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Abstract

Index tracking is a popular passive investment strategy aimed
at optimizing portfolios, but fully replicating an index can
lead to high transaction costs. To address this, partial repli-
cation have been proposed. However, the cardinality con-
straint renders the problem non-convex, non-differentiable,
and often NP-hard, leading to the use of heuristic or neu-
ral network-based methods, which can be non-interpretable
or have NP-hard complexity. To overcome these limitations,
We propose a Differentiable Cardinality Constraint (DCC)
for index tracking and introduce a floating-point precision-
aware method to address implementation issues. We theoret-
ically prove our methods calculate cardinality accurately and
enforce actual cardinality with polynomial time complexity.
We propose the range of the hyperparameter ensures that our
method has no error in real implementations, based on theo-
retical proof and experiment. Our method applied to mathe-
matical method outperforms baseline methods across various
datasets, demonstrating the effectiveness of the identified hy-
perparameter.

1 Introduction
Index tracking, particularly through full replication, is one
of the most widely used strategies in portfolio optimization.
This approach constructs a portfolio that mimics a specific
market index by including all constituent stocks with corre-
sponding weights. Full replication can be effectively solved
as a basic regression problem using mathematical optimiza-
tion techniques, enabling the efficient and precise portfo-
lio construction. However, this method assigns continuous
weights to all stocks in the portfolio, leading to significant
transaction costs—a critical challenge in real-world invest-
ment scenarios. To mitigate these costs, partial replication
has been proposed (Meade and Salkin 1989), (Ertenlice and
Kalayci 2018), where only a subset of stocks is assigned
weights, reducing the overall number of transactions. Partial
replication extends full replication by incorporating a cardi-
nality constraint to limit the number of stocks.

Cardinality constraints, integral to partial replication, ex-
hibit several notable technical challenges (Chang et al. 2000;
Pandey and Banerjee 2024): i) Discreteness: Cardinality
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constraints enforce a limit on the number of selected stocks,
resulting in a discrete solution space, unlike the continuous
one encountered in full replication. ii) Combinatorial Com-
plexity: These constraints give rise to a combinatorial op-
timization problem, where all possible combinations must
be considered. Their independent and non-continuous na-
ture complicates to reformulate the problem into a form
that can be solved using traditional mathematical optimiza-
tion techniques, such as those requiring linearity, convexity,
or differentiability. iii) Computational Complexity: Finding
a solution that satisfies the cardinality constraint is classi-
fied as an NP-hard problem, characterized by high compu-
tational complexity, making it difficult to identify efficient
solutions. Due to these inherent characteristics, traditional
mathematical optimization approaches, which were effec-
tive for solving full replication problems, struggle with par-
tial replication. Consequently, heuristic methods (Beasley,
Meade, and Chang 2003; Wu, Kwon, and Costa 2017; Erwin
and Engelbrecht 2023; Kabbani 2022; Zheng et al. 2020)
have been proposed to address partial replication. However,
these heuristic approaches have significant drawbacks, in-
cluding the non-interpretability of some solution processes
and the persistence of high complexity.

To overcome these limitations, it would be advanta-
geous to transform cardinality constraints into a form that
can be tackled using mathematical optimization techniques.
Thus, we propose the Differentiable Cardinality Constraint
(DCC), which is not only adaptable to mathematical opti-
mization techniques but also ensures the enforcement of ac-
tual cardinality constraints. In summary, our contributions
are as follows:

1. We propose DCC, applicable to any optimization algo-
rithm handling differentiable constraints, particularly us-
ing the Lagrangian multiplier method for partial replica-
tion.

2. To address implementation challenges, we introduce a
floating-point precision-aware variant, DCCfpp, ensur-
ing accurate enforcement of cardinality constraints.

3. We establish conditions for the constant a in DCCfpp,
providing accurate cardinality calculations and constraint
enforcement.

4. We validate DCCfpp’s performance in partial replication
using the SLSQP method, demonstrating improved re-
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sults on real market data and yielding more precise, in-
terpretable solutions within polynomial time.

