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Abstract

We study the fundamental problem of fairly dividing a set of
indivisible items among agents with (general) monotone val-
uations. The notion of envy-freeness up to any item (EFX)
is considered to be one of the most fascinating fairness con-
cepts in this line of work. Unfortunately, despite significant
efforts, existence of EFX allocations is a major open problem
in fair division, thereby making the study of approximations
and relaxations of EFX a natural line of research. Recently,
Caragiannis et al. (2023) introduced a promising relaxation of
EFX, called epistemic EFX (EEFX). An allocation is EEFX,
if for every agent, it is possible to shuffle the items in the re-
maining bundles so that she becomes “EFX-satisfied”. Cara-
giannis et al. (2023) prove existence and polynomial-time
computability of EEFX allocations for additive valuations. A
natural question asks what happens when we consider valua-
tions more general than additive?

We address this important open question and answer it affir-
matively by establishing the existence of EEFX allocations
for an arbitrary number of agents with general monotone val-
uations. To the best of our knowledge, besides EF1, EEFX
is the only known relaxation of EFX to have such strong
existential guarantees. Furthermore, we complement our ex-
istential result by proving computational and information-
theoretic lower bounds. We prove that even for an arbitrary
number of (more than one) agents with identical submodular
valuations, it is PLS-hard to compute EEFX allocations and
it requires exponentially-many value queries to do so.

1 Introduction

The theory of fair division addresses the fundamental prob-
lem of dividing a set of resources in a fair manner among in-
dividuals (often called agents) with varied preferences. This
problem arises naturally in many real-world settings, such as
division of inheritance, dissolution of business partnerships,
divorce settlements, assigning computational resources in a
cloud computing environment, course assignments, alloca-
tion of radio and television spectrum, air traffic manage-
ment, course assignments, to name a few (Etkin, Parekh, and
Tse 2007; Moulin 2004; Vossen 2002; Budish and Cantil-
lon 2012). Although the roots of fair division can be found
in antiquity, for instance, in ancient Greek mythology and
the Bible, its first mathematical exposition dates back to
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the seminal work of Steinhaus, Banach, and Knaster (Stein-
haus 1948). Since then, the theory of fair division has re-
ceived significant attention and a flourishing flow of research
from areas across economics, social science, mathematics,
and computer science; see (Amanatidis et al. 2022; Brams
and Taylor 1996; Brandt and Procaccia 2016; Robertson and
Webb 1998) for excellent expositions.

The development of fair division protocols plays a crucial
role in ensuring equitable outcomes in the design of many
social institutions. With the advent of internet, the necessity
of having division rules that are both transparent and agree-
able or, in other words, fair has become evident (Moulin
2019). There are many examples to see how the principles
of fair division are being applied in various technological
platforms today.' 2

Some of the central solution concepts and axiomatic char-
acterizations in the fair division literature stem from the
cake-cutting context (Moulin 2004) where the resource to
be divided is considered to be a (divisible) cake [0, 1].
The quintessential notion of fairness—envy-freeness—was
also mathematically formalized in this setup (Foley 1967;
Varian 1973). We say an allocation is envy-free if every
agent prefers their share in the division at least as much
as any other agent’s share. Strong existential guarantees of
envy-free cake division that also establishes a connection
with topology (Stromquist 1980; Su 1999), has made envy-
freeness as the representative notion of fairness in resource-
allocation settings. Unfortunately, an envy-free allocation is
not guaranteed to exist when we need to fairly divide a set
of indivisible items: consider two agents and a single valu-
able item. Only one agent can get the item, and the other
agent will be envious. Furthermore, it is NP-hard to decide
whether an envy-free allocation exists e.g., see (Bouveret
and Lemaitre 2016). Infeasibility along with high compu-
tational complexity of envy-free allocations has led to study
of its various relaxations for the discrete setting.

In this paper, we consider the setting where the resource is
a set of discrete or indivisible items, each of which must be
wholly allocated to a single agent. A fair division instance
consists of a set ' = {1,2...,n} of n agents and a set M
of items. Every agent ¢ specifies her preferences via a valua-
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tion function v; : 2 — R. We study general monotone val-
uations that pertains adding a good to a bundle cannot make
it worse. The goal is to find a partition X = (X1,...,X,,)
of the items where every agent ¢ € A upon receiving bundle
X considers X to be fair.

