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Abstract

Neural networks remain black-box systems, unsure about
their outputs, and their performance may drop unpredictably
in real applications. An open question is how to qualita-
tively extend neural networks, so that they are sure about
their reasoning results, or reasoning-for-sure. Here, we
introduce set-theoretic relations explicitly and seamlessly
into neural networks by extending vector embedding into
sphere embedding, so that part-whole relations can explicitly
encode set-theoretic relations through sphere boundaries
in the vector space. A reasoning-for-sure neural network
successfully constructs, within a constant number M of
epochs, a sphere configuration as its semantic model for any
consistent set-theoretic relation. We implement Hyperbolic
Sphere Neural Network (HSphNN), the first reasoning-for-
sure neural network for all types of Aristotelian syllogistic
reasoning. Its construction process is realised as a sequence
of neighbourhood transitions from the current towards the
target configuration. We prove M = 1 for HSphNN. In
experiments, HSphNN achieves the symbolic level rigour of
syllogistic reasoning and successfully checks both decisions
and explanations of ChatGPT (gpt-3.5-turbo and gpt-4o)
without errors. Through prompts, HSphNN improves the
performance of gpt-3.5-turbo from 46.875% to 58.98%, and
of gpt-4o from 82.42% to 84.76%. We show ways to extend
HSphNN for various kinds of logical and Bayesian reasoning,
and to integrate it with traditional neural networks seamlessly.

Code and Data — https://github.com/gnodisnait/hsphnn

Introduction
Besides being capable of human-like communication
(Biever 2023), LLMs are successful in various reasoning
tasks, such as mathematical findings (Davies et al. 2021),
predicting protein structures (Abramson et al. 2024), and
playing games (Silver et al. 2017; Schrittwieser et al. 2020).
However, being able to communicate does not necessarily
result in the ability to reason (Fedorenko, Piantadosi, and
Gibson 2024). Though breaking complex tasks into mul-
tiple steps may improve reasoning performance (Creswell,
Shanahan, and Higgins 2023; Wei et al. 2022; Lightman
et al. 2023), it remains unclear whether LLMs really reason
(Biever 2023; Mitchell 2023). They exhibit unpredictable
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behaviour (Park et al. 2024), errors in abstract reasoning
(Eisape et al. 2024; Lampinen et al. 2024), and the irrational-
ity of producing correct answers with incorrect explanations
(Creswell, Shanahan, and Higgins 2023; Zelikman et al.
2022). Neural networks, including LLMs, are still not sure
about their reasoning results. Here, we define the reasoning-
for-sure property of neural networks as follows: a neural
network reasons for sure, if for consistent set-theoretic state-
ments, it can successfully construct a model in the vector
space, within M epochs, where M is a constant number. We
shall prove M ’s existence and the value of M without using
data. This M enables neural networks to determine incon-
sistent statements: after M epochs, if the target model is not
constructed, the neural network will conclude that there is
no model and the conclusion is unsatisfiable.