2 Related Works
Full replication is a passive investment strategy in portfo-
lio optimization, where objective is to minimize the tracking
error between a target index and the portfolio index, which
can be formulated as a constrained regression problem. This
problem can be efficiently solved using mathematical op-
timization techniques. Specifically, the constraints in full
replication include the sum-to-one constraint, where the sum
of portfolio weights equals one, and the non-negativity con-
straint, ensuring that each weight is non-negative. Both con-
straints are linear, making Quadratic Programming (QP) an
effective method for efficiently solving full replication prob-
lems, as demonstrated in various studies (Jobson and Ko-
rkie 1980; Fabozzi, Markowitz, and Gupta 2011; Boyd and
Vandenberghe 2004). Furthermore, since these constraints
can also be expressed in differentiable forms, full replication
can be solved using Lagrangian multipliers (Shaw, Liu, and
Kopman 2008; Bertsekas 2014). These mathematical opti-
mization techniques are easily implemented using libraries
such as CVXPY (Diamond and Boyd 2016) or SciPy (Vir-
tanen et al. 2020), which efficiently find precise solutions.
Since these methods follow well-established mathemati-
cal procedures, the resulting portfolio solutions are inter-
pretable, as the clear objective functions and explicit con-
straints make it easy to understand how each decision im-
pacts the final outcome. However, the cardinality constraint
is neither linear nor differentiable, making it challenging to
solve using mathematical optimization methods.

To address this problem, heuristic approaches have been
employed to address partial replication problems. Heuristic
methods such as search algorithms (Kabbani 2022), which
iteratively explore different combinations of stocks to iden-
tify those that optimize the portfolio, and meta-heuristic
approaches, including evolutionary algorithms (Beasley,
Meade, and Chang 2003; Erwin and Engelbrecht 2023),
have been used. Additionally, clustering methods (Wu,
Kwon, and Costa 2017) have also been employed to select
optimal subsets of stocks, effectively reducing the portfo-
lio size while attempting to maintain tracking accuracy. De-
spite the practical utility of these heuristic methods, they
come with inherent limitations. The approximate nature of
heuristic solutions means they may find suboptimal solu-
tion, and the large search space involved in these problems
introduces significant computational complexity. Thus, re-
cently, (Zheng et al. 2020) have proposed the use of neu-
ral network-based approaches for partial replication, em-
ploying reparameterization techniques to transform uncon-
strained parameters into forms that satisfy the cardinality
constraint. However, these neural network approaches often
function as black-box models, obscuring the interpretability
of the solutions and the intermediate steps involved.

The limitations of heuristic and neural network ap-
proaches underscore the need for a mathematical optimiza-
tion approach to solve the partial replication problem effi-
ciently. Traditional methods of handling the cardinality con-
straint, such as iteratively applying full replication and se-

lecting the top K stocks or excluding N − K stocks with
the lowest weights, can satisfy the constraint but at the cost
of increased complexity and inefficiency. This approach is
straightforward but often yields suboptimal results due to
its iterative nature and lack of optimization techniques. Un-
like these previous methods, we tackle the partial replication
problem by proposing the Differentiable Cardinality Con-
straint (DCC), which transforms the cardinality constraint
into a differentiable form. This innovation allows it to be
directly integrated into mathematical optimization frame-
works, enabling efficient and precise resolution of the prob-
lem in polynomial time, while still producing interpretable
solutions.

3 Preliminaries
Before introducing our Differentiable Cardinality Constraint
(DCC), it is essential to formally define the index tracking
and the cardinality constraint associated with it.

3.1 Full Replication
Traditional index tracking (full replication) involves con-
structing a portfolio to minimize the difference between
the market index and the portfolio index, i.e. tracking er-
ror. Minimizing the tracking error is a straightforward re-
gression problem when dealing with N stocks over a dura-
tion D. The objective function is min ∥Xw − y∥22 where
X ∈ RD×N is the daily return of stocks and w ∈ [0, 1]N

such that w = [w1w2 . . . wN ]T is a weight vector of portfo-
lio. wi is the weight of i-th stock and y ∈ RD is the daily
target index.

