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Abstract

With the rapid advancement of 3D scanning technology, point
clouds have become a crucial data type in computer vi-
sion and machine learning. However, learning robust repre-
sentations for point clouds remains a significant challenge
due to their irregularity and sparsity. In this paper, we pro-
pose a novel Dual Manifold Regularization (DMR) frame-
work that makes full use of the properties of positive and
negative curvature in manifolds to improve the representa-
tion of point clouds. Specifically, we leverage DMR based
on hyperbolic and hyperspherical manifolds to address the
limitations of traditional single-manifold regularization tech-
niques, including inadequate generalization ability and adapt-
ability to data diversity, as well as the difficulty of captur-
ing complex relationships between data. To begin, we utilize
the tree-like structure of the hyperbolic manifold to model
the part-whole hierarchical relationships within point clouds.
This allows for a more comprehensive representation of the
data, improving the model’s capability to understand complex
shapes. Additionally, we construct positive samples through
topological consistency augmentation and employ contrastive
learning techniques in the hyperspherical manifold to cap-
ture more discriminative features within the data. Our exper-
imental results show that our method outperforms traditional
supervised learning and single-manifold regularization tech-
niques in point cloud analysis. Specifically, for shape clas-
sification, DMR achieves a new State-Of-The-Art (SOTA)
performance with 94.8% Overall Accuracy (OA) on Model-
Net40 and 90.7% OA on ScanObjectNN, surpassing the re-
cent SOTA model without increasing the baseline parameters.

Introduction

Currently, research in point cloud analysis primarily focuses
on model innovation which explores various ways to im-
prove performance. For instance, increasing network depth,
employing more complex multi-layer perceptron (MLP)
structures (Ma et al. 2022; Hu et al. 2023a; Zhang et al.
2023; Lu et al. 2023; Yao et al. 2023; Wu et al. 2025,
2023), or incorporating convolutional networks (Wang et al.
2019; Li et al. 2018; Xu et al. 2018; Lin, Huang, and Wang
2020, 2021; Wu, Qi, and Fuxin 2019; Thomas et al. 2019,
2024; Chen et al. 2023) and transformer models (Zhao et al.
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Figure 1: Illustration of regularization on the hyperspheri-
cal and hyperbolic manifolds. On the left, red arrows denote
positive pairs tending to attract each other, while the green
arrow denotes negative pairs tending to repel each other. On
the right, parts of different sizes are located at various levels,
and parts from distinct objects have different directions.

2021; Guo et al. 2021) to enhance the model’s representation
capability. However, unlike images (Hu et al. 2023b), de-
spite these innovations significantly enhancing the model’s
processing ability, they often fail to consider the intrinsic
hierarchical structure and overall topological relationships
within point clouds. Understanding these aspects is benefi-
cial for grasping the spatial distribution and geometric prop-
erties of 3D point clouds. It is well-known that regularization
not only encourages the model to focus more on the intrin-
sic structure and features in the data but also helps prevent
model overfitting. Therefore, it becomes crucial to incorpo-
rate regularization methods (Montanaro, Valsesia, and Magli
2022) to address the above-mentioned shortcomings.
HyCoRe (Montanaro, Valsesia, and Magli 2022) pro-
poses a hyperbolic regularization to attempt to improve the
model’s representation capabilities for point cloud. How-
ever, there are some critical theoretical issues in this method
that limit the model’s performance. These issues mainly in-
clude (1) an incorrect assumption of a common ancestor
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Figure 2: The overall framework of DMR begins with farthest point sampling for resampling, ensuring that the number of points
in the object and parts remains consistent. After enhancing the samples through TCA, all the whole and partial inputs are fed
into the encoder. The DMR is then applied to improve the model’s overall performance.

among different point clouds, which leads to insufficient loss
performance based on this assumption; (2) The absence of
a common ancestor makes it challenging for the model to
leverage hyperbolic distance-based triplet loss to learn dis-
criminative features between categories; and (3) using the
inverse of the number of point clouds as a distance threshold
in hyperbolic space is inappropriate due to the exponential
nature of distance relationships in hyperbolic space.

