ-
ous works that treat opinions as data-independent scalars. The
opinion model for every agent is initially learned from its lo-
cal samples and evolves game-theoretically as all agents com-
municate with neighbors and revise their models towards an
equilibrium. Our focus is on the sample complexity needed to
ensure that the opinions converge to an equilibrium such that
every agent’s final model has low generalization error.

Our paper has two main technical results. First, we present
a novel polynomial time optimization framework to quantify
the total sample complexity for arbitrary networks, when the
underlying learning problem is (generalized) linear regres-
sion. Second, we leverage this optimization to study the net-
work gain which measures the improvement of sample com-
plexity when learning over a network compared to that in iso-
lation. Towards this end, we derive network gain bounds for
various network classes including cliques, star graphs, and
random regular graphs. Additionally, our framework provides
a method to study sample distribution within the network,
suggesting that it is sufficient to allocate samples inversely to
the degree. Empirical results on both synthetic and real-world
networks strongly support our theoretical findings.

1 Introduction

In today’s interconnected world, rapid dissemination of in-
formation plays a pivotal role in shaping public understand-
ing and behavior, especially in areas of critical importance
like public health. People learn and form opinions through
personal investigations and interactions with neighbors. The
heterogeneity of social networks often means that not every
individual requires the same amount of information to form
an informed opinion. Some may be heavily influenced by
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their peers, while others may need more direct information.
This differential requirement presents both a challenge and
an opportunity: How can one distribute information to en-
sure the entire community is well-informed, without unnec-
essary redundancies or gaps in knowledge dissemination?

To answer this question, the first step is to understand
the dynamics of opinion formation within social networks.
Starting from the seminal work of DeGroot (1974), one of
the predominant models assumes that individuals shape their
own beliefs by consistently observing and averaging the
opinions of their network peers (DeGroot 1974; Friedkin
and Johnsen 1990; DeMarzo, Vayanos, and Zwiebel 2003;
Golub and Jackson 2008; Bindel, Kleinberg, and Oren 2015;
Haddadan, Xin, and Gao 2024). We will adopt this seminal
framework to model the opinion formation process among
agents. However, these works always encapsulate opinions
as single numeric values. While this provides a founda-
tional understanding, it cannot capture the nuanced ways
in which individuals process and integrate new information
into their existing belief systems. To address this issue, our
formulation generalizes the opinions to be a model parame-
ter learned using a machine learning-based approach, as ex-
plored in (Haghtalab, Jackson, and Procaccia 2021) to study
belief polarization. Such formulation aligns with the hu-
man decision-making procedure proposed by (Simon 2013)
based on prior experiences and available data.

Specifically, we adopt the game theoretical formulation of
this opinion dynamic process introduced by (Bindel, Klein-
berg, and Oren 2015). Within this framework, an agent’s
equilibrium opinion emerges as a weighted average of ev-
eryone’s initial opinions on the network (which are learned
form their locally available data), where the weights are
unique and determined by the network structure. It is not
guaranteed, however, that a node’s equilibrium opinion
would have a small generalization error. Motivated by the
work of (Blum et al. 2021), we study the conditions under
this actually happens (i.e., each node has a model with a
small generalization error): specifically, how should samples
be distributed across the network such that at the equilibrium
of the opinion formation game, everyone has a model that is
close enough to the ground-truth, and the total number of
samples is minimized; we are also interested in understand-
ing the network gain, i.e., how much does the collaboration



on a network help the sample complexity.

We note that when opinions are treated as data-driven
model parameters, the equilibrium models share the same
mathematical structure as the fine-grained federated learn-
ing model introduced in (Donahue and Kleinberg 2021).
However, their study assumes fixed sample sizes without
considering networks and focuses on collaboration incen-
tives. Our work focuses on the optimal allocation of samples
across networks to ensure that the generalization error of the
equilibrium model remains low.

1.1 Problem Formulation

We consider a fixed set V' = {1,2,--- ,n} of agents (also
referred to as nodes) connected by a network G = (V, E).
Let N (i) denote the set of neighbors, and d; the degree
of agent ¢. We assume every agent ¢ in a given network G
has a dataset S; = {(«],¥])}jc[m,) allocated by a market-
designer, where m; is the number of samples at 7, and
x) € R*, Vj € [m;], and are independently drawn from a
fixed distribution D with dimension k. Each agent 7 learns an
initial model #; (known as internal opinion); #; need not be a
fixed number (as in (Bindel, Kleinberg, and Oren 2015)), but
can be learned through a machine learning approach, simi-
lar as (Haghtalab, Jackson, and Procaccia 2021). We assume
that these datasets are allocated by a system designer and
that m; > k (i.e., S; has at least k samples), which en-
sures everyone has enough basic knowledge to form their
own opinion before learning over the social network. Our
full paper (Liu et al. 2023) includes a table of all notations.

