The Thirty-Ninth AAAI Conference on Artificial Intelligence (AAAI-25)

Densest k-Subgraph Mining via a Provably Tight Relaxation

Qiheng Lu', Nicholas D. Sidiropoulos', Aritra Konar?

! University of Virginia
2 KU Leuven
lugh@virginia.edu, nikos @virginia.edu, aritra.konar@kuleuven.be

Abstract

Given an unweighted, undirected, and simple graph, the
Densest k-Subgraph (DkS) problem aims to find a subgraph
of k vertices that has the maximum average induced degree.
In this paper, we consider an equivalent reformulation of the
DEKS problem via diagonal loading. On relaxing the combi-
natorial constraint of the reformulated problem, we show that
the resulting non-convex, continuous relaxation is tight under
certain conditions by leveraging an extension of the Motzkin-
Straus theorem. We utilize two projection-free approaches to
solve the relaxed problem: one based on the Frank-Wolfe al-
gorithm and the other on explicit constraint parameterization.
We compare their performance to state-of-the-art baselines
across various benchmarks. Our empirical results show that
the Frank-Wolfe-based algorithm proposed in this paper out-
performs existing baselines in terms of subgraph density and
computational complexity.

Code —
https://github.com/lugh357/DkS-Diagonal-Loading

Introduction

Dense subgraph detection (DSD) aims to extract highly in-
terconnected subsets of vertices from a graph. DSD is a key
primitive in graph mining (see the surveys (Lanciano et al.
2024; Luo et al. 2023) and references therein), and finds ap-
plications in diverse settings ranging from discovering DNA
motifs (Fratkin et al. 2006) to mining trending topics in so-
cial media (Angel et al. 2014) and discovering complex pat-
terns in gene annotation graphs (Saha et al. 2010). In recent
years, DSD has also been employed for detecting fraudulent
activities occurring in e-commerce and financial transaction
networks (Hooi et al. 2016; Li et al. 2020; Ji et al. 2022;
Chen and Tsourakakis 2022).

Owing to its relevance, the development of algorithmic
approaches for DSD has received extensive attention. A
widely-used formulation for DSD is the Densest Subgraph
(DSG) problem (Goldberg 1984), which aims to extract the
subgraph with the maximum average induced degree. DSG
can be solved exactly in polynomial time via maximum-
flow, while a lower complexity alternative is a greedy peel-
ing algorithm that runs in linear time and provides a 1/2-
factor approximation guarantee (Charikar 2000). Recent
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work (Boob et al. 2020; Chekuri, Quanrud, and Torres 2022)
has developed multi-stage extensions of the basic greedy
algorithm, which provide improved approximation guaran-
tees for DSG at roughly the same complexity. In addition,
several recent works, including (Danisch, Chan, and Sozio
2017; Harb, Quanrud, and Chekuri 2022, 2023; Nguyen and
Ene 2024; Chandrasekaran et al. 2024) have proposed algo-
rithms based on methods such as FISTA, Frank-Wolfe, and
coordinate descent to further enhance the performance of al-
gorithms for solving DSG. Another popular approach for
DSD is to compute the k-core of a graph (Seidman 1983),
which corresponds to the subgraph that maximizes the mini-
mum induced degree. The greedy algorithm for DSG (with a
slight tweak) optimally computes the k-core in linear-time.
Recently, (Veldt, Benson, and Kleinberg 2021) provided a
more general framework for computing solutions of degree-
based density objectives, which contain DSG and k-core as
special cases.

An inherent limitation of the aforementioned approaches
is that the size of the extracted subgraph cannot be explic-
itly controlled, which raises the possibility that the solution
may be a large subgraph that is too sparsely connected to
be practically useful. These observations have been made
on real-world graphs for DSG (Tsourakakis et al. 2013) and
the k-core (Shin, Eliassi-Rad, and Faloutsos 2016). A nat-
ural remedy is to add an explicit size constraint to DSG,
leading to the Densest k-Subgraph (DkS) problem (Feige,
Peleg, and Kortsarz 2001). The objective of DS is to find
a size-k vertex subset with the maximum average induced
degree. By varying the size parameter k, DkS can extract a
spectrum of dense subgraphs, providing flexibility for users
to select a solution with the desired density when the outputs
of the aforementioned approaches are unsatisfactory. How-
ever, this simple modification makes the resulting DS prob-
lem NP-hard. Furthermore, DS has been shown to be dif-
ficult to approximate (Khot 2006; Manurangsi 2017) in the
worst case. Hence, developing effective algorithmic tools for
DES (on practical instances) is substantially more challeng-
ing compared to DSG or k-core extraction. It is also worth
noting that there are variants of DES, such as the Densest
at-least-k Subgraph problem (DalkS) and the Densest at-
most-k Subgraph problem (DamkS) (Andersen and Chel-
lapilla 2009; Khuller and Saha 2009; Kawase and Miyauchi
2018; Chekuri, Quanrud, and Torres 2022). These variants