Missing reasoning-for-sure property, LLMs may make
wrong decisions in legal judgments (Deng et al. 2023), in
clinical services (Hager et al. 2024), and bring unpredictable
risks to our society (Bengio et al. 2024). The ability of
syllogistic deduction is the pre-condition for inference and
other types of rational reasoning. Legal judgments have
a syllogistic backbone, where rules of laws serve as the
major premise and a concrete case is the minor premise.
Clinical decision-making is the reverse process that tries
to infer which disease causes (deduces) the symptoms.
Determining the consistency is a pre-condition to making
correct deductions (Bucciarelli, Khemlani, and Johnson-
Laird 2008; Johnson-Laird, Khemlani, and Goodwin 2015).
For example, from ‘All Greeks are human. All humans are
mortal.’, we can deduce for sure both that ‘All Greeks are
mortal’ and also that ‘Some Greeks are mortal’. However,
this is a big challenge for supervised deep learning, partly
because training data for one conclusion weakens the learn-
ing confidence of the other conclusion. The performance
of LLMs on syllogistic reasoning has been systematically
evaluated (Eisape et al. 2024; Lampinen et al. 2024):
they inevitably mimic human errors in the training data.
Cutting-edge neural research is to move from simulating
fast associative thinking (System 1) to achieving slow
logical thinking (System 2) (Kahneman 2011) for high-level
cognitive tasks (Goyal and Bengio 2022). The first step is to
develop reasoning-for-sure neural networks for Aristotelian
syllogistic statements, the microcosm of human rationality
(Khemlani and Johnson-Laird 2012; Khemlani 2021).
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Figure 1: Panel A: Given a syllogistic reasoning task, ChatGPT replied with a correct decision with an incorrect explanation.
Panel B illustrates how HSphNN mirrors System 2 rigorous logical reasoning by constructing models. To answer whether a
reasoning is always true, HSphNN tries to refute it by finding a counter-example. (B.1) It sets the configuration of a counter-
example; (B.2) Then, it translates the configuration into spatial relations among spheres; (B.3) HSphNN follows a well-designed
procedure to construct the target configuration. This procedure guarantees that HSphNN can find the configuration if it exists.
(B.4) If HSphNN fails to find the target configuration, it concludes with no counter-examples. Finally, it replies the original
reasoning is valid. Using the same procedure, HSphNN can check whether ChatGPT’s explanation is correct.

Syllogistic reasoning appears deceptively simple but has
dominated logic research for over two thousand years
and psychological research on human rationality for over
100 years till today (Khemlani and Johnson-Laird 2012;
Johnson-Laird, Byrne, and Khemlani 2024). A recent anal-
ysis doubted whether traditional methods hit a dead end
(Brand, Riesterer, and Ragni 2023). Developing neural syl-
logistic reasoning was once believed as Utopian (Khem-
lani and Johnson-Laird 2012). Only recently were super-
vised neural networks developed to approximate a substan-
tial part of syllogistic reasoning (Wang, Jamnik, and Liò
2018, 2020), in part because vector embedding cannot ex-
plicitly represent set-theoretic relations.

Venn diagrams were used in the set-diagram network
architecture to explicitly represent set-theoretic relations
(Rosenblatt 1962). In recent years, regions in Euclidean
space have been used in neural reasoning (Lv et al. 2018;
Dong et al. 2019; Ren, Hu, and Leskovec 2020; Zhang et al.
2021), because regions can easily represent part-whole rela-
tions that exist in all material and conceptual domains, and
are used in all disciplines (Smith 1996).

Compared to Euclidean, hyperbolic geometry better com-
putationally simulates our vision reasoning systems (Fang
et al. 2023). Here, we design a reasoning-for-sure network,
Hyperbolic Sphere Neural-Networks (HSphNN), that rea-
sons with Aristotelian syllogistic statements for sure with

M = 1. That is, to determine the validity of the reasoning
‘some S are M, no T are M; ∴ some S are not T’, HSphNN
tries to construct a counter-example in the first epoch and
fails. With M = 1, it stops iteration and concludes that the
reasoning is valid. In contrast, ChatGPT may make a correct
conclusion with a wrong explanation, as shown in Figure 1.

The main contributions are as follows:

1. We define the property of reasoning-for-sure for neural
networks.

2. We introduce into neural networks the methodology of
reasoning as explicit model construction (Johnson-Laird
and Byrne 1991; Goodwin and Johnson-Laird 2005;
Knauff 2009), which allows neural networks to reason
without training data, thus, go beyond the statistical
paradigm (Goyal and Bengio 2022; Gigerenzer 2022).

3. We develop HSphNN, the first neural network that
achieves syllogistic reasoning for sure without training
data. Our experiments show that HSphNN can determine
the validity and the satisfiability of all Aristotelian syl-
logistic reasoning, it can successfully identify all hallu-
cinations of ChatGPT gpt-3.5-turbo and gpt-4o, and it
can improve their performance significantly (as long as
ChatGPT does not ignore prompt feedbacks).

