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Abstract

Surface-from-gradients (SfG) aims to recover a three-
dimensional (3D) surface from its gradients. Traditional
methods encounter significant challenges in achieving high
accuracy and handling high-resolution inputs, particularly
facing the complex nature of discontinuities and the in-
efficiencies associated with large-scale linear solvers. Al-
though recent advances in deep learning, such as photomet-
ric stereo, have enhanced normal estimation accuracy, they
do not fully address the intricacies of gradient-based sur-
face reconstruction. To overcome these limitations, we pro-
pose a Fourier neural operator-based Numerical Integration
Network (FNIN) within a two-stage optimization framework.
In the first stage, our approach employs an iterative archi-
tecture for numerical integration, harnessing an advanced
Fourier neural operator to approximate the solution operator
in Fourier space. Additionally, a self-learning attention mech-
anism is incorporated to effectively detect and handle discon-
tinuities. In the second stage, we refine the surface recon-
struction by formulating a weighted least squares problem,
addressing the identified discontinuities rationally. Extensive
experiments demonstrate that our method achieves significant
improvements in both accuracy and efficiency compared to
current state-of-the-art solvers. This is particularly evident in
handling high-resolution images with complex data, achiev-
ing errors of fewer than 0.1 mm on tested objects.

Introduction

Numerical integration is foundational in computational
mathematics, supporting various tasks in computer vision.
Among these, reconstructing a 3D surface from its gradi-
ents, known as normal integration (Quéau, Durou, and Aujol
2017a), is crucial for accurate surface reconstruction. This
process has become increasingly important as a follow-up
step to photometric stereo (PS) (Shi et al. 2019a; Ju et al.
2023, 2024), a method that estimates 3D surface normals
from varying light reflectance. Recent advancements in PS
have greatly improved normal estimation by overcoming the
limitations of the Lambertian reflectance model (Chen, Han,
and Wong 2018; Ikehata 2018). To achieve precise 3D mesh
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Figure 1: Reconstruction of the “HOUSE” in the LUCES
(Mecca et al. 2021) dataset. Previous Rec-Net (Lichy, Sen-
gupta, and Jacobs 2022) introduces sharp features and dis-
tortion at discontinuities, while our FNIN preserves the de-
sired details.

reconstructions, Surface-from-gradients (SfG), as shown in
Fig. 1, emerges as a natural progression of these PS ad-
vancements. Furthermore, methods like normal integration
are also essential in other vision tasks, such as computed
tomography (Bradshaw et al. 2013) and image restoration
(Chen, Ng, and Zhao 2015; Yang et al. 2022).

Although various strategies have been employed to tackle
the SfG problem, existing methods often struggle with
noise and integrability issues (Badri, Yahia, and Aboutaj-
dine 2014; Quéau, Durou, and Aujol 2017a; Cao et al. 2021).
Most advanced approaches are optimization-based and rely
on hand-crafted features (Cao et al. 2022; Kim, Jung, and
Lee 2024). However, these features often oversimplify real-
world complexities. Poorly designed objectives can also lead
to high computational costs or severe numerical instability,
hindering practical application and complicating integration
with other algorithms, like the PS normal estimation net-
work in (Lichy, Sengupta, and Jacobs 2022).

Inspired by advancements in other vision tasks (Peng et al.
2021; Ouyang, Wang, and Chen 2022; Jin et al. 2017; Fan
et al. 2018), replacing optimization-based methods with end-
to-end deep CNNs offers a promising improvement. How-
ever, straightforward applications (Lichy, Sengupta, and Ja-
cobs 2022) have not achieved satisfactory results due to
CNNSs’ reliance on discretization and inherent bias toward
locality, which is problematic for the Surface-from-gradients
(SfG) problem that depends on global information. For-
tunately, a recently proposed neural network architecture
called the neural operator (NO), originally developed for
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Figure 2: The Fourier neural operator-based numerical integration network operates within a two-stage framework. In stage
I, the input normals are downsampled to different resolutions. In this iterative structure, the output depth is initially set by
the initial network (blue) and subsequently refined by the iterative network (green). At each resolution, the Fourier backbone
receives the upsampled output from the previous resolution and performs integration under the supervision of a detail weighted
loss to preserve discontinuities. In stage II, the result is refined through a one-step weighted least squares optimization.

solving partial differential equations (PDEs) in computa-
tional physics (Lu et al. 2021; Li et al. 2020b,a), presents
a potential solution. Neural operators leverage operator the-
ory to learn mappings between infinite-dimensional function
spaces without relying on PDEs as a physics prior. This ca-
pability enables us to introduce a learning-based approach
to tackle the SfG problem effectively.