Moreover, the portfolio must satisfy straightforward con-
straints: each stock should have a non-negative weight, and
the sum of all weights must equal one. Then, we can define
the full replication problem as:

min
w

∥Xw − y∥22

subject to: wi ≥ 0 ∀i,
N∑
i=1

wi = 1
(1)

However, full replication assigns continuous weights to all
stocks, which leads to high transaction costs. Therefore, a
cardinality constraint, which limits the number of stocks in
the portfolio, is necessary to mitigate these costs.

3.2 Partial Replication
The partial replication ensures that the portfolio’s cardinal-
ity, calculated through a specific function, does not exceed
a given value K. To enforce this constraint, we first define
the function that calculates the portfolio’s cardinality. Let
wi represent the weight of the i-th stock in the portfolio.
Then cardinality function is defined using a binary function,
b(wi), that assigns a value of 0 if a portfolio weight is zero,
and 1 if the weight is greater than zero. By summing the
binary function values across all weights in the portfolio,
we can calculate the portfolio’s cardinality. Partial replica-
tion extends the full replication approach by incorporating a
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Figure 1: (a) red: binary function, b(wi). green lines: ratio-
nal approximated function of b(wi). (b) red: binary function
with cutoff threshold, bfpp(wi). blue lines: sigmoid approx-
imated function of bfpp(wi).

cardinality constraint. Using the cardinality function, partial
replication can be expressed as follows:

min
w

∥Xw − y∥22

subject to: wi ≥ 0 ∀i,
N∑
i=1

wi = 1

C(w) =

N∑
i=1

b(wi) ≤ K, b(wi) =

{
0, (wi = 0)

1, (wi > 0)

(2)

where C(w) is the function for calculating cardinality of the
portfolio weight w and K is integer such that K < N .

To solve the partial replication problem as a mathemati-
cal optimization problem, it is essential to express the car-
dinality constraint in a form that can be handled by math-
ematical optimization techniques, particularly in a differen-
tiable manner. Thus we introduct the Differentiable Cardi-
nality Constraint (DCC) in Section 4. And the DCC must
satisfy the following properties with differentiability:

• Accuracy: The cardinality function, C(w), in the DCC
should convert each weight value into the corresponding
integer value.

• Assurance: The DCC must guarantee the limit of the
number of selected stocks (K).

4 Differentiable Cardinality Constraint
4.1 Rational Function Approach
Defining the cardinality constraint requires a function that
calculates the portfolio’s cardinality, C(w). This function
can be expressed as the summation of a binary function
b. However, as illustrated in Figure 1 (a) (red), this binary
function is discontinuous and non-differentiable, rendering
C(w), and cardinality constraints are non-differentiable as
well. To address this, we approximate the binary function
with a differentiable alternative, allowing C(w) and the car-
dinality constraint to be expressed in a differentiable form
under two properties in Preliminaries (Will be discussed in
Section 4.2). We utilize the following rational function to

approximate the binary function:

b̃(wi) = 1− 1

a · wi + 1
, a : constant (3)

The graph of the b̃(wi) function is shown in Figure 1 (a).
This rational function b̃(wi) is differentiable for all weight in
[0, 1], and it passes through the origin and approaches b̃ = 1
as an asymptote, so that it takes the value of 0 when wi is
0 and approaches 1 for w1 greater than 0. Here, the con-
stant a can be arbitrarily chosen, and increasing the value of
a allows b̃(wi) to approximate binary function b(wi) more
closely (See Figure 1 (a) (green lines)). Therefore, select-
ing a very large value for a is advantageous. Furthermore,
the value of a in the approximation function remains inde-
pendent of the portfolio weight or the number of stocks, thus
incurring no additional computational cost or execution time
as a increases.