Envy-freeness up to any item (EFX): One of the most
compelling notions of fairness for discrete setting is envy-
freeness up to any item (EFX). This notion was introduced
by Caragiannis et al. (2016). An allocation is EFX if ev-
ery agent prefers her own bundle to the bundle of any other
agent, after removing any item from the latter. EFX is con-
sidered to be the “closest analogue of envy-freeness” for dis-
crete setting (Caragiannis, Gravin, and Huang 2019). Unfor-
tunately, despite significant efforts over the past few years,
existence of EFX allocations remains as the biggest and the
most challenging open problem in fair division, even for
instances with more than three agents with additive val-
uations (Procaccia 2020; Chaudhury, Garg, and Mehlhorn
2020; Berger et al. 2022; Akrami et al. 2023a). See Sec-
tion 1.3 for a list of related results about EFX. EFX for
chores can be defined symmetrically. In fair allocation of in-
divisible chores, an allocation is EFX if if every agent prefers
her own bundle after the removal of any chore to the bundle
of any other agent. Unlike the goods setting, non-existence
of EFX allocations for chores when agents have arbitrary
monotone valuations is known (Christoforidis and Santori-
naios 2024).

Epistemic envy-freeness up to any item (EEFX): A re-
cent work of Caragiannis et al. (2023) introduced a promis-
ing relaxation of EFX, called epistemic EFX (which adapts
the concepts of epistemic envy-freeness defined by Aziz et al.
(2018)). We call an allocation X EEFX if for every agent ¢ €
[n], there exists an allocation Y such that Y; = X; and for
every bundle Y; € Y, we have v;(X;) > v;(Y; \ {g}) forev-
ery g € Y; (and for the case of chores v; (X; \ {c}) > v;(Y})
for every ¢ € X;). That is, an allocation is EEFX if, for ev-
ery agent, it is possible to shuffle the items in the remaining
bundles so that she becomes “EFX-satisfied”. See Example
1.1 for a better intuition.

Example 1.1. Consider a fair division instance consisting
of 7 items and 3 agents with additive valuations as de-
scribed in Table 1. Now consider the allocation X where
X1 = {91,92,94}, X2 = {g3,95,96}, and X3 = {gr}.
Note that X is envy-free, and hence, EFX and EEFX. Now
assume that agent 1 and 2 exchange the items g3 and g4.
Formally, let Y = ({g1,92,93}, {94, 95, 96}, {g7}). For
i € {1,2}, have v;(¥;) = 300 > 201 = v;(X;), and
v3(Y3) = v3(X3). Therefore, intuitively it seems that Y is
a better allocation compared to X since agents 1 and 2 are
strictly better off and agent 3 is as happy as before (i.e., Y
Pareto dominates X ). However, note that while allocation Y
is still EEFX, it is not EFX. Namely, for agent 3 we have:
’U3(Yi \ {91}) =100 > 55 = ’U3(Y3).

Caragiannis et al. (2023) establish existence and
polynomial-time computability of EEFX allocations for an
arbitrary number of agents with a restricted class of additive
valuations. Thus, the following question naturally arises:
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| g1 92 938 91 95 96 g7
vy | 100 100 100 1 1 11
vy | 1 1 1 100 100 100 1
vs| 1 50 50 1 1 1 55

Table 1: The additive valuation functions of 3 agents for 7
goods.

Do EEFX allocations always exist for an arbitrary num-
ber of agents with general monotone valuations?

1.1 Our Results

We answer the above question affirmatively and estab-
lish computational hardness and information-theoretic lower
bounds for finding EEFX allocations:

1. EEFX allocations are guaranteed to exist for any fair divi-
sion instance with an arbitrary number of agents having
general monotone valuations; see Theorem 3.5.

Exponentially (in the number of goods) many valua-
tion queries is required by any deterministic algorithm to
compute an EEFX allocation for fair division instances
with an arbitrary number of agents with identical sub-
modular valuations; see Theorem 4.7.

. The problem of computing EEFX allocations for fair
division instances with an arbitrary number of agents
having identical submodular valuations is PLS-hard; see
Theorem 4.8.

It is relevant to note that, with the above results, the notion
of epsitemic-EFX becomes the second known relaxation of
EFX (besides EF1), that admits such strong existential guar-
antees. Along-with its hardness results, the notion of EEFX
for discrete settings seems to enjoy results of similar flavor
as that of envy-freeness for cake division (Stromquist 1980,
2008; Deng, Qi, and Saberi 2012).

Similar computational hardness and information-theoretic
lower bounds are known for computing an EFX allocation
between two agents with identical submodular valuations;
see (Plaut and Roughgarden 2020) and (Goldberg, Hggh,
and Hollender 2023). Observe that, the set of EEFX and EFX
allocations are identical in instances with two agents. Hence,
the computational hardness and information-theoretic lower
bounds known for computing EFX allocations between two
agents carry forward to EEFX allocations as well, but only
for two agents. At first sight, it might seem trivial that find-
ing an EEFX allocation can only get harder when the num-
ber of agents grows. However, note that when the number
of agents grows, more bundles become “EEFX-feasible” for
each agent, and hence, finding an EEFX allocation may be
done faster. Nevertheless, in this work, we prove similar
lower bounds for EEFX by reducing the problem of com-
puting an EEFX allocation among an arbitrary number of
agents with identical submodular valuations from the prob-
lem of computing an EFX allocation among two agents
with identical submodular valuations. See Section 7.2 in



(Arunachaleswaran, Barman, and Rathi 2022) for further
discussion on the PLS class.