Agent i’s goal is to find a model 6; that is close to its
internal opinion, as well as to that of its neighbors, denoted
by N(i); i.e. compute 6; that minimizes the loss function
110: = 0ill*+ 3= n(ay vis 105 — 0517, where v;; > 0 measures
the influence of a neighboring agent j to agent i. We refer
to v, where [v];; = v;;, as the influence factor matrix. In
Lemma 1, we show that the unique Nash equilibrium of this
gameis (05%,--- 0T = W=1(0y,---,0,)T where W =
L + I and L is the weighted Laplacian matrix of G.

We define the total sample complexity, TSC(G,v, k, ¢),
as the minimum number of total samples, > _, m;, subject to
the constraint m; > k, so that the expected square loss of
6:7 is at most € for all i; here m; = |S;|. In the special case
where the influence is uniform, i.e., v;; = «, Vi, j, we use
TSC(G, a, k, €) to denote the total sample complexity.

Let M (k, €) denote the minimum number of samples that
any agent ¢ would need to ensure that the best model 6;
learned using only their samples ensures that the expected
error is at most some target e; if there is no interaction be-
tween the agents, a total of nM(k,e€) samples would be
needed to ensure that §; has low error for each agent. Since
every agent has at least k samples, we refer to

n(M(k,e) — k)
TSC(G,v,k,e) —nk’

[L(G,'U,k,(f) = (1)
the ratio of the additional samples needed to achieve error of
e for every agent under social learning to that needed under
independent learning, as the network gain of G. We will
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show that for linear regression M (k,€) = O(%) (Theorem

2). We assume M (k,€) > k and the network gain can be
infinite when TSC(G, v, k, €) = nk.

1.2 Overview of Results

Our focus here is to estimate the TSC(G, v, k, €), and the
network gain (G, v, k, €), and characterize the distribution
of the optimal m;s across the network. Most proofs are pre-
sented in our full paper (Liu et al. 2023).

Tight bounds on TSC. Using the structure of the Nash equi-
librium of the opinion formation game (Lemma 1), and re-
gression error bounds (Theorem 3), we derive tight bounds
on T'SC(G,v,k,¢) for any graph G using a mathematical
program (Theorem 4). We also show that the TSC can be
estimated in polynomial time using second-order cone pro-
gramming, allowing us to study it empirically.

Graph class Network gain
Clique Q(n)

Star O(1)
Hypercube Q(d?)

Q(min{d?, n})
Q(min{d*7(G)*,n})

Random d-regular

d-Expander

Table 1: Network gain u(G,a,k,€) for different graphs
where 7(G) denotes the edge expansion of G (defined in
Section 4).

Impact of graph structure on TSC, network gain, and
sample distribution. We begin with the case of uni-
form influence factor a. We show that 377" | oty <
% S Yy a3ty (informal version of Theo-
rem 5), where d; denotes the degree of agent i. Assign-
ing max{k, afljj:l . f} samples to agent 7 can ensure ev-
eryone learns a good model. Thus, It is sufficient to solve
the TSC problem when the number of samples for an
agent is inversely proportional to its degree. In other words,
low-degree nodes need more samples, in stark contrast to
many network mining problems, e.g., influence maximiza-
tion, where it suffices to choose high-degree nodes. Clearly,
this result has policy implications. Building on Theorem 5,
we derive tight bounds on the network gain for different
classes of graphs, summarized in Table 1.

From Table 1, we can see a well-connected network offers
a substantial reduction in TSC (high network gain), whereas
a star graph provides almost no gain compared to individ-
ual learning. We also demonstrate that the lower bounds on
network gain in Table 1 are tight. More detailed results for
specific networks can be found in Table 2.