Using b̃(wi), the function for calculating cardinality of a
portfolio can be approximated. Since C̃(w) is composed of
differentiable functions of each variable wi, it is also a dif-
ferentiable N th-order function. Therefore, we can get the
Differentiable Cardinality Constraint (DCC) using C̃(w):

C̃(w) =

N∑
i=1

b̃(wi) =

N∑
i=1

(
1− 1

a ∗ wi + 1

)
≤ K (4)

However, when selecting stocks, portfolio typically sets a
weight cutoff threshold. This means that instead of strictly
counting weights as 0 when they are exactly zero, the binary
function should count a weight as 0 if it is below the cut-
off threshold, and as 1 if it is above the threshold. This ad-
justment accounts for floating-point precision and requires a
new binary function that incorporates the cutoff threshold.

4.2 Sigmoid Function Approach (DCCfpp)
Cardinality Constraint with Cutoff Threshold Consider-
ation As discussed, due to the floating-point precision is-
sues from cutoff threshold, we redefine the cardinality con-
straint considering the cutoff threshold of portfolio weights
like this:

Cfpp(w) =
N∑
i=1

bfpp(wi) ≤ K,

where bfpp(wi) =

{
0, if 0 ≤ wi < ϵ

1, if wi ≥ ϵ

(5)

The graph of the redefined binary function is shown in Fig-
ure 1 (b) (red). Here, ϵ represents a small cutoff threshold of
portfolio weights. Therefore, the redefined cardinality func-
tion means that if a weight is less than ϵ, it is counted as
zero, and if it is greater than ϵ, it is counted as one. The re-
defined binary function bfpp from the Cfpp remains a non-
differentiability. We approximate this again to make it dif-
ferentiable. However, we can no longer approximate the bi-
nary function using a rational function as before. Instead,
we transform the sigmoid function to preserve the meaning
of the bfpp(wi) and make it differentiable as follows:

b̃fpp(wi) =
1

1 + e−a(wi−ϵ)
, a : constant (6)
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See Figure 1 (b) (blue lines). As shown in the graph, a larger
value of a results in a closer approximation to bfpp(wi).
Since a is a simple constant (for the same reasons as be-
fore), choosing a large a does not affect the problem’s com-
plexity or execution time. This approximated binary func-
tion is differentiable and has an inflection point at wi = ϵ.
Additionally, when a is set sufficiently large, the function
has an asymptote at b̃fpp = 1 for weights greater than ϵ and
an asymptote at b̃fpp = 0 for weights less than ϵ. Although
b̃fpp(wi) is 0.5 when wi = ϵ, the floating-point precision is-
sue means that weights are rarely exactly ϵ. Even if they are,
the cardinality constraint is still ensured. This will be dis-
cussed further in the next section. To summarize, if a weight
is greater than ϵ, b̃fpp(wi) is close to 1; if it is less than ϵ,
b̃fpp(wi) is close to 0.

Similarly, the approximated cardinality function can be
defined using the approximated binary function. Since
C̃fpp(w) is an N -th degree function composed of differen-
tiable terms with respect to each variable wi, the approxi-
mated cardinality function is also differentiable. Thus Dif-
ferentiable Cardinality Constraint for floating-point preci-
sion (DCCfpp) can be written as follows:

C̃fpp(w) =
N∑
i=1

b̃fpp(wi) =
N∑
i=1

1

1 + e−a(wi−ϵ)
≤ K (7)

Conditions for Accurate Cardinality Calculation In the
Preliminaries, one of the key properties that the DCCfpp

must satisfy is the accurate calculation of the portfolio’s
cardinality. Achieving this accurate calculation relies on the
proper definition of the cardinality function, which, in turn,
depends on the binary function used within it. The ability
of the cardinality function to accurately reflect the true car-
dinality is heavily influenced by the value of the constant a
used in defining the binary function. Therefore, we estab-
lish conditions for the constant a that ensure the cardinality
function correctly computes the portfolio’s cardinality.

