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Abstract

This paper studies decentralized optimization over a compact
submanifold within a communication network of n nodes,
where each node possesses a smooth non-convex local cost
function, and the goal is to jointly minimize the sum of these
local costs. We focus particularly on the online setting, where
local data is processed in real-time as it streams in, with-
out the need for full data storage. We propose a decentral-
ized projected Riemannian stochastic recursive momentum
(DPRSRM) method that employs local hybrid stochastic gra-
dient estimators and uses the network to track the global gra-
dient. DPRSRM achieves an oracle complexity of O(e™ %2,
outperforming existing methods that have at most O(e™“)
complexity. Our method requires only O(1) gradient eval-
uations per iteration for each local node and does not re-
quire restarting with a large batch gradient. Furthermore, we
demonstrate the effectiveness of our proposed methods com-
pared to state-of-the-art ones through numerical experiments
on principal component analysis problems and low-rank ma-
trix completion.

Introduction

Decentralized optimization has emerged as a prominent area
of research, particularly for its application in large-scale sys-
tems, such as sensor networks, distributed computing, and
machine learning. In these contexts, data is often partitioned
across numerous nodes, rendering centralized optimization
approaches impractical due to challenges such as privacy
limitations and restricted computational resources. In this
work, we are concerned with the distributed smooth opti-
mization on a compact submanifold

1 n
ﬁ;fi(xi)a

‘Tl:...:xn’
€M, Vi=1,2,...,n,

where n is the number of nodes, f; is the smooth noncon-
vex local objective at the i-th node, and M is a (noncon-
vex) compact smooth submanifold embedded in R4*" with
the extrinsic dimensions (d,r), e.g., the Stiefel manifold

min

(H
s.t.
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St(d,r) := {x € R¥>" : zTx = I.}. Problem (1) is
prevalent in machine learning, signal processing, and deep
learning, see, e.g., the principal component analysis (Ye and
Zhang 2021), the low-rank matrix completion (Boumal and
Absil 2015; Kasai, Jawanpuria, and Mishra 2019; Deng and
Hu 2023), the low-dimensional subspace learning (Ando,
Zhang, and Bartlett 2005; Mishra et al. 2019), and the deep
neural networks with batch normalization (Cho and Lee
2017; Hu et al. 2024). One challenge in solving (1) comes
from the nonconvexity of the manifold constraint, which
causes difficulty in achieving the consensus (Chen et al.
2021; Deng and Hu 2023; Hu et al. 2023; Deng, Hu, and
Wang 2023).

In this paper, we investigate an online setting where each
node ¢ interacts with its local cost function f; through a
stochastic first-order oracle (SFO). This SFO setting is par-
ticularly relevant in various online learning and expected
risk minimization problems, where the noise introduced by
the SFO stems from the variability of sampling over stream-
ing data received at each node. A notable example is online
principal component analysis (Cardot and Degras 2018).
Our primary focus is on the oracle complexity, defined as the
total number of SFO queries required at each node to com-
pute an e-stationary point tuple {x1, - - , x, }, as formalized
in Definition 1.

Related Works

Decentralized optimization in Euclidean space (i.e., M =
R?*™) has been extensively studied over the past few
decades (see, e.g., (Bianchi and Jakubowicz 2012; Shi et al.
2015; Xu et al. 2015; Qu and Li 2017; Di Lorenzo and Scu-
tari 2016; Tatarenko and Touri 2017; Wai et al. 2017; Yuan
et al. 2018; Hong, Hajinezhad, and Zhao 2017; Zeng and
Yin 2018; Scutari and Sun 2019; Sun, Lu, and Hong 2020)).
However, since problem (1) involves a manifold M, which
is often nonlinear and nonconvex, these works may fail when
directly applied to solve problem (1).

