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Abstract

We consider committee election of k > 3 (outof m > k+1)
candidates, where the voters and the candidates are associated
with locations on the real line. Each voter’s cardinal prefer-
ences over candidates correspond to her distance to the can-
didate locations, and each voter’s cardinal preferences over
committees is defined as her distance to the nearest candidate
elected in the committee. We consider a setting where the true
distances and the locations are unknown. We can neverthe-
less have access to degraded information which consists of
an order of candidates for each voter. We investigate the best
possible distortion (a worst-case performance criterion) w.r.t.
the social cost achieved by deterministic committee election
rules based on ordinal preferences submitted by n voters and
few additional distance queries. We show that for any k£ > 3,
the best possible distortion of any deterministic algorithm that
uses at most k — 3 distance queries cannot be bounded by any
function of n, m and k. We present deterministic algorithms
for k-committee election with distortion of O(n) with O(k)
distance queries and O(1) with O(k log n) distance queries.

1 Introduction

Electing a set of representatives based on the preferences
submitted by voters is a central problem in social choice.
In typical applications, the voters express ordinal prefer-
ences over the set of candidates, which are consistent with
their cardinal preferences, but do not include any quantita-
tive information about the strength of each preference. An
important reason for resorting to ordinal information has to
do with the cognitive difficulty of quantifying preferences.
However, crucial information may be lost when voters sum-
marize cardinal to ordinal preferences.

Procaccia and Rosenschein (2006) introduced the frame-
work of utilitarian distortion as a means to quantify the ef-
ficiency loss, due to the fact that elections are based on or-
dinal information only, and to investigate the sensitivity of
different voting rules to the absence of cardinal information.
The distortion of a voting rule is the worst-case approxima-
tion ratio of its social welfare to the optimal social welfare
achievable when cardinal information is available. Previous
work has quantified the best possible distortion of single and
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multiwinner voting rules (often assuming normalized cardi-
nal utilities, see e.g., (Boutilier et al. 2015; Caragiannis and
Procaccia 2011; Caragiannis et al. 2017)).

Motivated by the frequent use of spatial preferences in
social choice (e.g., (Enelow and Hinich 1984)), Anshele-
vich et al. (2018) introduced the framework of metric dis-
tortion, where the voters and the candidates are associated
with locations in a metric space. The voters’ cardinal pref-
erences over candidates correspond to their distance to the
candidate locations. The voters rank the candidates in in-
creasing order of distance and submit this information to the
voting rule. Without knowledge of the voter and candidate
locations and distances, the voting rule aims to minimize
the sum of distances (a.k.a. the social cost) of the voters to
the candidate elected. Distortion is now defined w.r.t. the so-
cial cost. There has been significant interest in analyzing the
metric distortion of prominent voting rules (see e.g., (An-
shelevich et al. 2018; Goel, Krishnaswamy, and Munagala
2017; Kempe 2020; Anagnostides, Fotakis, and Patsilinakos
2022)) and in designing voting rules with optimal metric dis-
tortion for single-winner elections (Gkatzelis, Halpern, and
Shah 2020; Kizilkaya and Kempe 2023).

There has not been much previous work on the metric dis-
tortion of multiwinner voting, where we elect a committee of
k > 2 (outof m > k+1) candidates based on ordinal prefer-
ences submitted by n voters. As before, the voters’ cardinal
preferences correspond to their distance to the candidate lo-
cations. However, there are different ways to define the voter
cardinal preferences over k-committees, resulting in differ-
ent types and desirable properties of multiwinner elections
(see e.g., (Elkind et al. 2017; Faliszewski et al. 2017)).

Goel, Hulett, and Krishnaswamy (2018) and Chen, Li,
and Wang (2020) were the first to consider the metric distor-
tion of committee elections with the cost of each voter for a
committee defined as the sum of her distances to all com-
mittee members. Goel, Hulett, and Krishnaswamy (2018)
proved that the best possible distortion in this setting is equal
to the best possible distortion of single-winner voting. Chen,
Li, and Wang (2020) proved that single-vote rules achieve a
best possible distortion for the case where k = m — 1.

Caragiannis, Shah, and Voudouris (2022) considered the
metric distortion of k-committee election with the cost of
each voter for a committee defined as her distance to the g-th
nearest member. They proved an interesting trichotomy: the



distortion is unbounded if ¢ < k/3, ©(n) if ¢ € (k/3, k/2],
and equal to the best possible metric distortion of single-
winner election if ¢ > k/2. For the most interesting case
where ¢ = 1 and each voter’s cost is her distance to the
nearest committee member, their results imply that the dis-
tortion is ©(n) if £ = 2, and unbounded for all k¥ > 3, with
their lower bounds proven for the real line.

