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Abstract

Symbolic Regression of Integer Sequences (SRIS) aims to
discover precise mathematical formulas from integer se-
quences. The neural machine translation-based method of
SRIS trains the model using randomly generated data, and
directly utilizes the trained model for inference on target se-
quences. However, the method often fails to effectively gen-
eralize to the target sequence, since the randomly generated
data can not adequately cover the distributions of target data,
i.e., there are distribution differences between them. In this
work, we propose a progressive self-learning (PSL) method
to explicitly capture sequence-formula distributions of the
target domain. Specifically, a source domain dataset is gen-
erated by incorporating initial terms of the target domain to
reduce the sequence distribution gap between the source do-
main and the target domain. Meanwhile, a self-learning loop
strategy is adopted to improve the ability of the model to cap-
ture the sequence-formula distribution of the target domain.
In this strategy, a neural machine translation model is used to
learn the mappings from sequences to formulas in an end-to-
end fashion. Then, this model is employed to explore candi-
date formulas of the target sequence using beam search. After
verifying these candidate formula correctness, some of them
are retained as training data for the next learning. Experimen-
tal results on OEIS datasets demonstrate that the proposed
method surpasses current state-of-the-art methods in accu-
racy, and also discovers new formulas.

Introduction

Symbolic Regression of Integer Sequences (SRIS) aims to
discover precise mathematical formulas from integer se-
quences by generating symbolic expressions. Compared
with the method of using approximate nonsymbolic expres-
sions (Lu et al. 2021), the SRIS task needs to produce ex-
plicit formulas, which provide strong interpretability. Cur-
rently, a larger number of integer sequence formulas have yet
to be discovered, such as the prime sequence and the busy
beaver sequence. Exploring these patterns advances math-
ematics and science. For example, studying the patterns of
prime sequences not only helps solve mathematical prob-
lems such as Goldbach’s conjecture (Wang 2022) and twin
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Figure 1: The process of formula verification. The correct-
ness of F* is checked by comparing S* and S* term by term.

prime conjectures (Wang 2022), but also serves modern sci-
entific and technological fields, such as cryptography and
data compression. We can see, it is of far-reaching signifi-
cance to the study of SRIS.

The neural machine translation-based methods (Lample
and Charton 2020; Biggio et al. 2021; d’Ascoli et al. 2022)
exhibit great potential for SRIS. These methods train a trans-
lation model of transformer on randomly generated data, and
directly utilize the model for inference on target sequences.
However, the model struggles to generalize to the target se-
quences, since the generated data can not adequately cover
the distributions of target data, i.e., there are distribution dif-
ferences between them. For example, the model cannot dis-
cover the formula of sequence A214993,i.e., [11, 121, 1341,
14871,...], in OEIS (Sloane et al. 2018), while this formula is
a simple linear recurrence a,, = 12a,,—1 — 10a,—2 — @y, _3.
Relying solely on source domain data may not be a promis-
ing approach. How to use both generated source data and tar-
get sequences to discover the formulas of target sequences
is a significant problem, known as the Domain Adaptation
on Symbolic Regression of Integer Sequences (DASRIS).
However, this problem has barely been explored before.

Previous domain adaptation works (Yang et al. 2021;
Chang et al. 2021; Karouzos, Paraskevopoulos, and Potami-
anos 2021) have been applied mainly in the fields of com-
puter vision, focusing on aligning the data distribution of
the source domain and the target domain. These domain
adaptation methods have the same category space between
the source domain and the target domain. Aligning the dis-
tributions of the source and target domains allows accu-
rate semantic representations of target domain samples. In



the SRIS task, the formula space consists of various sym-
bols. The flexible combination of symbols results in a wide
range of formulas, which complicates the identification of
the same formula space between the source and the target
domains. Without a shared formula space, aligning data dis-
tributions between the source and target domains alone is
insufficient for the DASRIS task.