In this article, we propose a novel Fourier neural operator-
based Numerical Integration Network (FNIN) to address the
StG problem using a learning-based approach. A key fea-
ture that distinguishes the SfG problem from typical NO
equations is that, the discontinuities not satisfying the PDEs
significantly influence the solution and tend to be extremely
sparse, which will lead to confusion if learned pixel wise. To
address this, we decouple the integration process of smooth
area from optimization of discontinuity and introduce a two-
stage scheme (Fig. 2). In the first stage, FNIN performs in-
tegration based on the formulated PDEs, approximating the
solution through a Fourier neural operator (FNO) (Li et al.
2020a) in Fourier space, maintaining spatial globality. FNIN
is constructed in a Rec-Net-like structure (Lichy et al. 2021)
to ensure solution uniqueness. To detect discontinuities and
mitigate disturbances, we incorporate an attention network,
inspired by (Ju et al. 2020, 2022), to generate an adaptive
attention map. Consequently, we creatively obtain the solu-
tion at smooth areas without optimization and transferring
the discontinuities into a relative weight.

In the second stage, we globally optimize the sparse dis-
continuities to avoid determining huge jumps pixel wise.
We formulate a weighted least squares problem following
(Cao et al. 2022), but perform the optimization only once,
as discontinuities are detected in the first stage, making the
process more time-efficient. Our approach achieves state-of-
the-art results on several objects from the DiLiGenT (Shi
et al. 2019b) and LUCES (Mecca et al. 2021) datasets,
demonstrating the novelty of our method. Additionally, we
conduct experiments to validate our approach further. Our
method excels in handling high-resolution images with com-
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plex data, achieving errors of fewer than 0.1 mm on tested
objects.
Our contributions are summarized as follows:

* We propose a Fourier neural operator-based integration
network that performs integration on smooth areas and
identifies discontinuities using a detail weighted loss.

* We develop an optimization process that ensures opti-
mal solutions at discontinuities through a weighted least
squares equation.

* Our experiments show that the proposed approach
achieves exceptional accuracy and efficiency, making it
a promising tool for future research.

Code — https://github.com/nailwatts/FNIN

Related Work

Our work is inspired by many existing studies but offers sub-
stantial novelty. In this section, we review several related
works and highlight the key differences between them and
our FNIN.

SfG Methods Based on Optimization

In the SfG problem, the ultimate goal is to solve the follow-
ing unified partial differential equation

Vz=g, [¢3)

where z represents the depth from the camera, and g =
[p, q]T denotes the gradient map (Quéau, Durou, and Au-
jol 2017a). Ideally, when the surface is smooth, the solution
should be independent of the integration path. However, in
practice, due to natural discontinuities in real-world objects,
perfect integrability is rarely achievable.

Recent works (Cao et al. 2022; Kim, Jung, and Lee 2024)
struggled with a coupled depth and discontinuity weight, re-
quiring repeated optimization to account for discontinuities,
which consumes significant time. In contrast, the proposed
FNIN leverages a neural network that directly approximates
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Figure 3: Integration is performed at an example resolution. Gradient g for the input is computed using the normal and the
upsampled output from the previous resolution with Eq. 5. The integration is then carried out within NO framework, with the
solution approximated in Fourier space. Finally, the relative weight for discontinuities is estimated by the attention network.

the solution without relying on the PDEs, allowing us to de-
couple discontinuity detection from optimization. This data-
driven detection method makes our approach highly innova-
tive.

