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Abstract

Motivated by applications such as online labor markets we
consider a variant of the stochastic multi-armed bandit prob-
lem where we have a collection of arms representing strategic
agents with different performance characteristics. The plat-
form (principal) chooses an agent in each round to complete
a task. Unlike the standard setting, when an arm is pulled
it can modify its reward by absorbing it or improving it at
the expense of a higher cost. The principle has to solve a
mechanism design problem to incentivize the arms to give
their best performance. However, since even with an effec-
tive mechanism agents may still deviate from rational behav-
ior, the principal wants a robust algorithm that also gives a
non-vacuous guarantee on the total accumulated rewards un-
der non-equilibrium behavior. In this paper, we introduce a
class of bandit algorithms that meet the two objectives of per-
formance incentivization and robustness simultaneously. We
do this by identifying a collection of intuitive properties that
a bandit algorithm has to satisfy to achieve these objectives.
Finally, we show that settings where the principal has no in-
formation about the arms’ performance characteristics can be
handled by combining ideas from second price auctions with
our algorithms.

1 Introduction

Various settings of the web economy involve a platform
(principal) who selects workers (agents) to complete tasks.
These agents differ in their intrinsic performance abilities
and can in addition exert further effort to improve their per-
formance at the expense of a higher cost. Clearly, if the prin-
cipal selects the top performing agents that give their best
effort he would obtain higher revenue. To do that the princi-
pal has to incentivize higher quality performance through ef-
fective mechanism design/performance incentivization. Fur-
thermore, a deeper look would lead to a second important
consideration, namely robustness. While mechanism design
can be effective in settings where the agents are entities like
firms and corporations who exhibit high levels of rational-
ity, when the agents are instead average individuals, devi-
ations from rational behavior are known and observed to
exist. Therefore, a more effective solution should not only
incentivize higher quality contributions, but should also be
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robust; adaptively learning and adjusting to the agents’ per-
formance in order to generate a non-trivial amount of rev-
enue even when the agents deviate from rational behavior.

We model this problem as a multi-armed bandit (MAB)
problem where the agents (workers) are the arms. As in
the stochastic MAB setting each arm has a reward (perfor-
mance) distribution associated with it. However, we allow
the agent to modify his rewards after the realization. More
specifically, the agent is able to modify the reward by ab-
sorbing (stealing) the reward leading to a low quality output
or he may improve (lift up) the reward to give a better output
to the principal. Since real-life agents are heterogeneous in
their skill level, in our model each agent has a specific mean
for his distribution and can lift up his rewards to a specific
(not necessarily unique) maximum value. To have a more
realistic model of the agents, we assume that there always
exists a subset of honest agents, who either do not modify
their rewards or possibly improve them.

In this paper, we show how to simultaneously achieve
both desiderata of performance incentivization and robust-
ness. Specifically, we show that a class of MAB algo-
rithms which we call sharply-adaptive, monotonic, and fair
(SAMF) are both performance incentivizing and robust. As
the name suggests, SAMF algorithms satisfy a collection of
properties which we show to be both natural and intuitive.
A SAMF algorithm leads to an equilibrium where agents es-
sentially give their top performance leading the principal to
obtain optimal revenue. In fact, under a mild assumption on
the size of market (number of agents) we show that no sub-
optimal revenue equilibria can exist when using SAMF al-
gorithms. We further consider a setting where the top perfor-
mance level across the agents is not known either to the prin-
cipal or the agents. We show that this setting can be handled
by combining second price auction methods with SAMF al-
gorithms, with the final mechanism leading to high revenue
at equilibrium. Importantly, when agents deviate from equi-
librium behavior, SAMF algorithms are robust and achieve
revenue at least at the level of the honest agent with the high-
est reward mean. An advantage of our approach is its mod-
ularity. That is, we identify a set of properties that a MAB
algorithm needs to satisfy to be a SAMF algorithm. Inter-
estingly, we show that the standard UCB and e-greedy algo-
rithms are examples of SAMF algorithms. In comparison to
prior work, our setting allows for more complicated scenar-



ios where agents may deviate from strategic behavior and
interestingly we show that our algorithms can still achieve
non-vacuous guarentees despite that.

2 Related Work

There is an increasing attention in the multi-armed bandit lit-
erature to study the dynamics of algorithms in the presence
of strategic behavior. The most relevant paper, to the best
of our knowledge, is due to Feng, Parkes, and Xu (2020),
which considers a problem in which each arm can increase
its reward given a budget constraint over the time horizon.
Importantly however, the improvements the agents add to
the reward in that setting are fake (strategic manipulations)
although the principal does not realize that. The main objec-
tive of that paper is to see how susceptible MAB algorithms
are to such manipulations. The main result of that paper is
that standard algorithms like UCB, e-greedy, and Thomp-
son sampling are intrinsically robust to those strategic ma-
nipulations given that sub-optimal arms are equipped with
a sublinear amount of manipulation budget. This is different
from our model since an increase in the reward in our setting
brings a real improvement and the principal wants to induce
good equilibria where essentially all agents perform at their
top level.