Although  similar  computational hardness and
information-theoretic bounds hold true for finding EFX
and EEFX allocations, our work has proved guaranteed
existence of EEFX allocations for an arbitrary number of
agents with monotone valuations, whereas existence of EFX
allocations for more than three agents even with additive
valuations remain a major open problem.

Due to space constraints, in the rest of this paper, we focus
on the goods setting. However, we note that our existential
result for EEFX allocations also holds for the chores setting
when agents have non-increasing monotone valuations. The
proofs in the chores setting closely resemble those in the
goods setting, with adjustments made to accommodate the
definition of EFX for chores.

1.2 Our Techniques

Consider a fair division instance Z = (N, M, V) which
consists of a set A/ of n agents, a set M of m items and
a set )V consisting of agent-valuations over M. and a desir-
able property P of abundle B C M for an agent : € . In
this work, we consider the fairness property of whether B is
n-epistemic-EFX for an agent ¢ (see Definition 2.3). We say
B is desirable to i when B satisfies the property P for agent
i. The goal is to find an allocation A = (Ay,...,A4,) such
that A; is desirable to each agent i € A; we call such an
allocation desirable.

For any partitioning of the items into n bundles
X1, Xa,...,Xp, let us consider a bipartite graph G(X)
with one side representing the n agents and the other side
representing the n bundles. There exists an edge (i, j) be-
tween (the node corresponding to) agent ¢ and (the node
corresponding to) bundle X, if and only if, bundle X is
desirable to agent i. For any subset of the nodes S C N,
let us write N (.S) to denote the set of all neighbours of .S in
G(X).

Note that, if G(X) has a perfect matching, then this
matching translates to a desirable allocation in Z. There-
fore, let us assume that G(X) does not admit a per-
fect matching and hence admits a Hall’s violator set.
That is, there exists a subset of agents {ai,...,a;11}
for which |[N({a1,...,at41})] < ¢. But also, there
exists a subset of bundles {Xj,..., X, } for which
IN{Xj, s X )l < k. Let us assume that

jis- > Xjpy, t1s minimal. If £ > 1, this means that we
can find a non-empty matching of ((i1, X;,), ..., (ix, Xj,))
such that there exists no edge between agent i € N \
{i1,...,4x} and bundles X ,...,Xj;, . . In other words,
for all ¢ € [k], X, is desirable to i, and is not desirable
toany i & {i1,...,ix}.

After finding such a matching, it is intuitive to allocate
X, to i, for all £ € [k] and then recursively find a desired
allocation of the remaining goods to the remaining agents. In
order to do so, we need to ensure two important conditions.

1. We can find a non-empty
((41,X4,)s - -+, (i, X, ) in each step.
2. After removing X, U...UXj, from M, we can still find

matching
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desirable bundles (with respect to the original instance)
for the remaining agents.

Whether ensuring these conditions is possible or not, de-
pends on the property P. In this work, we prove this ap-
proach works when the property P is n-epistemic-EFX, and
thereby proving the existence of EEFX allocations for mono-
tone valuations.

Although these two conditions might seem inconsequen-
tial, we prove that a stronger condition can simultaneously
imply both of them. Namely, we only need to prove that at
each step with n/ remaining agents, for any remaining agent
1, we can partition the remaining items into 7’ many bundles
Xi,..., X, such that X is desirable to ¢ for all j € [n’].
This way, at each step, we can ask one of the remaining
agents to partition the remaining goods into n’ many desir-
able bundles with respect to her own valuation. Then, we ei-
ther find a perfect matching, or we find a non-empty match-
ing and reduce the size of the instance.

This technique works when the desirable property is,
for instance, proportionality (moving-knife procedure (Du-
bins and Spanier 1961)) or maximin share (Steinhaus 1948;
Amanatidis et al. 2021; Kuhn 1967; Aigner-Horev and
Segal-Halevi 2022; Hummel 2024). In this paper, we show
that EEFX allocations under monotone valuations are also
compatible with the above technique. Recently, Bu et al.
(2024) proved this technique also works for finding PROP1
allocations® among agents with additive valuations in a
comparison-based model. In that model, two bundles are
presented to an agent and she responds by telling which bun-
dle she prefers.

1.3 Further Related Work

Plaut and Roughgarden (2020) proved the existence of EFX
for two agents with monotone valuations. For three agents,
a series of works proved the existence of EFX allocations
when agents have additive valuations (Chaudhury, Garg, and
Mehlhorn 2020), nice-cancelable valuations (Berger et al.
2022), and finally when two agents have monotone val-
uations and one has an MMS-feasible valuation (Akrami
et al. 2023a). EFX allocations exist when agents have iden-
tical (Plaut and Roughgarden 2020), binary (Halpern et al.
2020), or bi-valued (Amanatidis et al. 2021) valuations. Sev-
eral approximations (Chaudhury et al. 2021; Amanatidis,
Markakis, and Ntokos 2020; Chan et al. 2019; Farhadi et al.
2021) and relaxations (Amanatidis et al. 2021; Caragiannis,
Gravin, and Huang 2019; Berger et al. 2022; Mahara 2021;
Jahan et al. 2023; Berendsohn, Boyadzhiyska, and Kozma
2022; Akrami, Rezvan, and Seddighin 2022) of EFX have
become an important line of research in discrete fair divi-
sion.