impose size constraints on the extracted subgraph. However,
using these formulations does not guarantee that the entire
spectrum of densest subgraphs (i.e., of every size) can be
explored.

Related Work: The best polynomial-time approximation al-
gorithm for DES can provide a O(n'/4+¢)-approximation
solution in time O(n'/€) for every ¢ > 0 (Bhaskara et al.
2010), which is generally quite pessimistic. The work of
(Bhaskara et al. 2012) proposed using a hierarchy of lin-
ear programming (LP) relaxations of increasing complexity
to approximate DS, which makes it unattractive for large
datasets. Even implementing the lowest level of the hierar-
chy is computationally expensive, as a large number of ex-
tra variables and linear inequalities have to be introduced in
order to successfully linearize the quadratic objective func-
tion of D&S. Meanwhile, (Ames 2015) formulated DkS as a
rank-constrained optimization problem, which was then re-
laxed and solved using the Alternating Direction Method of
Multipliers (ADMM) (Eckstein and Bertsekas 1992). How-
ever, implementing the approach requires using matrix lift-
ing, which results in a quadratic number of variables and
thus makes it unsuitable for even moderately sized problem
instances. A different relaxation of DS which uses semi-
definite programming (SDP) was proposed in (Bombina and
Ames 2020). The relaxation provides optimality guarantees
for DES when applied on a certain class of random graphs.
In addition to the high complexity entailed in solving the
SDP, the optimality claims of the proposed algorithm in
(Bombina and Ames 2020) do not extend straightforwardly
to real-world graphs.

Since the aforementioned algorithms are sophisticated
and can incur high computational complexity, efforts have
also focused on developing more practical algorithms for
the DES problem. The work of (Yuan and Zhang 2013) pro-
posed using the Truncated Power Method (TPM) for tack-
ling DES and proved the convergence of this algorithm un-
der certain conditions. However, in practice, the subgraphs
obtained by TPM can be highly sub-optimal. (Papailiopou-
los et al. 2014) employed the Spannogram, an exact solver
for certain low-rank bilinear optimization problems, to ap-
proximately solve the DkS problem. If the graph adjacency
matrix has a constant rank, it was shown that the Spanno-
gram can approximate the solution to the DkS problem in
polynomial time. Improving the approximation quality may
require choosing a relatively high rank, which limits scala-
bility due to the exponential dependence of the algorithm’s
time complexity on the rank. Even performing a rank-2 ap-
proximation using the Spannogram framework incurs O(n?)
complexity, making it challenging to apply to large-scale
problems.

A separate line of research has considered applying
continuous relaxations of DES followed by application
of gradient-based optimization algorithms. The work of
(Hager, Phan, and Zhu 2016) introduced a relaxation of
DEkS and applied a pair of gradient-based optimization algo-
rithms for solving it. A different relaxation was introduced
in (Sotirov 2020), and coordinate descent algorithms were
applied to solve it. However, neither (Hager, Phan, and Zhu
2016) nor (Sotirov 2020) analyzed whether the relaxations
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are tight or not. In (Konar and Sidiropoulos 2021), an al-
ternate convex relaxation was proposed based on using the
Lovasz extension of the objective function of DES as a con-
vex surrogate. A customized algorithm based on an inexact
version of ADMM (Condat 2013) was put forth to solve the
relaxed formulation. Nonetheless, (Konar and Sidiropoulos
2021) also did not provide an analysis of whether the relax-
ation is tight and the computational cost of the proposed al-
gorithm can also be relatively high. Recently, (Liu, Liu, and
Ma 2024) introduced Extreme Point Pursuit (EXPP), which
relaxes the discrete constraint of DS, and adopts a quadratic
penalty based approach combined with a homotopy opti-
mization technique to tackle the relaxed problem. They em-
ployed an empirical strategy for selecting the penalty pa-
rameter for homotopy optimization, and it remains unclear
whether their relaxation is tight.