Finally, we consider general influence factors and derive
upper and lower bounds on TSC for arbitrary graphs (Theo-
rem 7). We find that these bounds are empirically tight.
Experimental evaluation. In our simulation experiments,
we compute the total sample complexity and the near-
optimal solutions for a large number of synthetic and real-
world networks. We begin with the case of uniform influence
factors and first validate the findings of Theorem 5 that sam-
ple size in the optimal allocation has negative correlation




with degree. We then experimentally evaluate the d? net-
work gains for random d-regular graphs. Overall, we find
that experimentally computed solutions are consistent with
our bounds in Table 1. Finally, we consider general influ-
ence factors and find that our theoretical bounds on TSC in
Theorem 7 are quite tight empirically.

1.3 Related Work and Comparisons

Sample complexity of collaborative learning. Building on
Blum et al. (2017), a series of papers (Chen, Zhang, and
Zhou 2018; Nguyen and Zakynthinou 2018; Blum et al.
2021; Haghtalab, Jordan, and Zhao 2022) studied the min-
imum number of samples to ensure every agent has a low-
error model in collaborative learning. In this setting, there
is a center that can iteratively draw samples from different
mixtures of agents’ data distributions, and dispatch the final
model to each agent. In contrast, we use the well-established
decentralized opinion formation framework to describe the
model exchange game; the final model of every agent is
given by the equilibrium of this game.

Our formulation is similar to (Blum et al. 2021), which
also considers the sample complexity of equilibrium, ensur-
ing every agent has a sufficient utility guarantee. However,
(Blum et al. 2021) study this problem in an incentive-aware
setting without networks, which mainly focuses on the sta-
bility and fairness of the equilibrium. In contrast, our re-
search is centered on the network effect of the equilibrium
generated by the opinion formation model. Moreover, (Blum
et al. 2021) assumes the agents’ utility has certain structures
that are not derived from error bounds while we directly
minimize the generalization error of agents’ final models.

Haddadan, Xin, and Gao (2024) is another related paper
which also considers learning on networks under opinion
dynamic process. However, they study selecting K agents to
correct their prediction to maximize the overall accuracy in
the entire network, rather than the sample complexity bound
to ensure individual learner has a good model as our paper.
Fully decentralized federated learning. To reduce the
communication cost in standard federated learning (McMa-
han et al. 2017), Lalitha et al. (2018, 2019) first studied fully
decentralized federated learning on networks, where they
use Bayesian approach to model agents’ belief and give an
algorithm that enables agents to learn a good model by be-
lief exchange with neighbors. This setting can be regarded
as a combination of Bayesian opinion formation models
(Banerjee 1992; Bikhchandani, Hirshleifer, and Welch 1992;
Smith and Sgrensen 2000; Acemoglu, Chernozhukov, and
Yildiz 2006) and federated learning. In the literature regard-
ing opinion formation on networks, besides those Bayesian
models, non-Bayesian models are usually considered more
flexible and practical (DeGroot 1974; Friedkin and Johnsen
1990; DeMarzo, Vayanos, and Zwiebel 2003; Golub and
Jackson 2008; Bindel, Kleinberg, and Oren 2015; Had-
dadan, Xin, and Gao 2024). Comprehensive surveys of these
two kinds of models can be found in Jackson (2010) and
Acemoglu and Ozdaglar (2011). Our study makes connec-
tions between non-Bayesian opinion formation models and
federated learning for the first time. Compared with Lalitha
et al. (2018, 2019), we assume each agent can observe the
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model of neighbors, rather than a belief function. We do not
restrict to specific algorithms but use game theoretical ap-
proaches to find the unique Nash equilibrium and analyze
sample complexity at this equilibrium.

2 The Opinion Formation Game

As mentioned earlier, we utilize a variation on the seminal
DeGroot model (DeGroot 1974) proposed by (Friedkin and
Johnsen 1990), also studied by (Bindel, Kleinberg, and Oren
2015). Formally, agent ¢ seeks 8; which minimizes the loss

16 = O:l1> + > visll6; — ;]
JEN(3)
where v;; > 0, Vi,j € [n],j € N(i) measures the in-
fluence of agent j to agent 4. In general, v;;’s might not
be known, and we will also study the simpler uniform case
where v;; = a > 0 Vi, j. Lemma 1 gives the unique equi-
librium of this game (also studied by Bindel, Kleinberg, and

Oren (2015)); its proof is presented in Appendix B.2 of (Liu
et al. 2023).

Lemma 1 (Nash equilibrium of opinion formation)
The unique Nash equilibrium 6°9 (077, -, 0c)T

of the above game is 01 = W0 where
Djen@vii +1 j=i
Wij = —Vj j € N(Z)
0 JEN(),j#i
and 8 = (01,---,0,). When all v; = a > 0
adi+1 j=i
Wi = { - JjE€N(®) . Furthermore,
0 JENG),j#1i

we have 2?21 Wi;1 =1and ng > 0foralli,j € [n].