Another relaxation of envy-freeness proposed in discrete
fair division literature is that of envy-freeness up to some
item (EF1), introduced by Budish (2011). It requires that
each agent prefers her own bundle to the bundle of any other
agent, after removing some item from the latter. EF1 alloca-

3PROP1 requires each agent’s proportionality if one item is
(hypothetically) added to that agent’s bundle.



tions always exist and can be computed efficiently (Lipton
et al. 2004).

Proportionality (Dubins and Spanier 1961; Steinhaus
1948) is another well-studied notion of fairness having its
roots in cake division literature. An allocation is propor-
tional if each agent gets a bundle of items for which her
value exceeds her total value for all items divided by the
number of agents. It is easy to see that a proportional al-
locations do not necessarily exist for the setting of discrete
items.

Among the relaxations of proportionality, the one that has
received the lion’s share of attention uses the so-called max-
imin fair share (MMS), i.e., the maximum value an agent
can attain in any allocation where she is assigned her least
preferred bundle, as threshold. Surprisingly, Kurokawa, Pro-
caccia, and Wang (2016) proved that MMS allocations may
not always exist. Since then, research has focused on com-
puting allocations that approximate MMS; e.g., see (Ama-
natidis et al. 2017; Kurokawa, Procaccia, and Wang 2018;
Ghodsi et al. 2018; Barman and Krishnamurthy 2020; Garg
and Taki 2020; Feige, Sapir, and Tauber 2021; Akrami et al.
2023b; Akrami and Garg 2024) for additive, (Barman and
Krishnamurthy 2020; Ghodsi et al. 2018; Uziahu and Feige
2023) for submodular, (Ghodsi et al. 2018; Seddighin and
Seddighin 2022; Akrami et al. 2023c) for XOS, and (Ghodsi
et al. 2018; Seddighin and Seddighin 2022) for subadditive
valuations.

Proportionality up to one good (PROP1) (Conitzer, Free-
man, and Shah 2017) is another relaxation of proportion-
ality which can be guaranteed together with Pareto optimal-
ity (Barman and Krishnamurthy 2019). Proportionality up to
any good (PROPX) on the other hand, is not a guaranteed to
exist in the goods setting (Aziz, Moulin, and Sandomirskiy
2020).

An excellent recent survey by (Amanatidis et al. 2022)
discusses the above fairness concepts and many more. An-
other aspect of discrete fair division which has garnered an
extensive research is when the items that needs to be divided
are chores. We refer the readers to the survey by (Guo, Li,
and Deng 2023) for a comprehensive discussion.

1.4 Organization

We begin by discussing the preliminaries in Section 2. We
prove our key result of guaranteed existence of EEFX allo-
cations for monotone valuations in Section 3. We conclude
by proving information/theoretic lower bounds for comput-
ing an EEFX allocation in Section 4. Towards the end, we
discuss a list of many interesting open problems motivated
by this work in Section 5.

2 Definitions and Notation

For any positive integer k, we use [k] to denote the set
{1,2,...,k}. We denote a fair division instance by Z =
(N, M, V), where N = [n] is a set of n agents, M is a set
of m items and V = (v1, v, ..., v,) is a vector of valuation
functions. For any agent i € N, we write v; : 2 — Rxg
to denote her valuation function over the set of items. For
all i € N, we assume v; is normalized; i.e., v;(#) = 0,
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and monotone; ie., foralli € N, g € Mand S C M,
v;(S'U{g}) > v;(S). For simplicity, we sometimes use g
instead of {g} to denote a set with a single item. We use
“items” and “goods” interchangeably.

For a fair division instance Z = (N, M,})) with mono-
tone valuations, we consider the valuations to be accessed
via an oracle. Note that, monotone valuations are the most
general class of valuations when the set of items consists of
only goods or only chores. A valuation functions v : 2M —
R is submodular, if and only if for all subsets of items S and
T,0(S)+v(T)>v(SUT)+v(SNT).

An allocation X = (X1, Xo, ..., X,,) of the items among
agents is a partition of items into n bundles such that bundle
X is allocated to agent ¢. That is, we have X; N X; = 0 for
alli,j € N and U X = M.

Let us now define the concept of strong envy that char-
acterizes one of most compelling notions of fairness in the
literature - envy-freeness up to any item (EFX).