Subsequently, Burkhardt et al. (2024) and Pulyassary
(2022) considered the metric distortion of classical clus-
tering problems, such as k-median (which corresponds
to k-committee election with ¢ = 1) and k-center, for
k > 2, in a setting where the clustering algorithm re-
ceives only ordinal information about demand points’ lo-
cations and may query few distances. They focused on the
case where the voter and the candidate locations coincide
(a.k.a. peer selection), and asked about the minimum num-
ber of distance queries required for constant distortion. For
k-median, Pulyassary (2022) proved that O(1) distortion
can be achieved deterministically with O (npoly(logn)) dis-
tance queries and by a randomized algorithm with O(nk)
queries. Burkhardt et al. (2024) gave a randomized O(1)-
distortion algorithm with O(k*log®n) queries. As for k-
center, Burkhardt et al. (2024) showed how to implement the
classical 2-approximate greedy algorithm with k(k — 1)/2
queries and presented a deterministic 4-distortion algorithm
with only 2k distance queries. Burkhardt et al. (2024) also
proved lower bounds showing that in general metric spaces,
their query bounds are not far from best possible.

Motivation and Objective. In this work, we study the met-
ric distortion of k-committee elections where the cost of
each voter for a committee is defined as her distance to the
nearest member (i.e., we have ¢ = 1). Our setting is con-
ceptually close to (and strongly motivated by) the prominent
rules of Chamberlin and Courant (1983) and Monroe (1995),
which aim to elect a diverse committee that best reflects the
preferences of the entire population of voters (Elkind et al.
2017; Faliszewski et al. 2017).

Our approach is rather orthogonal to (Burkhardt et al.
2024; Pulyassary 2022). We consider the more general (and
more demanding) setting where the sets (and the locations)
of voters and candidates may be different, and focus on de-
terministic rules and on the simplest (but nevertheless inter-
esting and challenging enough) case of 1-Euclidean prefer-
ences, where the voters and the candidates are embedded
in the real line. As in (Burkhardt et al. 2024; Pulyassary
2022) (and also motivated by the success of Amanatidis et al.
(2021, 2022a,b) in improving the utilitarian distortion for
single-winner elections and one-sided matchings with cardi-
nal queries), we aim to shed light on the following:

Question 1. How many distance queries are required for a
bounded (or even constant) distortion in k-committee elec-
tion with 1-Euclidean preferences, for k > 37

The case of 1-Euclidean preferences in particularly inter-
esting because it allows for a maximum possible exploitation
of ordinal preferences towards achieving low distortion with
a small number of distance queries. Moreover, the lower
bounds of Burkhardt et al. (2024) are based on tree metrics
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and do not apply to 1-Euclidean preferences. As for the up-
per bounds of Burkhardt et al. (2024) and Pulyassary (2022),
though very strong and informative about the power of dis-
tance queries in k-median and k-center, there are two key
difficulties towards applying them to our setting where the
voter and candidate locations do not coincide: (i) in general
metric spaces, we do not know how to extract (even approxi-
mate) information about candidate-to-candidate or voter-to-
voter distances from “regular” voter-to-candidate distance
queries (which request information present in voter cardinal
preferences); and (ii) to the best of our understanding, the
algorithms of Burkhardt et al. (2024); Pulyassary (2022) re-
quire ordinal information about how candidate and/or voter
locations are ranked in increasing order of distance to cer-
tain candidate locations; we do not know how such ordinal
information can be extracted from voter ordinal preferences,
if the voter and the candidate locations are different.

Contribution and Techniques. We consider the general
metric distortion setting, where the voter and the candidate
locations may be different, focus on the simplest case of the
line metric (and deal with difficulties (i) and (ii) above), and
provide almost best possible answers to Question 1.

In Section 3, we review three different query types (voter-
to-candidate, candidate-to-candidate and voter-to-voter). We
show that the answer to queries of the second and the third
types can be obtained from a small constant number of voter-
to-candidate distance queries. Thus, we can rely on the more
convenient candidate-to-candidate distance queries.

In Section 4, we lower bound the number of distance
queries required for bounded distortion. We show that for
any k > 3, the distortion of any deterministic rule that
uses at most k — 3 distance queries and selects k out of
m > 2(k — 1) candidates on the real line is not bounded
by any function of n, m and k (Theorem 1). Our construc-
tion shows that a bounded distortion is not possible if we
restrict distance queries to few top candidates of each voter.

In Section 5, we asymptotically match our lower bound
with a greedy voting rule, which uses at most 6(k — 3) + 3
queries and achieves a distortion of at most 5n (Theo-
rem 2). It is based on the classical greedy algorithm for
k-center (Williamson and Shmoys 2010, Section 2.2) (as
it happens with Polar-Opposites in (Caragiannis, Shah, and
Voudouris 2022) and the k-center algorithm in (Burkhardt
et al. 2024, Section 3.1)). For a query-efficient implemen-
tation of greedy, we consider the intervals defined by pairs
of elected candidates that are consecutive on the real line,
and compute the most distant candidate in each such interval
using the voters’ ordinal preferences and at most 3 distance
queries. Interestingly, greedy achieves a distortion of at most
5 for the egalitarian cost, where (as in the k-center objective)
we aim to minimize the maximum voter cost.

