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Abstract

Proportional representation plays a crucial role in electoral
systems. In ordinal elections, where voters rank candidates
based on their preferences, the Single Transferable Vote (STV)
is the most widely used proportional voting method. STV is
considered proportional because it satisfies an axiom requir-
ing that large enough “solid coalitions” of voters are ade-
quately represented. Using real-world data from local Scot-
tish elections, we observe that solid coalitions of the required
size rarely occur in practice. This observation challenges the
importance of proportionality axioms and raises the question
of how the proportionality of voting methods can be assessed
beyond their axiomatic performance. We address these con-
cerns by developing quantitative measures of proportional-
ity. We apply these measures to evaluate the proportionality
of voting rules on real-world election data. Besides STV, we
consider SNTV, the Expanding Approvals Rule, and Sequen-
tial Ranked-Choice Voting. We also study the effects of bal-
lot truncation by artificially completing truncated ballots and
comparing the proportionality of outcomes under complete
and truncated ballots.

Datasets — https://github.com/mggg/scot-elex

1 Introduction
Proportional representation is a core principle of modern
electoral systems, its goal being to ensure that elected offi-
cials proportionally represent the composition of the elec-
torate. Most countries achieve proportional representation
through party-list systems, where voters cast their ballots
for political parties rather than individual candidates, and
legislative seats are allocated in proportion to the number
of votes each party receives. However, several countries—
mostly from the former British commonwealth—use a sys-
tem in which voters can vote for individual candidates using
ranked preferences. In such settings, the electorate is usually
divided into a number of districts, each of which elects a few
(usually 2–6) candidates to represent the district in the given
governing body. To achieve proportional representation in
district elections which do not use a party-list system, most
localities use the Single Transferable Vote (STV), a voting
rule dating back to the 19th century (Tideman 1995). STV is
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generally considered to guarantee proportional representa-
tion since it satisfies a property known as proportionality for
solid coalitions (PSC) formulated by Dummett (1984). This
property, in essence, guarantees that any sufficiently large
group of voters that rank the same candidates (not necessar-
ily in the same order) above all other candidates is given an
amount of representation commensurate with its size. Such
groups are referred to as solid coalitions.

Despite the prominence of PSC in the literature, some
have challenged the idea that PSC is a good way to capture
the notion of proportional representation rigorously. For in-
stance, the requirement that all voters in a solid coalition
must all share the exact same candidate set in their ballot
prefix makes PSC highly non-robust (Tideman 2006). This
issue has been considered from a purely theoretical point of
view (Aziz and Lee 2020; Brill and Peters 2023), as well
as through experiments on synthetic data (Brill and Peters
2023). There exist several other properties that seek to guar-
antee proportional representation in ways similar to that of
PSC (Aziz et al. 2017; Brill and Peters 2023), and that, from
the aforementioned perspective, are more robust (Brill and
Peters 2023). However, such properties are purely qualita-
tive, and like PSC they usually rely rigidly on a “threshold
of representation,” making them blind to groups of voters
that come close to being “sufficiently large.”

While proportionality axioms have received much atten-
tion in the theoretical literature, empirical investigation of
the force of axioms formulated to guarantee proportional
representation has been limited due to a scarcity of real-
world ballot data. However, McCune and Graham-Squire
(2024) recently compiled a real-world dataset consisting of
1100 Scottish local council elections from the period 2007–
2022. In these elections, STV is used to elect members for
local councils in Scotland. We observe that in this data,
solid coalitions of sufficient size rarely occur. Consequently,
for most elections in the dataset, PSC places no or few re-
strictions on the winning committee, and most outcomes
are therefore proportional according to the property. Since
PSC often undergirds the claim that STV is proportional, the
toothlessness of PSC in practice raises the question of how
proportional the method really is.1 More generally, we con-

1As demonstrated by Brill and Peters (2023), STV fails propor-
tionality axioms that are stronger than PSC.
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sider the issue of how to assess the proportionality of a com-
mittee when axioms have little to no effect on the outcome.
As a first step towards answering this question, we define
quantitative versions of several proportionality axioms sug-
gested in the literature, based on the idea that we should be
able to relax size-requirements imposed on groups of vot-
ers whenever there are few or no groups of sufficient size.
This approach not only allows us to measure the extent to
which an axiom is satisfied, but also makes it possible to
strengthen axioms in situations where they have little to no
effect. We furthermore use the data from the Scottish local
council elections to assess experimentally the proportional-
ity of different voting rules according to our measures.