4. We show how to extend HSphNN to other types of ra-
tional reasoning, and how to integrate it with traditional
neural networks seamlessly.
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Figure 2: Four syllogistic relations are interpreted as four
spatial relations between Poincaré spheres. The black curve
is the Geodesic passing the Poincaré centres ofOX andOY .

Spatialising Syllogistic Statements
Syllogistic statements only have four forms, each being a
part-whole relation between sets (Hammer and Shin 1998),
and can be represented by Euler diagrams (Wang, Jamnik,
and Liò 2018). We propose a one-to-one mapping between
syllogistic statements and spatial relations between Poincaré
spheres (Nickel and Kiela 2017) (section 1 in the supple-
mentary document), and define these spatial relations using
the part-whole relation, as shown in Figure 2 and as follows:
1. All X are Y , or all(X,Y ) for short, iff OX is part of
OY , P(OX ,OY ), where OX ,OY are Poincaré spheres
(Figure 2(a)).

2. Some X are Y , or some(X,Y ) for short, iff there is
OZ that is part of OX and OY , ∃OZP(OZ ,OX) ∧
P(OZ ,OY ), or ¬D(OX ,OY ) (Figure 2(b)).

3. NoX are Y , or no(X,Y ) for short, iff there is noOZ that
is part of OX and OY , ∄OZP(OZ ,OX) ∧P(OZ ,OY ),
or D(OX ,OY ) for short (Figure 2(c)).

4. Some X are not Y , or some not(X,Y ) for short, iffOX
is not part of OY , ¬P(OX ,OY ) (Figure 2(d)).

We define the mapping function ψ: (i) ψ(all) = P; (ii)
ψ(some) = ¬D; (iii) ψ(no) = D; (iv) ψ(some not) =
¬P. We introduce Y contains X , ψ(contain) = P, which
is equivalent to all X are Y . With this ψ function, HSphNN
translates a symbolic syllogistic statement into a spatial
statement between Poincaré spheres. Let O⃗, l, and r be the
Euclidean centre, the Euclidean norm of O⃗, and the Eu-
clidean radius of a Poincaré sphere O in an n-dimensional
Poincaré disk. D(r) is the Poincaré radius of O:

D(r) = tanh−1(r + l)− tanh−1(l − r).
Let O⃗∗

1 and O⃗∗
2 be Poincaré centres of O1 and O2, respec-

tively. The Poincaré distance between them is dD(O⃗∗
1 , O⃗

∗
2):

dD(O⃗
∗
1 , O⃗

∗
2) = cosh−1(1 + 2

∥O⃗∗
1 − O⃗∗

2∥2

(1− ∥O⃗∗
1∥2) · (1− ∥O⃗∗

2∥2)
)

where O⃗∗
i = tanh( tanh

−1(ri+li)+tanh−1(li−ri)
2 ) O⃗i

∥O⃗i∥
,

i = 1, 2. We define Poincaré spheres as open and define re-
lations in Poincaré metrics as follows: OX is part of OY ,
P(OX ,OY ), if and only if the distance between their cen-
tres plus OX ’s radius is less than or equals to OY ’s radius:

dD(O⃗
∗
X , O⃗

∗
Y ) + D(rX) ≤ D(rY ).

To transformOX insideOY , we shall decrease dD(O⃗∗
X , O⃗

∗
Y )

or D(rX), or increase D(rY ). We introduce the inspection
function IP(OX ,OY ) as follows:

IP(OX ,OY ) ≜ max{0, dD(O⃗∗
X , O⃗

∗
Y ) +D(rX)−D(rY )}.

The target P(OX ,OY ) is achieved, if and only if
IP(OX ,OY ) = 0, otherwise, IP(OX ,OY ) > 0.
OX disconnects fromOY , D(OX ,OY ), if and only if the

distance between their centres is greater than or equals to the
sum of their radii:

dD(O⃗
∗
X , O⃗

∗
Y ) ≥ D(rX) + D(rY ).