Contributions: Our contributions can be summarized as
follows:

* We adopt a continuous relaxation of the D£S problem with
diagonal loading. Although the resulting problem is non-
convex, we establish that for a suitable choice of the diag-
onal loading parameter )\, the relaxation is guaranteed to be
tight for all subgraph sizes less than or equal to the maxi-
mum clique size, without imposing any restrictions on the
graph. We derive this surprising result via a non-trivial ex-
tension of the classic Motzkin-Straus theorem (Motzkin and
Straus 1965). Furthermore, our result reveals that the value
of X required to establish tightness of the diagonal loading
based relaxation is much smaller than that obtained using
classical results in optimization (Rockafellar 1970). The up-
shot is that the optimization landscape of such a “lightly”
loaded relaxation can be more amenable to gradient-based
optimization approaches.

* To efficiently obtain (approximate) solutions of the relaxed
optimization problem, we utilize two iterative gradient-
based approaches: one based on the Frank-Wolfe algorithm
(Frank and Wolfe 1956; Jaggi 2013) and the other based on
explicit constraint parameterization. A key feature of these
methods is that they are projection-free, meaning they avoid
the need to compute computationally expensive projections
onto the constraint set of the proposed relaxation, which en-
hances their scalability. We provide a complexity analysis
demonstrating that the computational cost of the proposed
parameterization approach is not prohibitive, while that of
the Frank-Wolfe approach is surprisingly low.

* We validate the effectiveness of diagonal loading empir-
ically and demonstrate that the proposed algorithms, espe-
cially the Frank-Wolfe algorithm, achieve state-of-the-art re-
sults across several real-world datasets. We also show that
the Frank-Wolfe algorithm achieves good subgraph density
while maintaining low computational complexity.

It is important to point out that the Frank-Wolfe frame-
work has been previously applied for solving DSG in
(Danisch, Chan, and Sozio 2017; Harb, Quanrud, and
Chekuri 2023). However, their formulations are significantly
different from the relaxation we consider in (5), as the prob-
lems in these works are convex, whereas problem (5) is not.
Consequently, the Frank-Wolfe algorithm applied to (5) ex-
hibits different convergence properties, step size selection,



and implementation requirements.

Notation: In this paper, lowercase regular font is used to
represent scalars, lowercase bold font is used to represent
vectors, and uppercase bold font is used to represent ma-
trices. x; denotes the i-the element of the vector « and x!
denotes the vector x at the ¢-th iteration. [n] denotes the set
{1,2,--- ,n}. ()7 denotes the transpose of a vector or a
matrix. A > 0 denotes A is a positive semi-definite matrix.
|| - [|2 denotes the Euclidean norm of a vector or the spectral
norm of a matrix. top, () denotes the indices of the largest
k elements in « and supp(top, (x)) denotes the support of
the largest k elements in .

Problem Formulation

Consider an unweighted, undirected, and simple graph G :
(V, &) with n vertices and m edges, where V = [n]
{1,--- ,n} represents the vertex set and & is the edge set.
Given a positive integer k € [n], the DkS problem aims to
find a vertex subset S C V of size k such that the subgraph
by S has the maximum average degree. Formally, the prob-
lem can be expressed as

max x' Az
xeR"

ey

st. x € By,

where A is the symmetric n x n adjacency matrix of
G and the constraint set By = {x € R” | = €
{0,133 () i = k} captures the subgraph size restric-
tion. The binary vector € {0,1}" is an indicator vector
corresponding to the selected vertices in the subset S, i.e.,

L J1 ifiEs,
1 0’

The combinatorial sum-to-k constraint in (1) makes the DkS
problem hard to solve. A natural choice to alleviate the dif-
ficulty is to relax the constraint to its convex hull, a strat-
egy also employed in (Sotirov 2020; Konar and Sidiropoulos
2021; Liu, Liu, and Ma 2024). After relaxation, the problem
can be formulated as