Thus, from Lemma 1, the equilibrium model of every
agent is a convex combination of all the agents’ internal
opinion on the network. We show that ¢? can be computed
in a federated manner using the algorithm of (Vanhaese-
brouck, Bellet, and Tommasi 2017).

3 Total Sample Complexity of Opinion
Formation
Recall that each agent ¢’s dataset S;

i {(xgayzj')}je[mi]
has m; > k samples, where xf € R*. We assume there
is a ground-truth model 6* such that for any =] ~ D,
y, = (x)70* +n] where i} ~ n;(x)) and n; : R¥ —
A(R) is an agent-dependent noise function, mapping sam-
ples to a noise distribution. We consider unbiased noise
with bounded variance, implying that for every agent i,
noise function 7; is independently chosen from N' = {7 :
E[n(x)] = 0,Var[n(z)] < o?,Vo ~ D}. Let X; =
[xl, -+, 2] and Y; = [y}, - ,y"]". Every agent per-
forms ordinary linear regression to output their initial opin-

(2

my

_ , N2
ion 0; = argmin, 37", ((xZ)TG - yf) . For our study, we

first make standard Assumption 1 on data distributions.

Assumption 1 (non-degeneracy) For data distribution D
over R¥, if x is drawn from D, then for any linear hyper-
plane H C R*, we have P (x € H) = 0.



Assumption 1 is standard to ensure the data distributions
span over the whole R” space. If it holds, from Fact 1 in
(Mourtada 2022), for any X; with m; > k, X zT X; is invert-
ible almost surely. This implies the ordinary linear regres-
sion for every agent to form the initial opinion enjoys the
closed-form solution 6; = (X" X;) “Ix Ty
Loss measure. We use the expected square loss in the worst
case of noise to measure the quality of agents’ final opinions

(079, ,65%) at the equilibrium. Namely, for agent i, we
consider the loss

e e o2
L(ezq) = sup IE;CND,Vj,SjNij (n;) [(ZTaiq _ ZL’TG ) ]

N:n €

@)

where D™i(7);) denotes the joint distribution of S; =
{(@],y!)}jcim, given noise function 7;. We take supremum
over all possible noises and take expectation over all dataset
because 6;7 is related to 6; for every agent 7.

3.1 Derivation of Error Bounds
We first define the error for initial opinion as

_ _ 2
L(GZ) — sup ExND,Simei(nq,) [(x—r& — xTG ) i| .
7, EN

To quantify the upper bound of L(6;), we additionally con-
sider the following assumption on data distribution.

Assumption 2 (small-ball condition) For data distribu-
tion D, there exists constant C; > 1 and «; € (0, 1] such
that for every hyperplane H C R* and t > 0, if x is drawn

from D, we have P (dist(E;Em, H) < t) < (Cit)™ where
Y, =FE,.-Dp [xxw
Given Assumption 1, 3; is guaranteed to be invertible.

Assumption 2 ensures X, 2z is not too close to any fixed
hyperplane, which is introduced in (Mourtada 2022) and is
a variant of the small-ball condition in (Koltchinskii and
Mendelson 2015; Mendelson 2015; Lecué and Mendelson
2016). From Proposition 5 in (Mourtada 2022) (see also
Theorem 1.2 in (Rudelson and Vershynin 2015)), if every
coordinate of D are independent and have bounded density
ratio, then Assumption 2 holds. More discussions on this as-
sumption could be found in Section 3.3 in (Mourtada 2022).

Theorem 2 (Thm 1 and Prop 2 in (Mourtada 2022)) For
every agent i with m; samples, ordinary linear regression

(k

For certain data distributions, tighter closed-form bounds
have been derived. For instance, if D is a k-dimensional
multivariate Gaussian distribution with zero mean, then
L(6;) = mi"j,f_l (Anderson et al. 1958; Breiman and
Freedman 1983; Donahue and Kleinberg 2021). For mean
estimation, L(f;) = ;—2 (Donahue and Kleinberg 2021).
Theorem 2 shows that L(6;) scales with £ assuming the
data distributions satisfy non-degeneracy and the small-ball
condition. Thus, M (k, €) = O(£) samples suffice for a sin-

gle agent learning a model with error e.

attains loss L(0;) = ©
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We next present our main technique for bounding the gen-
eralization error of an equilibrium model, which uses Theo-
rem 2 to express the error as a function of the matrix W and
the number of samples at each agent.

