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Abstract

Equilibrium problems in Bayesian auction games can be de-
scribed as systems of differential equations. Depending on the
model assumptions, these equations might be such that we do
not have a rigorous mathematical solution theory. The lack of
analytical or numerical techniques with guaranteed conver-
gence for the equilibrium problem has plagued the field and
limited equilibrium analysis to rather simple auction mod-
els such as single-object auctions. Recent advances in equi-
librium learning led to algorithms that find equilibrium un-
der a wide variety of model assumptions. Monotonicity and
the Minty condition are the known sufficient conditions for
learning algorithms to converge to an equilibrium in games.
Not much is known about convergence of learning algorithms
beyond these conditions. We analyze first- and second-price
auctions where simple learning algorithms consistently con-
verge to an equilibrium. The analysis is challenging, because
these properties need to be shown in infinite dimensions. In-
terestingly, we show that neither monotonicity nor pseudo-
or quasi-monotonicity holds for the respective variational in-
equalities (VIs). The second-price auction’s equilibrium is a
Minty-type solution, but the first-price auction is not. How-
ever, the analysis via infinite-dimensional VIs allows us to get
ex-post guarantees for gradient-based algorithms. We show
that the Bayes—Nash equilibrium is the unique solution to
the VI within the class of uniformly increasing bid functions,
which ensures that gradient-based algorithms attain the equi-
librium in case of convergence, as also observed in numerical
experiments.

Extended version — https://arxiv.org/abs/2311.15398

Introduction

The Nash equilibrium is the central solution concept in non-
cooperative game theory (Nash et al. 1950). Nash’s original
idea was extended to games with incomplete information
(Harsanyi 1967). Today, the analysis of Bayes—Nash equi-
librium (BNE) is key to the study of auctions, contests, and
many other economic models, where the strategic complex-
ity for participants arises from their uncertainty about the
preferences of competitors (Vickrey 1961).

Auction theory studies allocation and prices on markets
with self-interested participants in equilibrium. Such pre-
dictions are important because most market institutions in
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this field do not have simple dominant strategies for bidding
truthfully. The celebrated Vickrey-Clarke-Groves (VCG)
mechanism was shown to be unique in this respect in the
widely used standard model with independent private values
and quasi-linear (i.e., payoff maximizing) bidders (Green
and Laffont 1977). However, for various reasons, the VCG
mechanism is rarely used in practice (Ausubel, Milgrom
et al. 2006). Therefore, it is essential to understand non-
truthful equilibrium strategies in markets more generally.

Participants in auction games do not have complete but
only distributional information about the valuations of com-
peting market participants. The value of competing bidders
is modeled as a draw from an atomless distribution function.
An equilibrium bid function then determines how much they
bid based on their value draw and their knowledge of the
prior distribution. The first-price sealed-bid auction in the
symmetric and independent prior values model provides a
textbook example, where the first-order conditions lead to
an ordinary differential equation that admits a closed-form
solution for the BNE bid function (Krishna 2009).

Unfortunately, despite the enormous academic atten-
tion auction theory has received, BNE strategies are only
known for very restricted, simple market models. For bid-
ders with non-uniform or interdependent valuation distribu-
tions, multiple objects, or non-quasilinear (i.e., non-payoff-
maximizing) utility functions, we typically do not know an
explicit equilibrium bid function. Even for simple combi-
natorial auctions with two objects only, one needs to make
strong assumptions to find closed-form solutions (Kokott,
Bichler, and Paulsen 2019). The equilibrium problem of-
ten leads to a system of non-linear differential equations for
which we have no exact mathematical solution theory. Be-
yond analytical solutions, numerical techniques for solving
differential equations turned out to be challenging and have
received only limited attention. Fibich and Gavish (Fibich
and Gavish 2011) criticize the inherent numerical instability
of standard techniques used in this field.

Equilibrium Learning

Equilibrium learning is an alternative numerical approach to
finding equilibrium, as compared to standard techniques for
solving differential equations. This literature examines what
kind of equilibrium arises as a consequence of a relatively
simple process of learning and adaptation, in which agents



are trying to maximize their payoff while learning about the
actions of other agents (Fudenberg and Levine 1998; Hart
and Mas-Colell 2003; Young 2004). Learning provides an
intuitive, tractable model of how equilibrium emerges but
it is well established that independent learning dynamics do
not generally obtain a Nash equilibrium (Benaim and Hirsch
1999). Numerical analyses of matrix games show that
gradient-based algorithms can circle, diverge, or they are
even chaotic (Sanders, Farmer, and Galla 2018; Bielawski
et al. 2021; Chotibut et al. 2020; Palaiopanos, Panageas,
and Piliouras 2017; Vlatakis-Gkaragkounis, Flokas, and Pil-
iouras 2023). Recently, Milionis et al. (Milionis et al. 2023)
proved that there exist games, for which all game dynam-
ics fail to converge to a Nash equilibrium from all starting
points. On the other hand, there are also game classes such
as potential games or games with strictly dominated strate-
gies, where learning algorithms do converge.