@

otherwise.

max x' Az
xER™

3

st. xely,

where ) == {z € R" [ @ € [0,1]", 3,z = k}isa
polytope that represents the convex hull of B}}. As the prob-
lem is now continuous, it is amenable to (approximate) max-
imization via gradient-based methods. However, we cannot
guarantee that the optimal solution of (1) will remain op-
timal for (3), indicating that the relaxation from (1) to (3)
might not be tight. One way to address this issue is to intro-
duce a regularization term in the objective function to pro-
mote sparsity in the solution. This can be achieved by equiv-
alently reformulating (1) as
max ' (A+ M)z
xzER™
S.t.

“

x € By,
where ) is a constant and I is the identity matrix of size n.
We refer to this trick as “diagonal loading” with parameter
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A. Similar to the relaxation from (1) to (3), the combinato-
rial constraint B} in (4) can be relaxed to C}}, yielding the
following relaxation

max wT(A + M)z

xeR™

S.t.

4)
zeCy.

If \ is selected large enough so that the matrix A + AT > 0,
(ie., A > —A,(A), where \,(A) denotes the smallest
eigenvalue of A), then the objective function of (5) becomes
convex. Since the maximum of a convex function over a
polytope is attained at one of its extreme points, directly in-
voking (Rockafellar 1970, Theorem 32.2) shows that

argmax ' (A + M)z C argmax ' (A + A\)z. (6)
TEB} zeCy

This implies that the maximum of ' (A + AI)x over the
combinatorial sum-to-k constraint € B} (i.e., the solu-
tion of DES) is attained only when x is also the maximum
of T(A + M )x over the continuous sum-to-k constraint
x € C}}. Hence, for such a choice of A, the relaxation from
(4) to (5) is tight. However, when gradient-based optimiza-
tion algorithms are applied on (5), they can get stuck in sub-
optimal solutions if the diagonal loading parameter A is too
large. Therefore, choosing the diagonal loading parameter A
properly has a significant impact on the quality of the solu-
tion that can be achieved.

Previous works (Yuan and Zhang 2013; Hager, Phan, and
Zhu 2016; Liu, Liu, and Ma 2024) also use diagonal load-
ing to equivalently reformulate the DkS problem as (4). The
main differences between existing works and this paper are
twofold. First, (Yuan and Zhang 2013) does not apply re-
laxation on (4), while (Hager, Phan, and Zhu 2016) applies
a relaxation that is different from (5). Specifically, the re-
laxed problem is recast as sparse PCA with a non-convex
constraint set. Second, (Hager, Phan, and Zhu 2016) only
mentions choosing A sufficiently large to ensure that A+ AT
is a positive definite matrix, without analyzing whether their
sparse PCA-based relaxation is tight. This can also lead the
algorithm to converge to a sub-optimal result. Meanwhile,
(Yuan and Zhang 2013; Liu, Liu, and Ma 2024) only provide
empirical strategies to avoid premature convergence to sub-
optimal solutions by gradually increasing A. None of these
works provide theoretical justification for the choices of A
employed in their algorithms.

In this paper, we consider the continuous relaxation (5)
and aim to derive an alternate set of sufficient conditions for
A so that the relaxation (5) is tight. If we can establish such
a result for values of A < —\,,(A), then it can make the
optimization landscape of (5) “friendlier” for gradient-based
approaches, so that higher quality solutions of DS can be
attained in practice while using principled choices of A. The
key technical idea is based on an extension of the classic
Motzkin-Straus theorem, which forges a link between the
global maxima of a non-convex quadratic program and the
maximum clique problem.

Theorem 1 ((Motzkin and Straus 1965)). Let G be an un-
weighted, undirected, and simple graph of n vertices. Let w



be the size of the largest clique of G and A be the adjacency
matrix of G. Let

flx) = x' Az, @)
then )
f zgeliﬁf(ﬂc)zlfa, ®)
where
Ap={zeR"[ Y z;=1La;>0Yic ]} ()
i€[n]

is the n-dimensional probability simplex.

We now present our extended version of the Motzkin-
Straus theorem, which we will later use to analyze the choice
of the requisite diagonal loading parameter .