Braverman et al. (2019) also study a problem of a sim-
ilar flavor to ours. They consider each arm as a strategic
agent who wants to maximize the total rewards she obtains
through the horizon. Once an arm is pulled, the correspond-
ing reward is realized and the agent can strategically take a
certain fraction of the reward and deliver the remainder to
the principal. Each agent here tries to maximize the cumula-
tive reward by balancing the trade-off between (i) increasing
short-term revenue by taking large fractions of the rewards
and (ii) increasing the probability to be selected by taking
a small fraction of the rewards. They show that there are
instances where any adversarial MAB algorithm would ob-
tain a total of sublinear rewards (revenue). Essentially, the
core cause behind this is that the arms can possibly engage
in tacit collusion and therefore agree to take most of the
rewards and send the principal a sublinear amount. In our
setting, we assume a blind observation model (see Subsec-
tion 3.1 for the definition) which makes the arms unable to
collude to achieve such strategies since they cannot see the
arm selections. Further, Braverman et al. (2019) construct
an algorithm that recovers the second-highest mean of the
arms based on a second-price auction algorithm. Our algo-
rithm under a certain regime (of information) is inspired by
their algorithm, but is more involved as we combine it with
a MAB algorithm. This makes our algorithm (unlike theirs)
robust, i.e., having a minimum (non-vacuous) revenue guar-
antee even when the arms follow non-equilibrium behaviour.

There also exists a line of literature that considers strate-
gic behavior in user-generated content platforms like Quora.
Jain, Chen, and Parkes (2009) study how to incentivize
strategic users in user-generated content platforms to con-
tribute their own content immediately instead of postpon-
ing them. Ghosh and Hummel (2013), preceded by Ghosh
and Hummel (2011); Ghosh and McAfee (2011), consider a
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problem of incentivizing high-quality contributions in user-
generated content platforms, where each user wants to max-
imize her utility by exerting an optimized level of effort in
constructing her content. A major difference from our model
is that in the previous papers the user’s strategic choice is
static rather than dynamic and made in a one-shot manner
when she registers the content (mean of the arm). Another
set of papers are focused on capturing different aspects of
the strategic interaction in the multi-armed bandit problem
- such as Kremer, Mansour, and Perry (2014); Mansour,
Slivkins, and Syrgkanis (2015); Bahar et al. (2020) of in-
centivized exploration, Shin, Lee, and Ok (2022); Esmaeili,
Hajiaghayi, and Shin (2023) of strategic replication, Wang
and Huang (2018) of known-compensation - however, we
do not discuss the details as their models are significantly
different from ours.

Our model is also conceptually related to the problem
of incentivizing strategic workers to exert more costly ef-
fort also known as contract theory Holmstrém (1979). De-
signing an optimal and robust contract has been studied in
various papers such as Carroll (2015), Diitting, Roughgar-
den, and Talgam-Cohen (2019), and Castiglioni, Marchesi,
and Gatti (2022), and even in a repeated environment such
as Rogerson (1985) and Chandrasekher (2015). Our model
might be interpreted as a repeated contract design with mul-
tiple agents. Our model, however, does not assume a ran-
dom mapping between the agent’s action and the outcome,
and precludes monetary transfers but algorithmically incen-
tivizes the agents to behave more in favor of the principal.

3 Model, Objectives, and Main Results
3.1 Model Details

We model the agents participating in a platform as a set of
k arms A'. The interaction runs over a collection of rounds
from 1, 2, ..., n with n being the horizon. The principal (al-
gorithm) would like to obtain top level performance from
the arms while the arms would like to be pulled (selected)
as many times as possible while spending as little effort as
possible on improving their performance.

Reward Modification: At round ¢, the algorithm choos-
es/pulls an arm (agent) I; and a reward 7, (¢) € [0,1] is
sampled from the static distribution D;, whose mean is pi, .
After seeing the reward, arm [; can modify the reward by
adding a value of effort ¢z, (¢) leading to the final reward
71, (t) = r1,(t) + c1,(t). Note that the algorithm only ob-
serves the reward 7y, (t). If ¢z, (¢) > 0, then the reward
is improved whereas if ¢y, (t) < O then the reward is de-
graded. Clearly, ¢y, (t) < 0 implies that arm I; has absorbed
(a part of) its reward. Reward absorption is used to model
the fact that in online labor markets a worker may intention-
ally worsen his performance’. Note that since we assume a
setting where all realized and modified rewards are in [0, 1]

"For simplicity, we assume that & is a constant.