In practice, voters tend not to form cohesive groups large
enough for standard proportionality axioms to place any sig-
nificant requirement on the winning committee. The issues
of ballot truncation and small cohesive groups have been
discussed previously (Brill and Peters 2023; Hoffman et al.
2024; Marsh and Plescia 2016), but such work did not have
access to actual ballot data. Our contribution is that we in-
vestigate how to adapt proportionality axioms to such a real-
world setting, and we provide empirical results from a large
dataset of real-world STV elections.

Related Work The formal study of proportional repre-
sentation in multiwinner voting was initiated by Dummett
(1984). In recent years, proportional representation has been
mainly studied in approval-based multiwinner voting (Lack-
ner and Skowron 2022). Proportionality for ordinal elections
has been studied by Aziz and Lee (2020, 2021, 2022), Brill
and Peters (2023), and Delemazure and Peters (2024). Vary-
ing the size of voter groups that deserve representation has
been considered by Janson (2018), who focuses on worst-
case bounds, and Jiang, Munagala, and Wang (2020), who
focus on relaxations of axioms. By contrast, in this paper,
we focus on strengthening axioms and on bounds that are
specific to an instance (rather than worst-case over all in-
stances). Finally, ballot truncation has been considered by
Hoffman et al. (2024) for multiwinner elections, but is more
commonly studied in the context of single-winner voting
(Kilgour, Grégoire, and Foley 2020; Tomlinson, Ugander,
and Kleinberg 2023; Burnett and Kogan 2015; Graham-
Squire and McCune 2023).

2 Preliminaries
For t ∈ N, let [t] = {1, . . . , t}. Throughout the paper, we
assume that we are given a set N = [n] of voters and a set
C = {c1, . . . , cm} of candidates. The preferences of vot-
ers are top-truncated. That is, each voter i ∈ N chooses a
set Ai ⊆ C of candidates and a strict ranking ≻i : Ai ×Ai

over these candidates, where |Ai| may be less than m. For
notational purposes, we assume that c ≻i c

′ for any c ∈ Ai

and c′ /∈ Ai, while voters are indifferent among candidates
they do not rank. Finally, let k denote the number of candi-
dates that need to be selected. We refer to subset W ⊆ C of
candidates of size |W | = k as a committee. A (multiwinner
voting) instance I is a collection of voters, candidates, voter
preferences, and the committee size.

2.1 Proportionality Axioms
For ℓ ∈ [k], we say that a group N ′ ⊆ N of voters is ℓ-large
if |N ′| ≥ ℓnk . Generally speaking, in proportional multi-
winner voting if N ′ is ℓ-large and N ′ is “cohesive” in some
sense, then ℓ of the candidates supported by N ′ should re-
ceive seats on the winning committee.

The most prominent proportionality axiom for ranked
preferences is proportionality for solid coalitions (PSC) in-
troduced by Dummett (1984). Given a subset N ′ ⊆ N of
voters and C ′ ⊆ C of candidates, N ′ forms a solid coalition
over C ′ if for any pair of candidates cj ∈ C ′ and cr ∈ C\C ′,
it holds that cj ≻i cr for all i ∈ N ′. In other words, C ′

forms a prefix of the ranking ≻i of every voter in N ′. Using
the notion of solid coalitions, we can now define PSC.2

Definition 1 (PSC). A committee W satisfies proportion-
ality for solid coalitions (PSC) if for any ℓ ∈ [k] and any
ℓ-large group N ′ ⊆ N of voters forming a solid coalition
over C ′ ⊆ C, it holds that |C ′ ∩W | ≥ min(|C ′|, ℓ).

As a potential alternative to PSC and possible generaliza-
tion of the Condorcet principle to proportional representa-
tion, Aziz et al. (2017) introduced the concept of local sta-
bility. Intuitively, local stability postulates that no group of
voters of size at least n

k should find an unselected candidate
they all prefer to everyone in the committee.3 Notably, com-
mittees satisfying local stability need not exist.
Definition 2 (LS). A committee W satisfies local stability
(LS) if there is no 1-large group of voters N ′ ⊆ N and
candidate c /∈ W with c ≻i c

′ for all i ∈ N ′ and c′ ∈ W .
We also consider two proportionality axioms that have

been proposed in the setting of approval-based multiwinner
voting: EJR+ (Brill and Peters 2023) and priceability (Peters
and Skowron 2020). These can be translated to the ordinal
setting using a construction due to Brill and Peters (2023).4
The definition of priceability involves a system of inequal-
ities and a price p ∈ R+; we call a committee priceable if
there is a solution to this system with p < n

k .

2.2 Voting Rules
A voting rule maps each instance to one or more winning
committees. We briefly introduce the voting rules we study.
For more details, we refer to the full version of this paper.