Definition 2.1 (Strong Envy). For a fair division instance,
we say an agent ¢ upon receiving a bundle A C M strongly
envies a bundle B C M, if there exists an item g € B
such that v;(A) < v;(B\ g). Under an allocation X, we say
agent ¢ strongly envies agent j, if upon receiving X;, agent ¢
strongly envies the bundle X ;.

Definition 2.2 (EFX). For a fair division instance, an allo-
cation X = (X1, Xo,...,X,,) is said to be “envy-free up
to any item” or “EFX”, if no agent strongly envies another
agent. i.e., for all agents  and j, v;(X;) > v;(X; \ g) for all
ge X G-

Recently, Caragiannis et al. (2023) introduced a promis-
ing new notion of fairness — epistemic EFX — by relaxing
EFX, that we define next. They proved epistemic EFX allo-
cations among an arbitrary number of agents with additive
valuations can be computed in polynomial time.

Definition 2.3. For any integer &, agent i € [n] and subset of
items S C M, we say that a bundle A C S is “k-epistemic-
EFX” for ¢ with respect to S, if there exists a partitioning of
S\ Ainto k — 1 bundles C4, Cs, . . ., Ck_1, such that for all
J € [k—1], upon receiving A, i would not strongly envy Cj.
We call C = {C1,Cs,...,Ck_1} a “k-certificate” of A for
¢ under S. Also we define

EEFXF(S) :={A C S| Ais “k-epistemic-EFX”
for agent ¢ with respect to S'}.

Definition 2.4 (EEFX). For a fair division instance, an allo-
cation X = (X3, Xo,...,X,,) is said to be epistemic EFX
or EEFX if for all agents 7, X; € EEFX'(M).

Note that the set of EFX and EEFX allocations coincide
for the case of two agents. Next, we define a notion of EEFX-

graph that plays a crucial role in proving the existence of
EEFX allocations.

Definition 2.5. For a fair division instance, consider a parti-
tion of M into n bundles Y7,...,Y,,. We define the EEFX-
graph as an undirected bipartite graph G = (V, E), where
V' has one part consisting of n nodes corresponding to the
agents and another part with n nodes corresponding to the
bundles Y7, . ..,Y,,. There exists an edge (7, j) between (the



node corresponding to) agent ¢ and (the node corresponding
to) bundle Y; if and only if Y; € EEFX}'(M).

We abuse the notation and refer to the “nodes correspond-
ing to agents” as “agents” and also refer to the “nodes cor-
responding to bundles” as “bundles”. For any subsets V' of
nodes, N (V) is the set of all neighbors of the nodes in V.
For a matching M, V(M) is the set of vertices of M.

3 Existence of Epistemic EFX Allocations

In this section, we prove our main result that establishes ex-
istence of EEFX allocations for any fair division instance
with n agents having monotone valuations. We start by prov-
ing an important structural property (in Lemma 3.1) that en-
ables us to reduce an instance to one with lower number of
agents.

Lemma 3.1. For any fair division instance, consider an
agent i € N and A C M such that A ¢ EEFX}(M).
Then for all bundles B € EEFX? ™1 (M \ A), we must have
B € EEFX](M).

Proof. For an agent ¢ € N, let us assume that bundle
A C M is such that A ¢ EEFX[(M). Now, consider
any bundle B € EEFX}™'(M \ A), i.e., there exists an
(n — 1)-certificate of B for ¢ under M \ A, we call it
C ={Cy,...,Cy_2}. By definition, we have that

v;(B) > v;(C; \ g)forallj € [n—2]andg € C; (1)

If v;(A) > v;(B), then combining it with equation (1),
we obtain {B,C1,...,C,_2} is an n-certificate of A for ¢
under M and A € EEFX[' (M), leading to a contradiction.
Hence, we must have

v;(B) > v;(A) 2

Finally, combining equations (1) and (2), we obtain
{A,C4,...,C,_2} is an n-certificate of B for ¢ under M
and B € EEFX] (M). This completes our proof. O

Lemma 3.1 implies that if an agent ¢ finds a bundle A to
be n-epistemic-EFX while no other agent finds A to be n-
epistemic-EFX, we can safely allocate A to i, and remove
i and A from the instance and find an EEFX allocation of
M\ A to the remaining n — 1 agents. Note that we can
repeat this process iteratively and remove ¢ > 1 agents and
t bundles. The formal description is given in Corollary 3.2.

Corollary 3.2 (of Lemma 3.1). For a fair division instance,
consider a partial allocation (Xji1, Xk42,-..,Xn) 10
agents in the set [n] \ [k]. Let us assume that for all agents
i € [n]\ [k] and all j € [k], we have X; € EEFX7,
X; ¢ EEFXY. If (X1,...,X}) is an EEFX allocation of
M Uiy Xe for agents in (K], then (X1, Xo, ..., Xy) is
an EEFX allocation for agents in [n].