PDE Solvers Based on Neural Operator

The Neural Operator (NO) is a series of architectures de-
signed to solve PDEs (Morton and Mayers 2005) in a purely
data-driven manner. The core idea is to convert PDEs into
a mapping between the parameter space and the solution
space. Consider a general form of PDEs defined on D C R¢

(Laz)(uw) = f(u) weD,

z(u)=0 weaob, @

where z : D — R represents the solution in the Banach
space Z C R anda : D — R is the parameter in the
Banach space A C R% that determines the operator L.
The goal is to approximate the solution map F' : A — Z by
training a neural network with finite-dimensional parameters
0T € ©, such that F : A x © — Z satisfies F(-;07) ~ F1.
Li et al. (2020b) observed that the operator learning task
described above is equivalent to an empirical risk minimiza-
tion problem, which can be solved through an iterative up-
date. For v; € R% ¢t = 0,1, ..., T, the update is given by

vip1(u) = o(Wo(u) + Ko (a; 0)ve (u)), 3)

where ¢ : R — R is a non-linear activation function,
W : R% — R% is a linear transformation, and the kernel
integration is defined as

Ko (a)(u) : “)

= /D Ko (w,y, a(u), a(y); 0)ve(y)dy,
where kg : R2(¢+de) _ RAvxdv jg g neural network pa-
rameterized by # € O. Typically, a NO first lifts the in-
put @ € A into a higher-dimensional representation by
P : R4 — R such that vo(u) = P(a(u)) and projects
vr back by z(u) = Q(vr(u)), where Q : R4 — R9=,

In this work, the choice of NO architectures is flexible.
We apply the popular FNO (Li et al. 2020a) based on our
assumptions, but it should be noted that these components
can be replaced with other NO architectures, such as (Cao

4582

2021; Raonic et al. 2023), if necessary. However, the most
significant difference is that, unlike most physical equations,
our SfG problem is characterized by severe non-uniqueness
and discontinuities, which heavily influence the solution. To
address this, we construct a Rec-Net (Lichy et al. 2021)
structure to maintain solution uniqueness and incorporate an
attention network with a detail weighted loss, which helps
suppress discontinuities during training.

The Proposed FNIN

In this section, we introduce our Fourier neural operator-
based numerical integration network (FNIN) with two
stages. Fig. 3 illustrates the evaluation performed at one of
the resolutions.

Stage I of FNIN: Approximating in Fourier Space

Variants of SfG equation in a Neural Operator settings
As Eqgs. 2-4 apply universally to the class of equations rep-
resented by Eq. 2, a straightforward approach to solving Eq.
1 is to use a mature NO architecture. However, previous re-
search (Quéau, Durou, and Aujol 2017a; Simchony, Chel-
lappa, and Shao 1990) has shown that enforcing the Dirich-
let boundary condition (setting the boundary value to 0) as
implied by Eq. 2, may lead to problematic solutions, despite
ensuring uniqueness. To avoid this conflict with the natu-
ral boundary condition in Eq. 1, a proper transformation is
needed.

Inspired by (Lichy, Sengupta, and Jacobs 2022), we intro-
duce an additional variable Z, which serves as an approxi-
mate solution to Eq. 1, such that

V(z—2)=g—V% ueD,

5
z—2=0 uedD, ®

where g = [p, q]7, and u represents the image coordinates.
Ideally, if z and Z are smooth and fully satisfy Eq. 1, Eq.
5 would become an identity with a unique solution, z = 2.
In practice, we cannot provide such a solution, so we opt
for a learning-based approach. Following (Lichy, Sengupta,
and Jacobs 2022), and considering the lack of detail in the
synthetic dataset (Lichy et al. 2021), we approximate Z using
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Figure 4: A simple example of (a) our assumption and
(b) original natural boundary condition. Our assumption on
given approximation green point C ensures the uniqueness
otherwise the solution is ambiguous because value at other
coordinates (blue point B) is also unknown.

the upsampled output from a lower resolution, and V2 is
approximated by its central difference.

Integration operator in spatial domain After transform-
ing our SfG problem into an NO setting, the assumption of
kernel integration in Eq. 4 determines the specific architec-
ture of the NO. It’s necessary to guarantee that our assump-
tion will not break the uniqueness of the solution.

As shown in Fig. 4, in a 1D scenario, the green point C
represents our known approximated solution, and our goal
is to derive the value at the red point A. Our assumption
is that Ay depends only on the distance x; — xo between
the red point A and the blue point B, and the difference in
slope k1 — k2. Here, g — V2 corresponds to k; — ko, and
Z corresponds to the green point C. Once we derive Ay, we
can determine the desired z. This example also illustrates
the non-uniqueness issue caused by the original boundary
condition, as the value at A cannot be determined solely by
x1 — w2 and its slope k7 as the value at B is also unknown.