In Section 6, we show how to achieve low distortion with
a small number of distance queries by selecting a small rep-
resentative set of candidates and focusing on the restricted
instance induced by them (Theorem 3). To demonstrate the
usefulness of this reduction, in Section 7, we exploit a gen-
eralization of the greedy rule. Our construction for selecting
a small representative set of candidates is inspired by the



notion of coresets, extensively used for k-median in com-
putational geometry (see e.g., (Frahling and Sohler 2005)).
Our construction uses O(k logn) distance queries and com-
putes a set of O(k log n) representative candidates that allow
for a distortion of 5 (Theorem 4). The idea is to maintain a
hierarchical partitioning of the candidate axis into intervals,
so that the contribution of the voters associated with each
interval to the social cost is bounded.

The proofs and the technical details omitted from this ex-
tended abstract due to space constraints can be found at (Fo-
takis, Gourves, and Patsilinakos 2024).

Related Work. Metric distortion was introduced in (An-
shelevich et al. 2018), where the distortion of popular voting
rules for single-winner elections was studied. Subsequent
work analyzed the metric distortion of popular voting rules,
such as STV (Anagnostides, Fotakis, and Patsilinakos 2022).
Munagala and Wang (2019) and Kempe (2020) presented
deterministic rules with distortion 2 + /5, breaking the bar-
rier of 5 achieved by Copeland. Gkatzelis, Halpern, and
Shah (2020) introduced Plurality Matching and proved that
it achieves an optimal distortion of 3 in general metric spaces
(see also (Kizilkaya and Kempe 2023)). Anshelevich and
Zhu (2021) studied the distortion of single and multiwin-
ner elections with known candidate locations. The survey of
Anshelevich et al. (2021) provides a detailed overview.

Boutilier et al. (2015) and Caragiannis et al. (2017) stud-
ied the best possible utilitarian distortion of single and mul-
tiwinner elections, respectively. Amanatidis et al. (2021)
significantly improved on the best possible utilitarian dis-
tortion for single-winner elections using cardinal informa-
tion. They introduced single-winner voting rules with distor-
tion O(m"“+1) using O(nflogm) value queries. Subse-
quently, Amanatidis et al. (2022a,b) significantly improved
on the best possible utilitarian distortion for one-sided
matchings using algorithms that resort to a small number of
value queries per voter. Interestingly, our query bounds are
linear in the size k of the committee and only logarithmic in
the number n of voters (instead of linear in n).

The main result of Fotakis, Gourves, and Monnot (2016)
implies that the metric distortion of a maximization version
of k-committee election with 1-Euclidean preferences is 3,
for k € {1, 2}, and at most 31’:—:; for any k > 3. Le., the dis-
tortion for the maximization version of k-committee election
on the line tends to 1 as the committee size k increases.

Multiwinner voting is a significant research direction in
social choice and has been studied from many different
viewpoints, e.g., proportional representation (Aziz et al.
2017; Peters and Skowron 2020), axiomatic justification
(Elkind et al. 2017), core-stability in restricted domains
(Pierczynski and Skowron 2022). Selection of a single can-
didate or a committee of candidates based on 1-Euclidean
preferences submitted by voters (or agents) is a typical set-
ting in social choice and mechanism design and has been the
topic of previous work (see e.g., (Miyagawa 2001; Procac-
cia and Tennenholtz 2013; Fotakis and Tzamos 2014; Feld-
man, Fiat, and Golomb 2016) for mechanism design, and
(Fotakis and Gourves 2022) and a few references in (An-
shelevich et al. 2021) for social choice and distortion).
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2 Model and Notation

We consider a set C = {c1,...,¢n} of m candidates and
asetV = {v1,...,v,} of n voters. We assume that they
are located on the real line R, i.e., each candidate c¢; (resp.
voter v;) is associated with a location z(c;) € R (resp.
a:(vj) € R). For brevity, we usually let ¢; (resp. v;) denote
both the candidate (resp. the voter) and their location x(c¢;)
(resp. z(v;)). We always index candidates in increasing or-
der of their coordinates, i.e., c; < ¢co < --- < ¢, that is the
order in which they appear on the candidate axis from left to
right. We let C[e, ¢| = C N [e, /] be the set (or interval) of
candidates in C between ¢ and ¢’ on the candidate axis.

For each voter v, we let her L distance to the candidate
locations quantify her cardinal preferences over C. Le., v’s
cost for being represented by a candidate c is

cost, (¢) = d(v,¢) = |z(v) —z(c)| = |[v —¢|.

For a voter v and a set S C C of candidates, we let
d(v,S) = minceg{d(v,c)} = minces{|v — ¢|}. Moti-
vated by the Chamberlin and Courant (1983) rule for k-
committee election, we assume that each voter v is repre-
sented by (or is assigned to) her nearest candidate in any
given set S of elected candidates. Formally, for any S C C,
we let cost, (S) = d(v, S) = min.cs{d(v,c)} be the cost
experienced by v from the set .S of elected candidates.

Problem Definition. The problem of k-Committee Elec-
tion is to select a candidate set (a.k.a. committee) S C C,
with |S| = k < m — 1, that minimizes the (utilitarian) so-
cial cost SC(S) = ),y costy(S) of the voters. We also
consider the egalitarian cost EC(S) = max,ecy cost,(S)
of the voters for a k-committee S of elected candidates. We
often refer to (C, V), where C is the set of candidates and V
is the set of voters, along with their locations on the real line
(which are assumed fixed, but unknown to the voting rule),
as an instance of k-Committee Election.