To reach D(OX ,OY ), we shall either increase dD(O⃗∗
X , O⃗

∗
Y )

or decrease D(rX) or D(rY ). The inspection function
ID(OX ,OY ) is designed as follows:

ID(OX ,OY ) = max{0,D(rX) +D(rY )− dD(O⃗∗
X , O⃗

∗
Y )}.

The target relation D(OX ,OY ) is reached, if and only if
ID(OX ,OY ) = 0, otherwise, ID(OX ,OY ) > 0.
OX partially overlaps with OY , PO(OX ,OY ), if and

only if the distance between their centres is greater than the
absolute difference between their radii and less than the sum
of their radii:

|D(rX)− D(rY )| < dD(O⃗
∗
X , O⃗

∗
Y ) < D(rX) + D(rY ).

Its inspection function IPO(OX ,OY ) is the sum
of max{0, |D(rX) − D(rY )| − dD(O⃗

∗
X , O⃗

∗
Y )} and

max{0, dD(O⃗∗
X , O⃗

∗
Y )− D(rX)− D(rY )}.

The Reasoning-for-Sure Property of Neural
Syllogistic Reasoning

We define the reasoning-for-sure property in the setting of
neural syllogistic reasoning through constructing configura-
tions of Poincaré spheres as follows:

For any satisfiable syllogistic reasoning, a reasoning-
for-sure neural network can construct a Poincaré
sphere configuration as its Euler diagram at the
global loss of zero within M epochs, where M is a
constant.

With this property, HSphNN achieves the symbolic level of
syllogistic reasoning as follows:

• A syllogistic reasoning statement (e.g., ‘r1(X,Y ),
r2(Y,Z) ∴ r3(X,Z)’) is satisfiable, if and only
if HSphNN constructs a configuration of Poincaré
spheres satisfying ψ(r1)(OX ,OY ), ψ(r2)(OY ,OZ), and
ψ(r3)(OX ,OZ) within M epochs.
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Figure 3: (a) The basic architecture of HSphNN is an RNN of neighbourhood spatial relations. (b) The input of a relation node is
two (n+1)-dimensional vectors. Each represents an n-dimensional sphere, whose first n components represent the centre, and
the (n + 1)th component represents the radius. Edges are directed, and each is a ∆ function responsible for a neighbourhood
transition. When the ∆ function returns 0, the two spheres have reached the neighbourhood relation. The blue colour in (b)
means that OX is dynamic and OY is fixed.

• A syllogistic reasoning statement is valid, if and only
if the conclusion is true, whenever the premises are
true (Jeffrey 1981). This is equivalent to the negation
of the conclusion being false, whenever the premises
are true. That is, if HSphNN cannot construct a
configuration of Poincaré spheres within M epochs,
which satisfies ψ(r1)(OX ,OY ), ψ(r2)(OY ,OZ), and
¬ψ(r3)(OX ,OZ), it will conclude that the original syl-
logistic reasoning is valid.

Without the value ofM , if HSphNN fails to reach the global
loss of zero in the current epoch, then it cannot conclude for
sure that a syllogistic reasoning statement is unsatisfiable.

Readers familiar with Euclidean geometry may refer to
Sphere Neural Networks (SphNN) in Euclidean space, the
twin of HSphNN. We prove M = 1 for both HSphNN and
SphNN (Dong, Jamnik, and Liò 2024).

Neural Reasoning As Neighbourhood
Transitions of Poincaré Sphere Configurations
Following Herbert A. Simon (Simon 2019), reasoning, as
a typical problem-solving task, can be viewed as naviga-
tion in a graph – each node represents a situation, and each
edge represents an action that transforms one node into
its neighbourhood till the target node is reached. For ex-
ample, if OX currently disconnects from OY , through re-
peated decreasing of the distance between their centres or
increasing of the radius of OX , they will be partially over-
lapped. We define an action function ∆PO

D (OX ,OY ) ≜
max{0, dD(O⃗∗

X , O⃗
∗
Y ) − D(rX) − D(rY )}. HSphNN gradu-

ally reduces the value of ∆PO
D (OX ,OY ). When the value

reaches 0, it arrives at the neighbourhood node. Each ac-
tion function has the form ∆T

