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Abstract

Functional decomposition is the process of breaking down a
function f into a composition f = g(fi1,..., fx) of simpler
functions f1, ..., fi belonging to some class F. This funda-
mental notion can be used to model applications arising in a
wide variety of contexts, ranging from machine learning to
formal language theory. In this work, we study functional de-
composition by leveraging on the notion of functional recon-
figuration. In this setting, constraints are imposed not only on
the factor functions fi,..., fx but also on the intermediate
functions arising during the composition process.

We introduce a symbolic framework to address functional
reconfiguration and decomposition problems. In our frame-
work, functions arising during the reconfiguration process are
represented symbolically, using ordered binary decision dia-
grams (OBDDs). The function g used to specify the reconfig-
uration process is represented by a Boolean circuit C'. Finally,
the function class F is represented by a second-order finite
automaton A. Our main result states that functional reconfig-
uration, and hence functional decomposition, can be solved in
fixed-parameter linear time when parameterized by the width
of the input OBDD, by structural parameters associated with
the reconfiguration circuit C, and by the size of the second-
order finite automaton .A.

1 Introduction

Cognition and learning are processes that often occur in a
hierarchical manner, where complex concepts are broken
down into simpler, more manageable ones (Goel and Chan-
drasekaran 1989; Correa et al. 2023; Atzmon et al. 2020;
Wang et al. 2023). In contexts where concepts can be repre-
sented by functions, this hierarchical approach to processing
and understanding information can often be formalized us-
ing an appropriate notion of functional decomposition (Zu-
pan et al. 1997; Bohanec and Zupan 2004; Vykhovanets
2006; Deniziak and Wisniewski 2021).

In this work, we view functional decomposition as the
process of breaking down a Boolean function f into a com-
position g(f1,. .., fx), where f1,..., fi are functions from
a pre-defined class F. The function g specifies how the com-
ponent functions f1, ..., fx combine to form the target func-
tion f, while F is a class of functions that are considered to
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be simpler than the target function f. For instance, 7 may
be a class of functions whose preimage is closed under some
algebraic operation, or a class of functions of bounded com-
plexity with respect to some suitable complexity measure.

Functional decomposition is a fundamental concept
within the realm of artificial intelligence because it pro-
motes modularity, interpretability and explainability. First,
functional decomposition enables the reuse of well-defined
components across distinct Al systems (Sun, Nguyen, and
Mamitsuka 2019; Izza et al. 2020; Srivastava 2023). In
this context one could hope to implement a system with
a given functionality f by combining pre-existing systems
with functionality fi, f2,..., fx. Second, decomposing a
complex function into sub-functions makes the model more
interpretable. Each sub-function can be understood as per-
forming a specific task, or transformation, which provides
insights on how the model arrives at its final computations.
Finally, it helps in explaining the decision-making process
of computational models by breaking down the decision into
simpler, easier to understand steps (Molnar, Casalicchio, and
Bischl 2020; Zupan et al. 1999; Hashemi and Vikalo 2018;
Hiabu, Meyer, and Wright 2023; Laberge et al. 2024).

As a closely related concept, in this work we also con-
sider the notion of functional reconfiguration. In this set-
ting, not only the factor functions fi,..., fx are required
to satisfy some property, but also the sub-functions arising
during the composition process. Intuitively, functional re-
configuration maintains consistency throughout the decom-
position process. This consistency contributes even further
to interpretability and explainability because it ensures that
each part of the model adheres to a uniform structure or set
of principles.

We analyze both functional decomposition and functional
reconfiguration through the lenses of parameterized com-
plexity theory. In our framework, functions are represented
symbolically, using ordered binary decision diagrams (OB-
DDs), a prominent formalism for the symbolic representa-
tion of Boolean functions (Bryant 1992). The reconfigura-
tion process is described using a Boolean circuit C'. Finally,
the function class F is specified using a second-order finite
automaton 4, an automata-theoretic formalism for the rep-
resentation of classes of functions. Our main results state
that functional reconfiguration, and functional decomposi-
tion can be solved in fixed-parameter linear time when pa-



rameterized by the number of factor functions, the width of
the OBDDs representing these functions, the size of the cir-
cuit C' and the size of the second-order automaton A.