To address the aforementioned issues, we propose a novel
hyperbolic regularization constraint. We discard the com-
mon ancestor assumption and instead focus solely on hierar-
chical relationships within the point cloud. Specifically, we
consider the entire point cloud and its parts as positive pairs,
utilizing the hyperbolic manifold to represent their hierarchi-
cal relationships. In this representation, the whole is located
near the edges while the parts are closer to the center. Addi-
tionally, we treat different parts as negative pairs, ensuring
that they are directionally distant from each other, as illus-
trated on the left side of Figure 1. This method allows us
to effectively capture the subtle differences in the intrinsic
hierarchical structure of different point clouds.

However, the absence of a common ancestor among dif-
ferent point clouds in hyperbolic space results in similar
hyperbolic distances between different whole point clouds.
This poses a challenge in distinguishing between categories.
To tackle this problem, we propose a novel method: Topo-
logical Consistency Augmentation (TCA). TCA focuses on
learning sample pairs that preserve topological consistency
and geometric diversity, which facilitates capturing subtle
class differences in the hyperspherical manifold.

We ultimately design a dual manifold regularization, as
shown in Figure 1. In hyperbolic space, we can learn a more
robust point cloud representation for capturing intrinsic hier-
archical structure; while in hypersphere space, the model can
learn discriminative geometric features for categories classi-
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fication. The contributions are summarized as follows:

* We derive novel hierarchical loss and contrastive loss to
jointly learn robust representations of point clouds within
a hyperbolic manifold.

* We propose an innovative topological consistency aug-
mentation for point clouds to generate positive samples
that are both topologically consistent and geometrically
diverse, thereby learning more discriminative representa-
tions between classes in the hyperspherical manifold.

* We are the first to propose collaborative learning of
point cloud representations across manifolds with differ-
ent curvatures. Extensive experiments to demonstrate the
superiority of our proposed method over all baselines.

Preliminaries
Hyperbolic Geometry

A hyperbolic space (H,,) is a complete, connected Rie-
mannian manifold with constant negative sectional curva-
ture. These special manifolds are all isometric to each other
with isometries defined as O™ (m,1). Among these isome-
tries, there are five common models that previous studies of-
ten work on (Cannon et al. 1997), where the Poincaré Ball
in n dimensions D7 is a hyperbolic space with ¢ = —1.
Since the Poincaré ball can maintain numerical stability dur-
ing gradient-based learning, we choose the Poincaré Ball
(D, gP) as our basic model (Ganea, Bécigneul, and Hof-
mann 2018; Nickel and Kiela 2017; Tifrea, Bécigneul, and
Ganea 2018), where n is the dimension size, ¢ denotes a con-
stant negative curvature, and g” represents the Riemannian
metric. The manifold D7 is formulated as follows:

D' ={z e R": ¢|z|* <1,¢>0}. )]

We assume ¢ > 0, such that D7 corresponds to a ball of
radius 7 = 1/4/c in Euclidean space. The geodesic distance
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Figure 3: Probability of common ancestor of different ob-
jects under two sampling algorithms.

between two points p, g € D™ is specified as:

lp - al’ )
. @
(1= [lpl*) (@ = llql*)
With the origin ¢ = 0, Eq. (2) could be simplified to:

dpn(p,q) = cosh™! (1 +2

3

Unlike Euclidean geometry, this particular space has the
property of inferring the underlying hierarchical structure of
a dataset in its embedding (Atigh et al. 2022; Li et al. 2022).

To facilitate the transformation of features from Euclidean
to hyperbolic spaces, a differentiable bijective operator, ex-
ponential map, is employed. We add the hyperbolic network
layer at the end of the original deep learning model to map
the input features from R"™ to the hyperbolic manifold D7
via the exponential map, which is given by:

X

Vel
In this module, the exponential map gives us a way to map
the output of a network, which is in the Euclidean space,
to the Poincaré Ball. One useful intuition (Sala et al. 2018)
to help understand the advantage of the hyperbolic space is
given two points p, g € D7 s.t. ||p|| = ||¢|| and p # g,

z = exp(x) := tanh(\/c||x||) 4)

&)

(6)

This property basically reflects the fact that the shortest
path in a tree is the path through the earliest common ances-
tor, and it is reproduced in the Poincaré when the points are
both close to the boundary.

dDZ‘ (p7 Q) — dDZL (pa 0) + de (07 q)a

as|pll = llgll — 7.