The Single Transferable Vote (STV) is a family of rules,
with different versions of STV used in different jurisdictions
(Tideman 1995). Following McCune and Graham-Squire
(2024), we describe the version that is used in Scottish local
elections. STV proceeds in rounds and starts by assigning
each voter i ∈ N a weight wi = 1. In each round, STV
checks whether the candidate with the most weighted first-
place votes has at least q (weighted) first-place votes, where

2A related axiom is generalized PSC (Aziz and Lee 2020),
which generalizes PSC to the case of weak orders. For top-
truncated preferences, PSC and generalized PSC are equivalent.

3The same concept was independently studied by Jiang, Muna-
gala, and Wang (2020) in the more general context of core stability.

4Since we are only dealing with ordinal preferences in this pa-
per, we omit the “rank” prefix used by Brill and Peters (2023). We
do not consider the axiom (rank-)PJR+ for computational reasons.
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q = ⌊ n
k+1⌋ + 1 is the quota. If that is the case, this candi-

date is elected and the voters ranking this candidate first are
reweighted proportionally such that the total weight of the
election decreases by exactly q. If there is no such candi-
date, the candidate with the least weighted first-place votes
is removed. Besides this version of STV, which we refer to
as as Scottish STV, we also consider Meek-STV (Hill, Wich-
mann, and Woodall 1987).

The Expanding Approvals Rule (EAR) is another family of
proportional multiwinner voting rules (Aziz and Lee 2020).
Just like STV, it uses a quota q and starts by assigning each
voter a weight wi = 1. It then iterates over all possible ranks
from first to last. For each such rank and so-far unselected
candidate c it checks whether the total weight of the voters
giving a rank of at most r to c is at least q. If there is such a
candidate, it takes any such candidate into the committee and
decreases the collective weight of the corresponding voters
by q. In our implementation of the rule we select the candi-
date with the largest total weight and decrease the weights as
in Scottish STV. If there is no such candidate, r is increased.5

The Single Non-Transferable Vote (SNTV) selects the k
candidates with the highest first-place vote count. SNTV is
sometimes referred to as k-plurality.

Sequential Ranked-Choice Voting (seq-RCV), which is
currently used in the US state of Utah (McCune et al. 2024),
executes the single-winner RCV procedure k times. Single-
winner RCV (a.k.a. instant runoff voting) iteratively deletes
the candidate with the fewest first-place votes until only a
single candidate is left.

We include seq-RCV in the rules we examine because it
is not proportional but majoritarian (i.e., a group consisting
of barely more than half of the electorate can force the entire
committee to consist of their candidates) and therefore can
provide context for our results around methods like STV. We
note that across all 1070 multiwinner Scottish elections in
our dataset there are only nine in which seq-RCV chooses a
winner set incompatible with PSC. Thus, if PSC is the stan-
dard by which a rule is judged to be proportional, seq-RCV
is virtually proportional in practice. However, seq-RCV of-
ten produces outcomes which are wildly non-proportional
under any intuitive notion of “proportional” (McCune et al.
2024), and this provides additional motivation for why we
should explore alternatives to standard PSC in practice.

While SNTV does not satisfy any of the axioms discussed
in Section 2.1, it is considered a “semi-proportional” method
(Amy 2000). Such methods aim to give some representation
to minorities, albeit not proportional to their support.

The remaining three voting rules are proportional: Both
versions of STV satisfy PSC, and EAR satisfies an even

5The treatment of unranked candidates in EAR allows for dif-
ferent interpretations, as noted in Remark 3 by Aziz and Lee
(2020). When a voter ranks a strict subset Ai of candidates, the
set C \ Ai of unranked candidates (i.e., the last equivalence class)
can be included either (i) as soon as the ranked candidates are ex-
hausted, or (ii) only in the final step of the method. We tested both
variants in our experimental analysis. The performance differences
between the two versions were minor, with variant (ii) performing
slightly better. Therefore, we focus on variant (ii) here.

< 25% < 50% < 100%

PSC 42 (3.9%) 275 (25.7%) 776 (72.5%)
EJR+ 64 (6.0%) 357 (33.4%) 1005 (93.9%)
LS 173 (16.2%) 650 (60.7%) 1061 (99.1%)
Priceability 61 (5.7%) 354 (33.1%) 1003 (93.7%)

Table 1: For each axiom, the row values correspond to the
number of elections in the dataset where the satisfaction rate
is strictly less than the percentage value at the top of the
column. For instance, in only 42 out of 1070 elections it is
the case that less than 25% of all committees satisfy PSC.

stronger axiom called rank-PJR+. The latter axiom was in-
troduced by Brill and Peters (2023), who also showed that
EAR winning committees are always priceable.