Different from the image classification task, there is a
close connection between the formula generated by the SRIS
model and the input sequence. Deducing the input sequence
with the generated formula can verify its correctness, as de-
picted in Figure 1. The correct formula can provide effective
supervision information for the target domain, allowing the
model to learn realistic distributions of the target domain.

Based on the above analysis, we propose a progressive
self-learning (PSL) method to directly capture the sequence-
formula distribution of the target domain for DASRIS.
Specifically, instead of randomly generating source domain
data, the proposed method involves creating a source do-
main data that includes initial terms from target sequences
to narrow the sequence distribution gap between the source
domain and target domains. Moreover, a self-learning loop
strategy is adopted to enhance the ability of the model to
learn the sequence-formula distribution of the target domain.
In this strategy, a neural machine translation model is used to
learn the mappings from sequences to formulas in an end-to-
end fashion. Then, this model uses beam search to explore
candidate formulas of the target sequence, which are veri-
fied their correctness by checking the deduced sequences.
The verified formula with the fewest operators or the low-
est recurrence degree will be retained as training data for the
next learning.

The proposed method achieves state-of-the-art perfor-
mance on the OEIS easy dataset, proving the effectiveness
of the method. In addition, a total of about 12k formulas
on OEIS are discovered, including some new formulas that
have not been discovered before. We hope that these new
formulas are helpful for the integer sequences research.

Our main contributions can be summarized as follows.

* To the best of our knowledge, we are the first to explore
integer sequences symbolic regression from the view of
domain adaptation.

* We propose a progressive self-learning algorithm to au-
tomatically discover recurrence formulas for target se-
quences from domain adaptation on integer sequence
symbolic regression.

* The proposed method achieves state-of-the-art perfor-

mance on both OEIS Easy25 and OEIS Easy35, and also
discovers some new formulas.

Related Work
Symbolic Regression

Traditional methods of symbolic regression are based on
genetic programming (Koza 1994; Schmidt and Lipson
2009), which iteratively evolve a population of candidate
symbolic expressions through mutation and recombination.
Some studies (Martius and Lampert 2016; Petersen et al.
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2020) leverage deep neural networks to handle the com-
binatorial challenge of symbolic regression. For example,
Martius and Lampert (2016) use elementary functions (e.g.
sin, log, etc.) instead of activation functions in a fully con-
nected neural network to automatically explore formula ex-
pressions. These methods optimize the expression to ap-
proximate the input dataset using reinforcement learning.
These methods need to evolve from scratch for new input
data, which reduces the efficiency of expression discovery
to a certain extent.

Recently, neural machine translation-based methods
(Valipour et al. 2021; Biggio et al. 2021; d’Ascoli et al.
2022) train a translation model of transformer on randomly
generated data, and directly utilize the trained model for in-
ference on target sequences without evolving. More recently,
Gauthier, OIsdk, and Urban (2023) employ a neural machine
translation model to learn mappings from sequences to pro-
grams, and propose a self-learning method to synthesize new
programs. For symbolic regression on integer sequences,
d’Ascoli et al. (2022) train a translation-based model on ran-
domly generated data, and utilize the model to learn formu-
las for target sequences. However, the model’s ability to gen-
eralize is limited, since the generated data fail to sufficiently
cover the distributions of target data. In this work, we pro-
pose a progressive self-learning method to capture the target
sequence-formula distribution.

Domain Adaptation

Domain adaptation aims to transfer generalization knowl-
edge from the source domain to the target domain, which has
various applications in computer vision (Yang et al. 2021;
Karouzos, Paraskevopoulos, and Potamianos 2021). Current
methods can be roughly divided into two types: distance-
metric-based methods (Sohn et al. 2019) and adversarial
learning-based methods (Xu et al. 2020). Distance-metric-
based methods learn feature transformations by minimizing
the distribution difference between the source domain and
the target domain to achieve distribution alignment. Typi-
cal measures of distribution differences include Maximum
Mean Discrepancy (Chang et al. 2021) and Wasserstein dis-
tance (Shen et al. 2018). Adversarial learning-based meth-
ods (Ganin and Lempitsky 2015; Long et al. 2018) reduce
the distribution difference between the source and target do-
mains through adversarial training, enabling a feature ex-
tractor to develop domain-independent representations.