Committee Election with 1-Euclidean Preferences and
Distance Queries. k-Committee Election can be solved in
O(nklogn) time, by dynamic programming (Hassin and
Tamir 1991), if we have access to the voter and the candi-
date locations on the real line (or to all voter-candidate dis-
tances). However, in our setting, every voter v provides only
a ranking >, over the set C of candidates that is consistent
with the function cost, : C — R>(. Namely, for every two
candidates ¢ and ¢/, ¢ =, ¢ (i.e., v prefers ¢ to ¢’) if and
only if d(v, ¢) < d(v, ). As usual in relevant literature (see
e.g., (Anshelevich et al. 2021, Section 2)), we assume that
for every voter v, >, is a strict total order, i.e., that for every
pair of candidates c and ¢, d(v, ¢) # d(v, ).

Our committee election rules receive a ranking profile
= = (>1,...,>n) consisting of a strict total order ; over
C for each voter v; € V. We only consider 1-Euclidean rank-
ing profiles =, in the sense that all =, in = are consistent
with a cost function cost,, computed w.r.t. some fixed (and
common) collection of voter and candidate locations on the
real line. Under the assumption that total orders >, are strict,
1-Euclidean ranking profiles are single-peaked (Black 1948)
and single-crossing (Karlin 1968; Mirrlees 1971), proper-
ties that have received significant attention in computational



social choice (see e.g., (Escoffier, Lang, and Oztiirk 2008:
Elkind and Faliszewski 2014; Elkind, Lackner, and Peters
2022) and the references therein). Doignon and Falmagne
(1994) and Elkind and Faliszewski (2014) show that given
a ranking profile =, we can verify if = is 1-Euclidean and
compute in polynomial time a strict ordering of the candi-
dates on the real line, from left to right, that is consistent
with =. We refer to such an ordering (which is unique up to
symmetry under a mild assumption) as the candidate axis.

A deterministic rule R for k-committee election receives
a 1-BEuclidean ranking profile = = (>1,..., =,) over a set
C of m candidates, the desired committee size k and a non-
negative integer q. Then, using = and information about the
distance of at most ¢ candidate pairs on the real line, R
computes a committee R(=,k,q) = S C C with k can-
didates. Our committee election rules assume availability of
the candidate axis corresponding to = and may ask distance
queries adaptively. We assume that the responses to all dis-
tance queries are consistent with a fixed collection of voter
and candidate locations on R that result in .

Distortion. We evaluate the performance of a committee
election rule R (often called rule or algorithm, for brevity)
for given ranking profile <, committee size k& and query
number ¢ in terms of its distortion (Boutilier et al. 2015; Pro-
caccia and Rosenschein 2006), i.e, the worst-case approxi-
mation ratio that R achieves w.r.t. the social cost:

SC(R(=,k,q))
minSZ‘SFk SC(S) ’

where the supremum is taken over all collections of voter
and candidate locations on the real line that are consistent
with = and with the responses to the ¢ candidate distance
queries asked by R. The distortion of a deterministic k-
committee rule R is the maximum of dist(R, =, k, q) over
all linear ranking profiles = with n voters and m candidates.
We sometimes also consider the distortion w.r.t. the egalitar-
ian cost EC(S) by explicitly referring to it.

dist(R, =, k,q) = sup (1)

Notation. We let top(v) be the top candidate of voter v in
. A candidate’s ¢ cluster Cluster(c) consists of all voters
in )V with c as their top candidate. We say that a candidate c is
active if Cluster(c) # 0, i.e., there is some voter v with ¢ as
her top choice. We assume non-degenerate ranking profiles
s, where n > k + 1 and all candidates are located between
the leftmost and the rightmost active candidate. We note that
the candidate axis, determined from = by the algorithm of
Elkind and Faliszewski (2014), is guaranteed to be unique
(up to symmetry) for non-degenerate ranking profiles .

We always assume that the candidate set C given as input
to our algorithms consists of active candidates only. An in-
stance is candidate-restricted, if all candidates are active and
all voters are moved to the location of their top candidate.
Assuming that all voters are colocated with their top candi-
dates (and then removing inactive candidates) increases the
distortion by a factor of 3 (see also Theorem 3).

The analysis of our distortion bounds sometimes refer
to candidate-restricted instances. However, our algorithms
work without assuming anything about voter and candidate
locations and our distortion bounds hold against an optimal
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solution for the original instance, where candidates may be
inactive and candidate and voter locations may be different.

There is a delicate issue that restricts the use of candidate-
restricted instances in our algorithms (and with which our
algorithms carefully deal): When we use a ranking >, in an
algorithm, we have to take care of the fact that >, may be
different from the ranking ~,p(.,), where the candidates are
ranked in increasing order of distance to top(v) (because the
locations of v and top(v) may be different). The difficulty of
deducing useful information about the rankings >. at can-
didate locations ¢ from a voter ranking profile = imposes a
significant difference between our setting and the clustering
setting in (Burkhardt et al. 2024; Pulyassary 2022).

3 Distance Query Types

Before analyzing the distortion of committee election rules
with distance queries, we discuss different types of them:

Regular queries. Given a voter v € V and a candidate ¢ €
C, we ask for the distance d(v, ¢) = |[v — ¢|.