?1.e., the worker may submit a low quality or even random out-
put on the task to minimize the cost and time spent on it. Note that
low quality output is often found in online labor markets, see for
example (Ipeirotis, Provost, and Wang 2010; Wais et al. 2010).



then we always have 1—rp, (t) > cr, (t) > —rp, (t). We refer
to the total effort spent by arm ¢ up to and including a given
round ¢ by Cy(t) = 22:1 ¢i(s). Given agent ¢ her strategy
S; amounts to the values of ¢;(t) she chooses whenever she
is pulled. Note that the agent’s ability to modify the reward
after seeing the realization gives the agent more control and
follows related previous work such as (Feng, Parkes, and Xu
2020; Braverman et al. 2019).

Utility: First, we denote the number of pulls arm 7 receives
up to and including round ¢ by T;(¢). Since the arm would
like to be pulled more and spend as little cost as possible. A
natural form for the utility is the following:

ui = E[Ty(n)] — E[Ci(n)] 40

Clearly, from the previous paragraph on reward modifi-
cation we see that reward absorption would lead to higher
utility provided the arm still receives the same number of
pulls while the reverse is true for reward improvement.
This is in agreement with the fact that high quality effort
is more costly. Note we may also generalize this by using
a cost function leading to a utility of w; E[T;(n)] —
E[>"F_, fi(ci(t))] where f;(.) is a cost function specific to
agent 7. In the main body we mostly consider f;(c;(t))
¢i(t). In Appendix ?? we discuss how some results general-
ize to a wider family of cost functions.

Heterogeneous Characteristics of the Arms: Itis natural
to expect that the agents in the platform will have different
levels of productivity which we model by allowing different
characteristics for each agent (arm). Specifically, in addition
to arms having different reward means, we assume that each
arm ¢ can lift its reward to a maximum value of M;. Further,
Support(D;) C [0, M;], this implies that p; < M; and that
if 7 is pulled at round ¢ then ¢;(t) < M; — r;(t). In general,
given two different arms ¢ and i’ then we might have M; #
M. We refer to the highest possible max reward value (fop
performance) by My, = max;c() M;. Further, the set of
top performing arms is Awp = {i € [k] : M; = Mp}
and their cardinality is kiop = | Awp |. Moreover, we assume
that the performance levels are not dependent on the horizon.
Le., Vi € [k] : M; = ©(1).

Honest Agents: While it is true that in game-theoretic set-
tings all agents are assumed to be rational utility maximizers
(Roughgarden 2010; Osborne et al. 2004), in reality we find
that humans may deviate from utility maximizing strategies
and possibly even be altruistic (Camerer 1997; Gintis et al.
2003). Therefore, in online labor markets which tend to in-
clude many participating agents it is natural to assume that
a subset of the agents are honest, meaning that they perform
according to their productivity level and do not attempt to
exploit the platform or give lower quality outputs. More for-
mally, we assume that there always exists a set of honest
agents Ay C A with | A | > 1 who always spend non-
negative effort whenever they are pulled. L.e., if an honest
agent 7 is pulled at around ¢, then ¢;(t) > 0 and therefore
7;(t) > 7;(t). Note that an honest arm can follow any strat-
egy as long as the effort is non-negative (c;(¢) > 0). Fur-
ther, we denote the maximum mean of reward distributions
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in the set of honest agents by ,u:{ and the honest agent with
that maximum mean by h". Le., u; = max;ecA, M; and
K" = {i € Ay |wi = p3,}. Moreover, in settings where
we ask agents to “report”? their top performance value M;,
we assume that honest agents would always report the value
truthfully.

Looking ahead, the guarantees of our algorithms still hold
without honest agents under equilibrium settings obtaining
essentially top revenue, but we cannot guarantee any robust-
ness when agents deviate from equilibrium behavior. The
latter are highly desirable due to the possibility of irrational
behavior and mistakes. Further, we only make a mild as-
sumption: having at least one honest agent, and will guaran-
tee a strong “robustness objective” (see Sections 3.3 and 4)
whereby our algorithms compete with the best honest agent
in the wors case.

Blind Observations: Unlike other settings such as adver-
tisements, in online labor markets information about the de-
cisions made by the platform are often unavailable or con-
cealed. This is clearly the case in platforms such as Amazon
Mechanical Turk or Uber where the agents do not observe
the selections made by the platform. More formally, in a
given round the agents who have not been selected (pulled)
will not see which arm was pulled or the value of the re-
ward it gave. Any arm is also not aware of the value of the
round (temporal index) even when it is pulled. The arm is
only aware of its own history (its own pulls, rewards, and
effort). Although we consider this blind observation model,
it remains non-trivial as the strategy of any arm is dynamic
and dependent on its own history.