Although current methods of domain adaptation are ef-
fective in the image domain, they struggle with the DAS-
RIS task, because the huge differences of formula space be-
tween the source domain and the target domain prevent the
transfer of knowledge from the source domain to the tar-
get domain. Instead of transferring knowledge, we propose
a self-learning method to capture the sequence-formula dis-
tribution of the target domain.

Preliminary
Problem Definition

An integer sequence is a set of ordered integers, namely
S = {a;}]_,, where S represents an integer sequence, a;
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(ITTD). (b) Self-learning Loop which consists model learning and target data generation. The green line represents the source
domain data, and the red line represents the target domain data.

represents the ¢-th term, and n is the number of terms. The
goal is to adapt a formula generator trained on source labeled
data {(S$,F?)}=, to unlabeled target domain {S!} .
where S; and F;? respectively represent the i-th sequence
of source domain and its corresponding formula, and S
represents the i-th sequence of target domain. n, and ny
represent the number of sequences in the source domain
and the target domain, respectively. If a function F' satisfies
a; = F(i,a;-1,...,a;—q) (d < i < n,d > 0), the function
is a formula of S.

Unlike most symbolic regressions that use general formu-
las, we use recurrence formulas to express sequence rule.
Recurrence formulas provide a more general framework for
detailing the relationships among sequence terms. Addi-
tionally, some sequences may possess a recurrence formula
without having a general formula. The recurrence degree is
defined as the depth of the recurrence formula F', repre-
sented by the symbol d. For example, a recurrence degree
of 2 means that a,, relies on both a,,_1 and a,,—_>. When d =
0, F' represents a non-recurrence general formula.

Neural Machine Translation-based Method

Inspired by (Lample and Charton 2020; d’Ascoli et al.
2022), the sequence is considered as the source language
and the formula is considered as the target language, and the
translation model becomes a formula generator.
Tokenization. Different from language translation tasks,
the integer term of the sequence is usually large, such as
10006556950807. If each term is coded directly by its inte-
ger value, the vocabulary of encoding term would be huge.
For instance, if 1 ~ 1000 need to be encoded, the size of vo-
cabulary is 1000. To this end, we adopt a m-base encoding
method. In this method, the integer is converted into m-base
to obtain multiple digit symbols, each of which are encoded
separately. For example, for a,, = 325, when the base is set
to 10, i.e., m = 10, the encoding is {+, 3, 2, 5}. To represent
the 1 ~ 1000, the size of the vocabulary in 10-base encod-
ing method is 10, which is far less than 1000. The m-base
encoding makes integer encoding more efficient and avoids
the problem of huge numerical vocabulary.
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Moreover, the choice of m also needs to be discussed.
For example, when the base is set to 30, the encoding of
325 becomes {10, 25}. The size of the numerical vocabulary
becomes 30, while the token length of 325 is 2. When the
base is set 10, the token length of 325 is 3. Choosing a value
for m requires a trade-off between the input length of the
sequence and the size of the numerical vocabulary.
Training Loss. The training loss is a cross-entropy loss,
which is defined as follows:

1 &K .
L=-—23 > vjlogg

8 =1 j=1

(1)

where n represents the number of symbols in the formula,
and c represents the length of the whole symbol vocabulary,
which includes both numerical symbols and mathematical
symbols. y; is a binary function that equals 1 if the true cat-
egory of symbol ¢ is j, and O otherwise. g]; represents the
probability that symbol ¢ belongs to category j.

Method

In this section, we present the proposed method PSL, de-
signed to explicitly capture the sequence-formula distribu-
tion of target domain for DASRIS. As shown in Figure 2,
the pipeline of our method involves source data construction
and a self-learning loop.