1.1 Our Results

For a fixed Boolean circuit C' with k inputs and a fixed class
of functions F, we consider the problem of decomposing
a given Boolean function f : {0,1}" — {0,1} as a C-
combination of functions fi,...,fr : {0,1}" — {0,1}
from F. More specifically, we require that for each = €
{0,1}™, f(z) = Fe(fi(x),..., fx(z)), where F¢ is the
k-bit function computed by C. We say that the sequence
fis--, frisa (C, F)-decomposition of f.

In order for the (C, F)-decomposition problem to make
sense from a computational point of view, we also need to
specify a model for the representation of the input function
f and factor functions f1,..., fx, as well as a model for
the representation of the class of functions F. In our frame-
work, we represent Boolean functions symbolically, using
ordered binary decision diagrams (OBDDs), which are one
of the most prominent formalisms for symbolic computa-
tion (Bryant 1992). An OBDD D is, essentially, an acyclic
deterministic finite automaton where the set of states is
partitioned into a sequence of levels XyX;...X,, and the
set of transitions is partitioned into a sequence of layers
B1B; ... B,, where each layer B; contains only transitions
from states in X;_; to X;. Such an OBDD D represents a
function fp : {0,1}" — {0, 1} where for each z € {0, 1}",
f(x) = 1if and only if D accepts x. At the same time that
OBDDs may provide a much more concise representation of
a Boolean function when compared to representations based
on truth tables or decision trees, OBDDs enjoy a series of al-
gorithmic properties, such as efficient computation of union,
intersection, complementation, etc (Bryant 1992).

An important complexity measure in the context of sym-
bolic computation is the width of an OBDD, that is to say,
the maximum number of states in one of its levels (Bol-
lig 2014, 2012; Hachtel and Somenzi 1993; Woelfel 2006;
Sawitzki 2004). For each fixed p € N, an OBDD of width

at most p can be encoded as a word over the alphabet B (p)
of all layers of width at most p. This allows one to define
classes of Boolean functions using automata theoretic for-

malisms. More specifically, a finite automaton A over B(p)
defines the class F(A) = {fp : D € L(A)} of all func-
tions computed by OBDDs accepted by A. A crucial fea-
ture of this approach is the fact that, as shown in (de Melo
and de Oliveira Oliveira 2022), second-order finite automata
can be canonized with respect to the class of functions it
represents, and classes of functions represented by second-
order automata are closed under usual Boolean operations,
as well as several other higher-order operations (de Melo and
de Oliveira Oliveira 2022).

In this work, we show that the (C, F(.A))-decomposition
problem can be solved in fixed-parameter tractable linear
time when parameterized by the number k of factor func-
tions, the width p of the OBDDs representing the factor
functions f1, ..., fx, the number m of gates in the circuit C,
and the size |.A| of the second-order finite automaton repre-
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senting the class F.

Problem name: FUNCTIONALDECOMPOSITION
Given: Numbers k£, p,m € N, an OBDD D, a Boolean
circuit C' with k inputs agd m gates, and a second-order
finite automaton A over B(p).
Parameters: k, p, m, |Al.
Question: Are there OBDDs Dy, ..
width at most p such that fp = Fo(fp,,...

Dy € ]:(.A) of
7fD)€)?

Our main result (Theorem 10) states that FUNCTION-

ALDECOMPOSITION can be solved in time

2po(2’”> ) ‘.A|k . |D|
where |D| is the size of the input OBDD representing the
function to be decomposed. We note that when the parame-
ters k, p, m, |A| are fixed, our algorithm works in linear time
on the size of the input OBDD D.

Let us give a brief motivation for our parameterization.
First, we note that if an OBDD of length n has width p
then the number of bits necessary to specify the OBDD is
O(p - n). In usual decomposition problems, the parameter
k is often set to 2, since the goal in this case is to factorize
a given mathematical object into two simpler mathematical
objects. Any Boolean function on % inputs can be computed
by a Boolean circuit with at most O(2* /k) gates. Therefore
the parameter m is upper bounded by a function of k. Nev-
ertheless, it is also reasonable to have the size of the circuit
as a parameter because this size can be much smaller than
the trivial upper bound. For instance, the AND function on
k bits can be computed by a circuit with £ — 1 gates (of fan-
in 2). Finally, many interesting classes of functions, can be
represented by second-order finite automata of constant size
(Kuske 2021; de Melo and de Oliveira Oliveira 2022).