Hyperspherical Geometry

Unlike hyperbolic manifold, the hypersphere (S™~1) is a
sphere in n-dimensional Euclidean space with positive cur-
vature and consists of all points that are at a distance equal
to a constant r (i.e., radius) from a fixed point (i.e., the cen-
ter of the sphere), where n — 1 denotes the dimension of the
hypersphere.

Hyperspherical geometry provides an efficient way to
capture the intrinsic structure and relationships of the data
in a high-dimensional space. We map the input features x
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from R to the hyperspherical manifold S™~! through nor-
malization, which is given by:

o
[EIN

Cosine similarity evaluates the similarity of two vectors
by measuring the cosine of the angle between them. In hy-
perspherical geometry, this measure is very applicable be-
cause the length of a vector may change with increasing di-
mensionality, but the angle remains the same. The similarity
between any p, g on the unit hypersphere is as follows:

= cos(f) = ﬁ,

Ipllgl
where d is the cosine similarity between two points, p and ¢
are two unit vectors, 6 is the angle between p, ¢, and p - q is
dot product.

(7

z = Normalize(x)

®)

dcosine similarity (I% Q)

Method

In this section, we will first introduce our motivation analy-
sis and the advantages of our dual manifold regularization.
Next, we will provide a detailed explanation of our regular-
ization methods for point clouds in different curvature mani-
folds, including hyperbolic and hypersphere constraints. Our
ultimate goal is to improve the model’s ability to learn the
geometric representation of point clouds through the imple-
mentation of regularization constraints. The framework of
the DMR method is illustrated in Figure 2. The proof of all
theories can be found in the supplementary materials.

Motivation Analysis

We conducted an examination of the hyperbolic regular-
ization for point clouds proposed in HyCoRe (Montanaro,
Valsesia, and Magli 2022). We discovered several inconsis-
tencies in theory and practice. In particular, our result in
Theorem 1 suggests that in hyperbolic space, point clouds
are intrinsically related hierarchically, with a nearly zero
probability of different point clouds sharing a common an-
cestor. Therefore, using shared ancestry as the basis for de-
riving a loss function for network training is inappropriate.

Additionally, the description of the loss for hyperbolic hi-
erarchy in HyCoRe is inaccurate. In Eq. (9), using only the
reciprocal of the number of point clouds as the threshold be-
tween parts and the whole is theoretically incorrect, as dis-
tances between different levels in hyperbolic space follow
an exponential relationship.

€))

Rhier(zu, z) = maz(0, ~zull, + 12ll, + 77):
P
where z,, and z, are the hyperbolic representation of the
whole and a part from the same point cloud. y is a hyperpa-

rameter and N}, is the number of points in the part.
Furthermore, we found that while the hierarchical proper-
ties of hyperbolic space offer better representations, it strug-
gles to learn discriminative information between categories.
Specifically, a distance-based triplet (Weinberger and Saul
2009) loss fails to separate point clouds of different cate-
gories. This is due to the absence of a common ancestor,
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Figure 4: Hierarchical loss and contrastive loss.

causing distances between points in hyperbolic space to de-
pend on their paths to the central point, which can result in
two visually similar points having a maximum distance (The
visualization is in the supplementary material).

To tackle these challenges, we propose a novel Dual Man-
ifold Regularization (DMR). By utilizing the hyperbolic
manifold, DMR can uncover the inherent hierarchical rela-
tionships within point clouds, from parts to the whole. Addi-
tionally, our method leverages the hyperspherical manifold
to improve the discriminative abilities of our representations
across different categories.

