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Abstract

Physics-informed neural networks solve partial differential
equations by training neural networks. Since this method
approximates infinite-dimensional PDE solutions with finite
collocation points, minimizing discretization errors by select-
ing suitable points is essential for accelerating the learning
process. Inspired by number theoretic methods for numerical
analysis, we introduce good lattice training and periodization
tricks, which ensure the conditions required by the theory.
Our experiments demonstrate that GLT requires 2–7 times
fewer collocation points, resulting in lower computational
cost, while achieving competitive performance compared to
typical sampling methods.

Introduction
Many real-world phenomena can be modeled as partial dif-
ferential equations (PDEs), and solving PDEs has been a
central topic in computational science. The applications in-
clude, but are not limited to, weather forecasting, vehicle
design (Hirsch 2006), economic analysis (Achdou et al.
2014), and computer vision (Logan 2015). A PDE is ex-
pressed as N [u] = 0, where N is a (possibly nonlinear)
differential operator, and u : Ω → R is an unknown func-
tion on the domain Ω ⊂ Rs. For most PDEs that appear in
physical simulations, the well-posedness (the uniqueness of
the solution u and the continuous dependence on the initial
and boundary conditions) has been well-studied and is typi-
cally guaranteed under certain conditions. To solve PDEs,
various computational techniques have been explored, in-
cluding finite difference methods, finite volume methods,
and spectral methods (Furihata and Matsuo 2010; Morton
and Mayers 2005; Thomas 1995). However, the develop-
ment of computer architecture has become slower, lead-
ing to a growing need for computationally efficient alter-
natives. A promising approach is physics-informed neural
networks (PINNs) (Raissi et al. 2019), which train a neu-
ral network by minimizing the physics-informed loss (Wang
et al. 2022b; Wang and Perdikaris 2023). This is typically the
squared error of the neural network’s output ũ from the PDE
N [u] = 0 averaged over a finite set of collocation points xj ,
1
N

∑N−1
j=0 ∥N [ũ](xj)∥2, encouraging the output ũ to satisfy
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Figure 1: Examples of sampled collocation points. 128
points for the Sobol sequence, and 144 points for others.

the equation N [ũ](xj) = 0.
However, the solutions u to PDEs are inherently infinite-

dimensional, and any distance involving the output ũ or
the solution u needs to be defined by an integral over
the domain Ω. In this regard, the physics-informed loss
serves as a finite approximation to the squared 2-norm
|N [ũ]|22 =

∫
x∈Ω

∥N [ũ](x)∥2dx on the function space
L2(Ω) for N [u] ∈ L2(Ω), and hence the discretization er-
rors should affect the training efficiency. A smaller number
N of collocation points leads to a less accurate approxima-
tion and inferior performance, while a larger number N in-
creases the computational cost (Bihlo and Popovych 2022;
Sharma and Shankar 2022). Despite the importance of se-
lecting appropriate collocation points, insufficient emphasis
has been placed on this aspect. Raissi et al. (2019), Zeng
et al. (2023), and many other studies employed Latin hyper-
cube sampling (LHS) to determine the collocation points.
Alternative approaches include uniformly random sampling
(i.e., the Monte Carlo method) (Jin et al. 2021; Krish-
napriyan et al. 2022) and uniformly spaced sampling (Wang
et al. 2021, 2022a). These methods are exemplified in Fig. 1.

In the field of numerical analysis, the relationship between
integral approximation and collocation points has been
extensively investigated. Accordingly, some studies have
used quasi-Monte Carlo methods, specifically the Sobol se-
quence, which approximate integrals more accurately than
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the Monte Carlo method (Lye et al. 2020; Longo et al. 2021;
Mishra and Molinaro 2021). For further improvement, this
paper proposes good lattice training (GLT) for PINNs and
their variants, such as the competitive PINN (CPINN) (Zeng
et al. 2023) and physics-informed neural operator (Li et al.
2021; Rosofsky et al. 2023). The GLT is inspired by num-
ber theoretic methods for numerical analysis, providing an
optimal set of collocation points depending on the initial
and boundary conditions, as shown in Fig. 1. Our experi-
ments demonstrate that the proposed GLT requires far fewer
collocation points than comparison methods while achiev-
ing similar errors, significantly reducing computational cost.
The contribution and significance of the proposed GLT are
threefold.
Computationally Efficient: The proposed GLT offers an
optimal set of collocation points to compute a loss function
that can be regarded as a finite approximation to an integral
over the domain, such as the physics-informed loss, if the ac-
tivation functions of the neural networks are smooth enough.
It requires significantly fewer collocation points to achieve
accuracy of solutions and system identifications comparable
to other methods, or can achieve lower errors with the same
computational budget.
Applicable to PINNs Variants: As the proposed GLT
changes only the collocation points, it can be applied to var-
ious variants of PINNs without modifying the learning al-
gorithm or objective function. In this study, we investigate a
specific variant, the CPINNs (Zeng et al. 2023), and demon-
strate that CPINNs using the proposed GLT achieve supe-
rior convergence speed with significantly fewer collocation
points than CPINNs using LHS.
Theoretically Solid: Number theory provides a theoretical
basis for the efficacy of the proposed GLT. Existing meth-
ods based on quasi-Monte Carlo methods are inferior to the
proposed GLT in theoretical performance, or at least require
the prior knowledge about the smoothness α of the solution
u and careful adjustments of hyperparameters (Longo et al.
2021). On the other hand, the proposed GLT is free from
these prior knowledge or adjustments and achieves better
performances depending on the smoothness α and the neural
network, which is a significant advantage.