Figure 1 shows an example of the interaction between the
principle (algorithm) and agents in our model. Note how
each agent has full knowledge of his own performance pa-
rameters (u; and M;) unlike the principle. However, un-
like the principle because of the blind observation model
the agents lack information about the arm selections and the
temporal index.

Public and Private Information Settings: As stated ear-
lier the principal is unaware of any of the agents’ perfor-
mance characteristics (none of the u; and M; values). Fur-
ther, while each agent i € A is aware of his own perfor-
mance characteristics (x; and M;), he is not aware of the
other agents characteristics. This pauses a significant addi-
tional difficulty in mechanism design for performance incen-
tivization similar to that encountered in auctions.

We therefore consider two settings. The first, is the
public-information setting where the top performance level
Mop is a public parameter known by the principal and
agents. Further, the market is large enough so that ki, > 2.
Similar to auction theory, intuitively this setting alleviates
the difficulty of the “bidding” issue among the top perform-
ing agents A,p. However, designing an algorithm that is per-

3We will have settings where we elicit the agents to report their
maximum value. However, in our setting reporting the value is done
by pulling the arm and observing its reward which is different than
for example auctions where a numeric value can be simply written
by the agent.
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Figure 1: Model of the interaction. The information avail-
able to each agent and the principal (algorithm) is enclosed
within their respective box. Since we are in a blind observa-
tion model, the agents do not have access to the same time
index and use an “internal” time index that is different from
that of the principle. Hence, agents 1 and 2 record their re-
alized rewards and efforts by the indices 1,2 and 1, 2, 3, re-
spectively.

formance incentivizing while also being robust remains non-
trivial. Moreover, this setting is strongly motivated by practi-
cal online labor markets such as Uber where it is known that
a 5 star rating (M,,, = 95) is achievable by many workers
(kiop > 2).

The second setting we consider is the private-information
setting where the top performance level is not known
neither to the agents nor the principal, thereby not re-
quiring the strong assumptions of the public-information
setting. To better represent our algorithms we start with
the public-information setting in Section 5 then the
private-information setting in Section 6.

3.2 Mechanism Design Objective and Equilibria

The principal receives the rewards and therefore his primary
measurement is the accumulated reward (revenue) through
the horizon P(n) defined as:

n

P(n) =E[Y_71,(1)]

t=1

@

Now we give the details for the principal’s mechanism de-
sign objective.

Performance Incentivization: In light of the above
model, the first natural objective for the principal is to ac-
cumulate revenue at the level of My, i.e., have P(n) >
Mopn — o(n). To do that the principal has to use an al-
gorithm (mechanism) that is performance incentivizing, i.e.,
obtaining top performance revenue at equilibrium. More
specifically, let the strategy profile over the arms be S =
(S1,...,Sk) then we should have:

P(n,S) > Mopn — o(n), where S is an equilibrium profile.

We write P(n, S) when we want to emphasize the revenue’s
dependence on the strategy. Now we formalize our notions
of equilibrium. Note that our notions have similarities to that
of (Braverman et al. 2019):
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Definition 3.1. Asymptotic Equilibrium: A strategy pro-

file S is an asymptotic equilibrium if given any arm i € [k]
we have:

u; (S}, 5-i)

lim —*——~

nooo u;(Si, S—i)

The above essentially states, that at equilibrium an agent
is not significantly better off as the horizon becomes larger
by deviating to another strategy.

Because of the heterogeneity in the agents’ maximum per-
formance levels, it is meaningful to introduce a more gener-
alized notion of equilibrium. First, we establish some no-
tation. Consider a partition of the set of arms A into Apey
(the “prevalent” set) and Aponprev (the “non-prevalent” set)
where the strategy profile is denoted by Sprev and Spon-prev for
the sets .Aprev and .Anon_prev, respectively. Further, given an
arm ¢ € Aprey, we denote the strategy profile the other arms
in the prevalent set (Aprey —{i}) follow by S(prey, ;) Whereas
i’s strategy i S(prey, ;) under profile Syrey. We now define par-
tial asymptotic equilibrium:

<1 forany strategy S;.  (3)

Definition 3.2. Partial Asymptotic Equilibrium: A partial
asymptotic equilibrium holds if the set of arms .4 can be par-
titioned into Aprey U Anon-prev such that | Aprey | > 1 with the
arms in A, following profile Sprey such that the following
is true Vi € Aprey:

'S{aS -i7Sr/1n rev

lim 30 Stprevi): Snonprey) <1 (4)
n—oo ui(S(prev,i)a S(prev,-i)a Snon—prev)

for any strategy S; of 4 and any strategy profile S,'m_prev

over Anon-prev .

