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Abstract

Coalition formation over graphs is a well studied class of
games whose players are vertices and feasible coalitions must
be connected subgraphs. In this setting, the existence and
computation of equilibria, under various notions of stabil-
ity, has attracted a lot of attention. However, the natural pro-
cess by which players, starting from any feasible state, strive
to reach an equilibrium after a series of unilateral improv-
ing deviations, has been less studied. We investigate the con-
vergence of dynamics towards individually stable outcomes
under the following perspective: what are the most gen-
eral classes of preferences and graph topologies guaranteeing
convergence? To this aim, on the one hand, we cover a hier-
archy of preferences, ranging from the most general to a sub-
case of additively separable preferences, including individu-
ally rational and monotone cases. On the other hand, given
that convergence may fail in graphs admitting a cycle even
in our most restrictive preference class, we analyze acyclic
graph topologies such as trees, paths, and stars.

1 Introduction

Coalition formation is an important and widely investi-
gated issue in artificial intelligence. In many economic, so-
cial, and political settings, individuals carry out activities
in groups rather than by themselves. Hedonic games, intro-
duced by Dreze and Greenberg (1980) and later developed
in (Banerjee, Konishi, and Sénmez 2001; Bogomolnaia and
Jackson 2002; Cechlarova and Romero-Medina 2001), are
among the most important game-theoretic approaches to the
study of coalition formation problems. An outcome for these
games is a partition of the players into coalitions, over which
the players have utilities. A player’s utility depends on the
coalition she belongs to, and is not affected by how the par-
ticipants of other coalitions are partitioned.

The standard model of hedonic games does not impose
any restrictions on which coalitions may form. However, in
reality, we often encounter network constraints on coalition
formation, i.e., entities can communicate and cooperate only
if they are connected. Such restrictions can be naturally de-
scribed by means of undirected graphs, giving life to graph
hedonic games, in which players are identified with ver-
tices, communication links with edges, and feasible coali-
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tions with connected subgraphs (Myerson 1977; Demange
2004; Igarashi and Elkind 2016).

In this paper, we study graph hedonic games under the
perspective of individual stability (IS for short), a natural no-
tion of stability introduced by Dreze and Greenberg (1980).
In particular, a player ¢ performs an IS deviation to coalition
T whenever i prefers coalition T' U {i} to her current coali-
tion, and also all players in T do not prefer T' to 7' U {i}.
Roughly speaking, an IS deviation is a Nash deviation (i.e.,
the deviating player strictly benefits) with the additional con-
straint that all players in coalition 7" have to “accept” player
1. A partition is individually stable if no player has an IS de-
viation available. Real life examples of IS deviations exist:
a nation can enter the NATO, or the EU, only if its members
unanimously agree.

Note that stability is mostly concerned with the final state
of the coalition formation process and one frequently ig-
nores how these desirable partitions can actually be reached.
Essentially, speaking about stability often implicitly as-
sumes that there is a central authority knowing the prefer-
ences of all players and computing a stable partition. How-
ever, the existence of a stable state does not imply that play-
ers, starting from an initial configuration, eventually reach
stability after a finite sequence of improving deviations. In
the well known stable marriage problem, a stable matching
always exists under mild assumptions, and the centralized
algorithm of Gale and Shapley (1962) outputs such a state.
However, the natural process of sequentially eliminating the
existing blocking pairs may loop (Knuth 1997). Examples
of this kind motivate the study of decentralized coalition for-
mation processes operated by autonomous entities.

This article focuses on IS dynamics. We analyze the pro-
cess in which the players interact and, possibly, reach an in-
dividually stable coalition structure. More precisely, we aim
at determining the most general possible classes of prefer-
ences and graph topologies guaranteeing convergence of IS
dynamics in graph hedonic games (for any instance and ini-
tial state). To this aim, we consider the following natural
classes of preferences, that we list from the most general
to the most particular: general preferences (no restrictions
except the ones that are usual in hedonic games), individ-
ually rational (IR for short) preferences (each player likes
any coalition she belongs to at least as much as if she were
alone), monotone preferences (each player likes any super-



‘ general individually rational (IR) monotone LAS
cycles X X X X (Ex.2.2)
trees X X X (Ex.5.1) v (Th.5.2)
paths | X (small modification of Ex. 3.3) X (Ex. 3.3 for > 4 coalitions) v (Th.3.2) v (Th.3.2)

v (Th. 3.4 for < 3 coalitions)
stars X (Ex. 4.3) v (Th.4.1) v (Th.4.1) / (Th.4.1)

Table 1: Overview of the convergence results. The “X” indicates that the dynamics are not guaranteed to converge, while “v'”
indicates that the dynamics under individual stability notion converge. The existence of an individually stable partition is always
guaranteed except when the graph contains a cycle and the preferences are general (Igarashi and Elkind 2016).

set of any coalition S she belongs to at least as much as
S), and local additively separable (LAS for short) prefer-
ences. LAS preferences specialize the well studied case of
additively separable (AS for short) preferences where each
player i assigns a value v;(j) to any other player j, and a
player prefers the coalition maximizing the sum of values
towards its members. In LAS preferences, which apply to
graph hedonic games, v;(j) is non negative, and it can be
strictly positive only if ¢ and j are neighbours in the graph.