Learning in Auctions

In recent years, a number of learning algorithms were intro-
duced for Bayesian auction games with a continuous type
and action space, and they showed convergence on a wide
variety of auction models ranging from simple single-object
auctions in the independent private values model to interde-
pendent valuations and models with multiple objects (Bich-
ler et al. 2021; Bichler, Kohring, and Heidekriiger 2023).
Equilibrium can be verified ex-post, but the reasons for the
convergence of such learning algorithms in auction games
have been a mystery so far. If auctions are indeed learnable,
this has significant consequences for theory and applications
alike. First, numerical solvers could be provided for mod-
els that could not be solved analytically so far. Second, if
already stylized repeated auctions were not learnable, what
would this mean for the growing economy of autobidding
agents in display ad auctions and related applications?

What is so different in auction games compared to
general-sum games, such that we see convergence in such
a wide variety of models? Recently, it has been shown that a
large class of learning algorithms converge in auction games
with complete information, where the valuations of bidders
are known a priori (Kolumbus and Nisan 2022). However,
the challenge in auctions is that we have incomplete infor-
mation and Bayesian models with continuous type- and ac-
tion spaces are quite different.

We draw on the field of operator theory and infinite-
dimensional variational inequalities, which provides us with
a new lens to analyze auction-theoretical models. Ev-
ery Nash Equilibrium (NE) can be seen as a solution
to a Stampacchia-type variational inequality (VI), and in
some cases, the reverse is also true, for example with
quasi-concave utility functions (Migot and Cojocaru 2020).
This connection also holds for auction games and infinite-
dimensional VIs (Cavazzuti, Pappalardo, and Passacantando
2002). Interestingly, the link between Nash equilibria and
VIs has been explored for traffic games (Patriksson and
Rockafellar 2003) or Walrasian equilibrium (Jofré, Rock-
afellar, and Wets 2007), but not for Bayesian games with
continuous type and action space as is the case in auc-
tion theory. Now, auctions need to be modeled as infinite-
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dimensional variational inequalities, which is different to ap-
plications in finite games.

In the literature on variational inequalities, two sufficient
conditions are known, for which some types of algorithms
always converge to an equilibrium. They can be seen as a
generalization of convexity in optimization. The monotonic-
ity condition is the most well-known condition to guarantee
convergence for VIs (Bauschke and Combettes 2017). Var-
ious first-order projection methods, as discussed by Tseng
(Tseng 1995), converge to a unique solution of a mono-
tone VI, and higher-order methods have also been devel-
oped (Adil et al. 2022; Lin and Jordan 2022). Monotonic-
ity is also central for convergence guarantees in the recent
literature on learning in games (Ratliff, Burden, and Sas-
try 2013; Chasnov et al. 2019). Apart from this, the Minty
condition has drawn some attention, as extragradient algo-
rithms are known to converge to equilibrium if this con-
dition holds globally (Strodiot, Vuong, and Nguyen 2016;
Song et al. 2020). This condition is also referred to as the
Minty VI or dual VI of the Stampacchia-type VI (Ye 2022).
In constant-sum games it is related to the celebrated smooth-
ness condition of games (Anagnostides and Sandholm 2023)
introduced by (Roughgarden 2015). It is natural to ask if the
monotonicity and the Minty condition, two sufficient condi-
tions, hold in auction games where learning algorithms seem
to converge so consistently.

Contributions

Demonstrating the monotonicity of auction games is chal-
lenging. Whereas practical equilibrium learning algorithms
employ some form of discretization, it is easy to check
with SODA (Bichler, Fichtl, and Oberlechner 2023), that
the monotonicity condition is sometimes violated. However,
such non-monotonicities could arise due to the game’s dis-
cretization. Violations in a discretized game might vanish in
games with continuous types and actions, and the only way
to understand whether monotonicity holds is to study these
auctions in function space. We study whether monotonic-
ity or the Minty condition is satisfied in infinite dimensions
in a function space. If any of the two conditions were sat-
isfied in function space, this would explain the convergence
of algorithms also in discretized versions of the game, where
the condition is violated (Glowinski, Lions, and Trémolieres
1981).