T1:T2
(OX ,OY ) that transforms

the relation between OX and OY from T1 to its neighbour-

hood relation T2 towards the target relation T, where OY
is fixed. We design each ∆T

T1:T2
(OX ,OY ) to satisfy three

conditions:
1. non-negative, ∆T

T1:T2
(OX ,OY ) ≥ 0;

2. strict monotonous, when ∆T
T1:T2

(OX ,OY ) > 0;
3. if the target relation is reached, ∆T

T1:T2
(OX ,OY ) = 0.

HSphNN has an RNN architecture and repeatedly updates
locations and sizes of Poincaré spheres using a neighbour-
hood transition map, as illustrated in Figure 3. Thus, train-
ing data is not required. Without constraints, HSphNN can
realise every neighbourhood transition and, thus, has con-
stant architectural complexity (the length of the longest path
is a constant number) (Zhang et al. 2016). HSphNN can
transform three spheres to satisfy two relations in one epoch
(Theorem 1, in the supplementary document, page 22).

Neighbourhood Transformation With Constraints
HSphNN may be stuck in non-zero local minimums. For
example, let the target configuration be P(OY ,OX),
P(OZ ,OX), and D(OZ ,OY ), and currently OY be part
of OX , and OZ be disconnected from OX , as shown in
Figure 4(a). When OZ is getting closer toOX following the
Geodesic (the shortest path toOY in a Poincaré disk), it will
overlap with OY . This will increase the global loss and be
stuck in a non-zero local minimum, shown in Figure 4(b).
Then, OZ needs to circumvent OY by rotating around OY ,
as illustrated in Figure 4(c, d). Rotating OZ around OY
keeps the relation with OY and allows the search for a new
location to improve the relation with OX . We introduce
constraint optimisation COPTZX

TZY
(OZ |OX ;OY ) that opti-

mises OZ to satisfy the relation with OX while preserving
its relation with OY . It works as follows: given OZ , OX ,
and OY , where OX and OY are fixed, HSphNN gradually
reduces the value of ∆TZX

SZX
(OZ ,OX) + ∆TZY

SZY
(OZ ,OY ),
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Figure 4: (a) OZ is disconnected from OX ; (b) when OZ
is approaching OX , a non-zero local minimum will be
reached; (c) OZ rotates around OY ; (d) OZ successfully
reached a target state.

where SZY and SZX are current relations of OZ to
OY and to OX , respectively. After each gradual descent
step, HSphNN checks whether TZY (OZ ,OY ) is bro-
ken. HSphNN will first repair the broken relation before
continuing, as described in Algorithm 1. We prove that
COPTZX

TZY
(OZ |OX ;OY ) is a gradual descent (Theorem 2,

in the supplementary document, page 36-37).

Realising Negative Relations A negative target relation
(e.g., ¬D, ¬P) may have an unintended realisation. For
example, let the target be ¬P(OX ,OY ), P(OY ,OZ), and
D(OX ,OZ). If OX and OY are realised as being partially
overlapped, PO(OX ,OY ), OZ cannot be optimised to sat-
isfy both relations with OX and with OY , as illustrated in
Figure 5(a, b), because PO(OX ,OY ) is inconsistent with
the other two relations. Hence, the negation of this unin-
tended realisation (¬PO(OX ,OY )) is a valid conclusion
from the other two relations. Therefore, starting with real-
ising the other two relations will avoid this unintended rela-

Algorithm 1: Constraint optimisation.
Input: OX ,OY ,OZ , TZX , TZY

Output: OZ
1 Optimise OZ to satisfy TZY (OZ ,OY );
2 Get SZX(OZ ,OX); last gLoss← +∞;
3 while ∆TZX

SZX
(OZ ,OX) < last gLoss do

4 last gLoss← ∆TZX

SZX
(OZ ,OX);