Whole-Part Hierarchy in 3D Point Clouds

There have been studies exploring hierarchical relationships
between whole and parts as early as in the field of language
(Nickel and Kiela 2017), images (Ge et al. 2023) and point
cloud (Montanaro, Valsesia, and Magli 2022) and the use
of hierarchical relationships to understand point cloud is not
new. This gives inspiration to the understanding of the point
cloud to learn this hierarchical relationship by dividing the
point cloud into parts of different sizes. HyCoRe (Monta-
naro, Valsesia, and Magli 2022) treats widgets consisting of
small parts (e.g., simple structures like disks, squares, tri-
angles) as universal ancestors of more complex shapes in-
cluded in many different objects. These structures gradually
become more object or class-specific as they are combined
into more complex parts. However, probabilistic analysis
shows that the probability of two different objects sharing
an ancestor is close to 0. Therefore, we posit that this in-
tuitive hierarchical relationship exists only within the same
object. We provide the related theorem and assume that the
number of common ancestor parts between two objects is
N/K, where N is the number of points in the object, k is the
number of points in the part, C'(V, k) represents the number
of combinations of k£ points sampled from N points, and
C(N,1) denotes sampling samples from N combinations
containing k points one of which contains & points. The the-
orem is as follows:

Theorem 1. Let the two object point clouds contain N
points, part point cloud (common ancestor, random point
sampled from object) contains k points, 0 < k < N. Then
the maximum probability that a part sampled from an object

is a common ancestor of the two objects by random point
(N/k)?

sampling is Prpg = TNE)Z"
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Theorem 2. Let the two object point clouds contain N
points, part point cloud (common ancestor, k nearest neigh-
bor point sampled from object) contains £ points, 0 < k <
N. Then the maximum probability that a part sampled from

an object is a common ancestor of the two objects by k near-

est neighbor point sampling is Pxps = %

We also present the probability of common ancestry for
both sampling cases, as shown in Figure 3, where the Prpg
is 1.0624e 7% and the P pg probability is 0.0039 for k =
16. This means that the probability of different objects oc-
curring during training is almost 0. Consequently, in the
hyperbolic manifold, intrinsic hierarchical relationships are
generally meaningful only within the same whole-part struc-
ture rather than across different objects.

After the above analysis, we propose to investigate a part-
whole hierarchy within an object. Formally, given a whole
point cloud P = {p1, pa, ..., pn }. We sample a part by set-
ting P; = {p1,p2,...,0i }, where 0 < i < N is the subset of
P. In a hyperbolic manifold, when ¢ is smaller, the embed-
ded part is closer to the center.

Hierarchical Contrastive Learning

In the Poincaré disk model, the projected position of a point
cloud is determined by the number of points it contains.
Generally, point clouds with a higher number of points are
situated closer to the boundary of the disk, while those with
fewer points are closer to the center.

Suppose we have an object P containing /N points, and
its part P; containing M points, where M < N. According
to the Poincaré disk model, the hierarchy of a point cloud
can be represented by its position in hyperbolic space. For
point clouds P and FP;, we can use the following formula
to describe their position in a hyperbolic space with radius
r = 1. Location of the object point cloud P:

rp = dpn (0, N/(N +1)). (10)
Location of the part point cloud P;:
rp, = dpn (0, M/(N +1)). (11)

In this case, 7p is close to the boundary and rp, is close
to the center. N + 1 guarantees that r < 1.

Therefore, projecting the object and its part embeddings
learned through the encoder network and Exponential map-
ping f3 onto the Poincaré disk requires adhering to the ra-
dius constraint. This measure is crucial for preserving the
hierarchy in hyperbolic space. We propose the theorem of
Distance-Preserving to formalize this distance constraint.

Theorem 3 (Distance-Preserving) Let the object point
cloud P contain N points, part point cloud P; contains
M points, and P; C P. Then, dpn(fn(P), frn(F;))

Therefore, we can derive the hierarchical relationship be-
tween the part and the object and use it to construct the hier-
archical loss.