Theorem 3 (Bound on generalization error) For every

_1n2
agent i, we have L(6;%) = © (k‘ > i1 (W’nij)) where

0:7 and matrix W is defined in Lemma 1.

Remark. In Appendix B.2 of (Liu et al. 2023), we show
that Theorem 3 also holds for generalized linear regression
with adapted assumptions, where a mapping function ¢ ex-
ists such that E[y] = ¢(z) " 0* for any possible data (z, y).

3.2 Total Sample Complexity

Armed with Theorem 3, we initiate the study of total sample
complexity of opinion convergence. Recall that we want to
ensure that at the equilibrium, every node on the network has
a model with a small generalization error. Specifically, we
want to ensure L(6;?) < e forany i € [n] and a given € > 0.
Theorem 3 precisely gives us the mechanism to achieve a
desired error bound.

The Total Sample Complexity (TSC) problem. Recall that
for a given graph G, influence factor v, dimension k& and
error ¢, the total sample complexity T'SC(G, v, k, €) is the
minimum value of ), m;, under the constraint m; > k,
m; € Z" and L(0;?) < € for every i € [n]. Our central re-
sult, Theorem 4, derives near-tight bounds on the total sam-
ple complexity.

Theorem 4 (Bounds on T'SC) For any € > 0, let (m},i =
1,...,n) denote an optimal solution of the following opti-
mization problem as a measure of the minimum samples for
opinion formation on graph G with influence factor v.

n
> mi
i=1

min
My, M
n —1\2
(Wij ) €
1. < —, Vi 3
sty SV 3)

where W is defined in Lemma 1. Then, TSC(G,v,k,€) =
O(> 1, mf + nk). Assigning max {O([m}]), k} samples
to agent i suffices for L(0;7) < € for every i € [n]. More-

*
i

em
k

From Theorem 4, T'SC(G, v, k, €) has order Y ;- | m} +
nk and assigning max {[m}],k} samples to agent ¢ is
sufficient to solve the TSC problem up to some constant.
Thus, we only need to focus on the solution of Equation 3,
m}, Vi € [n]. In the following sections, we will characterize
properties of m}, Vi € [n] and use it to prove network gain
for different graphs.

over, is a fixed value for any k and e.

4 Network Effects on Total Sample
Complexity
In this section, we analyze the network effects on the total

sample complexity (TSC) of opinion convergence. We de-
rive bounds on network gain, demonstrating how network



learning reduces sample requirements. For uniform influ-
ence weights, we establish tight asymptotic bounds for key
network classes and determine optimal sample distribution
by node degree. We then generalize to arbitrary weights,
providing empirically tight TSC bounds.

4.1 Uniform Influence Factors

We model uniform influence factors by setting v;; = « for
every agent ¢ and neighbor j of ¢, for a given real @ > 0.
Let T'SC(G, a, k, €) be the solution of the optimization in
Theorem 4 for this case. Theorem 5 provides interpretable
bounds for TSC(G, a, k, €) related to degree, and serves as
the first step to derive tight bounds for specific graph classes.
The proof of Theorem 5 leverages the dual form of Equation
3, together with a careful analysis of matrix W defined in
Lemma 1. Detailed proof can be found in (Liu et al. 2023).

Theorem 5 (Sample allocation and degree distribution)
The optimal solution {m}} to Equation 3 satisfies
n

max{i_ )2,1}§

Z 1
1 (Oéd7 + 1
We have TSC (G, o, k, €) = O(3_ ;¢ () m; + nk).

atl k

ad;+1 €
agent i suffices for L(0;%) < e, Vi € [n].

Theorem 5 suggests that it is sufficient to allocate samples
inversely proportional to the node degrees. This has inter-
esting policy implications; in contrast to other social net-
work models, e.g., the classic work on influence maximiza-
tion (Kempe, Kleinberg, and Tardos 2003), our result ad-
vocates that allocating more resources to low-connectivity
agents benefit the network at large. We provide empirical
validation of this phenomenon in Section 5.

With the help of Theorem 5, we could derive the bounds
of network gain for any graph in Corollary 6.