Perhaps the earliest works for solving (1) are (Mishra
et al. 2019; Shah 2017). However, these methods require
an asymptotically infinite number of consensus steps for
convergence, which limits their practical applicability. For
the case where M is the Stiefel manifold, (Chen et al.
2021) propose a decentralized Riemannian gradient descent
method and its gradient-tracking version. To use a single



step of consensus, augmented Lagrangian methods (Wang
and Liu 2022, 2023) are also investigated, where a different
stationarity is used. (Sun et al. 2024) propose a decentral-
ized retraction-free gradient tracking algorithm, and show
that it exhibits ergodic O(1/K) convergence rate. However,
these studies rely on the orthogonal structure of the Stiefel
manifold. Recently, (Deng and Hu 2023) used the projec-
tion operators instead of retractions and expanded the dis-
tributed Riemannian gradient descent algorithm and the gra-
dient tracking version to the compact submanifolds of Eu-
clidean space. Moreover, the integration of decentralized
manifold optimization with other algorithms has also been
proposed, including the conjugate gradient algorithm (Chen
et al. 2024) and the natural gradient method (Hu et al. 2023).
Furthermore, (Hu and Deng 2024) achieves single-step con-
sensus for the general compact submanifold by carefully
elaborating on the smoothness structure and the asymptotic
1-Lipschitz continuity of the projection operator associated
with the submanifold geometry.

Several studies have focused on the finite-sum setting of
problem (1), where f; = L™ f; . (Chen et al. 2021)
propose a decentralized Riemannian stochastic gradient de-
scent method. By combining the variable sample size gra-
dient approximation method with the gradient tracking dy-
namic, (Zhao, Wang, and Lei 2024) propose a distributed
Riemannian stochastic optimization algorithm on the Stiefel
manifold. Although both methods can also be used in the
online setting, the oracle complexities are O(¢~2), which
is not optimal. It is worth noting that the decentralized vari-
ance reduced method (Wang and Liu 2023) has been studied.
However, they need to periodically calculate the full gradi-
ent, which is not suitable for the online setting.

Contribution

In this paper, we propose DPRSRM, a novel online variance-
reduced method for decentralized non-convex manifold op-
timization with stochastic first-order oracles (SFO).

* To achieve fast and robust performance, the DPRSRM
algorithm is built upon gradient tracking (Chen et al.
2021; Deng and Hu 2023) and a stochastic gradient mo-
mentum estimator (Cutkosky and Orabona 2019; Han
and Gao 2021b), which can be viewed as online vari-
ance reduction method. The only existing decentralized
stochastic variance-reduced manifold optimization algo-
rithm is the VRSGT proposed by (Wang and Liu 2023).
Note that VRSGT is a double-loop algorithm that re-
quires very large minibatch sizes. Conversely, the pro-
posed DPRSRM is a single-loop algorithm with O(1) or-
acle queries per update. Numerical experiments demon-
strate the effectiveness of the proposed methods com-
pared to state-of-the-art ones through eigenvalue prob-
lems and low-rank matrix completion.

Our algorithm achieves an oracle complexity of O(e~ 3 ).
A comparison of the oracle complexity of DPRSRM
with related algorithms is provided in Table 1, where
DPRSRM achieves a lower oracle complexity than the
existing decentralized stochastic manifold optimization
algorithms (Deng and Hu 2023; Chen et al. 2021; Wang
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and Liu 2023; Zhao, Wang, and Lei 2024). Moreover,
DPRSRM uses a single step of consensus to achieve
communication, compared to other project/retraction al-
gorithms (Chen et al. 2021; Deng and Hu 2023; Zhao,
Wang, and Lei 2024) that need log,, ( ﬁ) rounds of
consensus, where o is the second largest singular value
of the communication graph matrix.