Source Data Construction with ITTD

We use an automatic generation method to construct the
sequence-formula data. The formula is randomly generated
by constructing a binary tree and the generated formula is
used to obtain the corresponding sequence.

Recurrence Formulas Generation. According to (Lample
and Charton 2020; d’Ascoli et al. 2022), the binary tree of
formula generation contains leaf nodes and non-leaf nodes.
The non-leaf nodes are composed of both unary opera-
tors and binary operators. Unary operators include absolute,
square, sign etc. Binary operators include add, sub, multiply
etc. There are three types of leaf nodes: number, current in-
dex n and recurrence term a,,—;,% € [1,d], where d is the



recurrence degree. Specifically, the construction of the bi-
nary tree involves two steps:

1. The number of operator n,, is randomly sampled from [1,
N,], where N, is the maximum value. The recurrence
degree d is sampled from [1, D, ], where D,. is the maxi-
mum value.

2. According to recurrence degree d, the candidate sampled
operators are set and sampling n, operators act as non-
leaf nodes. The leaf nodes are evenly sampled from the
above three types.

A preordered walk through this binary tree give us a formula
expression.

Integer Sequence Generation. A recurrence formula can
generate infinite sequences by changing the initial terms.
However, there is a large deviation between the sequence
generated by randomly selecting the initial terms from a
fixed interval and the target sequence. To alleviate this prob-
lem, we use the Initial Term of Target Domain (ITTD) to
generate the sequence. ITTD is the first d terms of the se-
quence, where d is the recurrence degree of the formula.

To facilitate the selection of initial terms, we con-
struct ITTD sets for different recurrence degrees. For
example, the ITTD set of recurrence degree d = 4 is
{(158, 165,184, 228), (0,4, 16,52), ... }. When generating
a sequence with a formula of the recurrence degree 4,
some initial terms are randomly selected from the above
ITTD set. After obtaining the initial terms, the next [
terms of the sequence can be calculated by the formula,
where [ is uniformly sampled from [l,,,in, lnazl, linin and
lmaz represents minimum length and maximum length, re-
spectively. The total length of the sequence is d + [. As
shown in Figure 2 (a), the sequence {158,165, ..., 314262,
415800} and the prefix expression of the recurrence for-
mula {*, a,,_4,+,4, %, n,a,_2} constitutes a training sam-
ple data in the source domain.

Self-learning Loop

This self-learning process gradually iterates between model
learning and data updates to discover new formulas of target
sequences. The detailed process is shown in Algorithm 1.
Model Learning. Generally speaking, a sequence may cor-
respond to multiple matching formulas. According to Oc-
cam’s razor principle (Domingos 1999), we prioritize sim-
ple formulas. We argue that simple formulas are composed
of fewer operators and a lower recurrence degree. Therefore,
we use the following selection strategies:

» Few-operation Priority. The formula with the fewest op-
erators is selected, and if the counts are equal, the one
with the smaller degree is retained. This strategy encour-
ages the model to generate concise formulas.

* Little-recurrence Priority. The formula with the smallest
degree is selected. When the counts are equal, the one
with fewer operators is chosen. This strategy makes the
model tend to produce a general formula.

If there are multiple formulas with the same number of op-
erators and degree, each selection strategy selects at most
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Algorithm 1: The overview of our PSL.

Input: Target sequence {S! 1} ;.

Output: Formula of target sequence {F} } 1t

i=1-

1: Randomly generating sequences and formulas as source
domain data {(S7, F}?)};=, via binary trees and ITTD.

2: Initialization of training data D := {(S7, F?)}',.
Training formula generator M on D.

4: Using the formula generator M to generate candidate
formulas, and verifying these candidate formulas to
form new data (S?, F});™,.

5: Updating D := (S!, F})7™, .

If iteration completes, goes to next, else go to step 4.

7: Testing formula generator with {S!}7*, to output

W

a

3 formulas. The two selection strategies are simultane-
ously used to pick up formulas for the next training (i.e.,
{(S, FF) Yt my is the number of selecting formulas).