We prove our main result within the framework of func-
tional reconfiguration. More specifically, we introduce the
notion of reconfiguration width of a circuit C' with re-
spect to input functions fi, ..., fr (Definition 7), a com-
plexity measure that may be of independent interest. Intu-
itively, this measure captures the maximum complexity of
a function arising during the process of reconfiguring the
input functions fi,..., fi into the output function f =
Fo(f1,..., fr) according to the specification provided by
circuit C. In Section 4, we introduce the problem FUNC-
TIONALRECONFIGURATION, a reconfiguration variant of
FUNCTIONALDECOMPOSITION where the reconfiguration
width is requested to be below a threshold w. We show that
this problem can be solved in time 20(m-w* logw) , |Al¥-| D]
(Theorem 8). Our main result follows by combining Theo-
rem 8 with an upper bound on the reconfiguration width in
terms of the width of the factor functions and of the size of
the circuit (Lemma 9).

2 Preliminaries
2.1 Basics

We let N = {0,1,...} be the set of narural numbers, and
N, = N\ {0} be the set of positive natural numbers.



For each n € N we set [n] = {1,2,...,n}. Accord-
ing to this notation, [0] = (. For each w € N, we let
[w] ={0,1,...,w—1}.

An alphabet is any finite, non-empty set 3. A string over
Y is a finite sequence of symbols from >. We let X* be the
set of all strings over X, including the empty string A, and
let 1 = 3* \ {\} be the set of non-empty strings over 3.
A language over % is any subset L C ¥*. Foreach k € N,
we let X be the set of all strings of length k over X.

2.2 «-Regular Languages

The proofs of our results heavily rely on techniques from au-
tomata theory. For this reason, we briefly recall some basic
concepts about finite automata and regular languages.

A finite automaton is a tuple A = (X,Q, I, F, A) where
3. is an alphabet, @ is a finite set of states, I C @ is a set
of initial states, F C @ is a set of final states, and A C
Q x ¥ x @ is a set of transitions. A string x € X" is said to
be accepted by A if there is a sequence

(QO,£C1, Ch)((h, T2, Q2) e (anhx'rw(Jn)

such that g9 € I, g, € F, and for each i € [n], (¢i—1, %4, )
is a transition in A. The language of A is defined as the set

L(A) = {z | z is accepted by A}

of all strings accepted by .A. We note that finite automata
considered in this work may be non-deterministic, meaning
that for some state ¢ and some symbol a € X, we may have
two states ¢’ and ¢” such that (¢, a,q’) and (q,a,q”) are
transitions in A.

Definition 1. Let o« € Nand L C ¥*. We say that L is a-
regular if there is a finite automaton A over ¥ with at most
« states such that L(A) = L.

In the product construction for finite automata, two au-
tomata A and A’ are combined into a single automaton
A x A’ whose states are pairs of states (g, ¢’) from A and
A’, respectively, with transitions defined such that (g, ¢’) Z
(r,7') if and only if ¢ % rin A and ¢/ % ' in A’. Initial
(final) states are pairs of initial (final) states of the respective
automata. It can be shown that L(A x A’) = L(A)NL(A")
(Hopcroft 1971). The following observation is a direct con-
sequence of this construction.

Observation 2. Let L be an a-regular language, and L' be
an o -regular language. Then LN L is (o - o')-regular.

2.3 Boolean Circuits

We view a Boolean circuit with input variables {1, ...,z }
as a sequence C' = (g1, 92, .., 9gm) of gates satisfying the
following conditions:

1. Each gate g; is of one of the following types:
(a) avariable in the set {z1, ...,z };
(b) aNOT gate g; = NOT(g;) for some j < i;
(c) an AND gate g; = AND(g;, ¢;) for some 7,1 < ;
(d) an OR gate g; = OR(g;, g;) for some j,1 < 1.
2. For each i € [k], there is exactly one j € [m] such that
9 = Ti-
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3. gm is the only gate that is an output gate, i.e., a gate that
is not an input to any other gate.

Given a Boolean circuit C = (g1,92,...,9m) and an
index i € [m], we let F,, : {0,1}* — {0,1} denote
the Boolean function computed at gate g;. We may write
F¢ to denote the Boolean function F,, computed by the
output gate of C. We say that a function f : {0,1}" —
{0,1} is a Boolean combination of functions fi,..., fi :
{0,1}" — {0,1} if there is a Boolean circuit C' such
that f = Fe(f1,..., fr). More specifically, for each z €
{0,1}", we have that f(z) = Fe(f1(z),..., fr(x)).