Notation

For the compact submanifold M of RI%" we always take
the Euclidean metric (-, -) as the Riemannian metric. We use
| - || to denote the Euclidean norm. We denote the n-fold
Cartesian product of M as M" = M x --- x M. For
any © € M, the tangent space and normal space of M
at z are denoted by T, M and N, M, respectively. For a
differentiable function h : R4*" — R, we denote its Eu-
clidean gradient by Vh(x) and its Riemannian gradient by
gradh(x). For a positive integer n, define [n] = {1,...,n}.
Let 1, € R™ be a vector where all entries are equal to
1. Define J := %lnlz . Unless otherwise explicitly de-
fined, we now provide explanations for all lowercase vari-
ables used in this paper. Take x as an example, we denote x;
as a local variable at i-th node; & = % Z?Zl x; is the Eu-
clidean average. Moreover, we use the bold notations x :=

[£],....e]]T € RMXT .= [g1,...,27]T e Rmxr,

X
where xvdennotes the collection of all local variables x; and
X is n copies of . When applied to the iterative process,
in k-th iteration, we use x; j to denote a local variable at
i-th node and &), = + 3" | &, ;. Similarly, we also denote

7I;Lr’k]T ERndxr, .’Ii;cr]T c
R™4X7 Other lowercase variables can also be denoted sim-
ilarly as x. Define the function f(x) := >, fi(x;). Let
W =W ® I; € RM*"d where @ denotes the Kronecker
product.

Xk = [I;rk, ce )A(k = [:f?,;r,

Preliminary
This section introduces the definition of stationary point for

problem (1), and gives a key property for compact subman-
ifolds, i.e., proximal smoothness.

Stationary Point

Let z1,--- ,z, € M represent the local copies of each
node. Let Py be the orthogonal projection onto M. Note
that for {z;} , C M,
argmin, ¢ x4 Z ly — z:)|* = Pa(d).
i=1

Any element T in Paq(Z) is the induced arithmetic
mean of {z;}?_; on M (Sarlette and Sepulchre 2009). Let
f(z) == L3 | fi(2). The e-stationary point of problem
(1) is defined as follows.
Definition 1 ((Deng and Hu 2023)). The set of points
{z1,29, - ,2n} C M is called an e-stationary point of
(1) if there exists a T € Paq(Z) such that

1 & ~
*lewi - z|?
n

i=1

E

] <e and E[|gradf(z)|?] <e.



Algorithm Manifold types Communication | Tracking | VR Oracle

(Chen et al. 2021) Stiefel manifold multiple X X O(e?)

(Zhao, Wang, and Lei 2024) Stiefel manifold multiple X X O(e?)
This paper compact submanifold single v v | O(e3/?)

Table 1: Comparison of the oracle complexity results of Riemannian online decentralized methods. “Communication” means
rounds of communications per iteration. “Tracking” denotes the gradient tracking, “VR” denotes variance reduction. We do not
list the work in (Wang and Liu 2023) since they focus on the finite-sum setting and are not applicable to the online setting.

We refer to these two terms as consensus error and opti-
mality error, respectively.

Proximal Smoothness

Proximal smoothness is an effective tool for addressing the
nonconvex nature of manifold constraints within decentral-
ized optimization settings (Deng and Hu 2023). Define the
distance from a point z € R*X" to the manifold M and
the nearest-point projection of = onto M as dist(z, M) :=
infyem ||y — zf] and Puy(x) = argmingen ||y — 2],
respectively. For a given number R > 0, the R-tube around
M is defined as the set Upq(R) := {x : dist(z, M) < R}.

A closed set M is said to be R-proximally smooth if the
projection P4 () is unique whenever dist(z, M) < R. Fol-
lowing (Clarke, Stern, and Wolenski 1995), an R-proximally
smooth set M satisfies that for any real § € (0, R),

Va,y € Unm(9),

)
where U (8) := {x : dist(x, M) < 6}. For instance, the
Stiefel manifold is known to be a 1-proximally smooth set
(Balashov and Kamalov 2021), which also provides addi-
tional examples of rank manifolds along with their specific
proximal smoothness radii.

[Prm(z) = Pry)l <

[ = yll,

R
R—-9¢

Problem Setup and the Proposed DPRSRM

In this section, we present the problem setup considered in
this paper, outlining the assumptions for the objective func-
tion and the communication network. Building on this setup,
we then develop a decentralized algorithm to solve problem
(1) and provide the main convergence rate results.