Ln(P,P;) = |dpr (fr(P), fn(Pi)) — (rp —rp,)|, (12)
where 0 < 7 < N. Figure 4 (right) illustrates an approx-
imate representation of Lj. This diagram visually demon-

strates the hierarchical structure and spatial relationships be-
tween whole-part in the Poincaré disk model.




To increase the discrimination of different objects, we
need to position them in distinct directions. Therefore, we
propose a new contrastive loss to enhance the model’s rep-
resentation performance as follows:

L(:(‘PiJrvP;) = ‘dDg (ffL(Pi+)v.f}1,(Pi7)) - (TP7,+ + TP:)‘7 (13)

where 0 < 7 < N. An approximate diagram of L. is shown
in Figure 4 (left). Pﬁ, P~ sample from different objects.

Since only one part of the object is sampled for each train-
ing, ultimately, the complete regularization loss in hyper-
bolic space can be written as:

HLoss = Ly + L. (14)

The hyperbolic manifold aids in exploring the hierarchi-
cal relationships within the point cloud, but has limitations
in extracting discriminative features between classes. To ad-
dress this issue, we combine contrastive learning (Chen et al.
2021) on a hyperspherical manifold to capture unique infor-
mation across categories. Recognizing that existing augmen-
tation methods can disrupt topological consistency, we intro-
duce a novel Topological Consistency Augmentation (TCA)
method. TCA generate positive samples maintain topolog-
ical consistent topological and geometric diversity, allow-
ing the model to learn more robust and discriminative point
cloud representations.

Topological Consistency Augmentation

TCA aims to preserve the topological structure of the origi-
nal point cloud by homeomorphic mapping and perturb the
local structure using a Sine function to simulate the distor-
tion and deformation of objects in the real world, thereby
expanding the geometric diversity of point clouds. Figure 5
illustrates how TCA augments the point clouds.

Homeomorphic mapping (Derrick 1973) is an important
mathematical tool used to describe the equivalence rela-
tions between topological spaces. It keeps the proximity of
points in space unchanged and makes topological Spaces
have the same topological properties. These properties make
homeomorphic mapping widely used in topology, geometry,
physics and other fields.

Definition 1. (Homeomorphic Mapping) Given two
topological spaces X,Y, and given a mapping f : X—Y.
f is a homeomorphic mapping of two spaces when it is sat-
isfied that f is a bijection and f and f~! are continuous,
denoted as X =Y.

Definition 2. (Local Homeomorphic Mapping) Let f :
X—Y is a mapping between two topological spaces X and
Y. If for every point z in X, exists a neighborhood U of z
such that f(U) is an open set in X and fy : U—f(U) is
a homeomorphic mapping, then f is a local homeomorphic
mapping.

Homeomorphic and Local Homeomorphic Mapping have
similar mathematical properties, both of which require the
mapping and its inverse mapping to be continuous and main-
tain the topological structure of the space(Armstrong 2013).

Proposition 1. (Topological consistency) If f is a home-
omorphic mapping from X to Y, then X and Y have the
same topological properties.
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Figure 5: An overview of our TCA. We use TCA to get the
augmented point cloud. TCA can be adapted for a variety of
tasks due to label consistency and topological consistency.

Proposition 2. (Reflexivity, symmetry, and transitivity)
The homeomorphism relation is an equivalence relation, and
therefore it has reflexivity (any topological space is homeo-
morphism to itself), symmetry (if X=2Y, then Y= X), and
transitivity (if Y27, then X=27).

We have chosen to use the Sine function as our mapping
method to more accurately simulate the distortion and de-
formation of an object’s surface in the real world. The Sine
function’s inherent periodic nature allows us to adjust the
number of regions that are deformed.

Theorem 4. (Homeomorphic Mapping Based on Sine
Function) Given two topological spaces X, Y, and given a
mapping [ : X—=Y = X + Asin(wX + ), if —1<Aw<],
then f is a homeomorphic mapping, else f is a local home-
omorphic mapping.