The notion of partial asymptotic equilibrium essentially
states that the arms in the prevalent set are at equilibrium re-
gardless of the strategies followed by the non-prevalent set.
This notion captures a natural setting where the arms which
cannot give top performance (M; < M,,p) have little influ-
ence on the other arms and revenue.

Note that for an arm i the strategy .S} denotes the max-
imum performance strategy of always giving M;. Further,
S* denotes a strategy profile where either all of the arms A
or at least the subset of top arms A, follow the strategy of
giving the maximum reward value S;.

3.3 Robustness Objective

While the above performance incentivization objective is
clearly important and desirable, it is not sufficient. Specif-
ically, it ignores non-equilibrium behavior which is known
to be exhibited by agents in the real world. For exam-
ple, agents may behave irrationally or they maybe non-
strategic which is observed to happen in many settings
(Camerer 1997; Giith, Schmittberger, and Schwarze 1982;
Singh 2012). Therefore, one would want the algorithm to
be robust, i.e., achieving as a fallback a non-trivial amount
of revenue if non-equilibrium strategies are followed. Based
on our model, a natural choice would be that the principal
always obtains rewards at least at the level of highest mean
of honest agents. Formally, we should have:

P(n,S) > ,u; n — o(n) for any strategy profile S. (5)
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x robust and performance incentivizing
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Figure 2: An illustrative figure showing the rewards we ex-
pect to obtain using different algorithms that satisfy different
objectives. Notice how the algorithm that is both robust and
performance incentivizing never falls below ,u;ﬁ_t and obtains
rewards of M, at equilibrium.

Figure 2 shows an illustration of the two desired objec-
tives of performance incentivization and robustness.

3.4 Main Results

Our main results are the following:

Robustness: In Section 4 we identify a property called
sharp adaptivity and show that any sharply adaptive
MAB algorithm obtains revenue (total rewards) of at least
P(n) > pyn — o(n) for any strategy profile. We fur-
ther show that UCB and e-greedy are examples of sharply
adaptive MAB algorithms.

Public-Information Setting: In Section 5 we identify two
additional properties of MAB algorithms monotinicity and
fairness among the top arms (FATA), we abbreviate algo-
rithms that satisfy these two properties in addition to sharp
adaptivity by SAMF. We prove that UCB and e-greedy are
also SAMF algorithms. For the public-information setting
we show that: (1) Under a condition which roughly corre-
sponds to the number of top arms ki, being large, no equi-
librium that leads to revenue less than My, n — o(n) ex-
ists when using SAMF algorithms. (2) SAMF algorithms
lead to an equilibrium where all arms in Ay, give the top
performance regardless of whether the previous condition
holds.

Private-Information Setting: In Section 6 for the
private-information setting we introduce an algorithm
(SP+SAMF) that combines ideas from second price auc-
tions with SAMF algorithms. This algorithm leads to an
equilibrium with revenue of Mqp.1m — o(n) where Miqp.|
is the second highest value of M;.

Failure of a Pure Mechanism Design Approach: In Sec-
tion 7 we underscore the importance of the robustness ob-
jective. Specifically, we construct a benign example where
a non-robust mechanism obtains a vacuous amount of rev-
enue despite being performance incentivizing.

Further in Appendix ?? we show how some of our results
generalize in the public-information setting to a range of cost
functions. Due to space limits we delay the proofs to the
appendix.
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4 Obtaining a Robust Bandit Mechanism

Here we show how to satisfy robustness. Specifically, we
define a property which we call sharp adaptivity and show
that any sharply adaptive bandit algorithm is robust. L.e., it
achieves revenue of P(n) > 3, n — o(n) for any strategy
profile. At an intuitive and rough level when using a sharply
adaptive algorithm if an arm ¢ is pulled for a linear propor-
tion of the horizon an where « is a constant, then the total
rewards accumulated must be at least at the level of u;i, if ¢
starts giving lower reward values then the algorithm quickly
responds and no longer pulls . Now we give the formal def-
inition of sharp adaptivity.

Definition 4.1. Sharp Adaptivity: A MAB algorithm is
sharply adaptive if for any given arm i # h", if E[T}(n)] >
an where a > 0 is a constant, then the total expected effort
spent by arm i is at least E[C;(n)] > a(uy, - pi)n — o(n),
for any possible strategy profile followed by the arms.

We now prove that all sharply adaptive MAB algorithms
satisfy robustness. This essentially follows since sharp adap-
tivity implies that if any arm i # h" is pulled for a linear pro-
portion of the horizon (an where « is some constant) then
it must have given rewards of at least u; for that propor-
tion (15, an — o(n)), hence the total accumulated rewards
through the horizon are at least fi3, 7 — o(n).

Theorem 4.2. For any strategy profile and arbitrary cost
functions, a sharply adaptive MAB algorithm obtains rev-
enue of P(n) > py,n — o(n).