Contributions. Our results are summarized in Table 1. On
the negative side, general preferences do not guarantee con-
vergence even for the very basic topologies of paths and
stars. Analogously, when considering graphs containing cy-
cles, even the most particular class of preferences under
study, that is LAS preferences, does not ensure convergence.
On the positive side, while IR preferences ensure conver-
gence for stars, monotone preferences are needed in or-
der to secure convergence on paths' and LAS preferences
are needed for guaranteeing convergence on trees. For LAS
preferences or when the graph is a star, we also provide
worst case bounds on the number of steps that the dynamics
need before reaching a stable outcome.

Related work. The book chapter by Aziz and Savani (2016)
gives a comprehensive overview of hedonic games (HGs for
short); see also (Hajdukovd 2006) for an earlier survey on
coalition formation games. Various notions of stability have
been considered for HGs, such as core,? Nash, or individual
stability. These concepts refer to states that exclude a certain
kind of deviations, so they are naturally related to the dy-
namics where, starting from some initial partition, the corre-
sponding deviation is repeatedly performed if it is possible.
When it converges, such a decentralized process constitutes
a plausible explanation of the formation of coalitions.

One of the best known settings is that of HGs with sym-
metric AS preferences (v;(j) = v;(¢) for every pair 4, j of
players) for which the IS dynamics always converge (Bogo-
molnaia and Jackson 2002). In fact, in such games, the sum
of all players’ utilities always increases after the deviation
of a player to her preferred coalition. Gairing and Savani
(2010), however, showed that finding an IS state is PLS-

"When starting from partitions with at most 3 coalitions, indi-
vidually rational preferences also guarantee convergence for paths.

2When considering core stability, an outcome is stable if and
only if there exists no coalition that could make all its members
better off.
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complete, meaning that it is unlikely that the IS dynamics
converge after a polynomial number of steps.

In a significant part of the literature on cooperative games,
some graph constraints are imposed on the coalitions that
can form. The classical result of Demange (2004) in non-
transferable utility games translates to the fact that a core
stable outcome always exists in a hedonic game on a tree.
Igarashi and Elkind (2016) strengthened the result and
showed that there is an outcome that satisfies both core and
individual stability; further, they provided a polynomial time
algorithm to compute an individually stable outcome when-
ever the graph is a tree.

Concerning the existence of IS states, note that when the
graph is connected, having IR preferences implies that the
state where all players are in the same coalition is IS. For
general preferences, an IS partition is guaranteed to exist
when the graph is a forest while it may not exist when the
graph contains a cycle (Igarashi and Elkind 2016).

There is a growing literature on the dynamics in HGs.
Brandt, Bullinger, and Tappe (2022) studied the convergence
of dynamics associated with relaxed notions of IS deviations
where, instead of requiring unanimous consents, the devia-
tion of a player is doable if it is accepted by a majority of
the members of the welcoming coalition. In another closely
related work, Brandt, Bullinger, and Wilczynski (2023) stud-
ied the convergence of IS dynamics in anonymous HGs,
hedonic diversity games, fractional HGs, and dichotomous
HGs. Their results do not readily compare to Table 1 since
their games don’t have graph connectivity constraints and
their players’ preferences are very different. For instance,
individual rationality is not necessarily satisfied in hedo-
nic diversity games, fractional HGs, and dichotomous HGs.
Boehmer, Bullinger, and Kerkmann (2023) studied the dy-
namics in HGs where the utilities of players change over
time, depending on the history of the coalition formation
process. Hoefer, Vaz, and Wagner (2018) considered dynam-
ics towards core stable states in a general hedonic coalition
formation game with various constraints of visibility and ex-
ternality, where the players have correlated preferences, i.e.,
all members of a coalition have the same utility.

Omitted proofs and examples can be found in the ex-
tended version of this work (Fanelli et al. 2024).