Candidate queries. Given two candidates c, ¢’ € C, we ask
for the distance d(c,¢’) = |e — ¢|.

Voter queries. Given two voters v,v’ € V, we ask for the
distance d(v,v") = [v — /.

Regular queries ask for information available in the voter
cardinal preferences cost, : C — R>o. We can show how
to simulate candidate queries and voter queries with at most
six and two regular queries, respectively. Therefore, as long
as we care about the asymptotics of the number of queries,
we may use these types of queries interchangeably. Hence,
we state and analyze our committee election rules assuming
access to candidate queries.

4 Lower Bound on the Number of Queries
Required for Bounded Distortion

For any k > 2 and m > k + 1, the candidate axis can be re-
constructed from m — 1 distance queries. Then, we can find
the optimal k-committee for the corresponding candidate-
restricted instance using dynamic programming. This im-
plies a distortion of 3 (for both the social and the egalitarian
cost) using m — 1 distance queries. We next show that:

Theorem 1. For any k > 3, the distortion of any deter-
ministic k-committee election rule that uses at most k — 3
distance queries and selects k out of at least 2(k — 1) can-
didates on the real line cannot be bounded by any function
of n, m and k (for both the social and the egalitarian cost).

Proof Sketch. For every k > 3, we construct a family of
2(k — 1) instances on the real line with k& — 1 candidate pairs
each that cannot be distinguished with fewer than k — 2 dis-
tance queries. The distances are chosen so that in any com-
mittee with a bounded distortion, both candidates of a par-
ticular pair must be chosen, along with one candidate from
each of the remaining pairs.

For the construction, we consider m = 2(k — 1) can-
didates, ¢; < ¢ < < Cop_3 < Cok_o. We let D
sufficiently large, so that D? > max{2D + 1,k}, and an
e € (0,1/k) sufficiently small used for tie breaking. In the



D? 1 D?+e
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Figure 1: The basic instance used in the lower bound of Theorem 1 for k = 6.

basic instance, we let d(co;—1,¢9;) = 1, forall ¢ € [k — 1],
and let d(cg;, c2i11) = D? + (i — 1)¢, forall i € [k — 2] (see
Fig. 1). There are n = m voters, each with a different top
candidate. The voters are colocated with their top candidate
in the basic instance and its variants.

We construct a family of 2(k — 1) different variants of the
basic instance, by moving candidate ¢;, j = 1,...,2(k—1),
by D, while keeping every other candidate at her original
location. Specifically, in the j-th variant, if 7 is odd, we in-
crease the distance d(c;, ¢j41) from 1, in the basic instance,
to D + 1, by moving candidate c; by D to the left. In the j-
th variant, if j is even, we increase the distance d(c;_1, ¢;)
from 1, in the basic instance, to D + 1, by moving candi-
date ¢; by D to the right. All other candidates maintain the
locations that they have in the basic instance.

Intuitively, the basic instance (and each variant) consists
of k — 1 essentially isolated candidate pairs. In each variant,
the candidates of exactly one pair are far away from each
other (so for a bounded distortion, we need to identify this
pair and elect both candidates), while the candidates of the
remaining pairs are quite close to each other (so we may
elect any of them). Since the 2(k — 1) variants are symmetric
otherwise, any distance query that discovers that the distance
of a candidate pair is as in the basic instance can exclude at
most two variants (from the list of all possible instances used
in this proof). Therefore, any deterministic rule requires at
least k£ — 2 distance queries in the worst case, before it is able
to identify the candidate pair at distance D to each other. [

An interesting question is if bounded distortion is possible
with distance queries restricted to the few top candidates of
each voter. In the proof of Theorem 1, we can embed a large
group of candidates, located extremely close to each other,
in each location ¢; in the basic instance and its variants (and
also have a voter colocated with each of them). The (many)
candidates of each group are ranked first by each voter in the
same group. Hence, unless we are allowed to query distances
to candidates further down the voters’ rankings, we cannot
get any useful information about these instances.

5 Bounded Distortion with O (k) Queries

We present a simple greedy rule for k-committee election
with bounded distortion and O(k) distance queries, thus
asymptotically matching the lower bound of Theorem 1.

We show that the classical 2-approximate greedy algo-
rithm for k-center can be implemented with few distance
queries. The greedy algorithm (Williamson and Shmoys
2010, Section 2.2) iteratively maintains a set S of candi-
dates, starting with any candidate, and adding the candidate
¢ with maximum distance d(c, S) to the current set .S in each
iteration. Algorithm 1 shows how greedy is applied to 1-
Euclidean instances.
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Algorithm 1: Greedy for k-committee election
Input: Candidates C = {c1,...,cm}, k€ {2,...,m —
distance function d : C x C — R>y.
Output: Set S C C of k candidates.
: S« {c1, cm } {pick leftmost and rightmost candidates }
while | S| < k do
¢ + argmax.ec{d(c, S)}
S« Su{é}
end while
return S

1},

AN A ey

To implement Algorithm 1 with distance queries (see Al-
gorithm 2), we need to compute the most distant candidate
in C to current candidate set S = {cy, ..., ce}, while £ < k.
For convenience, we let the candidates in .S be indexed as
they appear on the candidate axis, from left to right, and c;
(resp. cy) is the leftmost (resp. rightmost) candidate in .S.