5 do one step ∆TZX

SZX
(OZ ,OX) +∆TZY

SZY
(OZ ,OY );

6 Optimise OZ to satisfy TZX(OZ ,OX);
7 Get SZX(OZ ,OX);
8 return OZ

Figure 5: (a) ¬P(OX ,OY ) is incorrectly realised as
PO(OX ,OY ); (b) no OZ can satisfy both P(OY ,OZ)
and D(OX ,OZ); (c) HSphNN fixes OZ first, then updates
OX and OY to satisfy D(OX ,OZ) and P(OY ,OZ). Then,
¬P(OX ,OY ) is correctly realised as D(OX ,OY ).

tion. This suggests that the process shall be restarted by fix-
ing a different sphere. In the example, we restart with fixing
OZ and updating OX to disconnect from OZ , and OY to be
part ofOZ , thusOX will disconnect fromOY , as illustrated
in Figure 5(c). We prove that restarting once is sufficient to
construct a target configuration if the target exists (Theorem
4, on page 44 of the supplementary document), thus,M = 1.

Reasoning-for-Sure via Explicit Model Construction A
syllogistic reasoning statement ‘p1, p2 ∴ q’ can be translated
into three spatial statements ψ1(O1,O2), ψ2(O2,O3) ∴
ψ3(O3,O1), where ψi ∈ {D,P,P,¬D, ¬P,¬P}. For ex-
ample, ‘Some X2 are not X1. All X2 are X3. ∴ Some X1

are not X3.’ is translated to ¬P(O1,O2), P(O2,O3), and
¬P(O1,O3). HSphNN initialises three coincided spheres
O1, O2, and O3; then, it fixes O1 and updates O2 and O3 to
satisfy the relations withO1; thirdly, it fixesO1 andO2, and
updatesO3 to the relation withO2 while keeping its relation
with O1. If the target is not achieved, it will fix O3 and up-
date O1 and O2 to satisfy their relations with O3. Finally, it
fixes O3 and O2, and updates O1 to satisfy the relation with
O2 while keeping the relation with O3. If the target is still
not achieved, HSphNN will conclude the original reasoning
is unsatisfiable, because M = 1. The process is outlined in
Algorithm 2.

Algorithm 2: The control process of HSphNN
Input: Target relations: ψ1(O1,O2), ψ2(O2,O3),

ψ3(O3,O1);
Output: SAT or UNSAT;

1 Initialise O1, O2, and O3 as coinciding;
2 if all three relations are satisfied then return SAT
3 fix O1, update O2 to satisfy ψ1(O1,O2);
4 fix O1, update O3 to satisfy ψ3(O3,O1);

5 do COPψ2

ψ3
(O3|O2;O1), ψ2(O3,O2) = ψ2(O2,O3);

6 if not all three relations are satisfied then
7 fix O3, update O1 to satisfy ψ3(O3,O1);
8 fix O3, update O2 to satisfy ψ2(O2,O3);
9 do COPψ1

ψ3

(O1|O2;O3), ψ3(O1,O3) = ψ3(O3,O1);

10 if all relations are satisfied then return SAT
11 else return UNSAT
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Experiments
Experiment 1
We challenge HSphNN to determine the validity of all types
of syllogistic reasoning in one epoch.

Method To determine the validity of a syllogistic reason-
ing statement ‘r1(S,M) r2(M,P ) ∴ r3(S, P )’, HSphNN
tries to construct a counter-example, namely, OS , OM ,
and OP , satisfying ψ(r1)(OS ,OM ), ψ(r2)(OM ,OP ), and
¬ψ(r3)(OS ,OP ). If successful, HSphNN refutes it by pro-
viding a counter-example; otherwise, HSphNN concludes
that this syllogistic reasoning is valid, as M = 1. Among
256 types of syllogistic reasoning statements, only 24 rea-
soning types are valid.