2 Model

A graph hedonic game is defined on a finite graph (N, L)
where N is a set of n > 2 players, and L is a set of undi-



rected edges between players. Players are able to cooper-
ate if and only if they are connected in the graph (N, L).
Let F be the set of all nonempty subsets S of N such
that the subgraph induced by S is connected. Each player
i € N has a preference ordering >~; over the subsets in
F(i):={S € F|iec S} Thesubsets of N are referred to
as coalitions. A coalition is said to be feasible if it belongs
to F. A partition 7 of NV is such that g, S = N and for
every pair of distinct S, T € m, we have that SNT = 0.
7 is said to be feasible if 1 C F. An outcome or state (we
interchangeably use these terms) of a graph hedonic game is
a feasible partition. For player ¢ € N and a partition 7w of
N, we denote by 7 () the coalition to which ¢ belongs. We
assume without loss of generality that (N, L) is connected
(otherwise each connected component can be treated sepa-
rately).

Preferences

Fix any playeri € N, and S,T € F(i). S =; T means that
S is at least as good as 7" from player ¢’s viewpoint. We write
S >, T to express that ¢ strictly prefers .S over T', whereas
S ~; T means that ¢ is indifferent between S and T'.

As is standard in hedonic games, we always assume that
>, is complete, transitive, and reflexive (Aziz and Savani
2016). The preference relation >; is said to be general if no
further assumption is made on it. The preference relation >;
is said to be individually rational (IR) if S >; {i} holds for
every S € JF(i). The preference relation >; is said to be
monotone if S =; T always holds when T" C S.

In the well studied case of additively separable prefer-
ences, every player i has a value v;(j) for being in the same
coalition as player j. Player i has utility ;¢ g\ 1y vi(J)
when she is in coalition S. The utility is O when a player
is alone. Then, S >; T holds when ZjeS\{i} vi(j) >
2 jer\ iy vi(J)- In this article we also consider local ad-
ditively separable (LAS in short) preferences, a special case
of additively separable preferences where the players’ values
are non symmetric (v;(j) can differ from v;(z)), non nega-
tive, and v;(j) can be positive only if ¢ and j are neighbors
in (N, L),ie.,vi(j) >0= (i,5) € L.

The hierarchy of the above preference relations is

General O Individually Rational O Monotone O LAS

since LAS preferences are monotone, and monotone prefer-
ences are IR. An instance of the graph hedonic game is said
to be P with P € {general, individually rational, monotone,
LAS} when the preferences of all the players are P.

The dynamics under individual stability

Consider a feasible partition 7, a player ¢ along with her
coalition S = (i), and T' € wU{0}\ {w(i)}. Player i wants
to deviate from Sto Tif TU{i} € Fand TU{i} =; S A
player j € T accepts a deviation of i to T if T'U {i} >; T
Thus, an IS deviation by i from S to T is possible if ¢ wants

3This condition alone defines a Nash deviation for player i, and
a feasible partition is Nash stable if no player has a Nash deviation
available.
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it, and all players in 7" accept it. As a result of player @’s
deviation, S and T become S\ {i} and TU{i}, respectively.

Definition 2.1. A feasible partition 7 of N is said to be in-
dividually stable (IS) if no player i € N has an IS deviation
fo another coalition in U {(}.

This article focuses on the dynamics associated with in-
dividual stability (a.k.a. IS dynamics) as described in Algo-
rithm 1. The deviations are sequential and players keep on
deviating if the current partition is not individually stable. If,
in the dynamics, several players are eligible for an IS devia-
tion, then we suppose that one of them is chosen arbitrarily.

Algorithm 1: IS dynamics

Require: a graph hedonic game (N, L, (>;);cn) and an
initial feasible partition 7
Ensure: A feasible partition 7 of N
I ™+ mg

2: while there exists an IS deviation of ¢ € N from 7 (i)
toT € mrU{0} do
%1 (r\ {7(),TH U{T U {i}} U {S |
S'is a maximal connected subset of 7(:) \ {7} }.
4: end while
5: return 7

When a player ¢ leaves her coalition 7 (i) € F(i), the
graph induced by 7 (¢) \ {i} is not necessarily connected.
In the IS dynamics, it is assumed that the members of
7(7) \ {i} reconfigure themselves in a minimum number of
feasible coalitions by forming inclusionwise maximal con-
nected subsets of 7(z) \ {¢} (cf. Line 3). The motivation be-
hind this assumption is to consider the minimal changes in
(1) caused by the departure of i.

The IS dynamics consist of successive better moves, i.e., a
player does not necessarily join her most preferred coalition,
within the set of coalitions that would accept her.