Corollary 6 For any graph G, if e < O(

M(G, a, k, 5) >Q (En a1

i=1 ad; +1

Assigning max{O ([ ),k} samples to every

1
amax; d; +1

)' IfE B O(maxi(idi+1)2 )’

For small €, Corollary 6 demonstrates that the network

), then

then (G, a, k,e) < O (min n

S —
Zietn a2

_n
Yietn 37
more high-degree nodes result in higher network gain, but

gain is at least (2 > , implying that networks with

the gain is limited to O (min {”1, n
Zie[n] ?

Now we are ready to analyze the tight network gain for
special graphs classes. Our main results are shown in Table
2, with detailed lemmas and proofs deferred to (Liu et al.
2023). The third column of Table 2 gives Zie[n] m;, which

suffices to characterize total sample complexity (TSC) be-
cause TSC (G, a, k,e) = © (Zie[n] m; + nk) from The-

orem 4. The last column indicates the number of samples re-
quired for each agent to ensure that all constraints of the TSC
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problem are satisfied. For each kind of graph, if the sample
size for every agent is the maximum of % and the term in the
last column, it is sufficient to guarantee L(6;?) < e, Vi.
To prove the results in Table 2, we leverage the spectral
properties of graph Laplacian £ for different networks, to-
gether with the lower bound in Theorem 5. Note that the
lower bound in Table 2 does not require any constraint on e.
This contrasts with the bounds in Corrollary 6 and requires a
more refined analysis. On the other hand, there is no general
upper bound for the network gain because it can be infinite.

We now give a more detailed discussion of the results in
Table 2 as follows. (1) For a clique, the network gain is Q(n)
and TSC(G, o, k,e) = © (4 + nk). From Corollary 6, this
is the best lower bound of network gain for any graph. (2)
For a star, when ¢ is less than some constant, the network
gainis O(1) and TSC(G, a, k, €) = © (£). This implies a
star graph almost cannot get any gain compared with learn-
ing individually. (3) For a hypercube, when o > 2, the net-
work gain is Q(d?) and TSC(G, a, k,€) = © (& + nk).
(4) For a random d-regular graph, with high probability, the
network gain is (d?) when d < /n while it is Q(n) when
d > +/n. The total sample complexity is TSC(G, a, k, €) =

C] (ﬁ’ﬁn}e + nk:). (5) For a d-regular graph G, the edge

|0S]
d|s|’

min where 05 is the set

IS[:S|<n/2
{(u,v) € E:u € S,v e V\ S} Edge expansion measures
graph connectivity and can be viewed as a lower bound on
the probability that a randomly chosen edge from any sub-
set of vertices S has one endpoint outside S. A d-expander
denotes a d-regular graph with edge expansion 7(G). For
this kind of graph, the network gain is Q(min{d?7(G)*,n})
and TSC(G, a, k,¢) = G(mm{dz:i(kc?)‘ln}e +nk). Note that

the © (min{d?,n}) lower bound is also optimal for these
d—regular graphs from the upper bound in Corollary 6.

expansion 7(G) equals

Graph Network gain >ie [n] m; Samples / node
Clique X 3
Q ok o(L
(Lemma 13) (n) ( € ) ( en )
Star O(£) (leaf)
1 nk c
(Lemma 14) o) %) O(ﬁ) (center)
Hypercube 2 nk ko
Q(d CIE O(==
(Lemma 16) (d%) (355 (350)
Random
d-regular Q(min{n, d?}) Q(W) O(m)
(Lemma 17)
d-Expander . 2 4 ok &
(Lemma 18) Q(min{n, d*r7}) e(min{n,d2r4}e) O([nin{n,d2‘r4}e)

Table 2: Network gain 11(G, o, €), 3, ¢, i and distribu-
tion of samples in different network classes and constant a.
The number of samples at a node is the maximum of k and
the term in the third column. In the last row, 7 = 7(G) is the
edge expansion.

It follows from Table 2 and Corollary 6 that both ran-
dom and expander d-regular graphs (with constant 7(G))
have the optimal lower bound for network gain. Interest-
ingly, this property also holds for the hypercube, which has



regular degree d logn, even though its expansion is
O( loglgn) = o(1). A natural open question is to characterize
other degree-bounded network families which also achieve

near-optimal network gains.