Theorem 2 (Extended Motzkin-Straus Theorem). Let G be
an unweighted, undirected, and simple graph of n vertices.
Let w be the size of the largest clique of G and A be the
adjacency matrix of G. Let

glx) =2 (A + )z, (10)

where \ € [0,1] and I is the identity matrix of size n, then

A—1
* = =14+ 11
g mrré%g(w) + (1)
where
Api={z eR"| Y z;=1a2;>0Vic ]} (12)
i€[n]

Proof. Please refer to Appendix B in (Lu, Sidiropoulos, and
Konar 2024). O

With the above result in hand, consider the following
problem

max ' (A+ M)z
xeER" (13)
s.t. x e Ay,

where A} = {x € R" | o0
Observe that (13) can be viewed as a relaxation of (5). This
yields the following chain of inequalities.

z; =k,x; > 0,Yi € [n]}.

max &' (A + M)z < maxx' (A + M)z
zeEBY zeCy

(14)
< max ' (A + ).

TEA}

From Theorem 2, we know that if A € [0, 1], then

*If k < w, then maxgepy &' (A+AI)x = k(k+A—1) and
maxgeen ' (A+A)x = maxgear ' (A+Ax = k>+
@. When )\ is restricted to lie in [0, 1], the relaxation
from (4) to (5) is tight if and only if A = 1.

If k = w, then maxgepr ' (A + Az = k(k+ X —1)
and maxgecy @' (A+ M)z = maxgean ' (A+ Az =
k(k + A — 1). The relaxation from (4) to (5) is tight for all
A€ 0,1].

*If k > w, then maxgepy ' (A + M)z > w(w — 1) +
kX = w?(1 — 1) + kX and maxgecp ' (A + M)z <

1
w
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maxgeap @  (A+AD)z = k24200 — 211y )
Since w?(1 — 1) + kA < K*(1 — 1) + %2)\, we cannot
theoretically guarantee that the relaxation from (4) to (5) is
tight for any A € [0, 1].

To conclude, we have shown that setting the diagonal
loading parameter A = 1 in (5) suffices to guarantee that
the relaxation from (4) to (5) is tight for subgraph sizes k
no greater than the maximum clique size w. Note that this
result is guaranteed to hold for any graph. Furthermore, in
contrast to using the value A > —\,(A) (as suggested by
using standard results in optimization (Rockafellar 1970)),
it is surprising that we can establish tightness of the non-
convex relaxation (5) for the significantly smaller and data
independent value of A = 1. Experimental results in this pa-
per will further reveal that the diagonal loading parameter
A = 1 effectively balances the trade-off between the quality
of solutions and the convergence rate.

Proposed Approaches

To solve the optimization problem (5), projected gradient as-
cent (PGA) is a natural choice. However, ensuring that the
iterates of PGA remain feasible requires computing the pro-
jection onto the polytope € C}! in every iteration. This
can prove to be a computational burden since the projection
problem does not admit a closed-form solution. To bypass
the projection step altogether, we employ two projection-
free approaches in this paper to solve the optimization prob-
lem (5): one based on the Frank-Wolfe algorithm (Frank and
Wolfe 1956; Jaggi 2013), and the other based on explicit
constraint parameterization.

The Frank-Wolfe Algorithm: The Frank-Wolfe algo-
rithm (Frank and Wolfe 1956; Jaggi 2013) is a first-order
projection-free method that can be employed to maximize
a continuously differentiable function with a Lipschitz con-
tinuous gradient over a nonempty, closed, and convex set
(Bertsekas 2016, Section 3.2). Pseudocode for the algorithm
is provided in Algorithm 1.

Algorithm 1: Frank-Wolfe for problem (5)

Input: The adjacency matrix A, the subgraph size k,
and the diagonal loading parameter .
Output: A solution of the optimization problem (5).
1 L=|[A+ Ay
2 while the convergence criterion is not met do
3 | gt (A+ M)zt
4 | 8" < supp(top,(g"));
5 d' — st — x;