We will now give a high-level overview of our construc-
tive proof for establishing the existence of EEFX allocation
among arbitrary number of agents with monotone valuations
using ALG (see Algorithm 1). For a fair division instance
Z = (N, M,V), our algorithm ALG, starts by consider-
ing an EFX allocation (X1, ..., X,,) of M among n agents
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Algorithm 1: ALG = EEFX(Z)

Input: A fair division instance Z = (N, M, V) where agent
i € N = [n] has monotone valuation v; over the set of items

Output: An allocation X = (X, Xo,..., X,,)

1: if N = () then

2 return (;

3: n+ |N|

4: (Xy,...,X,) < an EFX allocation of M among n

agents with valuation v,,;
5: G + EEFX-graph of {X,..., X, };
Let M = {(k+ 1, Xy+1),...,(n,X,)} be a matching
of size at least 1 such that N ({ Xxy1,..., X, }) = {k+
1,...,n}
N« [k];
M= MAUpepu iy X3
Vi Vi, Ve);
(X1,...,Xy) < EEFX(N/, M' ) V");
return (X1, Xo, ..., X,);

a

—_
T 2e 2 A

;¥51 X;

Jk X;

Jk+1

2|

Figure 1: If G(X') does not admit a perfect matching, then
there exists a minimal subset S = {Xj,,..., X, } of bun-
dles such that [N(S)| < k+ 1. Then, for all agenti € N(S)
and all ¢ € [k+ 1], no edge between X, and ¢ exists. In other
words, no such red dashed edges can exist.

with valuation v,,. We know such an allocation exists by the
work of Plaut and Roughgarden (2020). Next, we construct
the EEFX-graph G between the bundles X1, ..., X,, and the
agents. Lemma 3.3 proves that there will always exist a non-
trivial matching* M = {(k + 1, X}41),- .., (n, X,,)} such
that N({Xx+t1,...,Xn}) = {k+ 1,...,n}. That is, for
every j € [n] \ [k], bundle X; € EEFX](M).

Next, ALG reduces the instance by removing the
agents {k + 1,k + 2,...,n} from N with their bundles
Xkt1, Xgt2,- .., Xn safely. Note that, no agent i € [k]
has any edge in G to any bundle X; for j € [n] \ [k].
Finally, this also implies that finding an EEFX allocation
(X1, Xs,..., X)) in the reduced instance and combining it
with (Xi41, Xk42,...,X,) leads to an overall EEFX al-
location in the original instance. That is, our technique en-
ables us to reduce our instance, find an EEFX allocation in
the reduced instance, and combine it in such a way that we
produce an EEFX allocation the the original instance.

We begin by proving Lemma 3.3.

Lemma 3.3. For any fair division instance, consider an

agent i € N, let (Xy,...,X,) be an EFX allocation for

“Without loss of generality, we can rename the bundles and
agents in the matching M



an instance consisting of n agents with identical valua-
tions v;. Let G be the EEFX-graph with n agents and n
bundles X1,...,X,. Then there always exists a matching
M = {(i1,Xj;,),..., (ix, Xj, )} of size at least 1, such that
N{Xj, ., X D) =101, i}

Proof. To begin with, if G has a perfect matching M =
{(i1,X5,),..., (in, Xj,)}, then the lemma trivially holds
true.

Therefore, let us assume that no perfect matching exists
in G. This implies that the Hall’s condition is not satis-
fied, i.e., there exists a subset S = {X;,...,Xj, } of
bundles such that |[N({Xj,,..., X, })| < k + 1. See
Figure 1 for a better intuition. We assume that the sub-
set S = {Xj,,..., X}, } is minimal. That is, for all
S’ € S, we have N(S') > |S’|. Now consider T
{Xj,,...,X;,} € S. By minimality of S, we know that
Hall’s condition holds for T, i.e., there exists a perfect
matching, say M = {(i1,Xj,),..., (ix, X;,)} between
the nodes in 7" and N(T). Since |[N(S)| < k + 1 and
{i1,...,ix} € N(T) C N(S5), it follows that N(S)

Note that since (X7,...,X,) is an EFX allocation for
an instance with identical valuations v;, we know that 7 €

N(S), thus k > 1. Hence, M = {(i1, X;,), ..., (i, X;,)}
is amatching of size k > 1, suchthat N({X;,,..., X;. }) =
{i1,...,1x}. The stated claim stands proven. O

Theorem 3.4 ((Plaut and Roughgarden 2020)). When
agents have identical monotone valuations, there always ex-
ists an EFX allocation.

We are now ready to discuss our main result that construc-
tively establishes the existence of EEFX allocation among
arbitrary number of agents with monotone valuations using
ALG.

Theorem 3.5. EEFX allocations exist for any fair division
instance with monotone valuations. In particular, ALG re-
turns an EEFX allocation.

