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1AGH University
2Czech Technical University in Prague

3Université de Rennes
4CNRS, LAMSADE, Université Paris Dauphine-PSL

5University of Oxford
faliszew@agh.edu.pl, mertlova.jita@gmail.com, pierre.nunn@ens-rennes.fr, s.szufa@gmail.com, tomasz.was@cs.ox.ac.uk

Abstract

The map of elections framework is a methodology for visual-
izing and analyzing election datasets. So far, the framework
was restricted to elections that have equal numbers of can-
didates, equal numbers of voters, and where all the (ordinal)
votes rank all the candidates. We extend it to the case of elec-
tions of different sizes, where the votes can be top-truncated.
We use our results to present a visualization of a large frag-
ment of the Preflib database.

Code — https://github.com/Project-PRAGMA/Map-
Different-Sizes-AAAI-2025

1 Introduction
The map of elections framework is a methodology for ana-
lyzing and visualizing sets of elections, introduced by Szufa
et al. (2020) and Boehmer et al. (2021). The basic idea is
to depict (ordinal) elections as points on a plane, so that the
closer two given points are, the more similar are their corre-
sponding elections (see Figures 1a and 1b for examples, and
Section 2 for definitions). To measure this similarity, one can
either use the accurate but computationally challenging iso-
morphic swap distance (Faliszewski et al. 2019), or the less
precise but efficiently computable positionwise distance (Sz-
ufa et al. 2020), or whatever other distance that is invariant
to renaming the candidates and voters. Indeed, the elections
may be unrelated to each other and we only care about their
structural similarities. Unfortunately, the distances used so
far are restricted to elections with the same numbers of can-
didates and voters, and require the votes to be complete, i.e.,
to rank all the candidates. We aim to rectify these two issues.

The original motivation behind the map framework was to
better understand relations between various statistical cul-
tures (i.e., models of generating random elections) and to
present experimental results in a nonaggregate way (Szufa
et al. 2020). For this, the restriction to particular election
sizes and complete votes is natural, as we have full con-
trol over the data. However, maps are also useful for study-
ing real-life elections. For example, we can get better in-
sight into the nature of real-life elections by analyzing their
positions on the map (Boehmer et al. 2021; Boehmer and
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Schaar 2023), or check which statistical cultures yield simi-
lar elections (Boehmer et al. 2021, 2022a). Yet, real-life data
poses some issues, as seen in the next two datasets from Pre-
flib (Mattei and Walsh 2013):

Irish General Elections. Preflib includes the ordinal votes
cast in several constituencies in Ireland during the 2002
general election. Naturally, each of them had a different
number of candidates (between 9 and 14) and a different
number of voters (between around 30 000 and 64 000),
most of whom ranked some top candidates only.

Formula 1. Here, each election is a Formula 1 season,
where each vote is a race ranking the drivers (i.e., the
candidates) in the order in which they finished. There are
around 20 races and 20 drivers in each season, but these
numbers vary, and not all drivers complete each race.

So far, to put such elections on a map, one had to fill in the
missing parts of the preference orders, restrict the number
of candidates to some common value (e.g., by deleting the
worst-performing ones), and sample a fixed-size set of votes.
We propose distances that can deal with different-sized/top-
truncated elections natively, without preprocessing.

Ideally, we would like to extend the isomorphic swap and
positionwise distances so that different-sized elections with
“obviously identical” structure would be at distance zero.
Unfortunately, this turns out to be impossible even for a
rather minimal definition of an “obviously identical” struc-
ture (even without thinking of top-truncated votes). How-
ever, we do find two intuitively appealing distances that ful-
fill some of our requirements: One is an extension of the
positionwise distance and one, which we call DAP, is based
on analyzing diversity, agreement, and polarization within
votes. In the spirit of our desiderata, DAP turns out to be
strongly correlated with the isomorphic swap distance and,
so, can serve as its replacement. We first describe our dis-
tances and then analyze their properties, both theoretically
and experimentally. In the experiments, we largely focus
on synthetic elections, as such data is easier to control, but
our main motivation is to visualize real-life data. Hence, in
Section 5 we form a map of a large fragment of Preflib, a
database of real-life elections (see Figure 4). The overarch-
ing goal of the paper is to explain how we obtained this map,
why the choices made on the way are justified, and what we
can learn from it.
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(a) Positionwise Distance. (b) Swap Distance.