Since f is a homeomorphic mapping, we can use it to
augment the point cloud and ensure topological consistency.
Given a set of points P = {p1,p2, ..., pn }, where N repre-
sents the number of points in the Euclidean space (z,y, z).
SinPoint applies homeomorphic mapping and the resulting
augmented point cloud P is given as follows:

P’ = P+ Asin(wP + ¢), (15)

where Asin(wP+ ) is displacement field of P. We need to
adjust A and w to produce more diverse point clouds. In this
paper, we set A ~ U(—a,a) and w ~ U(—w, w) to obey
the uniform distribution, which can produce more samples
conforming to the laws of the real world and make the dis-
tribution of samples more uniform.

Similarity Contrastive Learning

Contrastive learning is to learn effective feature representa-
tions by comparing different samples. When implementing
contrastive learning between positive and negative sample
pairs, we typically aim to minimize the differences between
positive pairs (making them more similar) while maximizing
the differences between negative pairs (making them more
dissimilar). The triplet loss (Weinberger and Saul 2009) en-
courages the model to learn representations where the dis-
tance dgn (Q;, Q;) between an anchor (); and its positive
sample Q; is less than the distance dgn(Q;, Q;) between
the anchor @); and its negative sample n by a certain margin
0. Mathematically, this can be expressed as:

SLoss = ma (0, ds»(Qs, Q) — ds»(Qi, Q;) +3) , (16)



where S Loss represents the triplet loss, dg» (-, -) denotes the
cosine similarity, and ¢ is the pre-set margin, ensuring that
the similarity between positive sample pairs is significantly
higher than that between negative sample pairs.

We employed topological consistency augmentation
method to generate positive samples with topological con-
sistency, which exhibit sufficient geometric diversity. This
diversity ensures that the model can effectively capture the
geometric information of different category data, thereby
optimizing data representation and significantly enhancing
the model’s generalization ability.

Loss Functions
The DMR is included in the final loss in this way:

Loss = Lgyperviseda + a@SLoss + BH Loss, a7

where Lgypervised 15 a supervised loss in various tasks (e.g.,
cross-entropy in classfication), SLoss and H Loss are de-
rived from dual manifold regularization.

Experiments

We present experimental results of our method for ob-
ject point cloud analysis, including object classification
and shape part segmentation. Our evaluations utilize three
datasets: ModelNet40 (Wu et al. 2015), ScanObjectNN (Uy
et al. 2019), and ShapeNetPart (Yi et al. 2016) to demon-
strate our DMR effectiveness. More additional ablation ex-
periments and code are in the supplementary materials.

Classification on ModelNet40

ModelNet40 (Wu et al. 2015) is a commonly used point
cloud classification dataset, which has 40 object categories
containing 9843 training models and 2468 test models. We
use pointnet++ (Qi et al. 2017b), DGCNN (Wang et al.
2019), and PointMLP (Ma et al. 2022) as the backbone. The
class mean accuracy (mAcc) and the overall accuracy (OA)
were used to measure the performance of the model.

Comparisons with SOTA models. We report well-
known and state-of-the-art supervised models (Qi et al.
2017b; Wu, Qi, and Fuxin 2019; Thomas et al. 2019; Wang
et al. 2019; Guo et al. 2021; Qiu, Anwar, and Barnes 2021;
Xu et al. 2021; Zhao et al. 2021; Qian et al. 2022; Xiang
et al. 2021; Ma et al. 2022; Ran, Liu, and Wang 2022; Yao
et al. 2023; Montanaro, Valsesia, and Magli 2022). The ex-
perimental results are summarized in Table 1. Our DMR
achieves an Overall Accuracy (OA) of 94.6%, surpassing
the SOTA model HGNet’s 94.5% without a voting strategy.
With the voting strategy incorporated, our method achieves
a higher OA of 94.8%, demonstrating significant improve-
ment over the baseline network PointMLP by more than
0.7%, without increasing parameters. This establishes our
method as achieving new SOTA performance on Model-
Net40.