Therefore, by applying our assumption to Eq. 4, we obtain

Kow) = [ rotu=yi0)v)ay, ©®
J D

where v (y) corresponds to the lifted g — V2, and the depen-
dence on the distance between coordinates is incorporated
into the kernel. Clearly, this forms a perfect convolution with
kg as the kernel, enabling operator approximation in Fourier
space. In fact, Eq. 6 can be interpreted as adaptively deter-
mining the integration path. Compared to earlier works (Wu
and Li 1988; Karagali and Snyder 2003), our parameterized

kernel offers significantly greater robustness.

Operator approximation in Fourier space As a convolu-
tion operator, a straightforward approach is to train a CNN
to approximate Eq. 6. While increasing the receptive field
could cover the entire domain D, the theory of effective re-
ceptive field (Luo et al. 2016) suggests that the network may
struggle to focus globally, especially when locality is not in-
cluded in Eq. 6. Moreover, since Eq. 6 is meant to operate
on a continuous domain rather than a discretized one, we
choose to approximate it in Fourier space.

Consider the Fourier transform F of a function f : D —
R% and its inverse F~!. By applying the convolution theo-
rem, Eq. 6 becomes

Ko(u) = F 1 (Ro(Fuve))(u), 0
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where Ry is parameterization tensor. As we cannot approxi-
mate infinite terms of the Fourier series, we truncate it with
a maximum node k,,,,.. Further detailed discussion of FNO
including the case under discrete Fourier transform can be
referred to in (Li et al. 2020a).

Adaptive discontinuity detection So far, we have consid-
ered integration in major smooth areas. In theory, our kernel
in Eq. 6 can handle jumps at discontinuities. However, since
discontinuities are much sparser than smooth areas, the net-
work may make incorrect jumps, disrupting the approxima-
tion in other regions. To address this issue inspired by other
vision tasks (Fang et al. 2024), we transfer them into a rela-
tive weight depending on their extension to be suppressed.

During the training process, we adopt a self-learning at-
tention map. Unlike hand-crafted features in previous meth-
ods, we employ an extractor and regressor for attention,
which can be formulated as follows

@ = fo,.(Az;0ac),
w = normalize(fo,,. (®;0ar)),

®)

where fg,. and fg . are both three-layer CNNs, z repre-
sents the current depth estimation, and A represents the dis-
continuity modeled by the difference between the one-sided
limit and its value measured in point-to-plane distance (Cao
et al. 2021), following (Cao et al. 2022; Kim, Jung, and Lee
2024). The variable w is the relative discontinuity weight,
which is normalized to maintain values within [0, 1].

To enable the attention network to detect discontinuities,
we designed a detail weighted loss inspired by the ideas in
(Juet al. 2020, 2022), which has been used for detecting dis-
continuities in normals. For each resolution 7, the normal-
ized attention map w balances the trade-off between the nor-
mal calculated from adjacent pixels and the absolute depth
value. The loss function is expressed as

1 X .
Lr= 5 (@ —w)llz = 2 Ml +wilini @) —m (), ©)
i=1

where N = |D| represents the number of all valid points,
w; is the weight at pixel ¢ in the attention map w, and v is a
hyperparameter set to 0.25. The terms z; and zft are the esti-
mated and ground truth depths at pixel ¢, respectively, while
x and x9! represent the point clouds calculated via camera
projection. The normals n;(x) and n;(x9") are computed us-
ing point clouds with central differences. Although many
previous works have used similar losses to enhance high-
frequency areas, we use the detail weighted loss to suppress
discontinuities, which is a completely different approach.
Combining all resolutions, the network is supervised by

(10)

where R is the number of different resolutions.

Stage II of FNIN: Optimizing Discontinuity

To this end, our integration network has performed integra-
tion on most smooth areas and provided a discontinuity map.
The remaining issue is to determine the jump at discontinu-
ities through optimization.