Figure 1: Maps of elections created using the (a) isomorphic swap and (b) positionwise distances. Each point corresponds to an
election; the color represents the statistical culture it comes from: ID, UN, and AN refer to identity, uniformity, and antagonism
elections; IC, Mallows, and urn mean impartial culture, the normalized Mallows model, and the Pólya-Eggenberger urn model,
respectively; Interval, Square, Cube, 5D/10D Cube, Circle, and Sphere refer to Euclidean models; SP stands for single-peaked
(in the Conitzer or Walsh models), SPOC for single-peaked on a circle, and GS for group-separable (caterpillar or balanced).

2 Preliminaries
For a positive integer k, we let [k] = {1, . . . , k}, and we
write R+ to denote the set of nonnegative real numbers. For
two equal-sized sets A and B, Π(A,B) is the set of bijec-
tions between A and B.

Elections. An election is a pair E = (C, V ), where C is
a set of m candidates and V is a collection of n votes, i.e.,
weak orders over C; we will also sometimes refer to mem-
bers of V as voters (i.e., the agents who cast the respective
votes). By a size of an election, we mean the pair (m,n). For
two candidates a, b ∈ C and voter v ∈ V , we write a ≻v b
if v strictly prefers a over b and a ∼v b if v is indifferent
between them. We write a ⪰v b if a ≻v b or a ∼v b. By
NE(a ≻ b) we mean the number of voters in election E
that strictly prefer a to b, and by NE(a ∼ b) we mean the
number of those indifferent between these candidates.

Consider vote v over candidate set C. We say that v is
complete if it is a strict linear order over C, and that it is top-
truncated if C can be partitioned into sets C↑

v and C↓
v , so that

v is a strict linear order over C↑
v and for every c ∈ C↑

v and
a, b ∈ C↓

v we have c ≻v a ∼v b. C↑
v is the top part of v and

C↓
v is its truncated part (so a complete vote is top-truncated

with empty truncated part.) An election is complete (top-
truncated) if all its votes are complete (top-truncated).

Top-truncated elections are quite common in real-life
election data (see e.g., Preflib database (Mattei and Walsh
2013)) and have been extensively studied in terms of their
prevalence (Kilgour, Grégoire, and Foley 2020), efficiency
(Borodin et al. 2022), effect on voting rules (Tomlinson,
Ugander, and Kleinberg 2023), or a possibility of manipu-
lation (Baumeister et al. 2012).

Special Elections. Following Boehmer et al. (2021), we
consider the following families of characteristic (complete)
elections (we consider m candidates and n voters): (i) In an
identity election (IDm,n) all n votes are identical; (ii) an an-
tagonism election (ANm,n) is a concatenation of two iden-
tity ones, where the voters in one have opposite preference
orders to those in the other; and (iii) in a uniformity election
(UNm,n) all possible votes appear equal number of times.
The number of voters must be even in an antagonism elec-

tion and must be a multiple of m! in a uniformity one. We
drop the number of voters from notation when it is irrelevant.

Distances. A pseudodistance over a set U is a function
d : U × U → R+ such that for each a, b, c ∈ U we have
(1) d(a, a) = 0, (2) d(a, b) = d(b, a), and (3) d(a, b) +
d(b, c) ≥ d(a, c). We often drop “pseudo” prefix.

(Isomorphic) Swap Distance. Given two votes, u, v, over
the same candidate set, we define their swap distance as
swap(u, v) = 1

2

∑
a,b∈C([a ≻u b ∧ b ⪰v a] + [a ⪰u

b ∧ b ≻v a]), where the expressions in square brackets eval-
uate to 1 when they are true and to 0 otherwise. That is, we
add 1 for each pair of candidates for which both voters have
a strict, opposite preference, and we add 1/2 for each pair of
candidates for which exactly one of the voters is indifferent.

For a pair of equal-sized/complete elections E = (C, V )
and F = (D,U), such that |C| = |D| = m, V =
{v1, . . . , vn} and U = {u1, . . . , un}, their (isomorphic)
swap distance is the sum of the swap distances between the
votes, under optimal matchings of the candidates and voters.
Formally, dswap(E,F ) is equal to:

min
π∈Π([n],[n])
σ∈Π(C,D)

∑
i∈[n] swap(σ(vi), uπ(i))/

(
1
4n(m

2 −m)
)
,

where σ(vi) means vote vi with each candidate c ∈ C re-
placed with σ(c) ∈ D. By definition, dswap is invariant to
renaming the candidates and reordering the voters, and its
value is zero if and only if the given elections are isomorphic
(i.e., are identical up to renaming the candidates and reorder-
ing the voters). This distance was introduced by Faliszewski
et al. (2019). Dividing by 1

4n(m
2 −m) ensures normaliza-

tion of the largest distance to exactly 1 (for the case where n
is even (Boehmer et al. 2022b)).