6 Option I: 4% + min{l, %};
Lild* |13
t\T gt
7 | Option II: ' < min {1, (QQiLd };
s | 't axt +4td
9 t—t+1;

The algorithm first requires finding an initial feasible so-
lution, which is easy for the optimization problem (5). After



initialization, at each iteration, Line 3 in Algorithm 1 com-
putes the gradient g* at the current iterate x’. Line 4 uses
the gradient direction to determine an ascent direction st by
solving the following linear maximization problem (LMP)

s' € arg max(g") . (15)
zeCy

The LMP admits a simple closed-form solution - simply ex-
tract the support of the largest k elements of the gradient of
the objective function. Lines 6 and 7 in Algorithm 1 offer
two choices to calculate the step size in each iteration: Op-
tion I is taken from (Bertsekas 2016, p. 268) whereas Op-
tion II is mentioned in (Lacoste-Julien 2016). Both step size
schedules guarantee convergence of the generated iterates
to a stationary point of (5), which satisfies necessary condi-
tions for optimality. Additionally, the convergence rate of the
step size provided by Option IT is O(1/+/t) (Lacoste-Julien
2016). Line 8 in Algorithm 1 updates the feasible solution x*
through a convex combination using the step size obtained
from one of the previous options.

Parameterization: Another approach to bypass the projec-
tion onto the set C; is to equivalently reformulate the con-
strained problem (5) as an unconstrained optimization prob-
lem through an appropriate change of variables. As a result,
we can apply algorithms such as Adam (Kingma and Ba
2015) or AdamW (Loshchilov and Hutter 2019) to solve this
new unconstrained problem.

We now outline our second approach. Since the adjacency
matrix A is non-negative, the optimization problem (5) is
equivalent to

max ' (A+ M)z

R (16)
st. xeDy.
where Dy == {z € R" [ € [0,1]",3_,, i < k}. For

the constraints « € [0, 1], consider the parameterization
(1+e?)(1+e %) 1+4+e?’

where o (-) is the sigmoid function. Clearly, z; € [0, 1], V¢ €
R, V0, € R,Vi € [n]. Furthermore, the remaining constraint

vien], (7)

€Ty =

1
D2 T= T 2L o) sk (18)
i€[n] i€[n]
can be parameterized as
¢ = max { = > o(6;) - 1,0 (19)
k

i€[n]

Hence, the constrained variables £ € C;} in problem (16)

can be parameterized in terms of the free variables {0;}7 ;
as

o(0:)

1+ max{% Yiem o(0i) — 1, 0}

Changing the variables to {6;}_; in (16) results in an un-
constrained problem. Notice that when k& = 1, the variable ¢
is not needed, reducing to the well-known softmax parame-
terization. To the best of our knowledge, this is the first time
that the more general constraint D has been parameterized.

Vi€ [n]. (20)

Ty =
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Computational Complexity

We first consider the computational complexity of the Frank-
Wolfe algorithm. The addition of A and AI takes O(m +
n) = O(m) time because A and AI have O(m) and O(n)
non-zeros elements, respectively. The multiplication of A +
Al and x takes O(m) time because A + AT has O(m) non-
zeros elements. If we use the Power method and consider
the number of iterations for it as a constant, then we need
O(m) time to obtain the Lipschitz constant L. For Line 3
in Algorithm 1, as mentioned earlier, it takes O(m) time.
For Line 4, we can build a heap by Floyd’s algorithm in
O(n) time and it takes O(klogn) time to select the largest
k elements from the heap. For Lines 5 to 9, it takes O(n)
time. Therefore, the per-iteration computational complexity
of the Frank-Wolfe algorithm is O(m + klogn).

For parameterization, the per-iteration computational
complexity depends on the cost of computing the
(sub)gradient of the objective function f(6) of the param-
eterized optimization problem. Since f is not differentiable
only when %Zie[n] o(0;) = 1, we consider two cases:
%Zie[n] o(6;) > 1 and % Zie[n] a(6;) < 1.

ko (6;)

< If Y iem o(0:) > 1, then z; = = Vj € [n].

‘ iclnlo(8;)
For every j € [n], we have

of _ of 0z
aﬂj_axj 89]

o om

. . 21
8fﬂl 803 ( )

+2
I

Since A + AI has O(m) non-zeros elements, all partial
of of af) can be ob-

Oz, Oz’ Y Oxp

tained in O(m) time. Since

derivatives in the tuple (

Ox;  ko(0;)(1—0(0;))(D iy 0(0:) @)
90; (i o(6:))? ’
and for every | # j
Ox; __ ko(0;)(1 —0(6;))o(61) (23)
90; Ciem o)) 7
we can obtain all partial derivatives in the Jacobian matrix
Oz Oy oz,
964 004 90,
Ozy Owa Oz
g |90 oe 0., 24)
dr, Oz, oo,
90, 80, 90,

in O(n?) time by precomputing > icn) o(0:). Hence, it
takes O(m + n?) = O(n?) time to compute the gradient.