We make several contributions: First, we recover the well-
known symmetric equilibrium strategies for the first-price
and the second-price sealed-bid auction in the symmetric in-
dependent private-values model (Krishna 2009), but with a
new proof technique based on the Gateaux derivative of the
ex-ante utility function, which is novel and useful in its own
right. Second, this proof technique for equilibrium problems
in auctions and the resulting operator for the Gateaux deriva-
tive allows us to analyze the monotonicity and the Minty
conditions in infinite dimensions. Our findings reveal that
the first- and the second-price auctions are neither monotone
nor pseudo- or quasi-monotone. Thus, we look at the Minty
condition for variational inequalities. While the dominant-
strategy incentive-compatible second-price auction satisfies
this condition, this is not the case for the first-price auction.



Third, the analysis of infinite-dimensional VIs allows us to
derive an ex-post guarantee. This result is derived by show-
ing the uniqueness of the VI solution (the BNE) for the two
auction formats within the class of uniformly increasing bid
functions, which ensures that every gradient-based learning
algorithm must converge to this solution if it does converge
to a pure-strategy profile within this function class. This is
very helpful because one can certify an equilibrium upon
convergence to a strategy profile, without costly exploration
of deviating strategies.

Finally, we provide insights into the nature of the Minty-
violations and show that such violations are without loss
in simple parametric cases. In the space of piecewise-linear
functions we show that the gradient flows lead to the BNE in
the first-price auction independent of the starting point and
independent of Minty violations. The learning literature has
almost exclusively focused on complete-information games.
Our analysis is the first to study convergence of learning al-
gorithms in Bayesian auction games.

Related Literature

More than 60 years ago, Vickrey (Vickrey 1961) derived
the Bayes—Nash equilibrium (BNE) strategy in a single-
object first-price auction in the independent-private values
model with symmetric bidders, uniform prior distributions,
and quasilinear utility functions. The first-order conditions,
together with the assumption of symmetric bidding behav-
ior, lead to a linear ordinary differential equation, which has
a closed-form solution for the BNE bidding strategy. Un-
fortunately, this is only the case for the symmetric and in-
dependent private values model. It turns out that deviations
from this benchmark model lead to challenges in the equi-
librium analysis. For example, even in the asymmetric inde-
pendent private values model, where different bidders’ val-
ues are drawn from different distributions, we get a system
of non-linear differential equations; and no closed-form ex-
pression for the bidding strategies exist for general distribu-
tions (Hubbard and Paarsch 2014).

The first question is whether BNE always exists in such
auction games. For finite, complete-information games, we
know of the existence of a mixed Nash equilibrium (Nash
et al. 1950). Glicksberg (Glicksberg 1952) extended the ex-
istence result to games with continuous and compact ac-
tion sets. For Bayesian games with continuous action space,
Jackson and Swinkles (Jackson and Swinkels 2005) pro-
vide assumptions for the existence of equilibrium in dis-
tributional strategies. For example, first-price and second-
price single-unit auctions, all-pay auctions, double auctions,
and multi-unit discriminatory or uniform price auctions were
shown to have an equilibrium in distributional strategies, not
necessarily in pure strategies. It is interesting to note that
there are auction models where there is no BNE of the con-
tinuous game, but there are equilibria in the discretized game
(Jackson et al. 2002). While there was significant progress,
we do not have a complete theory when a BNE exists in gen-
eral continuous-type and -action auction games (Carbonell-
Nicolau and McLean 2018). Note that if one could prove the
strict monotonicity of the game, this also proves the unique-
ness of the equilibrium in the respective auction. Therefore,
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we can already deduce that strict monotonicity cannot hold
for the second-price auction considering asymmetric strate-
gies, where several equilibria are known to exist (Krishna
2009, p. 118). However, we know that it is unique in the
symmetric case.

Another question concerns the computational complexity
in those cases where Nash equilibria do exist. Computing a
Nash equilibrium in a finite, complete-information game is
generally PPAD-hard (Daskalakis, Goldberg, and Papadim-
itriou 2009). Cai and Papadimitriou (Cai and Papadimitriou
2014) showed that finding an exact BNE in specific simulta-
neous auctions for multiple items is at least hard for PP, with
PP being a complexity class higher than the polynomial hi-
erarchy and close to PSPACE. Such problems can be consid-
ered intractable even for very small problem sizes. We know
little about the complexity of finding BNE in other multi-
item auctions. Recently, (Chen and Peng 2023) proved that
there is a PTAS for approximating first-price auctions with a
uniform tie-breaking rule, but that the approximation prob-
lem is PPAD-complete for other tie-breaking rules.