Wasserstein Distance. Given a vector a⃗=(a1, . . . , am) ∈
Rm

+ , we identify it with a stepwise function a : [0, 1] → R+,
such that a(0) = 0 and for all i ∈ [m] and x in ( i−1

m , i
m ]

we have a(x) = (m · ai)/(a1 + · · ·+ am). Further, for each
x ∈ [0, 1] we set A(x) =

∫ x

0
a(y)dy. Note that the nor-

malization in function a(·) ensures that A(1) = 1. For two
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vectors a⃗ ∈ Rs and b⃗ ∈ Rt of possibly different dimen-
sions, we define their Wasserstein distance as W (⃗a, b⃗) =∫ 1

0
|A(x) − B(x)|dx. As a(x) and b(x) are stepwise and

A(x) and B(x) are piecewise linear, W (⃗a, b⃗) can be com-
puted in polynomial time (assuming we can perform arith-
metic operations in polynomial time).

Frequency Matrices and Positionwise Distance. Con-
sider an election E = (C, V ), where C = {c1, . . . , cm} and
V = (v1, . . . , vn). A frequency matrix of a top-truncated
vote v ∈ V is an m ×m matrix freq(v) where the entry in
the i-th row and j-th column is:

freq(v)i,j =


1 if cj ∈ C↑

v and v ranks it i-th there,
1/|C↓

v | if cj ∈ C↓
v and i > |C↑|,

0 otherwise.

A frequency matrix of election E is the average of
the frequency matrices of its votes, i.e., freq(E) =
1/n

∑
vi∈V freq(vi). Intuitively, freq(E)i,j is the probability

that in a randomly selected vote from E the j-th candidate
is ranked in the i-th position (where being in the truncated
part of a vote means having equal chance of being ranked in
any of the truncated positions). Frequency matrices are nor-
malized variants of position matrices of Szufa et al. (2020);
see also the works of Boehmer et al. (2022a, 2023) (these
authors did not consider top-truncated votes; we added this
extension). Frequency matrices are bistochastic, i.e., each of
their columns and each of their rows sums up to 1.

The Wasserstein distance between two bistochastic matri-
ces, X = [x⃗1, . . . , x⃗m] and Y = [y⃗1, . . . , y⃗m], with m col-
umn vectors each, is the sum of the Wasserstein distances be-
tween their (optimally matched) column vectors. Formally:

dW (X,Y ) = minσ∈Π([m],[m])
1
m

∑
i∈[m] W (x⃗i, y⃗σ(i)).

Then, the positionwise distance of two equal-sized elections,
E and F , is the Wasserstein distance of their frequency ma-
trices, dpos(E,F ) = dW (freq(E), freq(F )). This distance
was originally defined by Szufa et al. (2020) using the clas-
sic earth mover’s distance (EMD) of Rubner, Tomasi, and
Guibas (2000), defined for vectors of the same dimension
that sum up to the same value. We prefer the Wasserstein
distance because it applies to vectors of different dimen-
sions, while being closely related to EMD (in the proposi-
tion below, emd(⃗a, b⃗) is the EMD distance between vectors
and a⃗ and b⃗, and is known to be between 0 and m−1; hence
mW (⃗a, b⃗) is its good approximation both for very similar
and quite far-off vectors).

Proposition 2.1. For each two m-dimensional vectors a⃗ and
b⃗ with nonnegative entries that sum up to 1, it holds that
max( 12emd(⃗a, b⃗), emd(⃗a, b⃗)−1) ≤ m·W (⃗a, b⃗) ≤ emd(⃗a, b⃗).

Like the isomorphic swap distance, the positionwise dis-
tance is invariant to renaming the candidates and reordering
the voters, but it differs in that it can assume value 0 even
for pairs of nonisomorphic elections. Positionwise distance
is normalized in the sense that its largest value is about 1/3
(we omit exact calculations).

Maps of Elections. A map of elections is a set of elections
with distances between each pair of them (called original
distances). We associate each election with a point in a 2D
space so that the Euclidean distances between the points re-
semble the original ones, using either multidimensional scal-
ing (MDS (Kruskal 1964)) or Kamada-Kawai (KK (Kamada
and Kawai 1989)) embedding algorithms.