Interestingly, we prove that UCB and e-greedy are sharply
adaptive. We note that while (Feng, Parkes, and Xu 2020)
proved a related robustness result, their analysis is too loose.
More concretely, in our setting their result implies that if
Ci(n) < a(uz - pi)n, then E[T;(n)] < Ban where 8 >
3. A bound with 8 > 1 is not sufficient as it is too loose
to guarantee robustness. We therefore have to establish the
robustness of UCB and e-greedy using different techniques.

Theorem 4.3. UCB and e-greedy are sharply-adaptive.

Interestingly, one can also show that algorithms that are
not sharply-adaptive can fail to be robust. Concrete exam-
ples include explore-then-commit and “successive elimina-
tion” (which is regret-optimal in the standard bandit set-
ting) (Slivkins et al. 2019). This is because such algorithms
only have an initial limited phase (time period) where dif-
ferent arms are explored, and then afterwards an arm with
the “best performance” is permanently selected and pulled
for the rest of the horizon with the other arms being “elimi-
nated”. Therefore, if an arm with mean below u; gives best
performance in that initial phase and then gives lower re-
wards (essentially below /,L;) after being permanently se-
lected, then it would clearly break robustness.

5 Public-Information Setting

Having resolved the robustness objective by using a sharply-
adaptive algorithm we now turn to the mechanism design is-
sue in the public-information setting. We start this section by
showing an interesting impossibility result. Specifically, for



any sublinear regret MAB algorithm* that the principle can
use no arm ¢ can have the maximum performance strategy
S} of always giving M; as a dominant strategy. The intu-
ition behind this result is that while an agent may receive
most of the pulls in the horizon by giving the top perfor-
mance level of M, because of the performance cost he
would obtain higher utility by lowering his performance to
only outperform the second highest agent.

Theorem 5.1. Under any sublinear regret MAB algorithm,
it is not a dominant strategy for an arm 1 to follow the max-
imum performance strategy S; .

Before we provide our main positive results, we introduce
two properties of bandit algorithms that lead to good equi-
libria. We start with monotonicity which essentially states
that an arm ¢ is rewarded with more pulls if it upgrades its
performance to the top performance level S;.

Definition 5.2. Monotonicity: A MAB algorithm satisfies
monotonicity if for any strategy profile S = (S1,. .., Sk), if
an arm ¢ was to deviate to the top performance strategy S,

then for any reward seed and any strategy seed’ Vj # i :
Tj(n, 87, 5-:) < Tj(n,S;, S—).

Furthermore, we introduce the Fairness Among the Top
Arms (FATA) property which states that arms that follow the
top performance strategy roughly receive an equal number
of pulls.

Definition 5.3. Fairness Among the Top Arms (FATA):
When there exists a subset of arms A,.~ such that whenever
i € A,~ is pulled then areward of r* = max;¢[,] ¢ is given,
then a MAB algorithm is fair among the top arms (FATA) if
Vi,i' € A« 1 |E[T;(n)] — E[Ty (n)]| < o(n).

Bandit algorithms that satisfy sharp adaptivity, mono-

tonicity, and FATA will play a fundamental and we abbre-
viate them by SAMF.

Definition 5.4. SAMF algorithm: A MAB algorithm is
SAMF if it satisfies sharp adaptivity, monotonicity, and
FATA.

We now show that standard algorithms such as UCB and
e-greedy are SAMF.

Theorem 5.5. UCB and e-greedy are SAMF algorithms.

In the next two subsections, we consider the
public-information setting and prove positive equilib-
rium results with SAMF algorithms.

5.1 Non-Existence of Sub-Optimal Revenue
Equilibria for Large kop

In the public-information setting, we show that there exists
no asymptotic equilibrium for which the principal receives
revenue (total rewards) less than M. Specifically, we show

4As in the standard terminology, a sublinear regret MAB algo-
rithm is one where in the ordinary stochastic setting (arms can-
not modify their realized rewards) the regret is sublinear, i.e.,
R(n) = (max pi)n = B[}, rr, (H)] = o(n).

Note that a strategy is in general randomized.
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that any MAB algorithm that is SAMF® has no asymptotic
equilibrium where a principal obtains a revenue less than
P(n) = Mypn — o(n). Note that we actually show that no
partial asymptotic equilibrium exists and therefore this im-
plies that no asymptotic equilibrium exists where the prin-
cipal obtains less than top performance revenue. All that is
required is an assumption on the number of top arms as given
below:

Condition 5.6. &, >
€ > 0 is a constant.

2
minge Ay, (1+pi — Miop)

(1 + €) where

We now present the theorem which excludes bad equilib-
ria.