A related stream in the literature focuses on learning in
games (Fudenberg and Levine 1998). For example, ficti-
tious play is a natural method by which agents iteratively
search for a pure Nash equilibrium and play the best re-
sponse to the empirical frequency of play of other play-
ers (Brown 1951). Several algorithms have been proposed
based on best or better response dynamics for finite and
simultaneous-move games, and the literature is large (Abreu
and Rubinstein 1988; Hart and Mas-Colell 2000; Fudenberg
and Levine 1998; Hart and Mas-Colell 2003; Young 2004).
Learning dynamics do not always converge to equilibrium
(Daskalakis et al. 2010; Vlatakis-Gkaragkounis et al. 2020).
Learning algorithms can cycle, diverge, or be chaotic; even
in zero-sum games, where the Nash equilibrium is tractable
(Mertikopoulos, Papadimitriou, and Piliouras 2018; Bailey
and Piliouras 2018; Cheung and Piliouras 2020). Sanders et
al. (Sanders, Farmer, and Galla 2018) argue that chaos is typ-
ical behavior for more general large matrix games. Recent
results have shown that learning dynamics do not converge
in games with mixed Nash equilibria (Bailey and Piliouras
2018; Letcher et al. 2019), and that there are finite games
for which any dynamics is bound to have starting points that
do not end up at a Nash equilibrium (Milionis et al. 2023).
Overall, the dynamics of matrix games can be arbitrarily
complex and hard to characterize (Andrade, Frongillo, and
Piliouras 2021).

It is well-known that no-external-regret learners converge
to the set of (Bayesian) coarse correlated equilibria, but the
convergence of learning algorithms to a Nash equilibrium is
only known for specific types of games such as finite po-
tential games (Foster and Vohra 1997; Hart and Mas-Colell
2000; Jafari et al. 2001; Stoltz and Lugosi 2007; Hartline,
Syrgkanis, and Tardos 2015; Foster et al. 2016). In general,
the convergence of no-regret learning algorithms to a Nash
equilibrium depends on the specific structure of the game
and the algorithm used. The convergence of learning algo-
rithms to a Nash equilibrium in Bayesian auction games with
continuous type and action space is largely unexplored.

We draw on the literature on variational inequalities (VI),



in particular infinite-dimensional VIs. Variational inequal-
ities were initially introduced to study equilibrium prob-
lems in physical systems (Fichera 1964; Kikuchi and Oden
1988). Since then, the theory’s applicability has been ex-
panded to include various problems (Lions and Stampac-
chia 1967; Glowinski, Lions, and Trémolieres 1981; Kinder-
lehrer and Stampacchia 2000). Notably, the search for equi-
librium in a game can be reformulated as solving a related
VI. Auction models with continuous type and action space
can be described as infinite-dimensional variational inequal-
ities (Cavazzuti, Pappalardo, and Passacantando 2002).

Monotonicity can be seen as a generalization of convex-
ity in optimization, and it is the primary property to show
the convergence of algorithms in VIs. For first-order meth-
ods, Nemirovski (Nemirovski 2004) proved that the extra-
gradient method converges to a weak solution with a global
rate of O(1/t) if the operator F' is monotone and Lipschitz-
continuous. Other methods achieve the same goal (Nesterov
2007; Kotsalis, Lan, and Li 2022) and achieve the lower
bound of Ouyang and Xu (Ouyang and Xu 2021). These
are also known as ”projection-type” methods. More recently,
also higher-order methods were developed (Lin and Jordan
2022). There is also more recent work on non-monotone
VIs, which usually assumes the existence of Minty-type so-
lutions to the VI (Song et al. 2020; Huang and Zhang 2023).
Huang and Zhang (Huang and Zhang 2023) show that the
existence of Minty solutions turns out to be critical in es-
tablishing convergence for the projection-type methods for
non-monotone VIs.

Preliminaries

This section lays the foundation for studying the equilibrium
problem and its associated variational inequality (VI) in a
function space. To begin our analysis, it is crucial to estab-
lish a derivative in function space. This requires us to work
with a set of strategies that exhibit sufficient well-behaved
properties. Furthermore, we narrow our focus to the sym-
metric setting with symmetric priors and strategies and the
independent private values model. This choice simplifies our
analysis and is sufficient to give answers to whether forms
of monotonicity are the reason for the convergence of first-
order methods in auction models.