Algorithm 2 maintains a set C' with ¢ — 1 candidate-
distance pairs (¢;, d;), where for each i € [¢ — 1], ¢; is the
most distant candidate in the interval C[c;, ¢;+1] to the inter-
val’s endpoints ¢;, ¢;+1 € S and 6; = d(é;, {ci, civ1}).

This information is provided by the Distant-Candidate
algorithm. Every time a new candidate ¢, lying between
¢, ¢i+1 € S on the axis, is added to .S, the most distant can-
didates ¢; and his distance 0; to {¢;, ¢} and ¢; 11 and his dis-
tance 9;41 to {c, ¢;+1} are computed by two calls to Distant-
Candidate and are added to C' (Algorithm 2, step 10).

In the next iteration, the most distant candidate in C to
current S is computed (step 4) and added to S (step 5). For
step 4, we observe that the most distant candidate to .S cor-

responds to the pair (¢,d) € C, where ¢ has maximum dis-
tance J to his neighbors in .S among all other (¢, ") € C.

Distant-Candidate. The Distant-Candidate algorithm gets
two candidates c, ¢/, makes at most 3 distance queries, and
returns a pair (¢,6), where ¢ € Cle, ¢/] is the most distant
candidate to C|c, ¢']’s endpoints and § = d(é;, {c, ¢'}).

For the intuition, we initially assume access to the rank-
ings >, and >., where all candidates in C are listed in in-
creasing order of distance to c and ¢, respectively.

Due to the linear structure of C, the most distant candidate
¢ = argmaxyiece,1{d(c”, {c,c'})} can be computed as
follows: Starting with ¢ and moving from left to right on the
candidate interval Clc, ¢'], we find the rightmost candidate
¢ € Cle, ] that prefers ¢ to ¢’ and the leftmost candidate
¢r € Cle, ] that prefers ¢’ to c. We note that ¢; and ¢, can be
found using only ordinal information, they are next to each
other on the candidate axis, and ¢ must be either ¢; or c,.
Then, d(c;,{¢c,c'}) = d(e;, ¢) and d(c,, {c,¢'}) = d(c,, ).
Hence, ¢ is ¢, if d(¢;,¢) > d(cp, '), and ¢, otherwise,
which can be determined by 2 queries d(c;, ¢) and d(c;., ¢).



Algorithm 2: Query-efficient implementation of Greedy
Input: Candidates C = {c1,...,cm}, k€ {2,...,m — 1},
voter ranking profile S = (1y--y>n)
Output: Set S C C of k candidates
1: S <« {c1, cm } {pick leftmost and rightmost candidates }
2: C' + {Distant-Candidate(C[c1, ¢)) }
3: while |S| < k do

4:  Letcbes.t. (¢,6) € Cand § > & forall (¢/,8') € C
5. S« Su{c}
6: C+ C\{(c,0)}
7: if|S| < k then
8: Let ¢; be the rightmost candidate in .S on ¢’s left
9: Let ¢;41 be the leftmost candidate in .S on ¢’s right
10: C + C U {Distant-Candidate(C[c;, ¢]) }

U {Distant-Candidate(C|c, ¢;+1]) }
11:  endif

12: end while
13: return S

With some more care, we can implement Distant-
Candidate so that it computes (&, d(¢, {c,c'})) based on the
ordinal information submitted by the voters (i.e., it uses a
ranking >, submitted by voter v € Cluster(c), instead of
the ranking . above). Since >, and >, may differ (be-
cause the locations of v and ¢ may be different), we use the
information provided by a 3rd distance query.

Theorem 2. For any k > 3, Algorithm 2 achieves a distor-
tion of at most dn for the social cost (and at most 5 for the
egalitarian cost) for k-Committee Election on the real line
using at most 6k — 15 candidate distance queries.

Proof. Algorithm 2 adapts Algorithm 1 to the case
where candidate locations are not known. It calls Distant-
Candidate, which computes the most distant candidate ¢; in
each interval C[c;, ¢;41] defined by the candidates already
elected in S. The Distant-Candidate algorithm is called once
in step 2 and 2(k — 3) times in step 10 (twice in each while-
loop iteration, for |S| = 3,...,k — 1). So, the total number
of distance queries is at most 6(k — 3) + 3.

The correctness of Algorithm 2 (i.e., the fact that in each
iteration, the candidate ¢ with maximum d(c, S) is added
to S) follows from the discussion above. The distortion
bound for the egalitarian cost uses that Algorithm 1 is 2-
approximate for the egalitarian cost in candidate-restricted
instances (Williamson and Shmoys 2010, Theorem 2.3).
Based on this, we can show an upper bound of 5 on the
distortion for the egalitarian cost in general instances. The
bound of 5n on the distortion for the utilitarian social cost
holds because for any S C C, EC(S) < SC(S) < nEC(S).
We can also show that the clusters created by Algorithm 2
give {)(n) distortion for the social cost. O

6 Low Distortion via Good Subsets

We next analyze the distortion achieved by the optimal k-
committee of the candidate-restricted instance induced by a
small representative set of candidates.
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We say that a candidate subset C’ C C is (¢, 3)-good, for
some £ > k and some § > 1,if |C'| = £ and SC(C’) <
B SC(S*), where S* is an optimal k-committee for the orig-
inal instance. Namely, C’ is {-sparse, in the sense that C’
includes ¢ < m candidates (ideally ¢ < m), and is 3-good,
in the sense that representing each voter by her top candidate
in C’' imposes a social cost at most /3 times the optimal social
cost. The original set C of candidates is (m, 1)-good, while
any k-committee with distortion S is (k, 3)-good.