3 Search for More Versatile Distances
Our first goal is to find a satisfying distance d̂ over different-
sized, complete elections (as a convention, we will be mark-
ing distances that can handle different-sized elections with
a “hat” on top). Ideally, we would like d̂ to be an extension
of an appealing distance among equal-sized elections, and to
put “obviously” identical elections at distance 0. Below we
express these requirements formally:

1. We say that d̂ is a swap extension if it is a distance and for
each two equal-sized/complete elections E1 and E2 with
n voters and m candidates, d̂(E1, E2) = dswap(E1, E2).
We define a positionwise extension analogously.

2. We say that d̂ is ID-consistent if for all p, r, s, q ∈ N,
p, r ≥ 3, we have d̂(IDp,q, IDr,s) = 0. We define AN-
consistency and UN-consistency analogously. (We con-
sider at least 3 candidates as AN2,2 = UN2,2, so without
this restriction assuming both AN- and UN-consistency
would put all AN and UN elections at distance zero.)

We would like a swap extension or a positionwise ex-
tension that is ID-, AN-, and UN-consistent. Naturally, one
could think of further conditions, but these are both natural
and quite minimal. Yet, even this is too much to ask for.

Proposition 3.1. There is no swap extension nor position-
wise extension that simultaneously satisfies ID-, AN- and
UN-consistency.

This means that either we have to give up on at least one
of the consistency properties, or on looking for swap/posi-
tionwise extensions. We explore both of these possibilities.

3.1 Intuitive Swap/Positionwise Extensions
As far as swap extensions go, one natural idea is that given
two elections E1 = (C1, V1) and E2 = (C2, V2), where
|C1| < |C2|, we define d̂ tr

swap(E1, E2) as dswap(E
′
1, E2),

where E′
1 is equal to E1 with additional |C2| − |C1| candi-

dates that all voters have in their truncated parts. Unfortu-
nately, this leads to maps where elections with fewer candi-
dates are clustered together, so we lose significant amount
of information about them.

Proposition 3.2. d̂ tr
swap is a swap extension that is neither

ID- nor AN- nor UN-consistent.

Alternatively, we could define d̂delswap(E1, E2) to be equal
to the expected isomorphic swap distance of elections E1

and E′
2, where E′

2 is obtained by deleting |C2| − |C1| can-
didates from E2 uniformly at random. However, this is not
even a distance as it fails the triangle inequality.

Proposition 3.3. d̂delswap fails triangle inequality.
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One could hope that violations of the triangle inequality
are rare and, hence, could be ignored. Unfortunately, based
on the experiments, this is not the case, and violations are
common. All in all, we were not able to find a satisfying
swap extension and we leave looking for one as an open
problem. On the positive side, we do identify a natural, UN-
consistent positionwise extension that not only applies to
different-sized elections, but also seamlessly handles top-
truncated votes.

For a matrix X = [x⃗1, . . . , x⃗m] and an integer k ≥
1, by strmk(X) we denote the matrix obtained from X
by stretching, i.e., copying each of its component vectors
k times, so that for each i ∈ [mk], the i-th vector of
strmk(X) is x⃗⌈i/k⌉. Then, we define the positionwise dis-
tance between elections E and F—with possibly differ-
ent numbers of candidates and voters—as d̂pos(E,F ) =
dW (strs(freq(E)), strs(freq(F ))), where s is the least
common multiple of the numbers of candidates in E and F .
That is, to obtain d̂pos(E,F ) we first compute the frequency
matrices of E and F , then we duplicate their vectors so that
both matrices end up with an equal number of columns, and,
finally, we match these columns and sum up their Wasser-
stein distances (recall the definition of the positionwise dis-
tance from Section 2; note that here the vectors may be
of different dimensions, which is why we chose to use the
Wasserstein distance instead of EMD). Truncated votes are
handled seamlessly because they are encoded in the fre-
quency matrices. We show that d̂pos is indeed a positionwise
extension and that it is UN-consistent.

Theorem 3.4. d̂pos is a positionwise extension that is UN-
consistent, but not ID- nor AN-consistent.

Note that Proposition 3.1 does not not preclude the exis-
tence of a positionwise extension satisfying UN-consistency
and either ID- or AN-consistency. Thus, our positionwise
distance is not “optimal” in terms of the axioms it satisfies.