3 Scottish Local Council Elections
For local governance, Scotland is partitioned into 32 “coun-
cil areas,” each of which is governed by a council. In turn,
each council area is divided into wards, each of which elects
a number of councilors to represent the ward on the coun-
cil. The number of candidates running and the number of
seats available in a typical election are not large; most elec-
tions satisfy m ∈ {6, 7, 8, 9} and k ∈ {3, 4}. Since 2007,
all wards have used Scottish STV to choose their represen-
tatives. Elections are held every five years.

McCune and Graham-Squire (2024) collected ballot data
from 1100 Scottish local council elections between the years
2007 and 2022. Out of the 1100 elections, 1070 satisfy
k > 1; we only consider these 1070 instances.

Notably, voters are not required to provide full rankings
and ballots are often heavily truncated: across the 5,485,379
total ballots cast from all elections, approximately 14% rank
only a single candidate, and a majority, 58%, rank fewer
than k. In contrast, only 13% of ballots are complete (where
by “complete” we mean a ballot that contains m − 1 or m
candidates). We refer to McCune and Graham-Squire (2024)
for more details about the dataset.

We evaluated the force of proportionality axioms on the
ballot data from the elections by calculating the number of
outcomes excluded by the axioms on each instance. Out of
1070 elections, there are 294 (27.5%) for which every com-
mittee of size k satisfies PSC, 592 (55.3%) where there is
only one solid coalition which earns a single seat under PSC,
and 184 (17.2%) where multiple solid coalitions are deserv-
ing of seats by PSC. Thus, in real-world elections PSC does
not place significant restrictions on the winning committee.
The other axioms we consider are generally more discern-
ing than PSC, however none of the axioms identify a unique
outcome on any of the elections we consider. We give an
example to illustrate both how PSC may fall short in exclud-
ing outcomes and how the number of compatible committees
may differ between the axioms. An overview of the number
of outcomes that satisfy each of the axioms considered over
all elections in the dataset can be found in Table 1.
Example 1. Consider the 2012 council election of Midloth-
ian, ward 2, with n = 5132 voters, m = 7 candidates, and
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k = 3 seats. The candidates, their party affiliations, and
their first-place vote counts are listed in Table 2.

Candidate Party First-Place Votes
D. Milligan (DM) Labour 1,574
L. Milliken (LM) Labour 525
J. Aitchison (JA) Independent 382
B. Constable (BC) SNP 1,257
T. Munro (TM) SNP 358
I. Baxter (IB) Greens 671
E. Cummings (EC) Conservative 365

Table 2: Candidates and vote counts for Example 1.

There are
(
m
k

)
=

(
7
3

)
= 35 possible outcomes in this

election. The largest (non-trivial) solid coalition is over the
two Labour candidates DM and LM and has size 1624. This
coalition consists of the 1218 voters who cast a ballot of the
form DM ≻ LM ≻ . . . and of the 406 voters who cast a bal-
lot of the form LM ≻ DM ≻ . . . . Interestingly, the size of
this coalition is much smaller than the total number of voters
who ranked a Labour candidate first. The reasons are that
some Labour voters rank only one candidate on their ballots
and many voters cast split-ticket ballots. The next largest
solid coalition has size 1277 and is over the two SNP can-
didates BC and TM, again barely more than the first-place
votes of BC. The largest solid coalition over more than two
candidates consists of 554 voters who support the two SNP
candidates as well as IB. Solid coalitions over four or more
candidates are extremely small. The threshold for a coali-
tion to be 1-large is ⌈n

k ⌉ = 1711, and therefore any of the 35
possible winning committees satisfies PSC. In comparison,
24 out of 35 committees satisfy rank-EJR+ and priceability,
while 12 out of 35 outcomes are locally stable.

4 Quantifying Proportionality
In this section, we turn proportionality axioms into quanti-
tative proportionality measures. The main idea behind the
construction of measures consists in (1) defining a parame-
terized version of the proportionality axiom by introducing a
multiplicative factor on the size constraint, and (2) identify-
ing the smallest parameter for which the parameterized ax-
iom is satisfied by the given committee. We start with PSC
and consider other axioms in Section 4.4.

4.1 Quantifying PSC
Recall that a group N ′ ⊆ N of voters is called ℓ-large if
|N ′| ≥ ℓnk . A parameterized version of this notion can be
obtained by introducing a multiplicative factor.
Definition 3. Consider an instance with n voters and com-
mittee size k. For α ∈ R+ and ℓ ∈ [k], a group N ′ ⊆ N of
voters is ℓα-large if |N ′| ≥ α · ℓnk .