Initially, only source domain data is used to train the
model. Subsequently, both the source domain data and se-
lecting data from target domain (i.e. {(S!, F¥)}*t) are em-
ployed to train the model. To ensure that high-quality recur-
rence formulas are learned, a target domain sequence con-
taining at least D, terms is selected for training, and 1 ~
n, terms are reserved for verifying the correctness of the
generated formula. The relationship between the number of
training sequence terms [*” and the total number of terms in
the sequence l; is given by Eq. (2):

ltr_{ D7’7 lt <D, +n,

min(ly — ny,25), Iy > D, +n,
where [ is less than 25 and n,=10.

Based on the generated data, a neural machine translation-
based model can be trained with the tokenization and train-
ing loss in preliminary section. Then the trained translation-
based model can be considered as a formula generator.
Target Data Generation. The above learned formula gener-
ator attempts to produce formulas for sequences of the target
domain. This process involves candidate formula generation
and formula verification.

Candidate Formula Generation. For all sequences on
target domain {S!}""", the formula generator is utilized to
generate candidate formulas. To obtain diverse formulas, we
use the beam search decoding with width k. Thus the for-
mula generator produces k candidate formulas for each tar-
get sequence, which is denoted as {ﬁ‘f =1, k}.

Formula Verification. As some generated candidate for-
mulas F itﬂ- may not match their corresponding sequences, it
is necessary to verify the correctness of these candidate for-
mulas. For each candidate formula, the predicted terms are
calculated by using initial terms of the formula. If the pre-
dicted terms are equal to the terms of the sequence except
for the initial terms, the candidate formula is considered as
a matching formula for the sequence.

To augment training data, we check our candidate for-
mula with all target domain sequences using a limited form

2
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Figure 3: Sequence tree of target domain.

of hindsight experience replay (Andrychowicz et al. 2017).
These target domain sequences are organized into a tree of
sequence, as shown in Figure 3. Once the predicted sequence
reaches a leaf in the tree or gets a branch that does not exist
in the tree, the verification process stops. If the predicted se-
quence reaches a leaf in the tree, it indicates that the formula
matches the sequence.

Experiments
Datasets and Experimental Setups

Source Domain Data. As mentioned in subsection of recur-
rence formulas generation, ordinary recurrence formulas are
generated according to the following parameters: N, = 10,
D, =12, l,pin = 13, ez = 30. In the construction process
of ordinary recurrence formula, the probability of generating
nonlinear recurrence formulas, e.g., a, = (n + 1)a,—2 —
an—3, is much greater than that of generating linear recur-
rence formulas, e.g., a, = 5a,—1 + 2ap—2 — 3a,—3. In
this case, the random generated ordinary recurrence formu-
las contain extremely few linear recurrence formulas. How-
ever, the linear recurrence formula is a common form in the
target domain. To this end, we also construct linear recur-
rence formulas to improve the model’s ability for identify-
ing them. In the construction process of linear recurrence
formula, the operator list of linear recurrence only contains
{4+, —, *}, and the leaf node does not contain index n.

Target Domain Sequence. The Online Encyclopedia of
Integer Sequences (OEIS) (Sloane et al. 2018) is an online
database with more than 360,000 integer sequences. How-
ever, many OEIS sequences do not have closed-form recur-
sive relationships such as the stops on the New York City
Broadway Line subway (A000053), which naturally leads to
difficulties in discovering formulas for these sequences. For-
tunately, OEIS sequences, labeled as ’easy”’, mean that there
is a logic to find the next terms on most cases. We select
“easy’ sequences with no less than 25 terms as target domain
sequences, obtaining more than 60,000 target sequences.

To ensure fair comparisons with existing works (d’ Ascoli
et al. 2022), we create two test sets with the keyword “easy”:

* OEIS Easy25 is collected from first 10,000 sequences of
OEIS with no less than 25 terms.