Ablation study of modules. The results shown in Table
2 reveal that hyperspherical regularization alone yields per-
formance comparable to HyCoRe (Montanaro, Valsesia, and
Magli 2022). However, when using only hyperbolic regu-
larization, our method significantly outperforms HyCoRe.
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Method | mAcc  OA | Training
PointNet++ - 90.7 | supervised
PointCNN 88.1  92.5 | supervised
PointConv - 92.5 | supervised
KPConv - 92.9 | supervised
DGCNN 90.2 929 | supervised
PCT - 93.2 | supervised
DeepGCN 90.9  93.6 | supervised
GBNet 91.0 93.8 | supervised
GDANet - 93.8 | supervised
Point Trans. 90.6  93.7 | supervised
PointNeXt-S 90.9  93.7 | supervised
CurveNet - 93.8 | supervised
PointMLP 91.3  94.1 | supervised
RepSurf-U 91.4 944 | supervised
HGNet 91.9  94.5 | supervised
PointMLP supervised
+HyCoRe oL 943 +regularized
PointMLP supervised
+DMR (Ours) 91.9  94.6 +regularized
PointMLP supervised
+DMR* (Ours) 920 948 +regularized

Table 1: 3D shape classification on ModelNet40

Method | mAcc OA
DGCNN 90.2 92.2
DGCNN+HyCoRe 91.0 (+0.8) 93.7 (+1.5)
DGCNN+SLoss (Ours) | 91.8 (+1.6) 93.7 (+1.5)
DGCNN+HLoss (Ours) | 91.1 (+0.9) 94.0 (+1.8)
DGCNN+DMR (Ours) | 91.9 (+1.7) 94.3 (+2.1)

Table 2: Ablation study of modules using DGCNN

Moreover, combining both hyperbolic and hyperspherical
regularization further enhances the model’s performance.
This indicates that in the point cloud representation learn-
ing, dual manifold regularization is more effective than us-
ing single-manifold regularization.

Comparisons with Various Baselines. We validated the
performance of our method across various classic mod-
els (Qi et al. 2017b; Wang et al. 2019; Ma et al. 2022)
and compared it with different approaches, including the
regularization method HyCoRe (Montanaro, Valsesia, and
Magli 2022) and the attention-based method GAM (Hu
et al. 2023a), as shown in Table 3. The experimental results
demonstrate that our method consistently improves perfor-
mance across different backbone networks without intro-
ducing any additional parameters. Specifically, we improved
the classification performance of the DGCNN model on
ModelNet40 to 94.3%, surpassing PointMLP’s 94.1%. Even
with the larger parameter PointMLP model, our method still
achieved a 0.5% performance boost. This demonstrates that
the proposed method leverages novel ideas, complementary
to what is exploited by existing architectures, and it is thus
able to boost the performance even of state-of-the-art meth-



Method | mAcc  OA | Training
DGCNN 90.2  92.2 | supervised
DGCNN+HyCoRe 91.0 93.7 | +Regularized
DGCNN+GAM 90.5 93.3 | +Module
DGCNN+DMR 919 94.3 | +Regularized
DGCNN+DMR* 92.2 944 | +Regularized
PointNet++ 89.1  90.5 | supervised
PointNet++ +HyCoRe | 90.3  91.1 | +Regularized
PointNet++ +GAM 91.5 92.8 | +Module
PointNet++ +DMR 91.2 93.8 | +Regularized
PointNet++ +DMR* 91.5 94.1 | +Regularized
PointMLP 913 94.1 | supervised
PointMLP+HyCoRe 91.7 94.3 | +Regularized
PointMLP+GAM 91.5 942 | +Module
PointMLP+DMR 919 94.6 | +Regularized
PointMLP+DMR* 92.0 94.8 | +Regularized