Abstract Setting

Let n € N be the number of bidders. For bidder ¢, the set
of possible bids is called B, C R, and the set of valua-
tions of bidder i is X; C R. We define B := X', B; and
X := X_; X;. The goal of each bidder is to maximize their
payoff, i.e., they consider their utility function

u;: BXx X = R:u(b,x).

For this, they search for a strategy 3; : X — B,. Let the
vector space V; contain all possible strategies 3;, while the
subset B; C V; contains all admissible strategies (see Equa-
tion 5), and we define V' := X' ; V; and B := X"_; B;. The
random values X; of all bidders ¢ = 1,...,n are distributed
in X; according to an atomless probability distribution F;
with full support over X;. We denote by U; : V. — R :
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Ui(B) := Ex[u;(B(X), X)] the expected utility of bidder
1 for given strategies 3. Note that here and in the following,
we denote by 3 a vector (81, B2, . . ., Bn) and by 3;, 3%, the
vector (B7,...,B;_1,Bi, Bi1,- -, B;)- The Bayesian Nash
equilibrium (BNE) for this auction game is then given by:

Problem 1 (BNE). Find 3" € B such that Vi = [n]
Ui(B") = Ui(Bi,BZ;)  VBi € B;. (1

Under certain conditions (to be elaborated in the fol-
lowing), the equilibrium condition can be reformulated as
a variational inequality. For this, we need to consider the
expected utility function’s derivative in a function space.
This demands some regularity of the underlying function
space. Assume that V; is a Banach space and denote by
V¥ .= L(V;,R) its dual space consisting of all continuous
linear functionals on V;. Note that not all linear functionals
are continuous for general infinite-dimensional spaces. Fur-
thermore, assume that 3; C V; is convex and closed. Follow-
ing the standard procedure in the literature (Lions and Stam-
pacchia 1967; Kinderlehrer and Stampacchia 2000), we de-
rive the so-called Gateaux-derivative of U;, which can be
understood as the generalization of the (linear) directional
derivative in normed spaces. So, let DU;(8)[d] denote the
directional derivative of U; at 8 = (B1,...,0,) € B with
respect to 3; along d € V, i.e., foralld € V:

DU(B)|d] := lim e~} (Ui(B: + ed, B_;) = Ui(8))- (2)

The directional derivative is the Gateaux-derivative iff
DU;(B) € V7, i. e., when the derivative is a continuous
linear operator in the direction d € V. If the Gateaux-
derivative exists, a necessary condition for a BNE is the fol-
lowing (Stampacchia-type) VI (Kinderlehrer and Stampac-
chia 2000):

Problem 2 (VI). Find 3" € B such that Vi € [n]
DU(B")[Bi — B{1 <0 VB € B,. 3)

A sufficient condition, also referred to as the dual VI of
the Stampacchia formulation, is given by the (Minty-type)
VI

Problem 3 (MVI). Find 8* € B which satisfies Vi € [n]

DU(B)[Bi — i1 <0 VBeB. 4)

In general, solutions of the Minty-type VI (4) are a subset
of the BNEs given by (1), which are, in turn, a subset of so-
lutions of the Stampacchia-type VI (3). Vice versa, solutions
of the Stampacchia-type VI (3) are also BNEs if U; is pseu-
doconvex in 3; for all B_;, and BNEs are, in turn, solutions
of the Minty-type VI (4) if U; is quasiconvex in (; for all
B_, (Cavazzuti, Pappalardo, and Passacantando 2002).

Symmetric and Independent Private Value
Auctions

In the following sections, we consider second- and first-
price sealed-bid auctions under the assumption of (com-
plete) symmetry and identically independently distributed
private values. (Complete) symmetry implies

B;=B, Xi=X, X;~ua F;=F,

U; = U



for all ¢ 1,...,n. Furthermore, private values ensure
Bi(x) = Bi(x;) fori = 1,...,n, i.e., the strategy of each
bidder ¢ depends only on the knowledge of their own val-
uation X; = x;. The ex-ante utility is denoted U(3) :=
Ex[u(B(X),X)], and symmetric strategies are denoted
B:=(8,...,8) € Bfor§ € B.