Let C = (g1,- .., 9m) be a Boolean circuit. The depth of
a gate g; is inductively defined as follows. If g; is an input
gate, then d(g;) = 0. On the other hand, if g; is a non-input
gate, then the depth of g; is defined as the maximum depth
of an input for g; plus 1.

3 Automata vs Function Classes

In its most traditional setting, finite automata are used to rep-
resent sets of strings over a given finite alphabet X, or equiv-
alently, as a way to represent functions of type ¥* — {0, 1}.
More recently, in a wide variety of contexts, automata theo-
retic formalisms have been defined with the intention to rep-
resent sets of sets of strings, or equivalently, function classes
(Jain, Luo, and Stephan 2012; Case, Jain, and Stephan 2013;
Zaid, Griadel, and Reinhardt 2017; Kuske 2021; de Melo
and de Oliveira Oliveira 2022). In this section we describe
the approach from (de Melo and de Oliveira Oliveira 2022),
which is based on the notion of a second-order finite au-
tomaton. Our interest in this formalism stems from the fact
that function classes represented in this way enjoy several
useful closure and decidability properties, such as closure
under intersection, union, bounded-width complementation,
besides having decidable inclusion and emptiness of inter-
section tests.

3.1 Ordered Binary Decision Diagrams

We start by defining the notion of an ordered binary deci-
sion diagram using a slightly different notation than the one
usually employed in the literature (Bryant 1992). The rea-
son is that in our work, it will be more convenient to view
an ordered binary decision diagram of width at most w as a

sequence of symbols over an alphabet Bi (w) of w-layers.
Let w € Ni. We call asubset B C [w] x {0,1} x Jw]

a w-layer. We let B(w) denote the set of all w-layers. For
each B € B(w), we let

Dom(B) = {q | 3(a,q).(¢,a,q") € B}

be the domain of B, and

Im(B) = {¢' | 3(¢,a),(¢,a,¢") € B}
be the image of B. Given n,w € N., an ordered binary
decision diagram (OBDD) of length n and width at most w
is a sequence D = BB, ... B, of w-layers satisfying the
following conditions:
1. Dom(B;) = {0},
2. foreach i € [n — 1], Im(B;) = Dom(B;41),



>
\ 0 0 0

Figure 1: An OBDD of width 2 and length 4 accepting all
strings in {0, 1}* of odd parity. Note that each string of odd
parity (say, 1011) reaches the element 1 in the image of
the last layer, while each string of even parity (say, 1010)
reaches the element 0 in the image of the last layer.

3. for each i € [n], each ¢ € Dom(B;), and each a €
{0, 1}, there is a unique ¢’ such that (¢, a,q’) € B;.

We say that a string x = x123 ... 2, is accepted by D if
there is a sequence

(0,1, q1)(q1,22,92) - - (Gn—1,Tn, qn)

where for each i € [n], (¢i—1,%i,¢;) € B; ,and q,, € [w] \
{0}. Intuitively, x is accepted by D if it reaches a nonzero
element in the image of the last layer of D. The language of
D is the set

L(D) = {s | sis accepted by D}.

We may also regard an OBDD of length n as a represen-
tation of a binary function fp : {0,1}" — {0,1}. More
specifically, for each s € {0,1}", we set fp(s) = 1 if and
only if s € L(D).

In Figure 1, we depict an example of an OBDD. Each
layer is represented by a box, while each triple (¢, a,q’) in

such a layer is represented by an arrow ¢ — ¢'.

We say that an OBDD D = B Bs, ... B,, is normalized
if for each ¢ € [n], and each two 7, j' € Im(B;) with j < 7/,
the lexicographically-first string in {0, 1}? that reaches j is
smaller than the lexicographically-first string in {0, 1}* that
reaches j’. For instance, the OBDD D depicted in Figure 1 is
normalized because for each i € [4], the lexicographically-
first string that reaches the element 0 in the image of B; is
the string 0¢, while the lexicographically-first string that that
reaches the element 1 is the string 0° =11,

The size of an OBDD D = B Bs ... By, denoted by |D|
is defined as [D| = [Dom(By)| + }2;cp,) [Im(B;)]. The
width of D is defined as w(D) max{|Im(B;)|}. The
next theorem, which is well known in the OBDD literature,
states that each finite language L C {0,1}" corresponds
to a unique normalized OBDD D of minimum size such
that £(D) = L. Additionally this OBDD has also minimum
width.