If the value of a is too small, it may count values much
larger than zero even when the weight is zero, or conversely,
it may fail to count exactly 1 when the weight is 1. In the
first case, this could lead to a situation where cardinality is
calculated for all weights, regardless of whether they actu-
ally contribute to the portfolio. Therefore, to ensure accurate
cardinality calculation, the value of a must at least be set
such that it counts 0 when the weight is zero and confidently
counts 1 when the weight is 1. However, since the b̃fpp does
not exactly take the values of 0 and 1 but instead approaches
b = 0 and b = 1 asymptotically, we consider a bounded
condition using the same cutoff threshold value ϵ as men-
tioned in Section 4.2. We establish the following minimum
conditions:
• C0 : wi = 0 ∀i ∈ {1, · · · , N} ⇒

∑N
i=1 wi ≤ ϵ

• C1 : wi = 1 ∀i ∈ {1, · · · , N} ⇒
∑N

i=1 wi ≥ N − ϵ

Conditions for Assurance of the DCCfpp Similarly, we
must ensure the second property of DCCfpp, Assurance.
This can be confirmed by verifying that satisfying DCCfpp

always guarantees the actual cardinality constraints. To

prove that our DCCfpp ensures the actual cardinality con-
straint, we need to show the following:

If
N∑
i=1

b̃fpp(wi) ≤ K, then
N∑
i=1

bfpp(wi) ≤ K

Then we present the following theorem:
Theorem 1. The Assurance of the cardinality constraint

If N · err < 1 and
N∑
i=1

b̃fpp(wi) ≤ K,

then
N∑
i=1

bfpp(wi) ≤ K

N is the number of stocks, e is constant in Lemma 1 (We
present proofs and supporting lemmas for Theorem1.), and
K is integer such that K < N .

Since N is a fixed value and err depends on the con-
stant a in Eq. 6, if we choose a such that err < 1

N , then
our DCCfpp will always ensure the cardinality constraint.
Through Theorem 1, we have proven that our DCCfpp guar-
antees the cardinality constraint. In other words, our pro-
posed DCCfpp can effectively solve cardinality problem by
applying to some optimization algorithms without calculat-
ing l0-norm. This theorem leads to the derivation of last con-
dition for the hyperparameter a that ensure the accurate en-
forcement of the cardinality constraint.
• C2 : err ≤ 1

N

Complex Analysis We applied our proposed DCCfpp to
Sequential Least Squares Quadratic Programming (SLSQP),
a mathematical optimization technique using the Lagrangian
multiplier method. The time complexity analysis indicates
that the addition of DCCfpp to SLSQP maintains the algo-
rithm’s polynomial time complexity1.

5 Experiments
In this section, we validate the proposed DCCfpp with var-
ious dataset in three aspects: 1) We compare index track-
ing errors to assess the performance of partial replication. 2)
We measure the performance of the generated portfolio us-
ing commonly used metrics, 3) we compare the runtime of
methods to highlight their efficiency. We provide implemen-
tation and data loading scripts1.

5.1 Experimental Settings
Data We conduct experiments using the following three
market indices:

1. S&P 100 Index : The S&P 100, i.e., Standard & Poor’s
100, is a highly representative index that focuses on large,
blue-chip companies with high liquidity and stability. As
the most critical dataset for our experiments, it is often
regarded as a more concentrated and definitive represen-
tation of the U.S. market’s most significant and stable
companies.
1Code and proof details: https://github.com/qt5828
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2. S&P 500 Index : The S&P 500 is a broader stock market
index that tracks the performance of 500 large companies
listed on U.S. stock exchanges. While it provides a com-
prehensive overview of the U.S. economy, the S&P 100
is considered a more focused and essential subset within
this broader index.

3. KOSPI 100 Index : The KOSPI 100, by the Korea Ex-
change (KRX), tracks the top 100 large-cap stocks in
the Korean market, offering insights into large-cap stock
trends in South Korea.

For our analysis, we utilized data spanning from January 1,
2018, to April 30, 2023. The data was sourced from Yahoo
Finance (Aroussi 2019).

Backtesting We apply the backtesting method presented
in (Zheng et al. 2020) to evaluate and compare the track-
ing performance of each baseline model. The backtesting is
conducted using a sliding window technique, where the data
period is shifted by one day at a time. On rebalancing days,
which are specific days set at regular intervals, the portfolio
is adjusted by recalculating and applying new asset weights
based on the most recent data. On other days, the perfor-
mance is assessed using the weights fitted on the most recent
rebalancing day. In our study, we rebalance the portfolio on
a quarterly basis. For each rebalancing, we utilze one year
of historical data to obtain the portfolio weights.