In the following, we assume X = [0, 1] (without loss of
generality) and F' € C%1([0, 1]), i.e., the cumulative prob-
ability function is Lipschitz-continuous. To analyze the VI
we have to define an appropriate set of admissible strategies.
This set should be sufficiently general to allow for strate-
gies that may be considered as sensible for the underlying
problem. Additionally, it needs to provide adequate struc-
ture, e.g., an inner product or a natural dual product. There-
fore, consider the Banach space

V,=V:={BeL'(0,1;F) |8 € L'(0,1;F)},

ie, V. = WH(0,1; F) consists of F-integrable func-
tions with F'-integrable weak derivatives. Note that V' C
AC([0,1]), where the latter space denotes all absolutely
continuous functions on [0, 1]. For small § > 0 we define

Bs:={BecV :0<B<1F-ae,
0<6<p Fae,and B(0) =0}. (5)

Note that the restriction 0 < < 1 is natural because only
positive bids are feasible, and bidding more than the maxi-
mal valuation 1 implies a non-positive payoff. Similarly, it
is natural to assume the bids § to be increasing in valua-
tion. Requiring a small positive derivative (8° > ¢ > 0)
is slightly more restrictive, but together with the other as-
sumptions, this ensures the set Bs to be convex, closed, and
bounded in V.

In this setting, the BNE (1), VI (3) and MVI (4) simplify
to deviations in a single strategy:

Problem 4 (Symmetric BNE, VI and MVI). A symmetric
BNE B* € B;s satisfies

U ) =zU(B,BL), VBEDBs. (6)
A solution B* € Bs to the symmetric VI satisfies
DU(B[B—-p]<0  VBebBs. 7)
A solution B* € Bs to the symmetric MVI satisfies
DU(B,B_)[B—81<0  VBBE€Bs (8

Here DU (3)[d] is the Gateaux-derivative of U at 3 € B
with respect to 81 along d € V.

In the following two sections, we use these mathemati-
cal tools to analyze the second- and first-price sealed-bid
auction in the continuous setting. Thereto, we first derive
the Gateaux-derivative of the bidder’s utility function, and
use it to analyze the BNE, VI and MVI and their poten-
tially different solutions in detail for these applications.
Subsequently, we analyze whether the Gateaux-derivative
is (quasi-)monotone, since this property would ensure con-
vergence of (certain) gradient-based learning algorithms. In
particular, we discuss counterexamples for the simplest case
of two bidders with independent uniform priors.
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Second-Price Sealed-Bid Auction

For symmetric second-price sealed-bid auctions with risk-
neutral bidders, the utility function of a bidder is given by

u(b,xz) = X{b1>j:glf.’.(,n b} (931 - :H217axn bj)

Since every B € Bs is an increasing function, it satisfies
‘max f(z;) = B( ‘max ;). UsingY := max X;~
Jj=2,...,n Jj=2,...,n Jj=2,....,n

G = F"~1 € C%1(]0,1]) with derivative g := G’, the ex-
ante utility U against symmetric strategies 3 = (B, ce, B)
can then be reformulated as

1 1
U= [ [ Xt (0 = B) 4GP @).

This leads to the following expression for the derivative:

Lemma 1. The Gateaux-derivative at (3,3_,) € Bs along
d €V is given by

DU(B,8-1)ld]

1
/0 d(@)X (5(x)em(p)} (z — B(x))

9w
BB (B(x)

Proof sketch. Using the definition of the directional deriva-
tive (2), we get the expression above and observe that the
expression is linear in d and bounded. Therefore, it is equiv-
alent to the Gateaux derivative. O

©))

Existence and Uniqueness

For symmetric second-price sealed-bid auctions with inde-
pendent private values, we can show that a unique BNE ex-
ists and coincides with the (unique) solution of the VI and of
the MVI. Therefore, these notions are equivalent in this par-
ticular case, even though we show in the following section
that the Gateaux-derivative is not monotone, nor pseudo- nor
quasi-monotone.

Lemma 2. The symmetric BNE, VI and MVI problems have
the (F-a.e.) unique solution * = 1d in the compact and
convex set Bs C'V for0 < 6§ < 1.

Proof sketch. Using the expression (9) for DU, we derive
the symmetric VI (7)

0= DU(B")[B - 57

1
- [ @ -5 @) -5 ) (10

g(z)
B (x)

for all 5 € Bs. We observe that §* = Id satisfies the VI,
showing that it is a solution. Furthermore, we observe that
the VI with 8 = Id can only be satisfied by §* = Id, show-
ing uniqueness. O

dF(x)



Monotonicity

Gradient-based learning for symmetric strategies uses the
gradient operator DU(S,8_,) with 3 = [. Therefore,
we are interested whether the operator DU () is (quasi-
)monotone in 3 € Bs. This condition would ensure conver-
gence for extra-gradient methods (Khanh 2016). However,
we show that even in the most simple setting with two bid-
ders (n = 2) and uniform priors (¥’ = 1d), the operator DU
is neither monotone nor pseudo- nor quasi-monotone.
The operator DU is monotone if it satisfies

(DUB) — DUB))[B— B <0  VB,B€Bs. (1)

For pseudo-monotonicity we require (Khanh 2016)
DUB)F-p<0 = DUB)F-F<0. (12

for all 8,8 € Bs, while quasi-monotonicity requires (12)
with strict inequality on the left-hand side. Note that mono-
tonicity implies pseudo-monotonicity, which, in turn, im-
plies quasi-monotonicity.