That is, the value of the parameter α changes the size re-
quirement a group needs to fulfil in order to be deemed wor-
thy of ℓ representatives. If α < 1, then the size constraint
is relaxed, as groups of size smaller than ℓnk deserve ℓ rep-
resentatives. On the other hand, if α > 1, then a group of

voters must have larger size to deserve representation. PSC
requires that ℓ-large groups need to be represented appropri-
ately; consequently, replacing “ℓ-large” with “ℓα-large” in
the definition of PSC makes the axiom more demanding for
α < 1 and less demanding for α > 1.

Definition 4 (α-PSC). Let α ∈ R+. A committee W satisfies
α-PSC if for any ℓ ∈ [k] and any ℓα-large subset N ′ ⊆ N of
voters forming a solid coalition over C ′ ⊆ C, it holds that
|C ′ ∩W | ≥ min (|C ′|, ℓ) .

Clearly, 1-PSC is equivalent to (original) PSC and low-
ering the value of α makes the axiom more demanding: If
α1 ≤ α2, then α1-PSC implies α2-PSC. For a given com-
mittee W , we are therefore interested in the smallest value
of α such that W satisfies α-PSC. Formally, let6

αPSC(W ) = inf{α : W satisfies α-PSC}.

We refer to αPSC(W ) as the PSC value of W . Observe that
W satisfies PSC if and only if αPSC(W ) < 1.

Furthermore, we call the minimum achievable α-value for
an instance I the PSC value of I and denote it with

α∗
PSC(I) = min

W⊆C : |W |=k
αPSC(W ).

Choosing a winning committee which achieves α∗
PSC(I)

might be normatively desirable in a proportional context be-
cause such a committee fulfills the spirit of PSC in the ab-
sence of large solid coalitions.

Example 2. Consider again the instance from Example 1.
Here, 1624 voters form a solid coalition over {DM,LM},
followed by solid coalitions of size 1574, 1277, 1257, 671,
over {DM}, {BC,TM}, {BC}, and {IB}, respectively. The
α-values at which the solid coalitions become ℓα-large for
ℓ ∈ {1, 2} are given in the table below.

ℓ {DM,LM} {DM} {BC,TM} {BC} {IB}
1 0.949 0.920 0.746 0.734 0.392
2 0.474 – 0.373 – –

Table 3: Solid coalitions and α-values in the election from
Example 1.

Consider the committees W = {DM,LM,BC} and
W ′ = {DM,BC, IB}. Committee W is chosen by Meek-STV
and EAR, while W ′ is chosen by Scottish STV. Both com-
mittees satisfy PSC, however we can distinguish the com-
mittees based on their PSC values: αPSC(W ) = 0.392 and
αPSC(W

′) = 0.474. In fact, W achieves the PSC value for
the instance (i.e., α∗

PSC(I) = 0.392), as any smaller value
would additionally force candidate IB to be included. From
the point of view of solid coalitions, W is perhaps the bet-
ter choice of winning committee because the solid coalition
{DM,LM} is more than double the size of any solid coali-
tion containing IB.

6We use infimum rather than minimum since the set of values
for which α-PSC holds is an open interval of the form (αPSC,+∞).
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4.2 Computing the PSC Value of a Committee
As already noted, decreasing the value of α leads to more
representation demands by solid coalitions. We can identify
exactly the values of α that makes a group ℓα-deserving:

N ′ is ℓα-large ⇔ α ≤ |N ′|
n

· k
ℓ
.

Let αℓ
(N ′,C′) =

|N ′|
n · k

ℓ denote the value of α for which the
solid coalition (N ′, C ′) becomes ℓα-large. Then, the values

α1
(N ′,C′), α

2
(N ′,C′), . . . , α

|C′|
(N ′,C′)

are exactly the thresholds of α-values for which the group
starts to become deserving of 1, 2, . . . , |C ′| many represen-
tatives under α-PSC. (Values αℓ

(N ′,C′) with ℓ > |C ′| are ir-
relevant because the group’s deservingness is upper bounded
by |C ′| according to the definition of α-PSC.)

In our algorithm for computing the PSC value of a com-
mittee, we compute these values for all solid coalitions. For
each subset C ′ ⊆ C, there is a unique maximal group NC′

of voters that solidly supports C ′. The group NC′ consists of
all voters ranking all candidates in C ′ over all other candi-
dates. Clearly, it is sufficient to consider only maximal solid
coalitions. Let S denote the set of all maximal solid coali-
tions. It is not hard to see that |S| is polynomial in the size of
the profile and that we can efficiently enumerate all maximal
solid coalitions by iterating over the prefixes of the voters.