Baselines These baselines are chosen to show that our ap-
proach can achieve performance comparable to the state-of-
the-art (SOTA) methods.

1. Stochastic Neural Network-based Model (SNN) : The
SNN model is a state-of-the-art for solving partial repli-
cation, known for returning a portfolio with high track-
ing performance in a short time. During model training,
reparametrization is used to express parameters with con-
straints as unconstrained parameters. It performs well but
lacks interpretability due to being a black-box model.

2. Forward Selection : The Forward Selection approach
satisfies the cardinality constraint by performing K + 1
full replications. Each iteration, the model select the
highest weight from the remaining stocks with Sequen-
tial Leasts Squares Quadratic Programming (SLSQP) al-
gorithm. This process is repeated K times to select a to-
tal of K stocks. SLSQP is performed on the selected K
stocks to obtain a portfolio that meets the cardinality con-
straint.

3. Backward Selection : In contrast to forward selection,
the Backward selection approach performs full replica-
tion and iteratively excludes the stock with the smallest
weight. This process is repeated until K stocks remain.
After N −K + 1 iterations, a portfolio that satisfies the
cardinality constraint is obtained.

These baseline models are evaluated to demonstrate the ef-
ficacy and efficiency of our proposed method in achieving
competitive tracking performance while meeting the neces-
sary constraints.

K=20 K=25 K=30

forward 8.9069 8.2575 7.9333

backward 7.7373 7.5871 8.6562

SNN 5.8007 4.0457 4.9006

DCCfpp 3.9155 3.5385 2.3922

Table 1: Mean Absolute Error (MAE) between the tracking
index and the target index

Ours For the fair comparison, we utilize SLSQP with
DCCfpp instead of DCC to resolve precision issues, ensur-
ing accurate cardinality enforcement and efficient tracking.

5.2 Index Tracking with Cardinality Constraint
We measure the error between target index and tracking in-
dex of partial replication. To evaluate the performance of
index tracking. We first fit the portfolio weights on each re-
balancing day (3-month) and calculate the tracking index
by taking the weighted sum of the returns of each stock.
We then plot this tracking index alongside the target index
values to visually assess how well each method tracks the
S&P 100 index. As illustrated in Figure 2 and summarized
in Table 1, our DCCfpp outperforms the baselines by accu-
rately adhering to the cardinality constraint through a rigor-
ous mathematical procedure.

Our SLSQP with DCCfpp outperforms the baselines in
tracking performance by precisely adhering to the cardinal-
ity constraint. Forward and backward selection methods per-
form poorly because they separate portfolio fitting from as-
set selection, often leading to suboptimal solutions regard-
less of the value of K. In contrast, SNN and our method in-
tegrate selection and fitting simultaneously, resulting in su-
perior tracking performance. As K decreases, our method
effectively reduces the number of selected assets, maintain-
ing strong performance while naturally achieving a slight in-
crease in error, which is expected in scenarios with fewer
assets.

To assess the effectiveness of the portfolios generated
through partial replication using our method, we evalu-
ate them using commonly used metrics: cumulative return,
volatility, Sharpe ratio, and maximum drawdown (MDD).
These four evaluation metrics are aggregated as the aver-
ages of the values obtained from all portfolios during the
backtesting period. Our method demonstrates performance
comparable to that of the full replication (See Figure 3). De-
spite the cardinality constraints, our portfolio consistently
maintains a sharpe-ratio above 1, indicating that it provides
favorable returns relative to its risk. Actually, the cumula-
tive return is comparable to full replication, and the volatility
shows minimal difference.