Assumption | Method  Ball Bell Bowl Buddha Bunny Cup Die Hippo House Jar Owl Queen Squirrel Tool | Runtime (s)
HB 212 377 4.09 X 5.80 1.25 330 595 861 746 543 6.68 2.22 5.72 > 6000
FFT 050 429 4.66 23.78 4.85 0.80 228 559 9.57 357 477 579 1.64 4.96 0.23
DCT 030 145 213 22.56 4.07 0.81 1.27  4.67 9.08 201 4.18 6.01 1.54 4.71 0.49
Smooth DF 046 254 X X X 0.37 X X X X 415 X X 2.71 136.75
DP 0.17 033 038 X 2.66 0.09 0.66 1.77 930 112 3.62 4.09 1.11 1.88 6.64
ZS OOM
IPF X 098 1.15 6.93 3.09 X X 1.68 X 3.06 386 1.86 1.84 1.11 45.22
Lt 029 147 212 6.88 3.81 0.21 1.21 461 9.03 196 289 442 1.51 4.42 110.77
Discontinue AD 0.18 036 046 3.40 2.62 0.11 0.68  2.06 926 141 322 371 1.15 0.80 59.70
BiNI* 0.54 096 1.16 3.59 2.92 0.70 203 132 11.13 320 1.62 0.90 1.43 1.11 7.31
Rec-Net* 0.93 1.38 1.28 18.44 225 1.63 1.07  1.79 1560 205 1.72 252 2.48 4.16 0.09
Learning FNIN* 015 0.12 0.08 3.35 245 < 0.01 070 126 996 028 3.77 338 1.18 0.28 1.81
FNIN-S* 0.15 0.15 0.05 3.63 2.37 0.03 059 121 10.50 0.27 339 263 111 0.25 1.28

Table 1: Results on the LUCES (Mecca et al. 2021) Dataset. The metric for each object is Mean Absolute Error (MAE) in
millimeters (mm). X indicates a numerical failure, and OOM indicates an out-of-memory error. Methods marked with x are
GPU-compatible and were tested on the same GPU. Best result for each object is highlighted in bold.

Method Bear Buddha Cat Cow Goblet Harvest Pot1 Pot2 Reading
FFT 343 551 7.23 289 1569 337 254 172 6.13
DST 341 571 726 289 1566 339 256 1.73 6.16
DCT 299 572 729 280 1526 334 248 1.69 5.75
A 1.82 380 1.72 1.16 1272 11.17 2.00 0.78 7.09
IPF  0.89 333 148 0.86 11.23 11.11 173 0.64 6.56
WLS 252 350 6.12 2.10 1475 2.60 8.00 1.15 454
TV 430 472 371 200 9.89 1447 338 135 3.30
MS X

Rec-Net X
FNIN 135 374 1.69 1.18 1261 11.17 196 0.82 7.07

FNIN-S 0.11 352 141 0.66 11.53 1242 1.53 049 6.38

Table 2: Results on the DiLiGenT (Shi et al. 2019b) Dataset.
Best result for each object is highlighted in bold.

The key idea is to suppress the effect of discontinuities
in the objective function using weights, where the attention
mechanism plays a crucial role. Since our attention-based
discontinuity map is point-wise, meaning it assigns a value
to each pixel, we can formulate a convex weighted least
squares problem with four directions in the discrete case by

min
2(u,v)

w w _
é(ng@iz +n1)2 + ?l(ngau z +n1)2

+%(n33;fz+n2)2 + %(ns.aU_ZJrnz)2 an

+A(z(u,v) — zr(u, '11))27

where w,., w;, wy, wy are the weights at adjacent pixels in w
from the right, left, top, and bottom directions, respectively.
zg is the log depth output from FNIN, and A = le 2 is a
fixed constant. We directly solve the normal equation of Eq.
11, similar to the approach in (Cao et al. 2022). Consider the
flattened vectors ni, ny, ng, and zp € RY, where the depth
map z € RY, flattened in the same order, is given by

ATWAz = ATWb, (12)
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Figure 5: Qualitative results on “BRAR”, “COW” and
“POT 1” objects from DiLiGenT (Shi et al. 2019b) Dataset.
The black numbers under the error maps indicate the MAE
(mm). The best result for each object is highlighted in bold.

where
N.D! + 21 —n; + A\zg w,./2
A— NZD:——"-)\I b= —n; + A\zgr W = diag W[/2 ’
NzDU + A1 —no + A\zgp Wt/2
NZD; + Al —ng + A\zgR Wb/2

13)
and N, = diag(n3), D, D, , DI D, € RV*N are four
discrete partial derivative matrices, 1 € RY is all-one vec-
tor. We ultimately obtain the desired depth map after solving
Eq. 12.