Given the set S of all maximal solid coalitions, we can
now collect all threshold values for α. Define T as the set
that contains the relevant values for each solid coalition, i.e.,

T =
⋃

(N ′,C′)∈S

{α1
(N ′,C′), α

2
(N ′,C′), . . . , α

|C′|
(N ′,C′)}.

Here, each threshold value αℓ
(N ′,C′) is associated with a

“PSC constraint” of the form |W ∩ C ′| ≥ ℓ.

Theorem 1. Given an instance and a committee W , the PSC
value of W can be computed in polynomial time.

Proof. First calculate the set S of all maximal solid coali-
tions and the set T of relevant thresholds. Consider the
threshold values in T in non-increasing order. When con-
sidering αℓ

(N ′,C′), check whether |W ∩C ′| ≥ ℓ. If yes, go to
the next threshold value. If not, we know that αPSC(W ) =
αℓ
(N ′,C′), because αℓ

(N ′,C′) is the largest value of α for which
the corresponding PSC constraint is not satisfied by W .

4.3 Computing the PSC Value of an Instance
Computing the minimal possible α-value that is achievable
in an instance by any committee is more challenging. We
first show that the problem is NP-hard.7

Theorem 2. Given an instance and a value α < 1, deciding
whether α-PSC is satisfiable is NP-complete.

7See the full version of this paper for the proof. The problem is
trivial for α ≥ 1, as a committee satisfying PSC always exists.

As a consequence, computing the PSC value of an in-
stance is NP-hard. In order to compute PSC values in our
experiments (see Section 5), we employ integer linear pro-
gramming (ILP). The approach is similar to the one used in
Section 4.2: We compute the set T of threshold values and
then consider these values in non-increasing order. When
considering αℓ

(N ′,C′), we add the constraint |W ∩ C ′| ≥ ℓ

to our ILP and check whether the resulting ILP is feasi-
ble. If yes, we consider the next threshold in T . If not, we
have found the PSC value of the instance, as αℓ

(N ′,C′) is the
largest value of α for which α-PSC is not satisfiable.

Formally, the ILP has a binary variable xc ∈ {0, 1} for
each candidate c ∈ C and a constraint

∑
c∈C xc ≤ k ensur-

ing that at most k candidates are selected. Constraints of the
form |W ∩ C ′| ≥ ℓ can be encoded as

∑
c∈C′ xc ≥ ℓ.

We remark that this algorithm has similarities to the
D’Hondt apportionment method (Balinski and Young 1982).
In the full version of this paper, we develop a description of
this algorithm which gives rise to the idea of “apportionment
for non-disjoint parties,” which might be of independent in-
terest.

4.4 Quantifying Other Axioms
Generalizing the quantification approach to local stability
and EJR+ is straightforward. Similarly to PSC, we can re-
place each ℓ-large group by an ℓα-large group leading to the
following two definitions.

Definition 5 (α-LS). A committee W satisfies α-local sta-
bility (α-LS) if there is no 1α-large group N ′ ⊆ N of voters
and c /∈ W such that c ≻i c

′ for all i ∈ N ′ and c′ ∈ W .

While committees satisfying local stability (i.e., 1-LS) do
not necessarily exist, Charikar et al. (2024) have recently
shown that every instance admits a 9.8217-LS committee.

For the definition of α-EJR+, we let

rank(i, c) = |{c′ ∈ Ai : c
′ ≻i c}|+ 1

denote the rank that voter i assigns to candidate c ∈ Ai. For
unranked candidates c /∈ Ai, we let rank(i, c) = m.

Definition 6 (α-EJR+). A committee W satisfies α-EJR+
if there is no ℓ ∈ [k], ℓα-large group N ′ ⊆ N of voters,
unselected candidate c /∈ W , and rank r ∈ [m] such that

(i) rank(i, c) ≤ r for all i ∈ N ′

(ii) |{c′ ∈ C : rank(i, c′) ≤ r} ∩W | < ℓ for all i ∈ N ′.

The definition of priceability is already parameterized,
with a price of p < n

k implying PSC (Brill and Peters 2023).
It is easy to generalize this implication to show that if the
lowest possible price is p, the corresponding committee sat-
isfies pn

k -PSC. Thus, we say that a committee satisfies α-
priceability if the smallest price p for which the committee
is priceable satisfies p ≤ αn

k .
For all three notions, the minimal α-value achieved by a

given committee can be computed in polynomial time. For
local stability and EJR+, it is sufficient to iterate over the
unchosen candidates and compare the size of the coalitions
that would want to deviate to these candidates. The optimal
price for priceability can be computed via a linear program.
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M-STV EAR SNTV seq-RCV

S-STV 108 (10.1%) 262 (24.5%) 277 (25.9%) 485 (45.3%)
M-STV – 230 (21.5%) 333 (31.1%) 415 (38.8%)
EAR – 452 (42.2%) 459 (42.9%)
SNTV – 599 (56.0%)

Table 4: Number of instances on which the rules disagree.
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Figure 1: Histograms of PSC values and EJR+ values
achievable in our elections, rounded to one decimal place.