A sequence in the IS dynamics is an ordered list of states
(7o, ..., m) where each 7, is obtained from 7;_; by a sin-
gle IS deviation. The sequence (7, . . . , k) is cyclic (equiv-
alently, (7o, ..., 7g) is a cycle) if 1y = ;. We say that the
IS dynamics converge if its input does not admit any cyclic
sequence. Otherwise, we say that the IS dynamics cycle.

The IS dynamics can cycle in a graph which is a cycle,
even if the preferences are LAS (cf. Example 2.2).

Example 2.2. In this instance N {a,b,c}, L
{(a,b), (b,c), (a,c)}, va(b) = vp(c) = v.(a) = 1, and any
other value is 0, so the preferences are:
o a:{a,b,c} ~ {a,b} - {a,c} ~ {a}
o b:{a,b,c} ~ {b,c} > {a,b} ~ {b}
o c:{a,b,c} ~{a,c} = {b,c} ~{c}

The initial partition m is {{a, c},{b}}. Player a moves
from {a,c} to {b} giving {{a,b},{c}}. Player b moves
from{a,b} to{c} giving {{a}, {b, c}}. Player c moves from
{b, ¢} 1o {a} giving {{a, c},{b}}, which is m.

Example 2.2 relies on a cycle of 3 vertices but a similar
non-convergence result can be shown when (N, L) is a cycle
with n > 3 vertices (cf. (Fanelli et al. 2024)).



Example 2.2 tells us that even if we consider our most
restricted type of preferences (i.e., LAS preferences), con-
vergence may fail if the underlying graph contains a cycle.
For this reason, in the remainder of this article, we con-
sider trees with LAS preferences and restricted subfamilies
of trees (i.e., paths and starts) with monotone and IR prefer-
ences.

3 Paths

This section is devoted to the case in which (N, L) is a path.
To this respect, we provide a complete picture of the con-
vergence of IS dynamics. In particular, we first prove one of
our main technical results: for monotone preferences, the IS
dynamics always converge. Then, we exhibit an example of
non convergence in which players have individually rational
preferences and we show that, under individually rational
preferences, the IS dynamics always converge when starting
from a partition with at most three coalitions.

Some results of this section will rely on the following
lemma.

Lemma 3.1. The number of coalitions does not increase
during the IS dynamics when (N, L) is a path and players
have individually rational preferences.

Monotone preferences

Let us note that individual stability and Nash stability are
equivalent when the instance is monotone, since no player
refuses that another enters her coalition.

We shall prove that, under monotone preferences, the IS
dynamics always converge on paths. Roughly speaking, the
proof assumes that a cycle exists in the dynamics and ex-
hibits a contradiction as follows. Consider any player i, be-
ing the rightmost of coalition C', joining in the dynamics the
coalition C’ on her right. We prove that, in order for player
i to go back to her original coalition C, the rightmost player
in C’, say player ', has to join coalition C”, being on the
right of i’. By iteratively repeating this argument, we ob-
tain that the rightmost player of the path should also join the
coalition on her right: a contradiction, given that no coali-
tion exists on her right. It is therefore possible to prove the
following theorem.

Theorem 3.2. Under monotone preferences, the IS dynam-
ics always converge on paths.

Proof sketch. We first need some additional notation. The
input graph is a path P where the players arenamed 1, ..., n
from left to right. A feasible coalition in P is a sequence of
consecutive players denoted by [¢, 7] p, where £ and r are the
leftmost and and rightmost players, respectively.

Given a cycle D = (7o, ..., T,) in the IS dynamics, let
|D| = ac+ 1 denote its length, i.e., the number of deviations.
Therefore, D is composed of IS deviations mo, . . ., m|p|—1,
where, for every i = 0,...,|D| — 1, deviation m, at time ¢;
is from state 7r; to state T(;11) mod |p|- Given a cycle D in
the IS dynamics, and any integers a,b € {0,...,|D| — 1},
we denote by [a, b]p the set of integers defined as follows:
if b > a, then [a,b]p = {a,...,b}, otherwise, i.e., if b < a,
[a,b]p ={a,...,|D|—1}U{0,...,b}. Finally, we say that

integer a is closer (resp., farther) with respect to time t than
integer b if (¢ —t) mod |D| < (b —t) mod |D] (resp., if
(a —t) mod |D| > (b—1t) mod |D|).*

Assume by contradiction that there exists a cycle D =
(mo, ..., T p|—1) in the IS dynamics. First of all, notice that,
since the number of coalitions can never increase after a de-
viation of D (by Lemma 3.1), the number of coalitions of
all states in D has to be the same: let k be this number. We
therefore obtain that, for every ¢ = 0,...,|D| — 1, state 7;
is composed of k coalitions named C%, ..., C} from left to
right. In the following, we always assume that superscripts
of C' are modulo |D|. Moreover, for any j = 1,...,k and
i =0,...,|D] =1, let £ and 7 denote the leftmost and

rightmost player in C;, respectively, i.e., Ci = [(;,7%]p.