* OEIS Easy35 is collected from first 10,000 sequences
with no less than 35 terms.

Implementation Details. Similar to (Lample and Char-
ton 2020), we employ an encoder-decoder transformer-
based architecture (Vaswani et al. 2017) as translation
model. Both encoder and decoder include 6 hidden layers
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with 8 attention heads and 512 embedding dimensions. The
Adam optimizer is utilized with a learning rate from 10~7 to
4 % 10~* in the first 200 steps, and then decaying according
to the reciprocal square root of the number of steps.

During tokenization, we choose 10000-base for integer
sequences encoding to ensure effective representation with-
out excessively enlarging the vocabulary. During inference,
k = 32 candidate formulas are generated for each target
sequence through beam search, and the value of k is deter-
mined experimentally. In our experiments, the total number
of iterations is 50. Since the training data for subsequent
iterations after the first iteration differ in order of magni-
tude, we set different epochs accordingly. For the first it-
eration (Iterl), we train 10 epochs on randomly generated
source data, which contain 25 million ordinary recurrence
sequence-formulas pairs and 25 million linear recurrence
sequence-formulas pairs. For other iterations (Iter2-Iter50),
we train on the target domain data for 100 epochs, with batch
size of 256. The experiments are performed on four Tesla
T4 GPUs with 16G memory, and the time for one iteration
is about 40 minutes.

Evaluation Metric. Since there are no formulas for many
target sequences, or the formulas have multiple expression
forms, it is impossible to directly determine whether the gen-
erated candidate formulas are correct by symbolic compar-
isons. In this paper, the correctness of the candidate formula
is judged by comparing the predicted sequence {é; } and the
ground-truth sequence {a;}. If each term of {a,} is equal to
{a;}, then the candidate formula is considered as a match-
ing formula for the input sequence. For the sequence of the
target domain S?, if there is at least one matching formula
among the generated k£ candidate formulas, it is considered
that the formula of the sequence has been found.

The evaluation metric is calculated with Eq. (3).

3)

N
1 .
acc(ny) = N 2]1(”@%3{% |aij — aiz| = 0),
P

where IV is number of testing sequences, len = n; + np,
n; is the number of sequence terms in the input model, n,,
is the number of terms in the predicted sequence, a;; repre-
sents the j-th term of the i-th sequence in the test set, a;;
represents the j-th term of the predicted sequence of the ¢-th
sequence in the test set.

Experimental Results

Comparative Methods. We compare several advanced
methods, which include Mathematica’s built-in function
FindSequenceFunction (FSF) (d’Ascoli et al. 2022), Find-
LinearRecurrence (FLR) (d’ Ascoli et al. 2022), and the deep
symbolic regression (DSR) method proposed by (d’ Ascoli
et al. 2022). The FSF is used to discover non-recurrence for-
mulas, while the FLR is used to discover linear recurrence
formulas. The DSR only trains the model (i.e., formula gen-
erator) on random generation data, thus it can be considered
as our baseline method. To the best of our knowledge, there
is no relevant work designed for Symbolic Regression of In-
teger Sequences yet.



OEIS Easy?25 (n; = 15)

OEIS Easy35 (n; = 25)

Model | "1 " =10 |mp=1  n,=10
FSF 17.1 12.0 8.1 72
FLR 17.4 14.8 212 19.5
DSR 334 19.2 345 213

PSL (ours) 53.1 274 54.9 29.5

Table 1: Accuracy (%) of different methods on the OEIS Easy25 and OEIS Easy35.

Parameter Ordinary Linear Recurrence | Initial OEIS Easy35 (n; = 25)
group (PG) | recurrence | recurrence degree terms | n, = 1(%) n, =10 (%)
PG1 5 million 0 d=6 RIT 17.2 10.8
PG2 5 million 0 d=6 ITTD 22.7 14.7
PG3 5 million 0 d=12 ITTD 25.8 18.7
PG4 3 million 2 million d=12 ITTD 25.0 19.0
PG5 5 million 2 million d=12 ITTD 25.5 19.5

Table 2: The effect of different hyperparameters on accuracy. RIT: Random Initial Terms. ITTD: Initial Term of Target Domain.