We note that it is already NP-complete to decide whether
any locally stable committee exists (Aziz et al. 2017). Fur-
ther, the construction in the proof of Theorem 2 also applies
to both priceability and EJR+, showing that computing the
minimal α-value for these two measures is also NP-hard.

5 Experimental Results
To assess the measures defined in Section 4, we conducted
several experiments on the 1070 election instances from the
dataset discussed in Section 3. We highlight some of our re-
sults in this section, mostly focusing on PSC; all remaining
results can be found in the full version of this paper.

We considered the following voting rules: Scottish STV
(S-STV), Meek STV (M-STV), EAR, SNTV, and seq-RCV.
Table 4 shows how often these rules disagree with each other
(i.e., choose different committees) on our data. We observe
that S-STV and M-STV agree very frequently, but not in
all elections. Further, both STV variants agree with SNTV
in nearly 70% of the elections, i.e., in most elections both
STV variants simply select the k candidates with the most
first-place votes. This is slightly less for EAR, which agrees
with SNTV in only 58% of the elections. Further, seq-RCV
seems to be the rule that is most different from the other
rules, agreeing with SNTV in only 45% of the cases.

Minimal Values For each instance, we computed the op-
timal α-value for each measure (see Figure 1 for histograms
of values for PSC and EJR+). For all measures, the majority
of minimal α-values lie roughly in the range 0.4 to 0.6, the
PSC values overall being somewhat lower than for the other
measures (EJR+ and priceability in particular). Interestingly,
we observe that while a 1-LS or 1-EJR+ committee is not
guaranteed to exist in general, they always exist for the in-
stances in our dataset. This observation is similar in spirit to
the observation that Condorcet winners almost always exist
in real-world elections (McCune and McCune 2024).

PSC EJR+ Priceability LS

opt. dist. opt. dist. opt. dist. opt. dist.

S-STV 856 0.20 826 0.23 870 0.19 829 0.23
M-STV 819 0.24 842 0.22 840 0.22 754 0.30
EAR 677 0.38 737 0.33 709 0.35 656 0.40
SNTV 901 0.16 752 0.30 832 0.23 935 0.13
seq-RCV 552 0.50 646 0.40 586 0.46 459 0.60

Table 5: For each rule and each axiom, (i) “opt.” refers to
the number of instances for which the rule achieves the op-
timal α-value and (ii) “dist.” refers to the average distance
between the outcome of the rule and the outcome with op-
timal α-value (measured in terms of number of candidates
that need to be exchanged). The best values in each column
appear in bold.
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Figure 2: The PSC values achieved by voting rules, together
with optimal PSC values (shown in the leftmost column).

Distance from Optimality For each voting rule, we
counted (i) how often the rule achieves the optimal α-value
and (ii) the average distance between the committees cho-
sen by the voting rule and the committees optimizing the
α-value.8 The results, presented in Table 5, reveal which
voting rules are “most aligned” with each of the four mea-
sures. In particular, SNTV is most aligned with the PSC and
LS measures, and the STV rules are most aligned with the
EJR+ and priceability measures. The strong performance of
SNTV can be considered surprising insofar as the rule does
not satisfy any proportionality guarantees. A possible expla-
nation for the good values achieved by SNTV (which out-
performs EAR according to all four measures) can be found
in the structure of our data: often, most of the constraints
that a quantified proportionality axiom like α-PSC imposes
involve top-ranked candidates only, and SNTV — by defini-
tion — selects the candidates with the most first-place votes.

Values Achieved by Rules We furthermore computed the
spread of α-values achieved by different voting rules over

8For (ii), we define the distance between two committees as half
of their symmetric difference.

13586



Elections0.0

0.5

1.0

1.5
Va

lu
es

S-STV vs. seq-RCV
S-STV
seq-RCV

Elections0.0

0.5

1.0

1.5

 

S-STV vs. EAR
S-STV
EAR

Figure 3: Left: PSC values achieved by Scottish STV and
seq-RCV for the 485 elections where the rules disagree.
Right: PSC values achieved by Scottish STV and EAR over
the 262 elections where the rules disagree. Elections are or-
dered by increasing optimal PSC value.

the set of all instances and compared these values to the
spread of optimal α-values. For PSC values, the results are
presented as a box plot in Figure 2. Overall, all propor-
tional rules — and the semi-proportional SNTV — perform
similarly in terms of approximating optimal values, with the
range of values for each of the rules coming close to those
of the optimal values.9 Somewhat surprisingly, EAR — the
rule satisfying the strongest proportionality axioms (see Sec-
tion 2.2) — does slightly worse than the other proportional
rules. (This is also apparent in Table 5.)