Setup Three spheres are randomly initialised as coincid-
ing in a Poincaré disk, with the centres O⃗ following the
uniform distribution and with the Euclidean radius r =
0.3. A Poincaré sphere is computed by setting its Eu-
clidean centre to 0.9 · sin(O⃗) and the Euclidean radius to
sin2(r). This is to prevent HSphNN from pushing them
close to the boundary of the Poincaré disk and having
NAN values. We set the learning rate to 0.0001 and the
maximum number of epochs M = 1. All experiments
were conducted on MacBook Pro Apple M1 Max (10C
CPU/24C GPU), 32 GB memory. We challenged HSphNN
to construct Poincaré spheres with the following dimensions
2, 3, 15, 30, 100, 200, 1000, 2000, 3000.

Results HSphNN successfully determined 24 valid and
232 invalid syllogistic reasoning types by constructing
Poincaré sphere configurations with dimensions from 2 to
3000, totalling 2304 cases, satisfying the reasoning-for-sure
property. HSphNN needs more time to determine valid rea-
soning than invalid reasoning. The mean time cost to de-
termine a valid reasoning is 17.71 seconds. The mean time
cost to construct a counter-example for invalid reasoning is
3.46 seconds; 1732 among 2088 (82.91%) invalid reasoning
cases are determined in less than 5 seconds; 169 among 216
(78.82%) valid cases are determined in less than 30 seconds.

Experiment 2
Trained by vast amounts of corpora, LLMs have achieved
human-like communication and do better in syllogistic rea-
soning than humans, but also mimic human errors that ap-
peared in their training corpus (Eisape et al. 2024; Lampinen
et al. 2024). This experiment aims to demonstrate a pure
neural dual-process model (Evans 2003; Sun et al. 2005;
Kahneman 2011) for syllogistic reasoning – ChatGPT sim-
ulates System 1’s fast associative thinking without guaran-
tee, while HSphNN simulates System 2’s slow logical rea-
soning that examines ChatGPT outputs, and sends feedback
through prompts.

Setup We tested two ChatGPT versions (gpt-3.5-turbo and
gpt-4o) with and without the feedback from HSphNN, on
three kinds of syllogistic rules: (1) rules with meaningful
words (e.g., ‘All Greeks are human’), (2) rules with simple
symbols (e.g., ‘All S are M0’), and (3), rules with random
symbols (e.g., ‘All HWsF1eq9 are hONvNxop’).

We use the Level 6 TELeR prompt structure (Kar-
maker Santu and Feng 2023) to send a task request
to ChatGPT, which consists of six parts: (1) assigning
ChatGPT the role of a professional logician; (2) a de-
tailed instruction, including output format; (3) a question;
(4) a context; (5) an output explanation; and (6) an example.
Our TELeR prompts instruct ChatGPT to decide the satis-
fiability of Aristotelian syllogistic reasoning. If ChatGPT
answers satisfiable, it will output the configuration of
spheres. HSphNN will check the correctness, including
whether it is supported by its explanation. If one of the two
is incorrect, HSphNN will send feedback to ChatGPT and
let it think again.

Evaluation HSphNN is a neural model that automatically
examines the decision and the explanation of ChatGPT and
classifies it into six classes: (1) a correct decision with a
correct explanation; (2) a correct decision with an incom-
plete explanation; (3) a correct decision with an incorrect ex-
planation; (4) a correct decision with an irrelevant explana-
tion; (5) an incorrect decision with a correct explanation; and
(6) an incorrect decision with an incorrect explanation. The
irrationality ratio is the percentage of cases in (2-5) among
the 256 types of syllogistic reasoning.

Results and Discussions (1) Without feedback, ChatGPT
(gpt-3.5-turbo) reached the best performance (correct deci-
sion and explanation) of 46.875% using simple symbols,
with the irrationality ratio of 46.875%; ChatGPT (gpt-4o)
reached the best performance of 82.42% using random sym-
bols, with the irrationality ratio of 15.23%. For both ver-
sions, rules with meaningful words somehow disturbed the
performance. (2) With a maximum of two rounds of feed-
back, ChatGPT (gpt-3.5-turbo) improved the performance
to 58.98% and significantly reduced the irrationality ratio
to 21.48%; ChatGPT (gpt-4o) improved the performance to
84.76% and reduced the irrationality ratio to 12.89%. (3) In-
creasing the number of feedbacks did not have much impact
on improving the performance. For example, with a max-
imum of ten rounds of feedback, ChatGPT (gpt-4o) only
improved the performance to 85.16%. This suggests that
prompt engineering may not be an effective way to form the
feedback loop from System 2 neural networks to System 1
neural networks.