3.2 Feature Distance and ID/AN/UN-Consistency
In principle, Proposition 3.1 might hold simply because no
distance is simultaneously ID-, AN-, and UN-consistent, ir-
respective of being a swap or a positionwise extensions. We
show that this is not the case and at least one such distance
exists. To this end, let f = (f1, . . . , fk) be a collection of
features, i.e., functions that given an election output a value
between 0 and 1. For an election E, its feature vector is
f(E) = (f1(E), . . . , fk(E)), and the feature distance d̂f
between elections E and F is df (E,F ) = ℓ2(f(E), f(F ));
naturally, one could also use ℓ1 or some other distances.1 For
every collection of features f , d̂f is indeed a distance over
different-sized elections, and if the features are defined for
top-truncated elections, so is d̂f .

Let id(E), an(E), and un(E) be three features such that
their value is 0 if the input election is isomorphic to, respec-
tively, some ID, AN, or UN election, and it is 1 otherwise.

1For two vectors, a⃗ = (a1, . . . , ak) and b⃗ = (b1, . . . , bk), we

define ℓ2(⃗a, b⃗) =
(∑k

i=1(ai − bi)
2
)1/2

.

Proposition 3.5. The distance defined by collection
(id, an, un) of features is ID-, AN-, and UN-consistent.

While this distance has all the desired consistency proper-
ties, it puts all elections that are not isomorphic to ID, AN, or
UN at distance zero and, hence, is not very useful. Next we
develop a feature distance that implements a similar idea, but
in a more sophisticated way. To this end, we focus on evalu-
ating diversity, agreement, and polarization among the votes
(indeed, UN captures ideal diversity, ID ideal agreement,
and AN—polarization). Let E = (C, V ) be an election. The
agreement for candidates a, b ∈ C is:
α(a, b) = max(|NE(a≻b)−NE(b≻a)|, NE(a∼b))/|V |.
Intuitively, |NE(a ≻ b) − NE(b ≻ a)|/|V | captures the
agreement when voters lean toward strict preference over
a and b, and NE(a ∼ b)/|V | reflects the agreement when
most of the voters put both a and b in the truncated parts of
their votes. The agreement index of an election E = (C, V )
is an average of agreements for all pairs of candidates, i.e.,
A(E) =

∑
{a,b}⊆C α(a, b)/

(|C|
2

)
. This definition is a nat-

ural extension of the agreement index studied for complete
elections by Alcalde-Unzu and Vorsatz (2013), Hashemi and
Endriss (2014), and Can, Ozkes, and Storcken (2015). Note
that these papers use other names and interpretations for this
index—we follow the approach of Faliszewski et al. (2023).

Regarding diversity and polarization, we also follow Fal-
iszewski et al. (2023), but with a few changes. For each in-
teger i, let the empirical i-Kemeny score of election E be:
emki(E) = minv1,...,vi∈V

(∑
v∈V

(
minj∈[i] swap(v, vj)

))
.

That is, to compute emki(E), we seek i votes from the elec-
tion so that the sum of the swap distances of each vote in E
to the closest selected one is minimized. E.g., emk1(E) is an
approximation of the classic Kemeny score (Kemeny 1959).
To normalize emki(E), we divide by its maximal possible
value, i.e., 1/2 · |V | ·

(|C|
2

)
. We define the diversity and polar-

ization indices as:
D(E) = 2

5

∑5
i=1 emki(E)/(|V | ·

(|C|
2

)
),

P (E) = 2 · (emk1(E)− emk2(E))/(|V | ·
(|C|

2

)
).

The latter is simply an approximation of the polarization in-
dex introduced by Faliszewski et al. (2023) and the former
is a heuristic built on top of their diversity index; we chose
the constant 5 as our initial experiments have shown that
it captures the same notion as their approach, and it allows
for fast computation; in general, computing emki(E) is in-
tractable (Faliszewski et al. 2023), so we approximate it us-
ing their local search approach.

We prove that for every i, the value of the empirical i-
Kemeny score of the uniformity election converges to its
maximal value as the number of candidates grows.
Proposition 3.6. For every constant i ∈ N, it holds that
limm→∞ emki(UNm,m!) = 1/2 ·m! ·

(
m
2

)
.

This gives the following sanity check (arrows mean conver-
gence as the number of candidates grows):

D(ID) = 0, A(ID) = 1, P (ID) = 0,

D(UN) → 1, A(UN) = 0, P (UN) → 0,

D(AN) = 1/5, A(AN) = 0, P (AN) = 1.
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These results are intuitive as in ID all the voters agree, UN is
most diverse, and AN is most polarized. The DAP distance,
denoted d̂dap, is a feature distance that uses D, A, and P
as the features. We see that DAP is ID-consistent and AN-
consistent, but not UN-consistent (but it satisfies this prop-
erty in an approximate sense—the distance between two UN
elections with different numbers of candidates gets smaller
and smaller as the numbers of candidates in these elections
increase).