< If £ Y e o(6i) < 1, then ; = 0(6;),Vj € [n]. For
every j € [n], we have

of _ of 0Ox;

_— = . 25
80j 81']‘ 691 ( )
It is clear that we can obtain all partial deriva-
tives in the following tuples (%,%,--~ ,6(1{ ) and

Ox1 Oza o2

(Telv 020" 1 90,
Hence, it takes O(m +n) = O(m) time to compute the gra-
dient.

) in O(m) and O(n) time, respectively.



Network n m w
Facebook 4,039 88,234 69
web-Stanford 281,903 1,992,636 61
com-Youtube 1,134,890 2,987,624 17
soc-Pokec 1,632,803 22,301,964 29
as-Skitter 1,696,415 11,095,298 67
com-Orkut 3,072,441 117,185,083 51

Table 1: The details of the pre-processed datasets (n denotes
the number of vertices, m denotes the number of edges, and
w denotes the size of the largest clique).

Experimental Results

In this section, we first compare different choices of the di-
agonal loading parameter A and various step sizes for the
Frank-Wolfe algorithm. Subsequently, we compare the pro-
posed algorithms with existing algorithms to illustrate the
effectiveness of our approaches.

Datasets: We pre-processed the datasets by converting di-
rected graphs to undirected graphs and removing self-loops.
A summary of the datasets used in this paper is provided
in Table 1. All datasets were downloaded from (Leskovec
and Krevl 2014), and the sizes of the largest cliques were
obtained from (Jursa 2016; Jain and Seshadhri 2020).
Baselines: The following baselines are used for comparison
with the algorithms proposed in this paper.

* Greedy: The greedy approximation algorithm was pro-
posed in (Feige, Peleg, and Kortsarz 2001, Procedure 2).
This algorithm first selects k/2 vertices with the maximum
degrees from the vertex set V), and these selected vertices
form a subset of the vertices H C V. This algorithm then se-
lects k/2 vertices with the maximum number of neighbors
in H from the set V\?H, and these selected vertices form a
subset of the vertices C C V\H. The output of this algorithm
isHUC.

* Low-Rank Bilinear Optimization (LRBO): The low-
rank bilinear optimization algorithm was proposed in (Pa-
pailiopoulos et al. 2014). This algorithm first performs a
rank-d approximation on the adjacency matrix A to obtain
A,. This algorithm then uses the Spannogram, an exact bi-
linear optimization solver, to solve the D&S problem approx-
imately. The time complexity of this algorithm is O(n*1).
The experimental results in (Konar and Sidiropoulos 2021)
demonstrate that even performing a rank-2 approximation
on a small dataset, the execution time of this algorithm sig-
nificantly exceeds that of other algorithms. Therefore, in the
experiments conducted in this paper, we only consider rank-
1 approximation.

* L-ADMM: The L-ADMM algorithm was proposed in
(Konar and Sidiropoulos 2021) to solve the Lovasz relax-
ation optimization problem. Since the solution obtained by
this algorithm is not guaranteed to be an integer vector in
general, the solution will be projected onto the combinato-
rial sum-to-k constraint € B} as a post-processing step.

* EXPP: The EXPP algorithm was proposed in (Liu, Liu,
and Ma 2024). This algorithm first relaxes the binary con-
straint and adds a proper penalty function, then utilizes a
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Figure 1: The comparison of different diagonal loading pa-
rameters for the Facebook dataset.