In this sketch, for ease of exposition, we assume that the
leftmost player in P making a deviation in D belongs to the
first coalition. Let a; be any agent moving from coalition 1
to coalition 2 in D: there exists atime s; € {0,...,|D|—1}
such that deviation mg, is performed by player a; moving
from coalition C* to coalition C3* .

Forany j = 2,...,k — 1, let a; be the rightmost player
in coalition C ' (ie., a; is the rightmost player of the
coalition in wﬁich player a;_ arrives at time s;_; + 1) and
let s; be the closest time with respect to time s;_; in which
a; moves from coalition C;” to coalition C';7}". Moreover,
forany j = 1,...,k — 2, let t; be the farthest time with
respect to s; in which player a; comes back to a coalition
of index j, i.e., she moves from coalition C;-;l to coalition

t;+1
chtt,

Civ o G G g
: T 5
Sj : aj: aj+1:
. . —
Sj+1 : .- aj .. aj+1:
. — .
t] :a]‘ e Aj41 -
. . ¢
tj+1 ! Q. ! (a4

Figure 1: Claim (i) of the proof by induction.

It is possible to prove the following claims by induction
onj=1,....k—1:
e (i)if 5 < k — 2, then it holds that (see Figure 1):
- (i.a) player @, is in coalition Cy withz > j +2;
- (i.b) Sjt+1 € [Sj,tj]D and tj+1 S [tj, Sj]D;
- (i.c) player a; is both in coalition C’ffll and in coali-
tion Ci/** with z < 7
e (ii) if j = k£ — 1, then player a;_; moves to a coalition
of index k (by claim (i.a) holding for j = k — 2), but
*We are assuming that 7 = = mod |D| is defined according

to the floored division, i.e., when the quotient is defined as ¢ =

{‘%J , and thus the remainder » = z—q| D| is always non-negative

even if x is negative.



she cannot go back to a coalition of index k — 1, essen-
tially because player n cannot abandon the last coalition:
a contradiction to the fact that D is a cycle in the IS dy-
namics. O

Individually rational preferences

In this section, we consider the case when the graph is a
path and agents have individually rational preferences. We
first present an example for which the IS dynamics may not
converge when the initial partition contains four coalitions.

Example 3.3. There are 8 players, a,b,c,d,e, f,g,h
aligned on a path in this order. The preferences are given
as follows.

a: {a,b} = {a}

b: {b,c,d,e} = {a,b} = {b,c} - {b}

c:{b,e,d,e} = {c,d,e} > {c,d} > {c}

d: {b,c,d,e} = {c,d,e} = {c,d} > {d,e, f,g} =

{d,e, f} = {b,c,d} > {d}

o e: {d,e, f,g} = {d,e,f} > {e,f} = {b,c,d,e} >
{c.d,e} - {e, f, g} - {e}

o f:{de f.g} = {d.e f} = {e f} = {f}

o g:{d.e, f,9} = {9, h} - {f, 9} - {g}

o h:{g,h} = {h}

Note that all coalitions which do not appear are ranked at

the same positions as the singleton coalitions. Then, we ob-

tain a cycle as depicted below (deviating players are men-

tioned above the arrows).

{{a} {b.c.d. e}, {1}, {g. hP}———>{{a}, {b.c.d}, {e. [}, {o. h}}

N

=

Ha} {b e, d e} {f g}, {h}} Ha} {b.ch {d. e, [} {9, h}}

Ha. b} {c,d e} {f g}, {h}}

©

{{a} {b,c}.{d,e, f, g}, {h}}

~

{{a.b}. {c.d}. {e. .9}, (h}} +————{{a.b}. {c}. {d.c. f.g}. {}}

The example can be easily extended to a larger number of
coalitions by adding extra coalitions on the right of the last
coalition, whose agents do not participate in the dynamics.

Nevertheless, with an initial partition consisting of at
most three coalitions and players having individually ratio-
nal preferences, we are able to prove the following theorem,
establishing the convergence of the IS dynamics. This bound
on the number of coalitions is tight, as demonstrated by Ex-
ample 3.3.

Theorem 3.4. Suppose that the graph (N, L) is a path P
and |mo| < 3. Under individually rational preferences, the
IS dynamics always converge.