Given an (¢, 8)-good set of candidates C’, we let C,
{(c1,n1),...,(ce,n¢)} denote the candidate-restricted in-
stance induced by C’. Then, ¢; < - -+ < ¢y denote the loca-
tions of candidates in C’ on the line, and n; = |Cluster(c;)|
is the number of voters with ¢; as their top candidate in C’.
We maintain that n; + --- + ny = n and that each n; > 0
(the latter by removing inactive candidates from C’).

The following shows that an optimal k-committee for the
candidate-restricted instance C/, induced by an (¢, 3)-good
set C’ achieves a distortion of 1+24 for the original instance.

Theorem 3. Let (C,V) be an instance of the k-Committee
Election, let C' C C be an (¢, 3)-good set, let C., be the
candidate-restricted instance induced by C' and let S (resp.
S*) be an optimal k-committee for C., (resp. for (C,V)).
Then, SC(S) < (1 +28)SC(S™*).

Proof. For each voter v (with her location v as in the original
instance), we let top’(v) € C’ be v’s top candidate in C’.
Then, by the triangle inequality, d(v,S) < d(v,top’(v)) +
d(top’(v), S). Summing up over all voters v € V, we obtain:

SC(S) < SC(C') +sc(c, 9), 2)
where SC(C') = 3 oy d(v, top’(v)) = >_, ¢y, d(v,C’) and
SC(CL, ) = X ey dtop'(v), ) = Soi_; nid(e;, S) s

the social cost of S for the candidate-restricted instance C., .
We observe that SC(C,, S) < SC(C,, S*), because in the
candidate-restricted instance C.,, we can replace candidates
in S* \ C’ with candidates in .S without increasing the so-
cial cost. Moreover, since d(top’(v), S*) < d(top’(v),v) +
d(v, S*), we obtain that SC(C.,, S*) < SC(C’) + SC(S™).
Combined with the observations above, (2) implies that:

SC(S) < 28C(C) + SC(S*) < (1+2B)SC(S*),

where the second inequality follows from the hypothesis that
C'is a (¢, §)-good set of candidates.

As soon as we have the distances between all active can-
didates in an (¢, 8)-good set C’, which requires £—1 distance
queries, an optimal k-committee for the candidate-restricted
instance C/, induced by C’ can be computed in polynomial
time by dynamic programming.

7 Hierarchical Partitioning for Good Subsets

Next, we use hierarchical partitioning of the candidate axis
(see Algorithm 3) and compute a (O(klogn),O(1))-good
set of candidates with O(k log n) distance queries.

In Algorithm 3, each triple (or interval) in Z consists of
a candidate interval Clc,, ¢p], the number ng, of voters v
with top(v) € Clcq, ), and the interval length d(c,, cp).



Algorithm 3: Hierarchical partitioning of C|c1, ¢, ]
Input: Candidates C = {c1,...,¢m}, k€ {2,...,m —1},
voter ranking profile = = (>=1,...,>,)
Output: Partitioning Z of C into O(k logn) intervals.
1: Let S = {c!,...,c*} be the result of Algorithm 2
2: I+ {(Clel,ctlina,d(ct,c})), ...,
)}

ca
(C[C];» Cl]f]v Tk, d(CZ, Cflf

{Start with the partitioning of (C, V) induced by S}
0"+ max;ep{d(cy, ¢)}
while |Z| < 7k(log,(5nk) + 2) do

Let (C[cas b), ab, d(cq, b)) € T with |C[cq, cp)| > 4

and maximum weight wt(c,, ¢y) = napd(ca, cp)

if wt(cq, ) < 6*/(5k) then break

T+ (I \ {(C[Cav Cb]a Nab, d(Cm Cb))})

U Partitioning(C[c,, b))

»

end while
return 7

We refer to wt(cq, ¢p) = napd(cq, cp) as the weight of inter-
val C[cg, cp). Algorithm 3 computes a partitioning Z of the
candidate axis C[cy, ¢y,] into at most 7k(log,(5nk) + 2) in-
tervals by repeatedly splitting the interval in Z with largest
weight (and at least 4 candidates) into two intervals.

Algorithm 3 starts with the partitioning induced by the k-
committee S = {c!,..., c*} computed by Algorithm 2 (we
letc! < c? < - < cP). Instep 2, for each i € [k], C[cl,, c}]
is the interval that includes all candidates in C closer to ¢
than to any other candidate in S (cfl, resp. cé, is the left-
most, resp. the rightmost, such candidate), n; is the num-
ber of voters v with top(v) € C[c}, ci], and d(cl,, c}) is the
length of C[c}, ¢}]. We let 6* = max;ep{d(c}, ¢;)}. Then,
SC(S*) > 6*/5, where S* is an optimal k-committee for
the original instance, because S has distortion 5 for the egal-
itarian cost and we assume that all candidates in C are active.