4.2 General Influence Factors

Going beyond uniform influence factors, we investigate the
total sample complexity of opinion convergence with gen-
eral influence factors. The non-uniformity of the influence
factors implies that the sample complexity is not just depen-
dent on the network structure, but also on how each indi-
vidual agent weighs the influence of its nei%hbors. A trivial
bound is @ (%) < T'SC(G, v, k,€) < O (%) which means
learning through the game is always more beneficial than
learning individually but needs at least the samples for one
agent to learn a good model.

To derive more sophisticated and tighter bounds, we need
to analyze the matrix W with general weights, which cap-
tures both the network topology and influence factors. Since
W1 is positive-definite, from the Schur product theorem,
(W=1) o (W~1) is also positive-definite where o is the
Hadamard product (element-wise product). Define B =
(W1 o(W~1))~! and [B];; = b;;. Theorem 7 establishes
a bound for graphs with general influence factors, which is
empirically tight from our experiments in Section 5. The
proof for the upper bound utilizes a thorough analysis of the
property of b;;s, and the lower bound is derived based on the
dual form of Equation 3 with general weights. We refer the
reader to (Liu et al. 2023) for the whole proof.

Theorem 7 (TSC under general influence factors) Let
vi = max{0, Y7, W}for every i € [n], then the
optimal solution {m}} to Equation 3 satisfies

" } e O 1
2 WG =y S;mlgggm

and TSC(G,v,k,e) is O3 ,m; + nk). Assigning

max {kz, (0] (fezjﬁw} samples to agent i suffices for
L(6;%) < e foreveryi € [n].

Although the above two bounds give good empirical esti-
mations to the TSC, deriving closed-form solution for Equa-
tion 3 is still interesting, and is investigated in Lemma 8 un-
der a certain condition.

Lemma8 If >, (Zki’ibk) > 0 for all i
Zze[n] m;

e ﬁ % where the optimal m}
1k
j=1
We only know Lemma 8 holds for cliques now. Charac-
terizing the graphs that meet this condition remains an inter-
esting open problem.

€ [n],

€

bi]'

S Experiments

We use experiments on both synthetic and real-world net-
works to further understand the distribution of samples (The-
orem 5), the quality of our bounds for general influence
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weights (Theorem 7), and the network gains for d-regular
graph (Table 2 and Lemma 17). We observe good agreement
with our theoretical bounds. We only list part of results here
and more experiments and be found in (Liu et al. 2023).
From Theorem 4, given a network and influence factors,

*
i

is fixed for any k and e. This value can be solved di-
k

e)’

%
rectly by reformulating Equation 3. Since M (k, ¢) = ©(

*
em,

-+ indicates the percentage of samples one agent needs at
the equilibrium compared to the number of samples required
to learn independently, which is the main factor we are in-
terested in. Thus, we only consider 672 for experiments of
Theorem 5 and Theorem 7 without specific € and k.
To solve m} or <= for every i € [n] exactly, we re-
formulate Equation 3 to a second-order cone programming
(SOCP) and then use the solver CVXOPT ((Andersen et al.
2013)) to solve it. More details are in (Liu et al. 2023). We
now describe the networks used in our experiments.

Synthetic networks. We use three types of synthetic net-
works: scale-free (SF) networks (Barabasi and Albert 1999),
random d-regular graphs (RR), and Erdos-Renyi random
graphs (ER). The exact parameters for these graphs used in
different experiments are given in (Liu et al. 2023).

Real-world networks. The networks we use (labeled as
RN) are shown in Table 3 with their features (err,/err
will be defined later). We use the 130bit network, the econ-
mahindas network ((Rossi and Ahmed 2015)), the ego-
Facebook network ((Leskovec and Mcauley 2012)), and the
email-Eu-core temporal network ((Paranjape, Benson, and
Leskovec 2017)). The last two networks are also in Leskovec
and Krevl (2014).

Network Nodes Edges erry, erry
ego-Facebook | 4039 88234 27% 24%
Econ 1258 7620 6.6% 1.3%
Email-Eu 986 16064 30% 21%
130bit 584 6067 41% 36%

Table 3: Real-world networks and bound performance

Our results are summarized below.

Distribution of samples (Theorem 5). We set the uni-
form influence factor v = 0.1, showing how the sample as-
signment is related to degrees at the solution of Equation 3
on synthesized scale-free networks (Figures 1(a)) and real-
world networks (Figure 1(b)). Figures 1(a) and 1(b) show
that the average number of samples (divided by %) for each
degree, where the x-axis is degree and y-axis is the average
sample for each degree (i.e average of N¢ = {% td; =
d,i € [n]} where m},Vi € [n] is the solution of Equation
3). We also record the variance of samples for each degree
(variance of N¢). For synthesized scale-free networks, the
variance is bounded by 1e—5 while for real-world networks,
the variance is bounded by 1e — 3. More network instances
and detailed variance reprot can be found in (Liu et al. 2023).