Proposition 3.7. d̂dap is ID-consistent and AN-consistent,
but is not UN-consistent.

While our diversity feature may appear somewhat ad hoc,
we believe that it captures the intuitive notion of diversity
among votes and our results are robust to tweaking it. In-
deed, in Section 4.2 we find strong correlation between the
DAP distance and the swap one (which implicitly relies on
diversity analysis (Faliszewski et al. 2023)).

3.3 Positionwise Distance Versus DAP
Positionwise distance and DAP vary in several significant
ways. Foremost, the positionwise distance deals with differ-
ent numbers of candidates by, effectively, creating their vir-
tual copies, so that the elections it analyzes look as if they
were equal-sized (this process is hidden in computing the
Wasserstein distance and in stretching the matrices). On the
other hand, DAP identifies structural properties of the elec-
tions (diversity, agreement, and polarization) and rescales
them to a common denominator, so that different-sized elec-
tions can be compared on common grounds.

Second, the two distances treat top-truncated votes differ-
ently. DAP inherits its approach from the swap distance that
its features are based on (the agreement index is similar in
this respect): If a voter puts some candidates in the truncated
part, then DAP assumes that he or she sees them as equally
bad. In contrast, the positionwise distance assumes that the
voter can rank them, but chose not to report it, so the distance
assumes a uniform distribution over possible completions.

4 Maps of Synthetic Datasets and Evaluation
Our next goal is to understand how the positionwise and
DAP distances behave in practice. To this end, we form and
analyze maps of synthetic elections, and we evaluate how the
distances between elections change as we vary either their
size or their level of truncation. First, we describe our data.

4.1 Datasets
Our basic dataset consists of 326 complete elections with
8 candidates and 96 voters each, and is nearly identical
to the one used by Faliszewski et al. (2023) (in particu-
lar, we chose the same numbers of candidates and voters as
they did). The main part of the dataset consists of elections
generated according to the impartial culture (IC), normal-
ized Mallows (Mallows 1957; Boehmer et al. 2021), Pólya-
Eggenberger urn (Berg 1985; McCabe-Dansted, Pritchard,
and Slinko 2008), and Euclidean models (see, e.g., the work
of Enelow and Hinich (1984)). Under impartial culture, we
draw each vote uniformly at random. The normalized Mal-
lows model is similar but the votes are clustered around a

given central one (the strength of this clustering is controlled
by parameter norm-ϕ ∈ [0, 1], the higher the value the less
concentrated are the votes; see the work of Boehmer, Fal-
iszewski, and Kraiczy (2023) for a discussion of this model).
The urn model generates elections with clusters of identical
votes (the larger its parameter of contagion α ≥ 0 is, the
fewer clusters there are, each containing more votes (Fal-
iszewski et al. 2023)). In the Euclidean models, candidates
and voters are points in some Euclidean space and voters
prefer the closer candidates (we draw the points uniformly
from a unit hypercube or hypersphere of a given dimen-
sion; for 1-, 2-, and 3- dimensional hypercubes we refer
to the models as Interval, Square, and Cube; for 1- and 2-
dimensional hyperspheres we refer to them as Circle and
Sphere). The dataset also includes elections generated us-
ing statistical cultures that yield single-peaked (Black 1958),
SPOC (Peters and Lackner 2020), and group-separable (In-
ada 1964, 1969) elections. Finally, we add ID, AN, and an
approximation of UN elections together with artificial elec-
tions forming paths between these three on our maps (which
include ST election in which each voter ranks the same half
of the candidates on top, but otherwise the votes are chosen
uniformly at random).

We generated the size-oriented dataset in the same way as
the basic one, except that for each culture we partitioned its
elections into four groups, with either 8 or 16 candidates and
either 96 or 192 voters. We obtain top-truncated elections
from complete ones by using the following methods:

1. Top-k truncation removes from each vote the candidates
below position k. Such data appears, e.g., in Preflib in the
sushi dataset, where people rank their top 10 sushi types
out of 100 available ones (Kamishima 2003) (see Preflib
file 00014-00000002.soi).