Furthermore, SNTV does slightly better than the other
rules w.r.t. PSC values (and the same is true for LS). A rea-
son for that, as already discussed in the context of Table 5,
is that the measures often require the k most popular candi-
dates to be chosen: on average, 57% of the constraints corre-
sponding to the optimal PSC value are over singleton sets of
candidates, and thus correspond directly to first-place votes.

Pairwise Comparisons Finally, we considered pairwise
comparisons of voting rules w.r.t. the α-values they achieve.
In these comparisons, we only consider instances on which
the two rules under consideration output different commit-
tees. We focus on two comparisons w.r.t. PSC values: S-
STV vs. seq-RCV and S-STV vs. EAR (Figure 3). In both
of these cases, S-STV does better in terms of PSC values.
However, as one might expect, the overall difference in val-
ues between S-STV and the non-proportional seq-RCV is
much more pronounced than the difference between S-STV
and EAR. In particular, seq-RCV fails 1-PSC in 9 instances.

6 The Effect of Ballot Truncation
To understand how ballot truncation affects our results, we
created ballot data with complete rankings based on the
Scottish data. To create this synthetic data, we employed an
iterative process that is described in the full version of this
paper. Basically, when extending partial ballots of length r
to length r+1, we consider the frequency of ballots of length
at least r + 1 which agree on the first r entries.

9The outlier value at α ≈ 0.08 stems from the 2012 election of
North Lanarkshire, Ward 9, where 3 out of 4 candidates needed to
be elected. In this election, all rules and measures choose the same
committee and the only unselected candidate is greatly unpopular.

< 25% < 50% < 100%

PSC 49 (4.6%) 305 (28.5%) 837 (78.2%)
EJR+ 81 (7.5%) 430 (40.2%) 1030 (96.3%)
LS 240 (22.4%) 749 (70.0%) 1066 (99.6%)
Priceability 115 (10.7%) 503 (47.0%) 1036 (96.8%)

Table 6: Analog of Table 1 for completed ballots.

We then reran all experiments from Section 5 for the 1070
synthetic election instances with complete rankings. Over-
all, the results for completed instances are very similar to the
results for the original (truncated) instances. For instance, in
21.8% of these elections any committee of size k is com-
patible with PSC (compared to 27.5% in the truncated case;
see Table 6). This implies that the effect of ballot truncation
is rather limited for the elections we study. This is a bit of
a surprise, as these results suggest that the primary reason
PSC has little discriminatory power in real-world elections
is not that voters truncate their ballots; rather, even if pref-
erences are completed, voters do not form sufficiently large
cohesive groups.

In general, as expected, the achieved α-values are slightly
larger in the completed instances, with, for instance, SNTV
also sometimes violating EJR+. Further, we observe that in
most instances k

k+1 is a lower bound on the lowest possible
priceability value, and that most priceability values achieved
by the rules are clustered around that threshold.

With completed preferences, seq-RCV violates PSC in
55 elections and achieves α-values of up to 1.6 for local
stability. This suggests that non-proportional methods be-
come even more noticeably non-proportional when prefer-
ences are not truncated.

7 Conclusion
Given the absence of large cohesive groups of voters in real-
world political elections, we proposed adaptations of several
established proportionality axioms in which we loosen size
constraints of cohesive groups, thereby creating new ways
to quantify proportionality in practice. Our results show that
while delivering separations in theory, in practice these pro-
portionality measures seem to behave similarly for propor-
tional rules. A majoritarian method like seq-RCV, on the
other hand, performs poorly w.r.t. our measures. We also
found that SNTV, a very simple rule without proportional-
ity guarantees, performs well in practice in most cases. This
study is a first attempt to grapple with the meaning of em-
pirical proportionality using a large real-world dataset.

There are multiple ways to build upon our work. First,
one could try to reconcile theory and practice by coming
up with an axiomatic explanation for the performance of
STV that goes beyond PSC. Second, our results motivate the
search for proportionality axioms (or measures) that are bet-
ter suited for assessing the real-world performance of voting
rules. Finally, it would be interesting to obtain ballot data
from some of the various other jurisdictions that use STV
and to check whether those elections exhibit the same ef-
fects that we observed in the Scottish election dataset.
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