Proof. We begin by proving that Algorithm 1 terminates.
By Lemma 3.3, a matching M = {(i1, X;,), ..., (%, Xi,)}
of size at least 1 exists such that N({X,,,..., X},
{i1,...,1:}. Note that we can rename the bundles and the
agents and without loss of generality assume that the con-
sidered matching is M = {(k + 1, Xx41),...,(n, Xn)}.
Therefore, after removing {k + 1,...,n} from A/, the size
of A/ decreases. Hence, the depth of the recursion is bounded
by n (the initial number of agents).

We prove the correctness of ALG by using induction on
the number of the agents. If N' = (), then () is an EEFX allo-
cation. We assume that ALG returns an EEFX allocation for
any fair division instance with n’ < n agents with monotone
valuations. Consider the matching M described in ALG. We
will show the output allocation of ALG for n agents is EEFX
as well. For any ¢ € [n] \ [k] and any j € [k], the matching
M ensures that we have X; € EEFX}, and X; ¢ EEFX]
(see Figure 1). By induction hypothesis (X1, ..., X}) is an
EEFX allocation of M \ (¢, X¢ for agents in [k]. Thus,
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by Corollary 3.2, (X1, Xo, ...
for agents in [n)].

,Xn) is an EEFX allocation
O

Remark 3.6. All proofs of this section that we have for the
setting when items are goods easily extend to the setting
when these items are ‘chores’. Formally, when agent valu-
ations are monotonically decreasing, then EEFX allocations
are guaranteed to exist for an arbitrary number of agents.

4 Hardness Results

In this section, we complement our existential result of
EEFX allocations for monotone valuations by proving com-
putational and information-theoretic lower bounds for find-
ing an EEFX allocation. When agents have submodular val-
uation functions, the way to compute the value v(S) for a
subset S of the items is through making value queries. Plaut
and Roughgarden (2020) proved that exponentially many
value queries are required to compute an EFX allocation
even for two agents with identical submodular valuations.
Formally, they proved the following information-theoretic
lower bounds.

Theorem 4.1 ((Plaut and Roughgarden 2020)). The query
complexity of finding an EFX allocation with |M| = 2k + 1

many items is Q(% (2’?1)), even for two agents with identi-

cal submodular valuations.
Moreover, Goldberg, Hagh, and Hollender (2023) proved
the following computational hardness for EFX allocations.

Theorem 4.2 ((Goldberg, Hggh, and Hollender 2023)). The
problem of computing an EFX allocation for two agents with
identical submodular valuations is PLS-complete.

See Section 7.2 in (Arunachaleswaran, Barman, and Rathi
2022) for further discussion on the complexity class PLS.
Let us now define the computational problems correspond-
ing to finding EFX and EEFX allocations.

Definition 4.3. (ID-EFX) Given a fair division instance Z =
([2], M, (v,v)) with two agents having identical submodu-
lar valuations v, find an EFX allocation.

Definition 4.4. (ID-EEFX) Given a fair division instance
Z = ([n], M, (v,...,v)) with n agents having identical
submodular valuations v, find an EEFX allocation.

We reduce the problem of finding an EFX allocation for
two agents with identical submodular valuations (ID-EFX)
to finding an EEFX allocation for an arbitrary number of
agents with identical submodular valuations (ID-EEFX),
thereby establishing similar hardness results for the latter.
Our Reduction: Consider an arbitrary instance 7 =
([2], M, (v,v)) of ID-EFX with two agents having identical
submodular valuations v. Let Z' = ([n], M', (v/,...,v")})
be an instance of ID-EEFX with n agents having iden-
tical valuations v’ over the set of items M’ MU
{h1,..., hn_o}. We define the valuation v’ as follows.

e Forall S C M, v'(S) = v(S).

* Forall j € [n — 2], v'(h;) = 2v(M) + 1.

* Forall j € [n—2]and S C M\ {h;},v'(SU{h;}) =
U(S) +U(hj)



We call items hyq, ..., h,_2 heavy items. Note that we can
compute Z’ from Z in polynomial time.

Lemma 4.5. If v is a submodular function, then v' is a sub-
modular function as well.

Proof. We need to prove that for all 5,7 C M, v'(S) +
v(T) > v (SUT) 4+ (SNT). Let Hg and Hr be the set
of all heavy items in S and T respectively. We have

v'(S) +'(T)
v'(S\ Hs) +v'(Hg) + ' (T \ Hr) +v'(Hr)
= (v(S\ Hs) +v(T'\ Hr)) +v'(Hs) +v'(Hr))
>v((S\ Hs) U (T \ Hr)) +v((S\ Hs) N (T'\ Hr))
+v'(Hg) + v (Hr) (submodularity of v)
=v'"((SUT)\ (Hs UH7))+v'"((SNT)\ (Hs N Hr))
+v'(Hg) +v'(Hr)
=v'((SUT)\ (Hs UH7))+v"((SNT)\ (Hs N Hr))

+v'(Hg UHr) +v'(Hs N Hr)
(additivity of v’ on heavy items)

=0 (SUT)+v(SNT).