Note that for preferences that are not necessarily mono-
tone, we cannot rely on coalition size to reason about player
preferences as we did in the proof of Theorem 3.2. However,
under the assumptions of the above theorem, deviations oc-
cur only between the central coalition and the left (or right)
coalition, where the left-most (or right-most) player of the
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coalition is fixed. We demonstrate that, if we assume the ex-
istence of a cycle in the IS dynamics, then players return to
the central coalition only if the size of the central coalition
decreases, thus yielding a contradiction.

The assumption that the preferences are IR is crucial for
Theorem 3.4. Without having IR preferences, the IS dy-
namics on paths may not converge even when the initial
state consists of one coalition: Take Example 3.3 and add
{a} =q¢ N and {f} =; N\ {a}. Start with the grand coali-
tion N. After two deviations (by a and f), one would reach
the state in the top left of the cycle in Example 3.3.

4 Stars

This section deals with the special case where (N, L) is a
star.

We first show that the IS dynamics always converge under
IR preferences.

Theorem 4.1. Suppose that (N, L) is a star. Under indi-
vidually rational preferences, the IS dynamics converge in a
number of steps which is O(n?).

In the following, we show that it is possible to obtain a
similar result of convergence also for general preferences,
by imposing that the dynamics start from a state verifying a
suitable property. To this respect, we will say that a coalition
S C N is individually rational (IR) if every player ¢ € S
weakly prefers S to {i}. Moreover, a partition 7 of N is said
to be IR if every S € = is individually rational.

Theorem 4.2. Suppose that (N, L) is a star and the initial
state is individually rational. Under general preferences, the
IS dynamics converge in a number of steps which is O(n?).

It is worth noting that starting from an IR state is a weaker
requirement than imposing IR preferences; in fact, when
players have IR preferences, any state (including the initial
one) is IR. Note that without the assumption that the initial
state is IR (and therefore also without the assumption of IR
preferences), the IS dynamics may not converge on a star as
illustrated by the following example.

Example 4.3. Consider a star with center d and leaves
a,b, c. Player d is indifferent between all coalitions and the
preferences of the other players are given as follows:

e a:{a,b,d} > {a} > {a,c,d} = {a,d} = {a,b,c,d}
o b:{b,c,d} = {b} = {a,b,d} = {b,d} > {a,b,c,d}
o c:{a,c,d} = {c} = {b,c,d} = {c,d} > {a,b,c,d}

A cyclic sequence of states can be as follows:
{{a}.{b.c, d}} - {{a} {b,d},{c}} % {{ab,d}, {C}}
{a, = {a.edy, {b})
{{e.dy. (b}, {a}} 2, {{a} {b,c,d}}.

Example A.5 in (Fanelli et al. 2024) shows that the bounds
on the time of convergence provided in Theorems 4.1 and
4.2 are asymptotically tight.

Finally, even when the players’ preferences are IR, the IS

dynamics may cycle in a star with an extra node connected
to a leaf (cf. Example A.6 in (Fanelli et al. 2024)).



5 Trees

In this section, we assume that (N, L) is a tree. We first ex-
hibit an example of non convergence where the valuations
are non negative and additively separable, which falls in the
case of monotone preferences. Then, we move on to local
additively separable preferences and show that the IS dy-
namics always converge. At the end of the section, some ad-
ditional results holding for the special case of (N, L) being
a path, under LAS preferences, are provided.

Example 5.1. Consider the following tree.

Suppose the players have additively separable preferences
with the following values: for any i = 0,1, 2, a; has value
1 for z;, value 2 for a;y1, and O otherwise (subscripts are
modulo 3). Players T' and x; have value 0 for any other
player, for any i = 0, 1, 2. Since all the values are non nega-
tive, the described preferences are monotone. The IS dynam-
ics may cycle as follows.

o = {{xOv aO}’ {T»al}a {xl}’ {G'Qa xQ}}

o m = {{z0},{T,a0,a1},{z1},{az x2}}.
o m = {{z0},{T, a0}, {a1, 21}, {az, x2}}.
o m3 = {{zo},{T, a0, a2},{a1,z1}, {z2}}.
® Ty = {{1;07@0}’7 {T’ a2}a {a1,$1}7 {332}}
® 5 = {{x07a0}7 {T7a17a2}a {xl}{x2}}
Here, a sequence of IS deviations is made by

ag, a1, 02, 00,a1, and finally by as, resulting in the

initial state .

Note that in Example 5.1, one can duplicate the a; players
and reproduce a cycle in the dynamics where all the values
are either 1 or O (cf. Appendix).

Local additively separable preferences

LAS preferences are considered in this section. Under LAS
preferences the IS dynamics can cycle if (N, L) includes a
cycle (cf. Example 2.2), but the IS dynamics always con-
verge when (N, L) is acyclic.