Problem Setup

Let us start with assumptions on problem (1), based on the
fact that any compact C?-submanifolds in Euclidean space
belong to proximally smooth set (Balashov and Kamalov
2021; Clarke, Stern, and Wolenski 1995; Davis, Drusvy-
atskiy, and Shi 2020).

Assumption 1. Assume that M is proximally smooth with
radius R. Each objective function f; is gradient Lipschitz
continuous with modulus L¢ on the convex hull of M, de-
noted by conv(M). Moreover, the objective function f(x)
has an optimal value f, over M™.

Under this assumption, the following Riemannian
quadratic upper bound for f; has been estabilshed in (Deng
and Hu 2023).
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Lemma 1 ((Deng and Hu 2023), Lemma 2). Under Assump-
tion 1, there exists Ly, for any x,y € M, the following in-
equality holds:

L
fily) = fi(z) < (gradfi(z),y — x)+ 7g||y—$||27 i € [n].
(3)
Moreover, there exists a constant Lg > 0 such that
lerad fi(z) — grad fi(y)|| < Lellz —yll, i € [n]. (4

We now present the assumption for the communication
network. Denote by the undirected graph G := {V, &},
where V = {1,2,...,n} is the set of all nodes and £ is the
set of edges. Let W be the mixing matrix associated with G
and W;; # 0 if there is an edge (4, j) € € and W;; = 0 oth-
erwise. We use the following standard assumptions on W,
see, e.g., (Chen et al. 2021; Zeng and Yin 2018).

Assumption 2. We assume that the undirected graph G is
connected and W is doubly stochastic, i.e., (i) W = WT;
(ii)) Wi; > 0 and 1 > Wy; > 0 for all i, j; (iii) Eigenvalues
of W lie in (—1,1). In addition, the second largest singular
value oo of W satisfies in oo € [0, 1).

Consider a sufficiently rich probability space {Q, P, F}.
For a given decentralized algorithm, we assume it gener-
ates an iterative sequence {xi7k}k20, where z; ) denotes
the k-th iteration at node ¢. At each step, node i ob-
serves a random vector &; ;. We then define an increas-
ing sequence of sub-g-algebras within F, constructed from
the random vectors observed in succession by the net-
work nodes: for all k > 1, Fy {Q,0}, Fr
0 ({&,0.&.1,---,& k-1 :1€V}), where () represents the
empty set. The following assumptions are made regarding
the stochastic gradient V f;(x, ; 1 ):

Assumption 3. For any Fj—measurable variable x € M
and k > 1, the algorithm generates a sample &;j ~
Q for each node i and returns a stochastic gradient

grad fi(z, & k), there exists a parameter v = L1377 12
such that
E [grad fi(z, &k )| Fi] = gradfi(z), ®)

E [llgradfi(x, &i.x) — gradfi(2)|*| Fi] < 6)
Moreover, the collection {§; 1, : i € V,k > 1} consists
of independent random variables and grad f;(z,; 1) is the
mean-squared L-Lipschitz:

E[llgrad fi(z, & 1) — grad fi(y, &) | Fx] < LE[||z — Z/\(g)



To measure the oracle complexity, we give the definition
of a stochastic first-order oracle (SFO) for (1).

Definition 2 (stochastic first-order oracle). For the prob-
lem (1), a stochastic first-order oracle for each node i
is defined as follows: compute the Riemannian gradient
gradf;(x,&;) given a sample &; € QL.