Theorem 5.7. Given a MAB algorithm that satisfies sharp
adaptivity and monotonicity, if Condition 5.6 is satisfied,
then there exists no partial asymptotic equilibrium strategy
profile S such that P(n, S) < o My, n+o(n) where oo < 1.

Proof Sketch and Interpretation of Condition 5.6. At
a rough level, the proof shows that there must be a linear
proportion of the horizon of size at least (1 — a)n — o(n)
where sub-optimal revenue (less than M) is accumulated.
Further, there must be a top arm that is pulled for at most
ﬁop of that proportion (at most W). If the number
of top arms ki, is large then the arm’s utility is low. If the
cost of performing at the top value which is (M, — ;) in
expectation is relatively small compared to the current utility
as would be implied by Condition 5.6 then we would have
1 — (Miop — i) > %, then this arm would have the
incentive to deviate to a top performance level to take the
(1 — a)n — o(n) portion of the horizon.

This theorem also implies that the principal can make sure
that he always obtains top performance revenue by increas-
ing the number of top arms (higher k,,) and by making the
gap needed for optimal performance (Miop — ft;) small.

Although the above explanation is intuitive, since the
MAB setting is dynamic the proof of the theorem is involved
and requires some new techniques.

5.2 Achieving Top Performance Equilibrium for
Any Value of kqp

Here we show that a SAMF algorithm leads to top perfor-
mance revenue equilibrium even if Condition 5.6 does not
hold. Specifically, we show that S* is an equilibrium profile.
At an intuitive level if a top arm ¢ € Ay, follows strategy
S; of always giving M, then by sharp adaptivity any other
top arm j € Ao, —{¢} needs to perform at that level (always
give rewards of M) to receive a linear number of pulls. By
additionally invoking the the monotonicity and FATA prop-
erties we can establish upper and lower bounds on j’s utility
through bounds on the number of pulls and cost. With the
utility of a top arm j lower bounded under S* and upper
bounded under any deviation strategy the equilibrium is es-
tablished.

®More specifically, this result holds if the MAB algorithm is
sharply adaptive and monotonic but the algorithm does not neces-
sarily need to satisfy the FATA property.



Theorem 5.8. Given the public-information setting, if a
MAB algorithm is SAME, then the strategy profile S* where
Vi € Awp © Si = S} is a partial asymptotic equilibrium
leading to optimal revenue P(n, S*) = M, n — o(n).

6 Private-Information Setting: SAMF
Algorithms with a Second Price Auction

Here we generalize our algorithm (mechanism) to deal with
the case where the top performance level M, is not publicly
known neither to the principle nor to any of the arms’. Since
our mechanism combines methods from second price (SP)
auctions with SAMF algorithms we call it SP+SAMF (Al-
gorithm 1). The rounds under this mechanism can be divided
into 3 phases: (&) bidding phase rounds (line 1), (B) SAMF
phase (line 4), and (C) reward phase (line 5). The rounds in
the first and last phases (2) and (C) are only o(n) while the
middle phase (B) contains 2(n) rounds. We assume that the
SAMF algorithm we use has in the ordinary stochastic set-
ting an instance-dependent logarithmic upper bound for the
number of pulls of sub-optimal arms. IL.e., in the ordinary
stochastic (unmodifiable) reward setting, a sub-optimal arm

i has E[T;(n)] = O(IIX;L ). UCB is an example of such an
algorithm. The mechanism tunes some parameters accord-
ing to a logarithmic upper bound on the number of pulls,
however other bounds can be accommodated as long as the
MAB algorithm is a SAMF algorithm.

We give a brief intuitive explanation for the key ideas
of the mechanism. The bidding process of phase (&) where
each arm ¢ reports its top performance value by giving a re-
ward m; resolves the difficulty of not knowing the top per-
formance level. This is the case since the mechanism tells
all of the arms the value of m’ which is the second highest
value among the m; values®. In phase (B), if kwp > 2 then
the setting essentially reduces to the public-information set-
ting where the strategy profile S* of always giving the top
performance is an equilibrium. On the other hand, if ki,p = 1
then we show that it is an equilibrium for the unique top arm
to give a performance value of m’ + —~ which is slightly

In(n
above the second highest value and fo(r )the other arms to
give their top performance value of M;. For the unique top
arm, this equilibrium is established since outperforming the
rest of the arms enables it to essentially receive almost of the
pulls (n—o(n) pulls) whereas for the other arms giving their
top performance results in higher pulls in the last reward
phase (C) since each arm is pulled a number of times propor-
tional to its performance (average reward it gives) in phase
(B). Critically, our mechanism include the blocking condi-
tion of line (4A) in phase (B). The main objective behind
this blocking condition is to make sure that the top arms do
not gain a higher utility by bidding untruthfully with a higher
value (see Appendix ?? for a concrete example). Note that
this blocking condition is “punishing” for untruthful bid-

"Note that as usual each arm i still knows its properties includ-
ing its own maximum performance level M;. But in this setting it
would not know if Mo, = M;.