Experiments

Our FNIN is implemented in PyTorch (Paszke et al. 2017),
with Eq.12 solved using the conjugate gradient method
(Hestenes and Stiefel 1952). We used a synthetic dataset
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Figure 6: Qualitative results on “BELL”, “BUDDHA” and “HIPPO” objects from LUCES (Mecca et al. 2021) Dataset.
Ground truth, input normals, estimated meshes, and absolute difference maps are shown in each pair of rows. The black numbers
under the error maps indicate the MAE (mm). The best result for each object is highlighted in bold.

rendered by (Lichy, Sengupta, and Jacobs 2022), consisting
of 14 objects from the statue dataset (Zisserman and Wiles
2017), with 1.75k training samples and 175 validation sam-
ples, each sized at 512 x 512. To reduce memory consump-
tion from large kernels, we applied Tucker factorization as
in (Kossaifi et al. 2023). For discontinuity detection, we ad-
ditionally provide a sigmoid function (FNIN-S) (Cao et al.
2022), handling discontinuities with varying intensities.

Comparison with Previous Methods

Previous optimization-based methods excel in generaliza-
tion. Classic neural networks, based on the universal ap-
proximation theorem, often struggle with generalization er-
rors (Lu et al. 2021), making them less competitive with
traditional numerical PDE solvers, especially for purely
geometric problems like SfG. In contrast, our FNIN, de-
rived from minimizing cost functionals in infinite dimen-
sions, achieves exceptional generalization. We conducted a
comparison where our learning-based method, without fine-
tuning, was directly compared with state-of-the-art numeri-
cal methods. We used the DiLiGenT (Shi et al. 2019b) and
LUCES (Mecca et al. 2021) datasets. The DiLiGenT dataset
contains 10 real-world objects scanned at 612 x 512 res-
olution, while the LUCES dataset includes 14 objects at
2048 x 1536 resolution, closer to common camera resolu-
tions. This higher resolution challenges efficiency and detail
preservation. We report the Mean Absolute Error (MAE) for
each object, with results presented in Tables 1 and 2 and vi-
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sualized in Figs. 5 and 6.

Comparison with methods based on smooth surface as-
sumption For methods based on the smooth surface as-
sumption, we selected several approaches: the symbolic
Horn and Brooks (HB) method (Horn and Brooks 1986), the
fast Fourier transform (FFT) integrability enforcing method
(Frankot and Chellappa 1988), the discrete cosine trans-
form (DCT), discrete sine transform (DST) integrability en-
forcing method (Simchony, Chellappa, and Shao 1990), the
discretized functional (DF) variational method (Harker and
O’Leary 2014), the 2D Savitzky-Golay filters variational
method (ZS) (Zhu and Smith 2020), and the four-point in-
verse plane fitting (IPF) method (Cao et al. 2021).

Our approach outperforms others in both accuracy and
stability. The attention network effectively prevents FNIN
from being affected by large discontinuities (e.g., “BUD-
DHA” in Fig.6), and the discontinuity optimization step pre-
serves these details, significantly improving mesh accuracy.
Additionally, our iterative structure maintains numerical sta-
bility, minimizing spikes caused by exponential functions.

Comparison with methods focusing on discontinu-
ity preservation For methods focusing on discontinuity
preservation, we selected the variational method using Split-
Bregman iterations to solve the weighted least squares prob-
lem (WLS) (Quéau and Durou 2015), the variational method
using anisotropic diffusion (AD), isotropic total variation
(TV), Mumford and Shah Functional (MS) (Quéau, Durou,



Experiment Method Parameters

DiLiGenT (612 X 512)

LUCES (2048 x 1536)

MAE (mm) RAM+VRAM (GB) MAE (mm) Runtime (s) RAM+VRAM (GB)

FNIN w/o FNIN (BiNI, k=0) - 4.59 1.6+1.0 2.79 0.91 2.0+2.0
FNIN-S 1.53M 4.23 40+4.38 1.88 1.28 45+139
. w/o attention 1.05M 5.97 37+45 4.02 0.21 39+125

Structure .
w/ mask concatenation 1.53M 15.15 3.7+4.49 3.96 0.50 4.1+135
. L w/o discontinuity optimization 1.53M 591 37+48 3.00 0.39 4.1+135