The Algorithm

In this subsection, we introduce the Decentralized Projected
Riemannian Stochastic Recursive Momentum (DPRSRM)
method for addressing (1), along with its associated conver-
gence results. Inspired by the notable effectiveness of vari-
ance reduction and gradient tracking in decentralized frame-
works (Wang and Liu 2023; Deng and Hu 2023; Chen et al.
2021), we seek a novel combination of variance reduction
and gradient tracking for decentralized online problems on
compact submanifolds for improving the oracle complexity.
In particular, we focus on the following stochastic gradi-
ent estimator using the momentum technique introduced in
(Cutkosky and Orabona 2019; Han and Gao 2021b; Deng
et al. 2024):

qi.k :gradfi(fi,mfi,k)

8
+ (1= 7)(di k-1 — grad fi(zix—1,&x))- ®)

We note that (8) can be rewritten as
¢ik =7grad fi(xix, §ix) + (1 —7)(di -1 ©)

+ grad fi(@ik, §i k) — grad fi(@in—1,&ik)),

which hybrids stochastic gradient grad f; («; r, & 1) with the
recursive gradient estimator in RSARAH/SRG (Han and
Gao 2021a; Zhou, Yuan, and Feng 2019) for 7 € [0, 1].
Since the direction g; ;, may be unbounded, we introduce a
clipped gradient estimator d; j,

if [|gik | < B,
otherwise,

qi.k
di,k: = { B Zqu
Mgi.rl
where B > 0 is a user-defined constant. To further reduce
the variance of the gradient estimator in different nodes, we
compute the gradient tracking iteration as follows:

(10)

n
Sik = Z Wijsjk—1+dig —dig—1, i €[n]. (11)
j=1

A crucial advantage of gradient tracking-type methods
lies in the applicability of the use of a constant step size
a. Since s; ;, may not remain in the tangent space 17, , M,
we introduce its tangent space projection v; = PTIi,k (si0)

and update the new iterate x; ;41 as follows:

n

Tikrr = Prm(D Wijan — avig), i € [n],

j=1

(12)

where the projection-based average (Deng and Hu 2023; Hu
and Deng 2024), i.e., Py (E;’Zl Wi;; 1), is adopted to en-
sure the decrease in the consensus error among nodes. For

11206

Algorithm 1: The DPRSRM for solving (1)

Require: Initial point xg = X9 € M,s_; =d_; = 0,

a,T.

Sample &; o, let ;0 = d;j 0 = grad f; (xi,()a &',0)-

vio = Pr,, ;m(si0)-

zin = Pm(Xjy Wijzjo — avip)-

fork=1,2,--- /K do
Update stochastic gradient estimator g; 5 via (8)
Update the clipped gradient estimator d; ;, via (10).
Update Riemannian gradient tracking s; ;, via (11).
Project onto tangent space: v; j, = PTIi M (Sik)-
Update new iterate x; 41 via (12). 7

end for

SV XIINE W D2

—_

ease of analysis, we stack variables in each node and rewrite
(8), (11) and (12) as
ax =grad f(x, &)
+ (1 = 7)(dk—1 — grad f (xx—1, &)
sy =Wsp_1 +dp —dp_
Vi =P (sk)
Xk+1 =Pmn (Wxg — avy),
where Pran = PTszM X --r X PT%’&M and & =
{& k }iev- The overall algorithm is given in Algorithm 1.

13)

Main Results

The convergence analysis of Algorithm 1 can be divided into
two parts: the consensus error and the optimality error, as
defined in Definition 1. Let us first focus on the consensus
error. We define a neighborhood around x € M™ as follows:

N@©) = {xeM": |x—x| <4} (14)

Note that if x € NV(6), then z; € Upq(6) for any i € [n).
By appropriately selecting the step size o and an integer ¢,

and initializing with xo € N (), we can establish an explicit

relationship between the consensus error and the step size.

Theorem 1 (Consensus error). Let {Xy}i be the sequence
generated by Algorithm 1. Suppose that Assumptions 1 and

2 hold. Define p = zf-00, D := (1(322)2 and C —
ﬁ. Let o and § satisfy that
. 1 5 (R(1—o02)— 26)(5}
a <minq —, , ,
- {4L vnD RV/nD 15)

1
0 < 3 min {R, R(1 — 02)}.
Ifxo € N(0), it holds that

1, _
EHXk —xi]|? < Ca?. (16)

Now we present the following main theorem of the
DPRSRM. For the ease of analysis, we define
L :=max{Ly, Lg, Lc}, (17)

where L, Lg are given in Lemma 1 and L occurred in As-
sumption 3.