To evaluate the robustness of the methods, we also con-
ducted experiments about the KOSPI 100 and S&P 500 in-
dices. The cardinality constraint was set to K = 25 and
K = 40, respectively, and the tracking results are shown in
Figure 4. Our SLSQP with DCCfpp effectively tracks the
KOSPI 100 index despite its different distribution compared
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Figure 2: Comparison of the tracking indices (orange, green, red, blue) with the S&P 100 target index (grey) over time. Each
row indicates SLSQP with forward selection, SLSQP with backward selection, SNN, and SLSQP with DCCfpp, respectively.
Additionally, the graph below shows the absolute error between the tracking index and the target index (full cardainlity).

Figure 3: Comparison of secondary evaluations between
portfolio of DCCfpp at different cardinality K = 20, 25 and
30 and the portfolio of full replication.

to the S&P 100, and it also demonstrates highly comparable
performance on the S&P 500, which has five times the num-
ber of stocks as the S&P 100. Our method can efficiently

handle index tracking with cardinality constraints across any
dataset.

5.3 Efficiency
To illustrate the efficiency of our approach, we compare the
runtime taken for index tracking with a cardinality constraint
using forward selection and backward selection. The origi-
nal cardinality constraint is known as an NP-hard problem.
Incorporating a cardinality constraint into mathematical op-
timization algorithms typically results in exponential com-
plexity for the index tracking solution. By applying our pro-
posed DCCfpp, we can find an exact solution that satisfies
the existing cardinality constraint within polynomial time.

In Figure 5, the y-axis represents the average runtime to
optimize the weights on rebalancing days. As shown in Fig-
ure 5, our method (red) is significantly faster than the for-
ward and backward selection. Specifically, forward selection
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Figure 4: Comparison of the tracking indices (orange, green,
red, blue) on KOSPI 100 and S&P 500. Each rows represents
forward, backward, SNN, and DCCfpp, respectively.

Figure 5: Time comparison of each baseline. Each color in-
dicates method: forward selection (orange), backward selec-
tion (green), SNN (red), and DCCfpp (blue), respectively.
The x-axis and y-axis represent the cardinality K and the
average time (sec) taken to optimize.

requires K+1 iterations of full replication to select the port-
folio weights, while backward selection requires N −K+1
iterations. Consequently, as K increases, the runtime for for-

Figure 6: Exploring the range of a (x-axis) satisfying three
Conditions, i.e. C0, C1 and C2.

ward selection increases, and the runtime for backward se-
lection decreases. Conversely, as K decreases, the runtime
for forward selection decreases, and the runtime for back-
ward selection increases. In contrast, our method maintains a
consistently low runtime regardless of whether K increases
or decreases. This is because our approach directly incor-
porates the DCCfpp as a constraint in the mathematical op-
timization process, eliminating the need for repetitive full
replications while still satisfying the cardinality constraint.
Also, our method achieves comparable runtime efficiency to
the state-of-the-art SNN model, demonstrating its superior
efficiency in solving partial replication problems.

5.4 Hyperparameter Analysis

We also explored the hyperparameter a which determines
the satisfiability of the two essential properties (accuracy
and assurance) in DCCfpp. To identify the appropriate a
value satisfying all three conditions (C0, C1 and C2), we
analyzed the status of each condition based on the value of
a. As shown in Figure 6, when a ≤ 14, none of the condi-
tions are met. For a ≥ 14, C0 is satisfied, C2 is satisfied for
a ≥ 70, and finally, C1 is met when a ≥ 138, 157. a should
be set to at least 138,157 to satisfy all conditions in Python’s
64-bit floating-point precision, ensuring that our DCCfpp an
accurately calculates the portfolio’s cardinality and guaran-
tees the enforcement of the cardinality constraint, regardless
of the dataset.

6 Conclusion

In this work, we introduced the Differentiable Cardinality
Constraint (DCC) and its precision-aware variant (DCCfpp)
to address the NP-hard problem of partial replication in in-
dex tracking. Our method converts the problem into a differ-
entiable form, enabling efficient solutions using mathemati-
cal optimization within polynomial time. Experiments show
that DCCfpp achieves comparable performance to full repli-
cation while adhering to cardinality constraints, outperform-
ing state-of-the-art heuristic methods in both accuracy and
efficiency. The robustness and reduced computational com-
plexity of our approach make it highly applicable in real-
world portfolio optimization.
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