Theorem 3 ((Bryant 1992; de Melo and de Oliveira Oliveira
2022)). For each OBDD D there is a unique normal-
ized OBDD C(D) of minimum size with the property that
L(D) = L(C(D)). Additionally, C(D) has minimum width
among all OBDDs D' with L(D') = L(D).

We note that if D is an OBDD of length n and width at

most w then C(D) can be constructed in time O(w - n), us-
ing the standard algorithm for minimization of acyclic finite
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automata, followed by normalization (Bryant 1992; de Melo
and de Oliveira Oliveira 2022). The fact that C(D) is nor-
malized guarantees that it is syntactically unique, meaning
that for each two OBDDs D and D', £(D) = £(D') if and
only if C(D) = C(D’). In most applications requiring mini-
mal OBDDs, it is enough to consider OBDDs that are min-
imal up to renaming of states. In our applications however,
syntactic uniqueness is an important requirement.

3.2 Second Order Finite Automata

Recall that we view an OBDD D of width w and length
n as a sequence D = BB, ... B, of w-layers. In other
words, D is simply a string of length n over the alphabet

B (w) of all layers. We note that not every string in the set

~

B(w)™ is a valid OBDD of length n and width w, since not
all such strings satisfy Conditions 1-3 stated in Subsection

3.1. We let B(w)°" denote the set of all strings in g(w)”
that are OBDDs. We let B(w)® = Unen B(w)°™ denote the
set containing the empty string, and all OBDDs of width at
most w. The following proposition states that the set B (w)®
is 2%-regular.

Proposition 4. For each w € N, there is a finite automaton
A(w) with 2 states such that L(A(w)) = B(w)®.

Since each OBDD D of width at most w represents a
function fp, a set of OBDDs of width at most w may be
seen as a representation of a function class. That is to say,
the class consisting of all functions associated with OBDDs
in the set. We will be particularly concerned with function
classes that can be finitely represented using finite automata

over the alphabet B(w).

Definition 5. We say that a finite automaton A over B(w) is
a second-order finite automaton if £L(A) C B(w)®. We let

F(A) ={fp : DeL(A)}
be the function class represented by A.

We say that a function class G is decisional if there is
some w € N and some second-order finite automaton 4
over B(w) such that G = F(A).

Let w,w’ € N, and let G C F(A(w)). We de-
fine the width-w complement of G as the function class
G" = F(A(w))\G. The next theorem, from (de Melo and
de Oliveira Oliveira 2022), states some basic closure and de-
cidability properties for decisional function classes. We note
that these properties do not follow directly from usual clo-
sure and decidability properties of regular languages. The
problem is that several OBDDs of width at most w may
represent the same function. Therefore, it is not in general
possible to establish a one-to-one correspondence between
functions in F(A) and OBDDs in L(A).

Theorem 6. Regular function classes are closed under
union, intersection, and bounded-width complementation.
Furthermore, inclusion and intersection emptiness for reg-
ular function classes are decidable.



4 Functional Reconfiguration

A Boolean circuit C' with k inputs may be regarded as the
specification of a process that reconfigures input functions
fis--., fx into the output function f = Fe(f1,..., fr)
where F¢ is the k-bit function computed by C. In this sec-
tion, we introduce a suitable measure of complexity for such
reconfiguration process. More specifically, we let the recon-
figuration width of C' with respect to f1, ..., fr be the max-
imum complexity (i.e. width) of a function Fy, (f1,..., fx)
arising during the reconfiguration process.

Given a function f : {0,1}™ — {0,1} we let Can(f)
denote the (unique) canonical OBDD D of length n such
that fp = f (see Theorem 3). In other words, the canonical
OBDD D with language £(D) = f~!(1). We note that D
has minimum width among all OBDDs representing f. Us-
ing this notion, we can define the notion of reconfiguration
width of a k-input Boolean circuit C' with respect to func-
tions f1,..., fx : {0,1}" — {0,1}.