Table 3: Comparisons with Various Baselines and Training

Method | mAcc  OA | Training
PointNet++ 754  77.9 | supervised
DGCNN 73.6  78.1 | supervised
PointCNN 75.1  78.5 | supervised
GBNet 77.8  80.5 | supervised
MVTN - 82.8 | supervised
RepSurf-U 81.3  84.3 | supervised
PointMLP 83.9 854 | supervised
PointNorm 85.6  86.8 | supervised
PointNeXt-S 85.8  87.7 | supervised
PointMetaBase-S | 86.9  88.2 | supervised
SPoTr 86.8  88.6 | supervised
PointVector 86.8  88.6 | supervised
HGNet 87.5 89.2 | supervised
KPNeXt-L 88.1  89.3 | supervised
DeLA 89.3  90.4 | supervised
X-3D (DeLA) 89.9  90.7 | supervised
PointMLP supervised
+HyCoRe 859 872 +regularized
PointMLP supervised
+DMR (Ours) 89.0 895 +regularized
PointMLP supervised
+DMR#* (Ours) 89.8  90.2 +regularized
DeLA supervised
+DMR (Ours) 2.0 90.7 +regularized

Table 4: 3D shape classification on ScanObjectNN

ods. It is also remarkable that an older, yet still popular, ar-
chitecture like DGCNN and PointNet++ is able to outper-
form complex and sophisticated models such as the PCT,
PointMLP and PointNeXt, when regularized by DMR.

Classification on ScanObjectNN

ScanObjectNN (Uy et al. 2019) is a real-world scan dataset
that contains 15,000 truly scanned objects, grouped into 15
classes, with 2,902 unique object instances. ScanObjectNN
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Method | Cls. mIoU  Ins. mIoU
PointNet++ 81.9 85.1
DGCNN 80.9 85.1
KPConv 85.1 86.4
PointTransformer 83.7 86.6
PointMLP 84.6 86.1
StratifiedFormer 85.1 86.6
PointNeXt-S 84.6 86.7
PointMetaBase-S 84.4 86.7
X-3D (PointMetaBase-S) 85.1 87.0
PointMetaBase-S+DMR 85.3 87.1

Table 5: 3D Part segmentation on ShapeNetPart

presents significant challenges to existing point cloud anal-
ysis methods due to occlusion and noise.

Table 4 shows that our DMR achieves state-of-the-art per-
formance in both mAcc and OA on ScanObjectNN (Uy et al.
2019). It has reached 90.7% in OA and 90.0%. Meanwhile,
DMR is 4.8% higher than pointMLP (Ma et al. 2022) in
OA after voting, which also achieves a level comparable to
SOTA methods (Qi et al. 2017b; Wang et al. 2019; Li et al.
2018; Qiu, Anwar, and Barnes 2021; Ran, Liu, and Wang
2022; Ma et al. 2022; Zheng et al. 2023; Qian et al. 2022;
Lin et al. 2023; Park et al. 2023; Yao et al. 2023; Thomas
et al. 2024; Chen et al. 2023; Sun et al. 2024). It is worth not-
ing that DMR far surpasses HyCoRe to reach 3.0%, which
also further verifies that our method is theoretically correct.

Shape Part Segmentation on ShapeNetPart

We further validate our DMR on the ShapeNetPart (Yi
et al. 2016) dataset for the 3D shape part segmentation. The
dataset collects 16,881 shape models across 16 categories.
Most objects in the dataset are labeled with fewer than 6
parts and contain 50 different parts. We replace baseline
with PointMetaBase-S (Lin et al. 2023) to test the generality
of our method. Table 5 summarizes DMR has achieved the
best performance with 87.1% Ins. mIoU, an increase of 0.4%
over PointMetaBase-S (Lin et al. 2023) and SOTA methods
(Wang et al. 2019; Qi et al. 2017a,b; Thomas et al. 2019;
Zhao et al. 2021; Ma et al. 2022; Lai et al. 2022; Qian et al.
2022; Lin et al. 2023; Sun et al. 2024). The segmentation ex-
periment also proves the effectiveness of introducing DMR
into the shape segmentation task of point cloud.

Conclusion

In this paper, we propose a novel dual manifold regulariza-
tion (DMR) method to enhance point cloud analysis. This
approach leverages the hyperbolic manifold to learn hier-
archical relationships within point clouds and utilizes the
hyperspherical manifold to learn more discriminative fea-
tures between different categories. Extensive experimental
results demonstrate that this method enables the learning
of more robust point cloud representations and significantly
improves model generalization performance. This method
is highly significant for advancing point cloud analysis and
provides new directions for future research.
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