Theorem 2 (Optimality error). Ler {xj} be the sequence
generated by Algorithm I with B > L. Suppose that As-
sumptions 1-3 hold. Let v and § satisfy (15). If xo € N(§),
there exists constants M, Q, Ly such that

. = 2
1ggélKH*3[||gradf(:vk)|| ]

A ZL) | 4(G1a? 1 Gaa?) + 6(p0® + pur?)

48172 12 ot
e iy | V(12 -
(1—0’%)K+ TL( +p27— )(V7+p3n7_)7

where py = ?1(14;_0?2 ,p3 = p2(8C L% +4DL?) and Gy, G-
are defined as:

3

3 3
G = 5OL? + (§M22 + 5(\/ELQ +8Q)%C?

1
+24Q%D? + ZLL§ + LD,

G : = 2(8Q + VnLy + Mz)?LC? + 8Q* DL + 2M>C*L.

(18)

The following corollary addresses the finite-time conver-

gence rate of DPRSRM with specific choices of the algorith-
mic parameters « and 7.

Corollary 1. Let {x)}1 be the sequence generated by Al-

gorithm 1 with B > L. Suppose that Assumptions 1-3 hold.

Let o = 4, 7 = a7 and § < min{%, R ‘72)} If
xg € N(§), and K > max {4L, vnD/$, %},

it holds that

1, _ 9 C
B |l —xl| < g7
r T 6212 (19
1 2 2
Ogllgln E[ngadf(zk)” ] < K2/3 f + K4/37

where 'y = 4(f(Zo) — f+) +4G1 + 6p3 + 22 (1 + p3) and
Ty =4Gy+ %. As a consequence, DPRSRM obtains an
a2

e-stationary point with at most
K= (’)(max{lCl, K:27 K:d})
iterations. Here, K1, Ko, K3 are given as follows:

Ki:= (C + F1)1'56_%,K:2 = F2€_1,

(20)
Ks: = (6pa?)>/ 41

According to Corollary 1, DPRSRM achieves an ora-
cle complexity of O(e_% ), outperforming existing methods
(Chen et al. 2021; Zhao, Wang, and Lei 2024), which have
an oracle complexity of at most O(e~2).

Outline of Convergence Analysis

As shown in the above results, the convergence analysis con-
sists of two critical components: the consensus error and the
optimality measure, corresponding to Theorem 1 and Theo-
rem 2, respectively. In this section, we will outline the proof.
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Consensus Error

This subsection addresses the consensus error in Theorem 1.
In Algorithm 1, the update of the main iterate x; involves
the projection on M. Due to the nonconvex nature of com-
pact submanifolds, the projection is not always unique. Be-
fore proving Theorem 1, we will first demonstrate that the
projection operator in Algorithm 1 is well-defined, mean-
ing that the points being projected are always ensured to be
within a neighborhood that belongs to Uxq(R).

We first investigate the uniform boundedness of ||s]| in
the following lemma.

Lemma 2. Ler {xy} be the sequence generated by Algo-
rithm 1. Suppose that Assumptions 1 and 2 hold. Then for
all k, it holds that

(3L)
(1 —09)%
The following lemma demonstrates that the iterates xj

will always remain in the neighborhood A/ (§) under certain
conditions.

Iskl> <nD, D:= Q1)

Lemma 3. Suppose that Assumptions 1 and 2 hold. Let x; i,
be generated by Algorithm 1. Let o and § satisfy (15). If
xo € N(0), then for any k > 1, it holds that x;, € N(9)

and

Zwijxj’k — QU | € UM(2(5), 1=1,---.,n. (22)
j=1

Now we give the proof of Theorem 1.