2. Random cut truncation is parameterized by probability p.
For each vote, we consider its candidates from top to
bottom and with probability 1 − p we stop the process,
truncating the vote after the current candidate. Some of
the political elections follow a similar pattern, e.g., UK
Labour Party leadership election (Riley, Ryan, and Smith
2010) (see Preflib file 00030-00000001.soi).

3. Random drop truncation moves each candidate in each
vote to the truncated part, independently, with probability
p. This imitates sport elections—such as those for For-
mula 1—where each player fails to finish a given compe-
tition with some probability.

To form the comprehensive dataset, we took the size-
oriented one and for each group of elections (of a given size,
generated using a given statistical culture) we left the first
half of the elections in the group intact, we applied the top-k
truncation to the next quarter of them, and we applied ran-
dom cut truncation to the last quarter. We chose the trun-
cation parameters so that, in expectation, each voter ranked
half of the candidates. We generated the truncation-oriented
dataset in the same way, but starting from the basic dataset.
We also generated a random drop dataset, but we omitted it
from the experiments as its elections have very different na-
ture (we analyze them in the extended version of the paper).
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(a) Positionwise Distance Map. (b) DAP Distance Map.

Figure 2: Maps of elections created using the positionwise and DAP distances, for the truncation-oriented datasets. Top-k
truncated elections are marked with triangles, random-cut truncated ones with crosses, and complete ones with circles.

(a) Distances between complete elections of different sizes. (b) Distances between elections and their top-k truncations.

Figure 3: Plots (a) show average distance from size-16 elections to different-sized, complete elections from the same culture,
as a fraction of the maximum distance in our dataset (positionwise distance on the left, DAP distance on the right). Plots (b)
show average distance from a complete election to its top-k truncation, as a fraction of the maximum distance in our dataset
(positionwise distance on the left, DAP distance on the right).

4.2 Maps of Elections
We show maps for the truncation-based dataset obtained
using our two distances in Figure 2, with the KK embed-
ding (Kamada and Kawai 1989) used for the positionwise
distance, and MDS (Kruskal 1964) used for DAP. The maps
for size-based and comprehensive datasets can be found in
the extended version of the paper.

The map obtained using the positionwise distance is sim-
ilar to that of the basic dataset (shown in Figure 1a) and the
map obtained using the DAP distance resembles the map
of the basic dataset obtained using the swap distance (Fig-
ure 1b), albeit with some level of degradation. For the po-
sitionwise map, the truncated elections tend to be closer to
UN than their complete counterparts and for DAP we see a
cluster of random-cut elections one-third of a way between
UN and ID elections. Unfortunately, if we used random
drop truncation (with dropping probability of 0.5) then all
thus-generated elections would form a single cluster in the
vicinity of UN. One explanation for this is that random drop
affects the internal structure of elections very strongly. For
example, in the AN8 election only two candidates are ever
ranked first, but with random drop truncation every candi-
date has a nonnegligible probability of being ranked first.

Thus, analyzing random-drop elections is particularly dif-
ficult. Still, the maps indicate that, on the high level, both
distances give intuitive, reasonable results.

4.3 Varying Election Sizes Truncation Level
Next, we evaluate the robustness of our distances in a more
quantitative way. First, we analyze their ability to recognize
similar elections with different numbers of candidates. To
this end, for each of several statistical cultures (IC, normal-
ized Mallows model with norm-ϕ ∈ {0.25, 0.5, 0.75}, and
1D/2D/5D Euclidean models with points distributed uni-
formly on unit hypercubes) and for each integer m between
8 and 24, we generated 100 pairs of elections, each with 192
voters, where one election in the pair had m candidates and
the other one had 16, and we computed their average dis-
tance (normalized by the largest distance that occurred in
the datasets from Section 4.1, i.e., an approximate diameter
of the election space; consequently, the results for position-
wise and DAP are on the same scale). We report the results in
Figure 3(a), the shaded areas show 95% confidence intervals
(we also included ID and AN elections in the plot; IC can
be seen as an approximation of UN). Ideally, we would like
our plots to consist of flat lines, close to zero. This would
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mean that a given distance can recognize structural similar-
ities between elections generated in the same way, even if
these elections have different numbers of candidates. Hence,
in our view DAP performs better as its scaled values are sig-
nificantly smaller, even if the results for Mallows are less flat
(as the Mallows and IC lines are increasing, the reader may
worry what happens for even more candidates; in short, they
increase slowly, with IC reaching about 10% of the diameter
for the case of 100 candidates). It is reassuring that for DAP
the plots for ID and AN are flat at value zero (as DAP is ID-
and AN-consistent), and for positionwise the plot for IC is
flat and close to zero (as positionwise is UN-consistent and
IC elections approximate UN).