Results. The experimental results on OEIS Easy25 and
OEIS Easy35 are shown in Table 1. It can be observed that
our proposed method PSL achieves the best performance.
Compared with the function-based methods FSF and FLR,
our method obtains over 30% gains under acc(n,=1) and
over 10% gains under acc(np=19) on both OEIS Easy25
and OEIS Easy35. FSF and FLR both employ the func-
tion approximation manner to handle continuous real num-
bers, while they struggle to deal with discrete integers.
The method of function approximation may not be suitable
for symbolic regression of integer sequences. Compared to
DSR, our method achieves about 20% improvements under
acc(np=1) and over 8% improvements under acc(np=19) on
both OEIS Easy25 and OEIS Easy35. DSR only uses ran-
domly generated data and struggles to generalize to the tar-
get sequences. In contrast, our method uses both randomly
generated data and target sequences, and progressively cap-
tures the rule of target sequences via a self-learning manner.
These significant performance improvements show the su-
periority of our method.

Comparing the performance between acc(np—1) and
acc(np=10), the performance of acc(n,=1) is obviously
higher than that of acc(np=10). This is because predicting
10 terms is much harder than predicting one. When com-
paring the performance on OEIS Easy25, both the DSR and
our method perform better on OEIS Easy35. The underlying
meaning is that using longer sequences allows the model to
efficiently capture the rule of sequence. This seems to sug-
gest that it is a good choice for using long sequences to learn
their formulas in practical application.

Experimental Analysis and Discussions

To further explore the impact of different factors, we design
comparative experiments, as shown Table 2. These impact
factors include initial terms (RIT or ITTD), recurrence de-
gree d, data size and data formation. All models are trained
with 10 epochs on 5 million or 7 million sequence-formula
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Figure 4: The number of discovery formulas with the train-
ing iterations on OEIS. #(X) represents the number of X.

pairs, and they are tested under acc(np=1) and acc(ny=10)
evaluation metric on OEIS Easy35.

Effectiveness of ITTD. Compared with PGl, PG2
changes the initial terms with ITTD, obtaining 5.5% and
3.9% improvements under n,, = 1 and n, = 10, respec-
tively. The domain gaps can be reduced with ITTD, which
contribute to learn a suitable model for target domain.

Effect of Recurrence Degree. Comparing PG2 and PG3,
we observe that increasing recurrence degree d in the source
data can obtain accuracy improvements, e.g., 3.1% gains un-
der n, = 1 and 4.0% gains under n,, = 10. Big recurrence
degree helps build more complex sequences and formulas,
which are beneficial for model learning.

Effect of Data Size and Data Formation. Compared
with PG3, PG5 with increasing the number of linear recur-
rence sequences obtains 0.8% improvements under 7,—1o.
Analogously, compared with PG4, PG5 with increasing the
number of ordinary recurrence sequences obtains 0.5% im-
provements under n,—19. Moreover, comparing PG3 and
PG4, the model with more linear recurrence sequences ob-
tains stable sequence predictions. Increasing the amount of
data can slightly improve the ability of the model, and in-
creasing linear recurrence is a good choice for stability.