Definition 7 (Reconfiguration Width). Ler C
(915---,9m) be a Boolean circuit with k inputs, and
fisoooy fre £ {0,1}™ — {0,1} be Boolean functions. The
reconfiguration width of C with respect to f1,..., fr is
defined as

W(Caf17"'

afk) = g%w(can(ng(.f‘h"'7fk)))'

The next problem is a refinement of FUNCTIONALDE-
COMPOSITION . In this refinement, we require that the re-
configuration width of C with respect to fp,,..., fp, is
bounded by w. In other words, one wishes to decompose
a function fp into simpler functions fp,,..., fp, insucha
way that all functions occurring in the process of reconfig-
uring fp,, ..., fp, into fp have low complexity (i.e. width
at most w).

Problem name: FUNCTIONALRECONFIGURATION
Given: Numbers &, w,p, m € N with p < w, an OBDD
D, a Boolean circuit C' with & inputs and m gates, and a
second-order finite automaton .4 over B(p).
Parameters: k, w, m,|A|.
Question: Are there OBDDs Dy, ...

, D € ]:(.A) of
7ka) and

width at most p such that fp = Fo(fp,,. ..
aka) S w?

W(C,fDl,...

The next theorem, whose proof can be found in the full
version of this work, states that FUNCTIONALRECONFIGU-
RATION is fixed-parameter tractable when parameterized by
the number of factor functions k, the reconfiguration width
w, the size m of the circuit C, and the size of the second-
order automaton representing the class of functions |.A|. We
note that the parameter m is upper bounded by O(2* /k)
since any Boolean function on k inputs can be computed
by a circuit of size at most O(2*/k). Additionally, the de-
pendency on the parameter |A| is of the form |.A|*. There-
fore when k and w are fixed, our algorithm for FUNCTION-
ALRECONFIGURATION runs in polynomial time even if the
number of states of A is polynomial in n.
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Theorem 8. FUNCTIONALRECONFIGURATION can be
solved in time

2O(m~w2 log w) |A|k -|D|.

In the problem FUNCTIONALRECONFIGURATION , we
need to specify the maximum width of an OBDD occur-
ring during the reconfiguration process. Next, we estimate
an upper bound for reconfiguration width in terms of the
maximum width p of the canonical OBDD representing one
of the factor functions and the depth d of the decomposer
circuit C. By noting that d is upper bounded by the num-
ber of gates m of the circuit, and that m is upper bounded
by O(2% /k) we also obtain bounds for solving FUNCTION-
ALDECOMPOSITION parameterized by p and m or by p and
k.

Lemma 9. Let Dy,..., Dy, be OBDDs in B(p)°", and let
C be a circuit with k inputs and depth at most d. Then

W(CafDU"'aka) §p2d

Proof. Let C = (g1,92,--.,9m). We claim that for each
i € [m], the width of the OBDD Can(Fy,(fp,,---,fp,))

is upper-bounded by p2d, where d is the depth of gate g;
in C. The proof is by induction on the depth of a gate.
In the base case, let g; be a gate of depth O, that is to
say, an input gate. Then Fy (fp,,...,fp,) = fp, for
some j € [k]. Since, D; € B(p)°", we have that the
width of Can(F,,(fp,,---,fpk)) is at most P2 D.
Now, let g; = AND(g],gk) be a gate of depth d, and sup-
pose that the statement of the lemma holds for every gate
of depth at most d — 1. Then by the induction hypoth-
esis, there are OBDDs D, , D, € B(p? ") computing
the functions Iy, (fp,, ..., fox)and Fy, (fp,,. .., fp,) re-
spectively. Since g; = AND(g;, gx), we have that fp,
fp,, N [, oralternatively, £(Dg,) = L(Dy,) N L(Dy, ).
It can be shown (see Lemma 15 of (Andrade de Melo and
de Oliveira Oliveira 2019)) that given OBDDs D and D’ of
width at most p there is an OBDD of width at most p? ac-
cepting the language £(D)NL(D’). Therefore, we have that
there is an OBDD of width at most (p2* )2 = p2* comput-
ing the function Fy, (fp,, ..., fp, ). A similar argument can
be proved in the case that g; = OR(g;, g;)- O

By plugging Lemma 9 into Theorem 8 we get the fol-
lowing upper bounds for solving FUNCTIONALDECOMPO-
SITION .

Theorem 10. FUNCTIONALDECOMPOSITION
solved in time

can be

d
1. 277" L |AlF - |D
2. 227" Ak D
ok k)
3. v -|Al*-|D).