Our main observations are: (1) The samples assigned to
nodes with the same degree tend to be almost the same
(i.e., the variance is small), (2) Fewer samples tend to be



assigned to high-degree agents. These observations are con-
sistent with Theorem 5, which states that sample assignment
has negative correlation with degree.

Tightness of bounds (Theorem 7). We empirically show
the performance of the bounds in Theorem 7. Here, all in-
fluence factors v;;s are generated randomly from [0, 1]. For
each kind of synthetic network, we generate 150 different
instances with different number of nodes n and v;;s. We

meausure the performance of bounds in Theorem 7 by rela-
|U or L_Zie[n] my|

Zie[n] my
in Theorem 7 and L is the max of 1 (trivial lower bound) and
the lower bound in Theorem 7). We visualize the relative er-
ror through frequency distributions of generated networks.
Our observation is that the bounds are very tight for scale-
free graphs (Figure 2). In Liu et al. (2023), we also show

they are tight for other graph instances.

tive error (i.e where U is the upper bound

— email
facebook

—— 130bit

—— econ

(a) SF Average (b) RN Average

Figure 1: Relationship between sample distribution and de-
gree for different networks when o« = 1. The x-axis is node
degree and the y-axis is the average samples for each degree.
Lines with different colors represent different graphs.

701 upper bound error

601 lower bound error

501
404
304
204
10

le-2

Figure 2: Bound tightness for synthetic networks for ran-
dom v;;s. The x-axis is the relative errors of upper and lower
bounds and the y-axis is the frequency.

For real-world networks, we generate 50 different v;; €
[0, 1] and denote the maximum relative error of upper/lower
bounds as err, /err;. From Table 3, the relative errors are
still relatively small for real-world networks, showing the
tightness of our bounds.

Network Gain (Table 2 and Lemma 17). We empir-
ically demonstrate the network gain results for random d-
regular graphs (Lemma 17). To calculate the network gain,
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we replace the TSC(G, v, k, €) in network gain (Equation 1)
by its upper bound Ef:l mj +nk-+n. This allows us to cal-
culate a lower bound of the network gain, which aligns with
the trend of lower bound in Lemma 17. We set £ = 5 and
€ = 0.01, making % = 500. Additionally, we set « = 1 and
consider degree ranging from 2 to 10. We choose different
number of nodes n such that degree d < +/n, which implies
a d? gain in theory (4" row of Table 2 and Lemma 17).
The empirical result, shown in Figure 3, exactly confirms
the gain is ©(d?) in our setup. Moreover, we also found that
when degree d = 11, the gain becomes infinity. This is be-
cause -3 800 < k = 5. According to the 4" row of
Table 2 (Lemma 17), in this scenario, it is sufficient for each
node to have k samples, resulting in an infinite network gain.

40 80

Figure 3: Network Gain of RR. The x-axis is the square of
degree and the y-axis is a lower bound of network gain.

Impact of influence factors. When « is small, sample
assignment is mostly independent of n; however, for large
o, increasing n leads to fewer samples for nodes of the same
degree. Additionally, the bounds in Theorem 7 get worse as
influence factors increase. See (Liu et al. 2023) for details.

6 Discussion and Future Works

We initiate a study on the total sample complexity (TSC)
required for opinion formation over networks. By extend-
ing the standard opinion formation game into a machine-
learning framework, we characterize the minimal samples
needed to ensure low generalization error for equilibrium
models. We provide tight bounds on TSC and analyze sam-
ple distributions, showing that network structure signifi-
cantly reduces TSC, with an inverse relationship to node de-
gree being an interesting result.

Our formulation opens several research directions. We
currently focus on linear regression, but it’s worth investi-
gating other problems like kernel methods or soft SVMs.
Moreover, it turns out that our problem formulation is sim-
ilar to the best arm identification problem with fixed con-
fidence (Karnin, Koren, and Somekh 2013). It is interest-
ing to extend our results analog to the fixed budget setting.
Namely, assuming the number of samples is fixed, how to
assign them to minimize the total error? Another future di-
rection is to consider individual-level incentives for sample
collection, building on the results of (Blum et al. 2021).
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