8Note that if more than one arm reports the same maximum
value then m’ would actually equal the maximum value.
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ding instead of under performance as done in (Braverman
et al. 2019). In the next section we consider a mechanism
based on (Braverman et al. 2019) that punishes for under-
performance instead. We demonstrate its failure due to its
lack of robustness even under truthful bidding. Since we as-
sume that honest agents always bid truthfully and we use a
SAMEF algorithm in phase (B) we always achieve robustness
for any strategy profile.

Algorithm 1: SP+SAMF

(1) Pull each arm 7 once, let m; be its reported value.
(2) Let m/ be the second highest reported value.
(3) Tell all arms the value m/.
(4) Ignore all previous rewards and use a SAMF MAB
algorithm with two modifications:

4A-if an arm 4 has m; < m/, but gives reward r > m/,
then block the arm (never play it again).

4B-stop at round t = n — k [In(n)]”*? for some fixed
constant p > 0.
(5) Tell the arms that this is the reward phase then pull
each arm ¢ for a number of rounds N; where E[N;] =
ﬂZSAMF( ln(n))p+3 and [iSAMF
SAMEF phase rounds.

is the mean of arm ¢ during

Below we give a full description of the equilibrium strat-
egy profile. For convenience, we assume below that if ko, =
1, then the only agent with M; = M, is not n* (the honest
agent with the maximum mean), this case leads to identi-
cal guarantees but using a more complicated strategy for the
honest agent h" since we assume that honest agents would
never absorb (degrade) their rewards (see Appendix ??).

Theorem 6.1. Under SP+SAMF (Algorithm 1), the strategy
profile SSP*SAMFE s an asymptotic equilibrium that consists
of the following: (1) In the bidding phase (line 1) each arm
bids truthfully with m; = M;, (2) In the reward phase (line
5), all rewards are absorbed if the agent is not honest other-
wise no positive effort is added. (3) In the SAMF phase (line
4) the strategy is:

{

Denoting the second highest top performance value by
Miop-1, the following theorem is immediately implied by
Theorem 6.1:

Theorem 6.2. The SP+SAMF mechanism (Algorithm (1))
leads to: (1) an equilibrium where the principal obtains rev-
enue of P(n) > M1 - n — o(n). (2) Revenue of P(n) >

pi3, n — o(n) for any strategy profile.

if M; < m/’, then always give a reward of M;

lsz > m/, then give m’ + ln(ln)

GSP+SAMF
K2

7 Failure of a Non-Robust Mechanism
Design Approach

Here we show the failure of a non-robust mechanism de-
sign approach even in a setting where all agents are hon-
est, we consider a mechanism similar to the one introduced
in (Braverman et al. 2019). Specifically, consider PURE-SP



(Algorithm 2) which uses elements from second price auc-
tion similar to SP+SAMF but unlike SP+SAMF does not
use a SAMF algorithm. More concretely, the mechanism
starts with a bidding phase and then tells all arms the sec-
ond highest reported value m/. It then proceeds to pull all of
the arms which gave the maximum bid value (max;c 4 m;)
in a cycling manner. If a top bidding arm under-performs, it
is deleted and not pulled again as shown in line (5A). The
mechanism ends with a rewarding phase where each arm ¢
is pulled a number of times proportional to its bid value m;.

Algorithm 2: PURE-SP

(1) Pull each arm ¢ once, let m; be its reported value..
(2) Let m/ be the second highest reported value.
(3) Tell all arms the value m/’.
(4) Let A,,, be the subset of arms that gave the highest
m; value. Le., Ap, = {i € A|m; = argmax; 4, m;}
(5) Pull arms ¢ € A,,, in a cycling manner:

5A-delete arm 1 if it gives a value less than m’ and
update A,,,,.

5B-stop at round t = n — 2k.

(6) Tell the arms that this is the reward phase then pull
each arm ¢ for N; rounds where E[N;] = 2m;.

It is not difficult to show that this mechanism leads to a
revenue of P(n) > Mip1n — o(n) under an equilibrium
strategy profile (see Appendix ??). However, if the agents
deviate from the equilibrium strategy the revenue can easily
vanish. Specifically, in the theorem below we show that even
in an instance where all agents are honest the revenue can be
sublinear with high probability if the agents deviate from the
equilibrium in a given pull with a small constant probability
of e.

Theorem 7.1. For PURE-SP (Algorithm 2) there exists an
instance where even if the bidding is done truthfully and all
of the agents are honest, if an agent at a subsequent pull
deviates from the equilibrium strategy with probability e > 0
then with probability at least 1 — L the revenue P(n) =

o(n).
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