Discontinuity

FNIN 1.53M 4.55 4.1+48 1.92 1.66 4.6+135

Table 3: Ablation study of our approach. Discontinuity optimization is omitted in “Structure*”. “Runtime” shows the average
evaluation time across all objects, and “RAM+VRAM” records the peak memory usage.
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Figure 7: Ablation study on the “CUP” object from the
LUCES (Mecca et al. 2021) Dataset. The black numbers un-
der the error maps indicate the MAE (mm).

and Aujol 2017b), and the variational method using bilater-
ally weighted functional (Cao et al. 2022).

Our approach outperforms these methods in capturing fine
details. For objects like "BELL” in Fig.6 and "BEAR” in
Fig.5, where discontinuities are small and difficult to detect,
our method performs significantly better. Notably, our accu-
racy on the "CUP” object in Table 1 is impressive, with an
MAE below 0.01 mm. Additionally, FNIN integrates eas-
ily into other deep learning methods due to its efficiency on
high-resolution images and ability to parallelize operations.

Comparison with Rec-Net To our knowledge, Rec-Net
(Lichy, Sengupta, and Jacobs 2022) is the only deep learn-
ing method designed for the SfG problem. Key differences
between our approach and Rec-Net are: First, while both
use iterative structures, Rec-Net cannot be formulated into
Eq. 6 due to CNNs’ inherent locality, which prevents it from
guaranteeing the uniqueness of Eq. 5. Second, Rec-Net fails
to account for discontinuities, causing irregular jumps and
hindering convergence. Third, simply concatenating the in-
put and mask in Rec-Net can cause confusion during trans-
fer, leading to numerical failures (Table 2). Our FNIN ad-
dresses these issues, often outperforming traditional solvers,
as shown in Table 1.

Ablation Study

In this section, we focus on the most crucial characteristics
of our approach, including the effects of FNIN, the iterative
structure, the attention network, and discontinuity optimiza-
tion. Additionally, we analyze the computational cost and
the handling of non-rectangular domains.
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Ablation on the effect of FNIN Without FNIN, our ap-
proach degenerates into a smoother version of BiNI (Cao
et al. 2022), resulting in blurred discontinuities and reduced
accuracy (Fig. 7). Although optimization is performed only
once, most runtime is spent solving the WLS problem, en-
suring efficient training. The factorization we apply also fa-
cilitates integration into other deep learning algorithms.

Ablation on the effect of attention The attention mech-
anism in FNIN and the weights in discontinuity optimiza-
tion suppress discontinuities at different levels. Attention in
the detail-weighted loss prevents incorrect pixel-level nor-
mals from adjacent pixels. Without it, accuracy drops sig-
nificantly at edges and discontinuities (Fig. 7), as the PDEs
in Eq. 1 and Eq. 5 do not account for discontinuities, neces-
sitating the decoupling of these processes. The WLS weights
balance the impact of discontinuities and determine their
jumps. Both components are essential.

Ablation on handling non-rectangular domain Han-
dling arbitrary domains is crucial, as shown by Rec-Net’s
instability on DiLiGenT. While the domain should ideally be
embedded in the input (Liu, Jafarzadeh, and Yu 2023), our
attention network allows us to directly multiply the gradient
by the mask, ensuring edge discontinuities. Even if FNIN is
affected by boundaries, the attention mechanism and discon-
tinuity optimization resolve the issues seamlessly, as demon-
strated by FNIN and FNIN-S results.

Ablation on discontinuity optimization Finally, our net-
work, designed to avoid being misled by jumps at sparse
discontinuities, cannot recover them individually. Due to
this conflict, pixel-level accuracy in regions of discontinu-
ity is not advisable. Removing discontinuity optimization,
as shown in Table 3, results in a significant drop in accuracy.

Conclusion

In this work, we developed a numerical integration neural
network within a two-stage framework for the Surface-from-
gradients (SfG) problem. In the first stage, the solution is
approximated by a neural operator in Fourier space, using
a detail-weighted loss to address discontinuities. In the sec-
ond stage, the identified discontinuities are optimized using
a weighted least squares equation to determine their jumps
rationally. Our experiments demonstrate that our approach
achieves state-of-the-art results with exceptional efficiency.
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