For the interval split, in step 4, we use the Partitioning al-
gorithm, which is a modification of Distant-Candidate used
in Section 5. The Partitioning algorithm uses at most 4 dis-
tance queries and splits each interval C[c,, ¢p) into two inter-
vals (C[Ccu Cl}, Nal, d(Ca, Cl)) and (C[CT7 cb]v Nrb, d(cr; Cb))s
where ¢; (resp. ¢;-) is the rightmost (resp. leftmost) candi-
date in Clc,, ¢p] on the left (resp. right) of the interval’s mid-
point (¢, + ¢)/2. The correctness essentially follows from
the discussion about Distant-Candidate in Section 5.

The collection of intervals 7 maintained by Algorithm 3 is
always a partitioning of C. To obtain an (O(klogn), O(1))-
good set C'(Z) C C from Z, we include in C’(Z) the end-
points ¢, and ¢, of (resp. all candidates in) each interval
Clca, cp] in Z with more than (resp. at most) 3 candidates.
Since |Z| = O(klogn), C'(T) consists of O(klogn) candi-
dates. The following shows that SC(C'(Z)) < 2SC(S*).
Theorem 4. Let T be the partitioning of C computed by

Algorithm 3. Then, the resulting set C'(Z) C C is a
(O(klogn),2)-good set of candidates.

Proof. We first upper bound SC(C'(Z)). We call an inter-
val Cleg, cp] € T expensive, if Clcg,cp] N S* # O (ie.,
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Clca,cp] includes an optimal candidate), and cheap oth-
erwise. For each voter v with top(v) in a cheap interval
Clca, cb), costy (C') < cost, (S*), because the interval’s end-
points ¢,, ¢y € C’, while v’s nearest candidate in S* is out-
side C[cq, cp]. Therefore, the total contribution to SC(C'(Z))
of all voters associated with cheap intervals in Z is at most
their contribution to SC(S*). The contribution to SC(C'(Z))
of the voters v with top(v) in an expensive interval C|c,, cp)
is at most their contribution to SC(S*) plus wt(cg, ¢p). Since
each expensive interval includes a candidate of S*, there are
at most k expensive intervals in Z. Adapting an argument of
(Frahling and Sohler 2005), we next show that as soon as
|Z| > 7k(log,(5nk) + 2), each interval in Z has weight at
most SC(S*)/k. Thus, at this point, the additional cost due
to the total weight of expensive intervals is at most SC(S™).

We refer to an interval Cle,, cp] as light, if wt(cq,cp) <
SC(S5*)/k, and as heavy, otherwise. Splitting an interval
C[ca, cp] results in two intervals Clc,, ¢;] and Cle,, ¢p] each
of length (resp. weight) at most half the length (resp. weight)
of C[eq, cp]. Hence, splitting a light interval replaces it with
two light intervals in Z. Moreover, since Algorithm 3 always
splits the heaviest interval in Z, from the first iteration that it
splits a light interval and on, all intervals in Z are light.

A heavy interval Clcq, ¢p] is close, if d({cq,cp}, %) <
d(cq, cp), and far otherwise. An interval Clc,, ¢p] i encoun-
tered by Algorithm 3, if there is a point during its execution
where C|cq, cp] € Z. We can show that the total number of
far (resp. close) heavy intervals encountered by Algorithm 3
is at most 2k(log,(5nk) + 1) (resp. 5k(log, (5nk) + 1)).

Since the total number of heavy intervals encountered by
Algorithm 3 is at most 7k (log, (5nk) + 1), the first split of a
light interval happens no later than iteration 7k (log, (5nk) +
1) + 1. At that point all intervals in Z are light and |Z| <
7k(log, (5nk)+2) = O(klogn) (werecall thatn > k). O

Since the Partitioning algorithm uses at most 4 distance
queries per split, the total number of queries is O(k logn).
Combining Theorem 3 with Theorem 4, we obtain that:

Theorem 5. There is a polynomial-time deterministic rule
for k-Committee Election that uses O(klogn) distance
queries and achieves a distortion of at most 5.

8 Directions for Further Research

Our work leaves several interesting open questions. First, in
the proof of Theorem 4, dependence on logn seems nec-
essary in order to obtain enough information about the lo-
cations of near optimal candidates. Hence, we conjecture a
lower bound of Q2(k log n) on the number of distance queries
required for constant distortion for 1-Euclidean preferences.

Our results crucially exploit the 1-Euclidean structure. It
would be interesting if bounded distortion can be achieved
with few distance queries for the case where the voters and
the candidates are embedded in R and the voters provide a
ranking of the candidates in each dimension.

For general metric spaces, it would be interesting if con-
stant distortion can be achieved with O(klogn) distance
queries for perturbation-stable instances (e.g., (Makarychev
and Makarychev 2021)), where the different clusters of vot-
ers are somewhat easier to identify.
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