To analyze the influence of truncation, for each of the cul-
tures from the previous experiment we generated 25 elec-
tions with 16 candidates and 192 voters, and applied each
of our truncation methods to each of them changing the pa-
rameter to obtain varying levels of vote completeness. For
each truncated election, we computed its distance from the
original, complete one (and normalized it as previously). In
Figure 3(b) we plot the average of these values, for the case
of top-k truncation; shaded area shows 95% confidence in-
terval. We see that if the voters rank at least half of the can-
didates, then the average distance of the truncated election
from its complete variant is (a) less than 20% of the diame-
ter for the positionwise distance (indeed, even less than 10%
for most of the cultures), and (b) less than 5% of the dia-
mater for DAP (except for AN and IC elections, where it
is ≤ 30% and ≤ 15% of the diameter, respectively). Thus,
both distances handle truncated data well, but DAP has an
advantage (however, for the other truncation types DAP and
positionwise perform similarly to each other). Overall, the
experiments point to DAP.

5 Map of Preflib
Last but not least, we present the Map of Preflib, obtained
using the DAP distance (we offer more in-depth analysis in
the extended version of the paper). Boehmer et al. (2021)
already tried putting Preflib elections on the map, but their
approach was limited to elections with 10 candidates and
100 complete votes, obtained by involved preprocessing. We
use raw, unprocessed elections from Preflib, with the number
of candidates ranging from 3 to ≈ 2 600 and the number of
voters from 4 to ≈ 64 000. We also use more elections, as
Preflib was extended since their work.

We show our map in Figure 4: Each black dot represents
a single election from Preflib, while large pale discs repre-
sent elections generated synthetically (much more detailed
analysis is available in the extended version of the paper).
We find that most of the Preflib elections fall between Eu-
clidean ones (with uniform distribution of candidate and
voter points inside a unit hypercube of between 2 and 10
dimensions), Mallows elections (with norm-ϕ values in the
range [0.2, 0.7]), and urn elections (with contagion parame-
ter in the range [0.2, 0.5], or [0.2, 2] if one wants to include
elections with large clusters of identical votes; similar elec-
tions happen in Preflib, but are more rare). This motivates
the use of these models and parameter ranges to generate

Figure 4: Map of Preflib elections (black dots) in addition to
the synthetic ones (large pale discs), obtained using the DAP
distance.

realistic-looking data using only the few best-known sta-
tistical cultures. Some previous papers, including those of
Boehmer et al. (2021) and Faliszewski et al. (2023), argued
that the urn model does not generate realistic elections but
our results counter this. That said, we also see an area with
many Preflib elections, but no elections from our statistical
cultures (black dots over white background). It would be in-
teresting to find statistical cultures that do cover this space.

Next, let us anlyze the locations of the Preflib elections
with respect to ID, UN, and AN. Foremost, we see that the
area near AN is empty and, hence, Preflib elections are not
strongly polarized (the same effect was visible in the map
of Boehmer et al. (2021)). Some elections that (weakly)
stand out in this respect include those in the WebSearch
dataset (but they include only 4 votes each and, hence, are
very particular), some Netflix elections (where each voter
ranks the same 3 or 4 movies, so some level of disagree-
ment is expected) and some APA elections (which involve
5 candidates for the president of the American Psycholog-
ical Association, with some tension between “academics”
and “clinicians”). Elections from the (Figure) Skating, For-
mula 1, and Countries datasets represent the other extreme
and are located between ID and UN, close to the Mallows
elections. These locations are quite natural: Indeed, we ex-
pect the judges in figure skating, who evaluate the same per-
formances, conducted on the same day, to be correlated, and
we expect Formula 1 races that happen over the course of a
season to be more varied.

6 Summary
We found that the DAP distance is an interpretable, scal-
able way of assessing similarity between different-sized/top-
truncated elections, suitable to form a map of (a fragment of)
Preflib. By analyzing this map, we were able to draw a num-
ber of conclusions, including the parameters for Mallows,
urn, and Euclidean models that yield realistic elections.

Nevertheless, we believe that there is no one-fit-all
method for creating maps, and different applications may
call for different approaches. Thus, considering different
distances, including but not limited to feature distances with
different set of features, and developing arguments for their
usefulness might be a fruitful direction for future research.
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