Proof. Item 1 follows directly by plugging Lemma 9 into
Theorem 8. Item 2 follows by noting that a circuit of size m
has depth at most m. Item 3 follows from the fact that any
Boolean function with & inputs can be computed by a circuit
of size O(2% /k). O



5 Applications

In this section we describe some prominent application for
the FUNCTIONALDECOMPOSITION problem. The first ap-
plications is concerned with the notion of a generalized k-
junta. That is a function that is a Boolean combination of k
functions belonging to some class . The crucial difference
is that here, the decomposer circuit C' is not given a priori. In
the second application we obtain an FPT algorithm for the
OBDD factorization problem, parameterized by the number
of factor OBDDs and the width of the OBDDs. This is prob-
lem is analogous to the DFA factorization problem (Jecker,
Mazzocchi, and Wolf 2021; Jecker, Kupferman, and Maz-
zocchi 2020; Kupferman and Mosheiff 2013), which does
not admit and FPT algorithm parameterized by the number
of factor automata.

5.1 Generalized Juntas

For n,i € N, with ¢ < n, the (n,i)-hypercube is the
function H,,; : {0,1}" — {0,1} such that for each
z € {0,1}", Hy, ;(z) = 1if and only if z; = 1. A func-
tion f : {0,1}™ — {0,1} is said to be a k-junta if there
are numbers ji, ..., jx such that f is a Boolean combina-
tion of Hy, j,,..., H, ;.. Intuitively, f is a k-junta if there
are coordinates ji,...,jr € [n] such that for each input
x € {0,1}™, the value f(x) is determined by the values of
Zj,.-.,Tj,. The problem of determining whether a func-
tion is a k-junta has been studied under a wide variety of
contexts (Blais 2010). It turns out that when the input func-
tion f is specified by an OBDD D, then for each k € N,
there is a simple algorithm that decides whether f is a k
junta in time linear on the size of D.

Observation 11. Given an OBDD D of length n and a
number k € N, one can determine whether the function
fo  {0,1}" — {0,1} is a k-junta in time linear on the
size of D.

Proof. We assume that D is minimized. Otherwise, we just
apply the standard minimization algorithm for OBDDs. Let
¢ € [n] and suppose that fp does not depend on the value
of x;. Then, every transition from any state g of layer ¢ to
layer ¢ + 1 must be of the form (¢,0,¢’) and (¢, 1,¢’). In
other words, setting x; to 1 or 0 from state ¢ should both
lead to state ¢’. If this were not the case, that is, if there were
transition (¢, 0,¢") and (g, 1,¢"”) in layer ¢ with ¢’ # ¢”,
then ¢’ and ¢” could be merged since they accept the same
words (because fp does not depend on zx;). This would be
in contradiction with the assumption that D is minimized.
Therefore, given a minimized OBDD, one can just traverse
each layer checking for each layer ¢ whether it contains tran-
sitions (¢,0,¢’) and (g¢,1,¢") for ¢ # ¢”. Doing so, we
identify the set of variables Y C xy,...,x, on which D
depends. Deciding whether D is a k-Junta hence boils down
to check whether |Y| < k. O

More general notions of juntas have been considered in
the literature under a variety of contexts (De, Mossel, and
Neeman 2021, 2019). In these contexts, instead of requiring
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the k factor functions f1, ..., fi to be hypercubes, we re-
quire that these functions belong to some well-behaved class
of functions F.

Definition 12. Let F be a class of Boolean functions and
k € N. We say that a function f : {0,1}" — {0,1}
is a (k,F)-junta if there are k functions f1,...,fr :
{0,1}™ — {0, 1} in F such that f is a Boolean combination

of fi,-- s Jre

Note that equivalently, f : {0,1}" — {0,1} is a (k, F)-
junta, if it admits a (C,F)-decomposition fi,...,fr :
{0,1} — {0,1} for some circuit C. This motivates
the definition of a variant of FUNCTIONALDECOMPOSI-
TION where instead of providing specifying a composition
circuit C' we simply specify an upper bound on the size of
such a circuit. We call this generalization GENERALIZED-
JUNTA .

Problem name: GENERALIZEDJUNTA

Given: Numbers k,p,m € N, an QBDD D, and a
second-order finite automaton .4 over B(p).
Parameters: &, p, m, |A|.

Question: Is there a Boolean circuit C' with k inputs and
., Dy € A of width

7ka)?

at most m gates, and OBDDs Dy, ..
at most p such that fp = Fo(fp,,. ..

The next theorem states that GENERALIZEDJUNTA can
be solved within the same asymptotic bounds provided in
Theorem 10.