Proposition 1. The operator DU is neither monotone, nor

pseudo- nor quasi-monotone (for 6 < %, F = 1d and
n=2).

Proof. A counterexample is given by the piece-wise linear
and continuous functions

6l T ifOSxS%,

Bx)= 1550 B@)={im+aw ifg<z<s
63 17 e 2

Tﬁ*ﬁ 1f§<x§1,

which yield a negative integral on the left-hand side, but a
positive one on the right-hand side in (12). Therefore, DU
is not quasi-monotone and consequently neither pseudo-
monotone nor monotone. O

Even though this second-price auction leads to a non-
monotone VI, a Minty-type solution exists, ensuring the
convergence of projection type methods (Song et al. 2020;
Huang and Zhang 2023), see also the extended version.

First-Price Sealed-Bid Auction

For symmetric first-price sealed-bid auctions with risk-
neutral bidders, we have

.....

As for the second-price auction, using Y =
maxj_s ., X; ~ G = F’i‘l, the ex-ante utility U
against symmetric strategies 3 = (8,...,3) can be
reformulated as

_ 1 1
U(ﬁvﬁfl):‘/o (x_ﬁ(x))/o X{,g(x)>5(y)}dG(y)dF(x)-

Lemma 3. The Gateaux-derivative at (3, ,é_l) € Bs along
d € V is given by

1
DU(B.B_,)[d] = / A()X oy <3 (13)

T — xM—G~_1 x)))|dF (x).
[(&—B( >)B,<5_1W))) (B~ (B(x)))]dF (x)

The proof is analogous to the derivation in the previous
section and can again be found in the extended version.
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Uniqueness of BNE and Non-Existence of MVI

For symmetric first-price sealed-bid auctions with indepen-
dent private values, we can show that the unique BNE coin-
cides with a solution of the VI (which is unique in the inte-
rior of Bs). Even in the simple case of two bidders (n = 2)
with uniform priors (¥ = Id), no solution to the MVI ex-
ists. So, in contrast to second-price auctions, these notions
are different for first-price auctions.

Lemma 4. Assume that f = F' is Lipschitz-continuous and
satisfies

do = —infwe[o’l] /(@) > 0.

sup,e(o,1] f (%)
For 0 < § < &y, f*(x) = %fow ydG(y) is the unique
solution to the symmetric VI (7) in the interior of Bs. This
solution is the unique symmetric BNE of (6).

Proof sketch. We start by deriving the symmetric variational
inequality (VI) in terms of 5*

TR 1)
J = 57@) £ - 6
(5(x) — 6" (2))aF(2) <0,

for all 5 € Bs. A solution in the interior of Bs must satisfy

ey ()
T — x —G(z)=0
(z = B( ))5*/(96) (z)
Finally, we use the Picard—Lindelsf theorem to analyze the
above ODE and derive the unique solution. The detailed
proof can be found in the extended version. O

Remark 1. Note that Lemma 4 holds for all 0 < § < dy.
Hence, a limit argument shows that the BNE is the unique
solution to the symmetric VI in the interior of the class of
uniformly increasing functions By, := Js-o Bs. If a solu-
tion B to the VI at the boundary OBy exists, its derivative
B' must approach zero at some point x € |0, 1], such that
the expression DU () might be ill-defined. In particular,
this implies that a gradient-based learning algorithm must
reach the BNE if it does converge (within By ).

Lemma 5. In the case of two bidders with uniform priors,
ie, forn = 2 and F = 1d, the unique BNE 3*(z) = 3
according to Lemma 4 does not satisfy the symmetric MVI
(8). In particular, the condition is also not satisfied locally

for any open neighborhood of the BNE (for 6 < % ).
Proof. Using (13), the symmetric MVI (8) reads

[ 5= e - e <o, as

for all 8 € Bs. Using 8*(x) = 5 and the continuous, piece-

wise linear and strictly increasing bid function

F-a.e.