homotopy optimization method to solve the problem. This
algorithm requires the same post-processing as L-ADMM.
* Upper Bound (UB): The upper bound of the edge density
was introduced in (Papailiopoulos et al. 2014, Lemma 3). In
this paper, we use the same normalized edge density as in
(Konar and Sidiropoulos 2021), which is defined by

min {1, } ) (26)

where 0;(A) denotes the i-th largest singular value of A,
A, denotes the rank-1 approximation on A, and S5 is the
optimal solution of the rank-1 approximate DkS problem.
Implementation: In this paper, all the code is implemented
in Python, and all the experiments were conducted on a
workstation with 256GB RAM and an AMD Ryzen Thread-
ripper PRO 5975WX processor. We use the built-in AdamW
optimizer in PyTorch (Paszke et al. 2019) to solve the uncon-
strained optimization problem after parameterization. The
initialization of the Frank-Wolfe algorithm is chosen to be
z; = £, Vi € [n] and the initialization of AdamW is chosen
to be §; = 0, Vi € [n]. Unless specifically stated, the di-
agonal loading parameter A = 1 and the Frank-Wolfe algo-
rithm uses Option I in Algorithm 1 for the step size. AdamW
uses learning rates of 3. The maximum number of iterations
for both the Frank-Wolfe algorithm and AdamW is set to
200. Similar to L-ADMM, the proposed algorithms also per-
form a projection onto the combinatorial sum-to-k constraint
x € B} as a post-processing step. For baselines, we adopt
the parameters used in the original papers.

Selecting the Diagonal Loading Parameter: Theorem 2
proves that if the diagonal loading parameter A = 1, the re-
laxation from (4) to (5) is tight when k& < w, where w is the
size of the largest clique of G. Figure 1 shows that in com-
parison to A = 10 and A = 100, the Frank-Wolfe algorithm
with A = 1 achieves better subgraph density. In compari-
son to A = 0 and A = 0.1, the Frank-Wolfe algorithm with
A = 1 exhibits a faster convergence rate and also is more
prone to converge to integer solutions. The experimental re-
sults in Figure 1 indicate that the diagonal loading parame-
ter setting A = 1 effectively achieves a balance between the
quality of solutions and the convergence rate.

Step size selection for Frank-Wolfe: Figure 2 demonstrates
that although Option I in Algorithm 1 does not guarantee a
convergence rate of O(1/+/) like Option II, Option I offers
much faster convergence rate than Option II. Therefore, we

1};A115f
k(k—1)

O'Q(A) O'l(A)
k—1"k-1
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Figure 2: The comparison of the Frank-Wolfe algorithm with
different step sizes for the Facebook dataset.

adopt Option I as the step size for the Frank-Wolfe algo-
rithm.

Comparison with Baselines: Figures 3 and 4 show the nor-
malized edge density and the execution time of the two pro-
posed algorithms and baselines on various datasets and dif-
ferent subgraph sizes. Through Figures 3 and 4, we have the
following observations:

* The proposed Frank-Wolfe algorithm generally yields bet-
ter subgraph density in the vast majority of cases, while also
exhibiting lower computational cost compared to other algo-
rithms that achieve similar subgraph density.

* Using the AdamW optimizer to solve the proposed param-
eterized optimization problem yields better subgraph den-
sity in certain cases, but overall it does not outperform the
proposed Frank-Wolfe algorithm. This may be related to the
landscape of the parameterized optimization problem, which
may not be as favorable as that of the original optimization
problem. The high computational cost of AdamW is par-
tially attributable to the fact that matrix computations in Py-
Torch are more costly than those in NumPy.

* Theoretical analysis only guarantees the tightness of the
relaxation from (4) to (5) when the size of subgraph k is
smaller than or equal to the size of the largest clique w; how-
ever, experimental results demonstrate its good performance
in a wide range of scenarios.

Conclusion

In this paper, we consider the DkS problem. We first re-
formulate the DkS problem through diagonal loading, and
then relax the combinatorial sum-to-k constraint € B}
to its convex hull. We prove the tightness of this relax-
ation under certain conditions by leveraging an extension
of the Motzkin-Straus theorem that we also prove herein.
We propose two projection-free approaches to solve the re-
laxed optimization problem. The first approach is based on
the Frank-Wolfe algorithm, while the second approach in-
volves first reformulating the relaxed optimization problem
to a new unconstrained optimization problem and then solv-
ing the new optimization problem using AdamW. We ex-
perimentally verify the effectiveness of diagonal loading
with parameter A 1 and the relaxation. Experimental
results show that the Frank-Wolfe algorithm is relatively
lightweight and a top performer in most cases considered.
It also scales well to large networks with millions of nodes.
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