Proof of Theorem 1. Since xo € N(§), it follows from
Lemma 3 that for any £ > 0, x5, € () and

n

ZWijxj>k — QU € UM(Qé), i1=1,---,n. 23)
j=1

By the definition of X1, we have

Xk11 — X1l < [[xpr1 — Xl

= [[Pamn (Wxg — avi) — Pare (X ||
R N
< 55 IWxy, — avy — xk||
< ool — Xl + VD
S R og02l%k k
nDao

< pllxe — %kl +

where the first inequality follows from the optimality of
Xr+1, the second inequality utilizes (23) and the %-

Lispchitz continuity of P4 over Upq(26). Then

_ _ vnDa
[%k+1 = Xpp1 ]| < pllxk — %kl +
o
(24)
< o — x| + 22,
- (1 —=poz
By the initialized strategy of xo in Algorithm 1, we have
X = Xg. The proof is completed. O



Optimality Error
In this subsection, we outline the proof of Theorem 2. For

ease of notation, let us denote
n

1
Gy = — dfs (z;.1)
7 n;gra fi(zin)
By applying the Lipschitz-type inequalities on compact
submanifolds and combining them with the above lemma,
we can demonstrate a sufficient decrease in f.

gr = (1, ® Ig) g

Lemma 4. Ler {Xy} be the sequence generated by Algo-
rithm 1. Suppose that Assumptions I and 2 hold. Let o and
d satisfy (15). If xg € N(9), it follows that

F(@an) < F@) = S llgradf (@) | + Gra® + Gaa!

+ 22 (rad (i) -
where G1 and G- are constant defined by (18).
Let us build the following lemma on the relationship be-
tween s and ak.

Lemma 5. Let {x}1 be the sequence generated by Algo-
rithm 1. Suppose that Assumptions 1-3 hold. It holds that for

any k,
K
Y Elldy —sel*] < po Z 72E[||dx — gradf (xx)|?]
k=0
SnL?
+ =02 + psna’K + pov*nr’K.

(25)

We also have the gradient estimation error bound.
Lemma 6. Let {xj}; be the sequence generated by Al-
gorithm 1 with B > L. Suppose that Assumptions 1-3

hold. Then the expected estimation error of the estimator is
bounded by
K 4
> E[dx — gradf(xx)[*] <
k=0
(26)
where ps is defined in Lemma 5.

With these preparations, we give the proof of Theorem 2.
Proof of Theorem 2. Combining Lemma 4 and Lemma 5

yields that
K

> SElllgradf(@0)]?] < f(@o) +

k=0

(G10® + Goa™)K

K
3a 3
+ 5 > Ellleradf (xi) — di[* + [ di — s
k=0

3a
<f(Z1) + (G1a® + Goah)K + 7(p30¢ + pe* 1)K
1212 3a K
+71_U%a+ 1+ po7? kZ:OEngadf xy) — di||?].

27)
Incorporating Lemma 6 into (27) completes the proof.
O
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di||? + [|di — sll?),

2 Q
— WK + 2psn—K,
T

Proof of Corollary 1. Given the choice of a and K >
max {4L vnD/$, m }, we can infer that « sat-
isfies the condition (15). Therefore, it follows from Theorem
2 that

min E[[lgradf (z¢)|’]

1<k<

AE) = f) Of;(_ L) 4(G10% + G20%) + 6(psa® + parr?)

48172 12 ot
+ -+ par?) (VPT + psn—)

1- DK
<4(f( 0) = fi) +4G1 + 6p3 + 22 (1 + py)
- K?2/3
4812 1 6pgr?
4 —— )=+ —
+ (4G2 + (1—05))K+ 3
(28)
The proof is completed. O

Numerical Experiments

In this section, we compare our proposed DPRSRM with
DRSGD in (Chen et al. 2021) and DRPGD in (Deng and
Hu 2023) on decentralized principal component analysis. It
is important to note that the original DRPGD is a determin-
istic algorithm that utilizes the local full gradient. To adapt
it to the online setting, we replace the full gradient with a
stochastic gradient for the local updates. The numerical re-
sults on decentralized low-rank matrix completion are pro-
vided in the supplementary material.