Theorem 13. GENERALIZEDJUNTA can be solved in time

o(29)

1. 2° -|AJ* - D,

2. 207" Ak D),
ok /)

3. 2 -|Al¥-|D].

Proof. The theorem follows by enumerating all possible cir-
cuits of size at most m and then applying Theorem 10.
Given that a circuit with m gates can be specified with
O(mlogm) bits, we have that the total number of such cir-
cuits is 2007198 Given that 207 1og )90 "™ | A|k.| )|
is still 207" . |A|* - |D|, we have proved Item 2. If we
want to parameterize the problem only by & and p, then we
just need to enumerate all circuits with up to m = O(2* /k)
gates. Therefore, we have Item 3. On the other hand, if
we want to parameterize only by the depth d of the circuit
then we note that any circuit of depth d has at most 2°0(%)
gates. Therefore, the complexity parameterized by depth is

d
20 9p0G" |A|*¥ - |D| which is still asymptotically
d
op°CY |A|* - | D|. Therefore, we have Item 1. N

5.2 OBDD Factorization

A prominent factorization problem in the context of au-
tomata theory is the DFA factorization problem (Jecker,
Mazzocchi, and Wolf 2021; Jecker, Kupferman, and Maz-
zocchi 2020; Kupferman and Mosheiff 2013). In this prob-
lem we are given a DFA A with w states and the goal is to



determine whether there are DFAs A4, ..., Ay each with at
most w — 1 states such that L(A) = L(Ay) N--- N L(Ayg).

An analogous problem in the context of OBDDs, the
OBDD factorization problem, we are given an OBDD of
width at most w and the goal is to determine whether there
exist OBDDs Dy, ..., Dy each of width at most w — 1 such
that L(D) = L(D1)N---NL(Dy). A direct consequence of
our main theorem is that this problem can be solved in fixed
parameter linear time (that is, linear in |D|) by instantiating
the second-order automaton .4 as the automaton that accepts
all OBDDs of width at most w — 1.

Corollary 14. Given an OBDD D of length n and width at

2k
most w, one can determine in time 2“’0( " |D|, whether
there are OBDDS D+, ..., Dy of width at most w — 1 such
that L(D) = L(Dl) NN L(Dk)

6 Conclusion and Related Work

In this work we introduced a new framework to address
functional reconfiguration and functional decomposition
problems by combining techniques from automata theory
and parameterized complexity theory. In our results, we as-
sume that the function f : {0,1}™ — {0,1} is specified
explicitly at the input using an OBDD D. We note that this
assumption can be relaxed if instead of an OBDD we are
given access to an oracle that is able to answer member-
ship and equivalence queries with respect to the language
L ={x €{0,1}" : f(x) = 1}. More specifically, in the
traditional model of learning with membership and equiva-
lence queries, the objective is to learn a regular language L
over a given alphabet 3., where the learner interacts with an
oracle (a minimally adequate teacher) capable of answering
two types of queries:

1. Membership queries: the learner selectsawordinz € X*
and the teacher replies whether or not x € L.

2. Equivalence queries: the learner selects an hypothesis
automaton H and the teacher replies whether or not L
is the language of H. If this is not the case, the teacher
provides the learner with a counter-example word = €

S*\L.

A classic result due to Angluin (Angluin 1987) states that
any regular language L can be exactly learned with a num-
ber of queries that is polynomial in the number of states
of a minimum deterministic automaton representing L, and
in the size of the largest counter-example returned by the
teacher. Since an OBDD of length n and width w may be
regarded as an acyclic finite automaton with O(w - n) states,
and since one can assume in this case that counter-examples
are of size O(n), Angluin’s theorem implies the following
corollary.

Corollary 15. Let L C {0, 1}™ be a language with the prop-
erty that there is an OBDD D € B(w)® with L = L(D).
Then one can learn L with w©®) . nW) membership and
equivalence queries.

Therefore, in view of Corollary 15 our results (Theorem
8, Theorem 10 and Theorem 13) can also be used to pro-
vide a parameterized approach for approaching the prob-
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lems FUNCTIONALDECOMPOSITION , FUNCTIONALRE-
CONFIGURATION and GENERALIZEDJUNTA even if an ex-
plicit description of the target OBDD to be decomposed is
not known, as long as we do have an oracle that is able to
answer membership and equivalence queries.
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