T
5 forx <

_n_

n+27

n 4 n n n+1
B(@) =1 smszy T sz — i) for s <z < 53,
3—n n+1

Q(%Jﬂ)“rm-i-% fOI‘n+2<.’L‘,
for arbitrary n € Ny, we obtain on the left-hand side of (14)
a positive value which then contradicts (14). In particular,
this variational stability condition is even violated locally,
since 8 — B*in V as n — oo. O



First-price sealed-bid

Second-price sealed-bid

=y
=
=
=
— ]

0.2
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Figure 1: Gradients for piecewise linear bid functions with
two pieces.

Monotonicity

As before, we are interested in the situation 8
along which gradient-based learning takes place, and study
whether the operator DU is (quasi-)monotone in B;. Again,
we show that even in the most simple setting of two bid-
ders (n = 2) with uniform priors (F = Id), the operator
DU turns out to be neither monotone, nor pseudo- nor quasi-
monotone.

Proposition 2. The operator DU is neither monotone, nor
pseudo- nor quasi-monotone (for 0 < § < % ).

Proof. For F(z) z and n = 2, and using (9), we can
have a counterexample given by the piece-wise linear and
continuous functions

6la x forz < 1,

Bx) =155 Bl@)={m+15 forz<e<i,
3z 4 for 2 <o
100 ~ 75 3 ;

which yield a negative integral on the left-hand side, but a
positive one on the right-hand side in (12).Therefore, DU
is not quasi-monotone and consequently neither pseudo-
monotone nor monotone. Note that 5’ > % > 4. O

Numerical Analysis

In order to better understand the violations of the Minty con-
dition in first-price auctions, we analyze symmetric learning
in the space of piecewise linear functions. More specifically,
we analyze bid functions consisting of two linear functions
in a first- and second-price sealed-bid auction with two bid-
ders having a uniform prior distribution. These bid functions
are parametrized by the slopes b1, by of the two pieces, i.e.,

o) = {

This low-parameter environment allows us to examine the
resulting vector field and those areas where the Minty con-
dition is violated (see Figure 1). The unique Bayes—Nash
equilibrium (marked with a star) is to have a slope of % for
the first-price auction and a slope of 1 for the second-price
auction for both linear functions. The areas colored red mark
where the Minty condition is violated. The figure shows that

ifr < 3
) ify <

bl.’L'

15
%-sz(x—l (15)

2
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violations of the Minty condition, a sufficient condition for
convergence, are without loss in this analysis. The lami-
nar flows take a turn, but no matter with which parameter
combination one starts, the gradient flow always leads to
the Bayes—Nash equilibrium. Traversing the red area means
that the strategies analyzed on the way move away from the
Bayes—Nash equilibrium, but they move closer again once
the algorithm steps outside this area.!

Conclusions

Learning in games has received much recent attention in
the literature. It is well known, that learning algorithms do
not always converge to an equilibrium in games, but they
do converge in some types such as potential games. Recent
advances in equilibrium learning showed that learning al-
gorithms converge in a wide variety of auction games. The
reasons for these observations are not well understood. We
draw on the connection between auction games and infinite-
dimensional variational inequalities, which has not been ex-
plored so far. In particular, there are sufficient conditions for
which it has been shown that independent optimization al-
gorithms find a solution to the variational inequality. Mono-
tonicity can be seen as a generalization of convexity in opti-
mization, and it provides a condition for first-order optimiza-
tion methods to converge to a solution of the variational in-
equality. Our analysis shows that neither the second- nor the
first-price auctions are monotonous. There are even coun-
terexamples for the weaker pseudo- and quasi-monotonicity
conditions. More recent literature on non-monotone varia-
tional inequality uses the Minty condition to show the con-
vergence of extragradient algorithms (cf. the extended ver-
sion). In the first-price auction, this condition is also not sat-
isfied, even when assuming a uniform prior.

However, both auctions have a unique solution to the vari-
ational inequality, which means, that every gradient-based
learning algorithm must attain the Bayes—Nash equilibrium
(BNE) if it does converge. This is a helpful property as costly
equilibrium verification can be avoided and learning itself is
often fast. There is still a possibility that gradient dynam-
ics might not converge to a unique solution but to a limit
cycle, or diverge. Studying games as a dynamical system
provides a potential remedy. In general, finding limit cycles
of dynamical systems is a PSPACE-complete problem (Pa-
padimitriou and Vishnoi 2015). However, our numerical ex-
plorations illustrate that the gradient dynamics do converge
in the first- and second-price auctions, and they do not cycle.
Whether limit cycles or divergence are possible in other auc-
tion games, remains an open research question to be studied
in the future.
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