The decentralized principal component analysis (PCA)
problem can be expressed mathematically as follows:

xIéljg[ln - Ztr TA Aixy), st oxp=...=uxy,,
(29)
where M is the Stiefel manifold St(d,r), 4; € R™:*? is
the data matrix corresponding to the i-th node, and m; de-
notes the number of samples. It is worth noting that if z* is
a solution to this problem, then any transformation of =* by
an orthogonal matrix ) € R"*" is also a valid solution. The
distance between two points x and z* is then calculated as:

ds(z,z) := |lz@ — ™|

min
QER™ ", QTQ=QQT=I,

Synthetic Dataset

In our study, we set the parameters as follows: m; = .

my = 1000, d = 10, and r = 5. A matrix B € RlOOO"Xd
is generated, and its singular value decomposition (SVD) is
performed, yielding B = UXV'T, where U € R1000nxd
and V € R%? are orthogonal matrices, and ¥ € R¥*¢
is a diagonal matrix. To control the distribution of singular
values, we define > = diag(y?) with v chosen from the in-
terval (0, 1). The matrix A is then formed as A = UXV T €
R1000nxd "The matrices A; are derived by partitioning the
rows of A into n equally sized subsets. It can be shown that
the first » columns of V' represent the solution to (29). In
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Figure 1: Numerical results on the synthetic dataset with dif-
ferent network graphs.
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Figure 2: Results on the synthetic dataset with ER p = 0.6.

our experiments, the parameters v and n are set to 0.8 and 8,
respectively.

We employ fixed step sizes for all algorithms. The step
B

VK
of iterations. The grid search is utilized to find the best B
for each algorithm. The momentum parameter is chosen as
7 = 0.999. The batch size in each node is set as 10 and the
maximum iteration is set K = 2000. The clipping constant
is set as B = 10%. We choose the polar decomposition as
the retraction operator for DRSGD. We test several graph
matrices to model the topology across the nodes, namely,
the Erdos-Renyi (ER) network with probability p = 0.3, 0.6,
and the Ring network. Throughout this section, we select the
mixing matrix W to be the Metropolis constant edge weight
matrix (Shi et al. 2015).

Firstly, we test all algorithms with different network
graphs, namely, Ring, ER p = 0.3, and ER p = 0.6. The
results are shown in Figure 1. We see that there is not much
difference among different graphs except for the consensus

size is set to a = with K being the maximal number
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Figure 3: Results on Mnist dataset with ER p = 0.3.

error. This is consistent with the existing results for DRSGD
(Chen et al. 2021) and DPRGD (Deng and Hu 2023). Sec-
ondly, Figure 2 presents a comparison among the three al-
gorithms. Our DPRSRM outperforms the other two, with
DRSGD and DPRGD showing comparable performance.

Mnist Dataset

We also conduct numerical tests on the Mnist dataset (Le-
Cun 1998). The training images consist of 60000 handwrit-
ten images of size 32 x 32 and are used to generate A;’s.
We first normalize the data matrix by dividing 255 and ran-
domly split the data into n = 8 nodes with equal cardinal-
ity. Then, each node holds a local matrix A; of dimension
Gonﬂ X 784. We compute the first 5 principal components,
ie,d="784,r=>5.

For all algorithms, we use the fixed step sizes «
% with a best-chosen B, batch size 1500 and momem-
tum parameter 7 = 0.999. Similar to the synthetic setting,
our DPRSRM algorithm demonstrates superior performance
compared to other algorithms in terms of objective function
values, gradient norms, and distances to the optimal solu-
tion. It is important to note that due to the use of stochastic
gradients, consensus among the algorithms may be affected
by noise, which can be reduced by using a smaller step size.

Conclusions and Limitations

This work develops a decentralized projection Riemannian
stochastic recursive momentum method by assuming that
each node has access to a stochastic first-order oracle. Our
algorithm leverages local hybrid variance reduction and gra-
dient tracking to achieve a lower oracle complexity com-
pared with the existing online methods. It requires only O(1)
gradient evaluations per iteration for each local node and
does not require restarting with a large batch gradient.
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