O

Lemma 4.6. Given any EEFX allocation A in T', we can
create an EFX allocation in T in polynomial time, where T
and T' are as defined above.

Proof. Let us assume that A = (A44,...,A,) is an EEFX
allocation in instance Z’. To begin with, note that there are
n — 2 heavy items in Z’, and hence, by pigeonhole principle,
there exists at least two agents, say 4, 5 € N such that they
receive no heavy item under A. Without loss of generality,
let us assume that ¢+ = 1 and j = 2, and hence we have
Ay, Ay C M. This implies that we have

V(A1) = v(Ay), v'(A2) = v(A2),
and, v(A1),v(A2) < 20(M) + 1 3)

Without loss of generality, let us assume v(As) > v(A;).

We will prove (A1, M\ A;) forms an EFX allocation in Z.
Note that valuations v and v’ coincide for the bundles A; and
MA\A;. Since A is EEFXin Z’, let us denote the n-certificate
for agent 1 with respect to A; by C = (C2,C3s,...,Cy).
First, we prove that no bundle C';, with a heavy item can have
any other item as well. Assume otherwise. Let {g, h;} C Cj,
for some k € {2,...,n} and some j € [n — 2] and g # h,.
Then, we have

V'(Crx \ g) > V' (hy) =20(M)+1>0'(A)

where, the last inequality uses equation (3). This implies
that agent 1 strongly envies bundle Cj which is a con-
tradiction to our assumption that C' forms an n-certificate
for bundle A; in instance I’. Therefore, the n — 1 bun-
dles in the n-certificate must look like {Cs,...,Cp} =
{{h1},. s {hn—2}, M\ A;}. First, note that, agent 1 with
bundle A; must not strongly envy bundle M \ A; since C'is
an n-certificate. And since, we already have v(As) > v(A;)
and A2 C M\ Ay, the allocation (41, M \ A;) forms an
EFX allocation in Z. O
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Theorem 4.7. The query complexity of the EEFX allocation
problem with | M| = 2k +n — 1 many items is Q(% (2k+1)),
for arbitrary number of agents n with identical submodular
valuations.

Proof. Consider any arbitrary instance Z = ([2], M, (v, v))
with two agents having identical submodular valuations v
and |[M| = 2k + 1 items. Create the instance Z’ as de-
scribed above. Using Lemma 4.5, Z' consists of n agents
with identical submodular valuations. By Lemma 4.6, given
any EEFX allocation A, we can obtain an EFX allocation for
7 in polynomial time. Finally, using Theorem 4.1, we know
that the query complexity of finding an EFX allocation in 7
is Q(% (2}? 1) ). Hence, the query complexity of EEFX for n
agents with identical submodular valuations admits the same
lower bound. This establishes the stated claim. O

Finally, our next result follows using Lemma 4.6 and The-
orem 4.2.

Theorem 4.8. The problem of computing an EEFX alloca-
tion for for any number n > 2 of agents with identical sub-
modular valuations is PLS-hard.

Since our reduction works even for three agents, Theo-
rems 4.7 and 4.8 hold true for the problem of computing
EEFX allocations even for three agents with identical sub-
modular valuations. Note that the set of EFX and EEFX al-
locations coincide for the case of two agents and hence it
inherits the same computational hardness guarantees as that
of EFX here.

S Conclusion and Open Problems

In this work, we establish the existence of EEFX alloca-
tions for an arbitrary number of agents with general mono-
tone valuations. Furthermore, we also prove that the prob-
lem of computing an EEFX allocation for instances with an
arbitrary number of agents with submodular valuations is
PLS-hard and requires an exponential number of valuations
queries as well. Our existential result of EEFX allocations
for monotone valuations has opened a variety of major prob-
lems in discrete fair division. We list three of them here, that
we believe should be explored first.

The first interesting question is, for submodular or mono-
tone valuations, explore the possibility of a PTAS for com-
puting an EEFX allocation, or otherwise prove its APX-
hardness. An equally exciting problem would be to explore
the compatibility of EEFX and EF1 allocations. Even for
instances with additive valuations, does there always exist
an allocation that is simultaneously both EEFX and EF1? If
yes, can we compute it? What about similar compatibility
question of EEFX with Nash social welfare? We know that a
maximum Nash welfare (MNW) allocation is both EF1 and
Pareto-optimal (Caragiannis et al. 2016). What kind of a re-
lation’ exist between EEFX and MNW allocations?

>We know that MNW allocations may not be EEFX. Consider
the following example with two agents and three items {a, b, c}.
Agent 1 values item a at 11, item b at 1, and item c at ¢ > 0. Agent
2 values item a at 10, item b at €, and item c at 1. Here, the unique
MNW allocation (that assigns items a and b to agent 1, and item ¢
to agent 2) is not EEFX.
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