Theorem 5.2. In a graph hedonic game with LAS prefer-
ences over a tree the IS dynamics always converge.

Proof sketch. We denote by N (i) the set of neighbours of i
(we assume ¢ ¢ N (7)) and by L(4) the set of edges incident
to 7. For every feasible partition 7 we define L, = {(4, ) €
L:7(i)=n(j)} and L, = L\ L, and we refer to them as
the set of built and broken edges in , respectively. For every
player i and feasible partition = we define L, (i) = {(¢,7) :
(i,7) € L(i) N L} and L, (i) = L(i) \L (1), that are the
set of built and broken edges incident to 7, and we denote by
u; () the utility of 4 in 7.

The fact that (N, L) is a tree directly implies that every
feasible partition 7 satisfies the following property.

Claim 5.3. Let 7 be any feasible partition. Given any i € N
then, for every j,j' € N(i) such that j' # j and (i, j) €
L, (7), it holds that w(j) # w(j').
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The deviation of a player ¢ in a feasible partition 7 can
be interpreted as selectmg a neighboring vertex j that is in-
cident to an edge in L, (i ) This observation enables us to
describe the IS dynamics in a tree as outlined in Algorithm
2. In order to prove the theorem, we incorporate a labeling
scheme ¢, where £ : L — N U{L} is a function labeling the
edges of the graph as specified in Algorithm 2.

Algorithm 2: IS dynamics for trees with labeling

Require: a graph hedonic game (N, L, (=
(N, L) is a tree, and an initial feasible partition 7
Ensure: A feasible partition m of N

i)ieN )> such that
0

I: t+0

2: for eache € L do

3 ffe) + L

4: end for o

5: while there exists (af, ﬁt) € Lﬁt (at) such that o' has

an IS deviation from 7Tt( ) to ¢ (3t) do

6wt e (n {rt(af), 789} U {rt (89 U fa U
{S | S is a maximal connected subset of 7f(at)\
{a'}}.

7. foreache € L do

8: if e€ Lt(a )U{( ,3")} then

9: 01 (e) + ot

10: else

11: 1 (e) « (i(e)

12: end if

13:  end for

14 t+t+1

15: end while
16: return

Algorithm 2 works as follows. At time step ¢ > 0 player
o' performs a deviation from 7¢(a?) to 7t (3?) (see Figure 8
in (Fanelli et al. 2024)); 7! denotes the partition obtained
after this deviation (line 6). As a consequence of Claim 5.3,
(at, B?) is the only edge in L :+1(at); therefore we say that
ot builds (at, 3") and breaks all the edges in L,:(a') at
time ¢. Moreover, as a consequence of Claim 5.3 and LAS
preferences, Ut (1! 71) = v (BY).

Algorithm 2 incorporates also a labeling scheme. At ev-
ery time step ¢t > 0, it assigns a label (*(e) to each edge
e = (4,j) € L; this label gets value in {_L, 4, j}. The label
tracks which of the two endpoints of the edge made the most
recent deviation in previous time steps, thereby determining
the current status (built or broken) of the edge. Namely, at
time ¢t = 0O the label of each edge e € L is set to L (line 3),
which means that none of the endpoints of e has performed
any deviation. At time ¢+ 1 > 1 the labels of all the edges in
Lye(a) U{(at, ")} are set to o (line 9), while the labels
of all the remaining edges remain unchanged (line 11). The
labeling scheme satisfies the following property.

Claim 5.4. Foreveryi € N andt > 0, there exists at most
one edge e in L (i) such that (*(e) = i.

Now, let us examine how the utility of any player ¢
changes throughout the dynamics given by an execution of
Algorithm 2. Note that the utility of ¢ is influenced only by



the deviations of ¢ and the deviations of the players in N (7).
Moreover, if v;(j) = 0, ¢ would never perform a deviation
in which she builds an edge with j. Hence, the utility of ¢
strictly increases after each deviation by ¢, it may increase
after a neighbour j builds an edge with ¢ (it does not change
if v;(j) = 0), it may decrease after a neighbor j breaks an
edge with 7 (it does not change if v; (i) = 0), while it strictly
decreases after a neighbor j breaks the edge with 7 when its
label is equal to ¢ (in fact, since the edge has been previously
built by 4, it must hold that v;(j) > 0).