OEIS | Sequences \ Discovery formulas | Keyword |  Formulas type
A158525 | 38,134,462, 1582, 5406, 18462 | G = 4Gp_1 — 2a4p_9 + 2 | easy | linear recurrence
A026476 | 1,3,4,9,12,23,26,37,40,51 | a, =an—2 + 13+ sign(a,—5) | easy | linear recurrence
AO14642 | 0.8, 40,96, 176, 280, 408, 560 o 6;:2‘?1 /7340 ‘ casy ‘ linear recurrence
A264041 | 1,3,6,10,16,21,29,36,46,55 | a, =n?—a,_1+(n+1)//6 | more | nonlinear recurrence
A273331 | 1,5,17,69,281,1129,4521 | ap =1+ 4% (an_1+ 1%an 3) | more | nonlinear recurrence
A134342* | 0,2,5,9,15,24,38,59,90,137 | an=an—1+ (an—1+4)//2 | hard | nonlinear recurrence
A213685* | 1,3,6,9,12,17,22,28,33,41 | an=(3n—2)//24+ an—s+n | hard | nonlinear recurrence
A157795* | 1,2,4,6,9,12,15,18,22,26,31 | a, =n+ (n*+1—-n%5)//6 | hard | nonlinear recurrence

Table 3: Discovery Formulas. * means the sequence without a known formula in OEIS.

Iterative Analysis. We record the number of discov-
ery formulas on target domain sequences during the self-
learning process. As shown in Figure 4 (a), the model
learned from the source domain discovers over 9500 formu-
las. As training goes on, more formulas are discovered with
culminating over 12k formulas.

As shown in Figure 4 (b), the number of newly discov-
ered formulas decreases as training progresses. This is be-
cause, in the early iterations, most sequence formulas con-
taining relatively simple rules are discovered. Consequently,
subsequent iterations can only discover more complex se-
quence formulas, which are not easily discovered correctly.
The above observations illustrate the strong capability of
the continuous iterative self-learning method in discovering
simple formulas, as well as its potential to uncover complex
ones. This suggests that our method is well-suited for pro-
gressive learning from simple to complex formulas.

Formula Discovery and Analysis

We have found many formulas for OEIS sequences that can-
not be found before. Table 3 shows some sequences and
corresponding discovery formulas, which include labeled
‘easy’ formulas, labeled ‘more’ formulas, labeled ‘hard’
formulas, linear recurrence formulas and nonlinear recur-
rence formulas. In linear recurrence formulas, the proposed
method discovers the formulas for A158525, which has sig-
nificantly varying initial items and discovers the formulas
for A026476 with an uncommon symbol sign(a,_s). Our
method also find different types of formulas for A014642,
which contain both the recurrence formula and the general
formula. In nonlinear recurrence formulas, the symbolic ex-
pressions contain some nonlinear operations such as division
//, modulus %. The formula of A157795 contains both //
and % symbol, and the formula of A27331 contains an unex-
pected symbolic expression 1%a,,—3. These findings high-
light the robustness of our model in formula discovery.
Figure 5 shows the function curve of several discovery
formulas. The 15 front terms of the sequence are input, and
the 15 back terms are predicted. It can be seen that our
model can find formulas for both monotonic sequences, e.g.,
A001351, A024001, and difficult nonmonotonic sequences,
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Figure 5: The function curve of discovery formulas.

e.g., A003893, A003417. In the nonmonotonic sequences
A003417, the first 15 terms and the last 15 terms show the
similar change tends, while the last 15 terms have larger
magnitude changes. In the monotonic sequences A001351
and A024001, although the first 15 terms and the last 15
terms have completely different change tends, our method
can still capture them. These prove the effectiveness of our
method in formulas discovery of both monotonic sequences
and nonmonotonic sequences.

Conclusion

In this paper, we propose a progressive self-learning (PSL)
method to explicitly capture sequence-formula distributions
of the target domain to discover formulas of target se-
quences. The PSL involves a manner of source data con-
struction with ITTD and a self-learning loop strategy. The
construction of the source data aims to narrow the distribu-
tion gap between the source domain and the target domain.
The self-learning loop strategy aims to enhance the model’s
capability by explicitly learning the sequence-formula distri-
bution of the target domain. Experimental results on OEIS
dataset exhibit the proposed method achieves state-of-the-



art performance and also discovers some new formulas. Our
method uses a single model for entire sequences, making
it challenging to capture various formula patterns. In future
work, we will investigate a mixture of expert models to iden-
tify potential formula patterns.
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