Conclusion and Outlook
A valid logical conclusion explicitly states what is implicit
in the premises (Simon 2019). Thus, additional training data
is not needed, as demonstrated by HSphNN. Our method
shows that sphere embedding is more suitable than vectors
to explicitly represent set-theoretic knowledge, which exists
widely in the spatial domain and high-level cognitive do-
mains (Allen 1983; Bellmund et al. 2018; Benthem 1983;
Dowty 1979; Smith 1996; Tversky 2019).

HSphNN can seamlessly integrate with traditional neural
networks by hosting latent feature vectors at the sphere cen-
tre, achieving neuro-symbolic unification: HSphNN speci-
fies part-whole relations between spheres, while traditional
networks optimise orientations of sphere centres, as illus-
trated in Figure 6(A.1, A.2, B). Neuro-symbolic unification
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Figure 6: Traditional neural networks (A.1) learn vectors from the corpus, predicting centre orientations of spheres (Input-
1). Set-theoretic knowledge is spatialised into part-whole relations (A.2), gearing lengths of centre vectors and radii of spheres
(Input-2). Various set-theoretic domain knowledge introduces multiple channels. (B) HSphNNs construct a sphere configuration
or refute the consistency of input set-theoretic knowledge. (C.1) 2-d arcs are closed under complement; arc configuration can be
used for various logical reasoning, e.g., (C.2) hypothetical syllogism, (C.3) disjunctive syllogism, and (C.4) Bayesian reasoning.

brings mutual benefits. Using pre-training vectors as orien-
tations of sphere centres may speed up the construction pro-
cess; using boundary relations may prevent traditional neu-
ral networks from being biased by data.

Geometrically, a sphere can be understood as a set of
points in a universe, whose distances to a fixed point (the
centre of the sphere) are within a constant (the radius). If
the universe is a circle, spheres will become arcs and can
represent complement sets, as illustrated in Figure 6(C.1),
and develop logical and Bayesian reasoning as follows.

Let F (x), H(x), and G(x) be three sets that are repre-
sented by three arcs of the circle. If F arc is part of H arc,
andH arc is part ofG arc, then F arc is part ofG arc (hypo-
thetical syllogism). If F arc is part of the union of G arc and
H arc, and F arc is part ofG’s complement arc, then we can
prove that it is valid that F arc is part of H arc (disjunctive
syllogism), as illustrated in Figure 6(C.2, C.3).

Knowledge of events can be understood and represented
in the same way as knowledge of objects (Quine 1985). Let

arcs represent events. The probability that the event H hap-
pens given the condition that the event G happens P (H|G)
is the ratio of the length of the intersection of H arc and G
arc and the length of G arc, P (H|G) = P (H∩G)

P (G) . Similarly,

we have P (G|H) = P (H∩G)
P (H) . Putting the two formulas to-

gether, we have the Bayesian rule P (H|G) = P (G|H)P (H)
P (G) .

Like syllogistic reasoning having the Euler diagram as its
spatial semantics, statistical reasoning (Pearl and Machen-
zie 2018) can have arc configuration as its spatial semantics,
as shown in Figure 6(C.4).

Therefore, arcs can serve as a unified semantic representa-
tion for both logical reasoning and statistical reasoning, the
former considering whether arcs have part-whole relations,
the latter considering what is the degree of part-whole rela-
tions. Cartesian product of arcs will be a spatial semantics
for heterogeneous knowledge. In this way, neural networks
using sphere embeddings can perform a variety of reasoning
through model construction.
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