Next, we will bound the number of times a player ¢ can de-
viate by building an edge with a given neighbor j. In order to
do so, we need to introduce some notation. Let Tt (¢) denote
the set of time steps in which ¢ performs a deviation by build-
ing an edge connecting herself with any node in Q C N (Z)
For j € N(i), we simplify the notation by writing 7} (¢) in-
stead of T'(;} (¢). Trivially, we have [T (i)| = >~ ,cq |T (2)].
We denote by T'(¢) the set of time steps in which ¢ per-
forms a deviation, i.e., (i) = Tn;(i). Since i may also
break edges with some neighbors during each deviation, for
j € N(i)and Q@ C N(i) \ {j'}, we denote by Té’(z‘) the
set of time steps in which ¢ performs a deviation by build-
ing an edge with any node in () while breaking the edge
with j' when its label is equal to j For j € N( '),

simplify the notation by writing T] (4) instead of T{J }( )
Trivially, we have |TQ( D = Yo |TJJ (7)]. We define
T9' (i) = Tjjvl(i)\{j,} (1), that is the set of time steps in which
i breaks the edge with j € N(7) when its label is equal to j'.
Also in this case we have |17 ()| = Dienangy T3 @)1
We are ready to show a bound on the number of times ¢
builds an edge.

Lemma 5.5. For everyi € N and Q C N(3), |Tg(7)] <
Q1+ Zyeny IT @),

Now, let us consider a player  and let G be the tree (N, L)
rooted in r. Our goal is to bound the number of deviations
of . We denote by C; the set of children of 4, by D, the
set of players in the subtree of G rooted in i (including 1)
and by p() the parent of i # r. Notice that C,, = N(r),
DrfN N(i) \ {p(i)} for every i # r, and C; = 0
and D; = {z} for every leaf i. For every i, let d; be the
maximum distance between 7 and any leaf in D; (d; = 0 for
every leaf 7). For every path o} = (j = qo,q1,...,qx = 1)
suchthatk > Oand gp41 = (qh) foreveryh =0...,k—1,

we define m} = 15—y |Cy, | (notice that m’ = 0 for every
leaf j).

D@ < Yjep, mi-
()l < ZJEN mj.

= C,, from Lemma 5.5 we have

Proof. Since, N (r)

T(r)| = |Te, (r)] < 1C(1+ D T7(q)])

qeCy
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Moreover, since T" (q) = Tgiq) (q), we can apply Lemma
5.6 to the previous inequality and obtain

T <ICH(L+ Y > mi) =D m].

q€C,. jED, jED,

O

Given the arbitrariness of the choice of r, this concludes
the proof of Theorem 5.2. O

Corollary 5.8. In graph hedonic games with LAS prefer-
ences, the IS dynamics over a path converge within 2n? de-
viations.

The following proposition shows that the IS dynamics
can require an exponential number of deviations before con-
verging on trees under LAS preferences, by providing an
instance with a player performing a number of deviations
matching the bound of Lemma 5.7, and thus also showing
that this bound is tight. Finally, Ex. A.11 in (Fanelli et al.
2024) shows that the IS dynamics can require 2(n?) steps
for converging on a path under LAS preferences, thus prov-
ing that the bound of Corollary 5.8 is asymptotically tight.

Proposition 5.9. In a graph hedonic game with LAS prefer-
ences over a tree, the IS dynamics may require an exponen-
tial number of deviations before converging.

6 Conclusion and Future Work

This article draws a picture of convergence issues of the IS
dynamics in graph hedonic games. Our results, summarized
in Table 1, depend on the graph topology and a hierarchy of
preferences. Many open questions are left for future works.

In most of the cases, we could upper bound the worst-case
number of steps that the IS dynamics may need before con-
verging. However, this question remains open for the cases
covered by Theorems 3.2 and 3.4.

The IS dynamics rely on better responses but note that
our counterexamples with cyclic sequences hold also with
best responses. However, the results showing a lower bound
to the number of deviations needed for convergence (Exam-
ple A.5 in (Fanelli et al. 2024) and Proposition 5.9) do not
extend to the case of best responses. We in fact conjecture
that under best responses the time of convergence can sig-
nificantly improve.

When a player i leaves her coalition 7(¢) during the IS
dynamics, we suppose that the members of 7 (i) \ {i} re-
configure themselves into a minimum number of coalitions,
but a different reconfiguration scheme can be assumed if, for
example, 7(7) \ {¢} is replaced by singletons. An interesting
question is whether the reconfiguration has a significant im-
pact on the convergence of the IS dynamics.

This work deals with convergence for any instance and
any initial state but if convergence is not always guaranteed,
then it is worth determining the complexity of deciding it for
a given instance, from a given initial state.

Finally, a convergence study combining graph topologies
and properties of the preferences can be conducted on devi-
ations other than the IS deviations.
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