Related Work
Neural networks are a powerful tool for processing infor-
mation and have achieved significant success in various
fields (He et al. 2016; Vaswani et al. 2017), including black-
box system identification, that is, to learn the dynamics of
physical phenomena from data and predict their future be-
haviors (Chen et al. 2018; Chen, Billings, and Grant 1990;
Wang and Lin 1998). By integrating knowledge from ana-
lytical mechanics, neural networks can learn dynamics that
adheres to physical laws and even uncover these laws from
data (Finzi et al. 2020; Greydanus, Dzamba, and Yosinski
2019; Matsubara and Yaguchi 2023).

Neural networks have also gained attention as computa-
tional tools for solving differential equations, particularly
PDEs (Dissanayake and Phan-Thien 1994; Lagaris, Likas,
and Fotiadis 1998). Recently, Raissi et al. (2019) introduced

an elegant refinement to this approach and named it PINNs.
The key concept behind PINNs is the physics-informed
loss (Wang et al. 2022b; Wang and Perdikaris 2023). This
loss function evaluates the extent to which the output ũ of
the neural network satisfies a given PDE N [u] = 0 and its
associated initial and boundary conditions B[u] = 0. The
physics-informed loss can be integrated into other models
like DeepONet (Lu et al. 2019; Wang and Perdikaris 2023)
or used for white-box system identifications (that is, adjust-
ing the parameters of known PDEs so that their solutions fit
observations).

PINNs are applied to various PDEs (Bihlo and Popovych
2022; Jin et al. 2021; Mao et al. 2020), with significant ef-
forts in improving learning algorithms and objective func-
tions (Hao et al. 2023; Heldmann et al. 2023; Lu et al.
2022; Pokkunuru et al. 2023; Sharma and Shankar 2022;
Zeng et al. 2023). Objective functions are generally based
on PDEs evaluated at a finite set of collocation points rather
than data. Bihlo and Popovych (2022); Sharma and Shankar
(2022) have shown a trade-off between the number of collo-
cation points (and hence computational cost) and the accu-
racy of the solution. Thus, selecting collocation points that
efficiently cover the entire domain Ω is essential for achiev-
ing better results. Some studies have employed quasi-Monte
Carlo methods, specifically the Sobol sequence, to deter-
mine the collocation points (Lye et al. 2020; Mishra and
Molinaro 2021), but their effectiveness depends on knowl-
edge of the solution’s smoothness α and hyperparameter ad-
justments (Longo et al. 2021).

Method
Theoretical Error Estimate of PINNs For simplicity, we
consider PDEs defined on an s-dimensional unit cube [0, 1]s.
PINNs employ a PDE that describes the target physical phe-
nomena as loss functions. Specifically, first, an appropriate
set of collocation points L∗ = {xj | j = 0, . . . , N − 1} is
determined, and then the sum of the residuals of the PDE at
these points

1
N

∑N−1
j=0 P[ũ](xj) =

1
N

∑
xj∈L∗ P[ũ](xj), (1)

is minimized as a loss function, where P is a differential
operator. The physics-informed loss satisfies P[ũ](x) =
∥N [ũ](x)∥2. Then, the neural network’s output ũ becomes
an approximate solution of the PDE. However, for ũ to
be the exact solution, the loss function should be 0 for all
x ∈ Ω, not just at collocation points. Therefore, the follow-
ing integral must be minimized as the loss function:∫

[0,1]s
P[ũ](x)dx. (2)

In other words, the practical minimization of (1) essentially
minimizes the approximation of (2) with the expectation that
(2) will be small enough, and hence ũ becomes an accurate
approximation to the exact solution.

More precisely, we show the following theorem, which is
an improvement of an existing error analysis (Mishra and
Molinaro 2023) in the sense that the approximation error
bound of neural networks is considered.
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Theorem 1. Suppose that the class of neural networks used
for PINNs includes an ε1-approximator ũopt to the exact
solution u∗ to the PDE N [u] = 0: ∥u∗ − ũopt∥ ≤ ε1,
and that (1) is an ε2-approximation of (2) for the approx-
imated solution ũ and also for ũopt: |

∫
[0,1]s

P[u](x)dx −
1
N

∑
xj∈L∗ P[u](xj)| ≤ ε2 for u = ũ and u = ũopt. Sup-

pose also that there exist cp > 0 and cL > 0 such that
1
cp
∥u− v∥ ≤ ∥N [u]−N [v]∥ ≤ cL∥u− v∥. Then,

∥u∗− ũ∥ ≤ (1+cpcL)ε1+cp
√

1
N

∑
xj∈L∗ P[ũ](xj) + ε2.

For a proof, see Appendix “Theoretical Background.” ε1
is determined by the architecture of the network and the
function space to which the solution belongs. For example,
approximation rates of neural networks in Sobolev spaces
are given in Gühring and Raslan (2021). This explains why
increasing the number of collocation points beyond a certain
point does not further reduce the error. ε2 depends on the ac-
curacy of the approximation of the integral. In this paper, we
investigate a training method that easily gives small ε2.

One standard strategy often used in practice is to set xj’s
to be uniformly distributed random numbers, which can be
interpreted as the Monte Carlo approximation of the inte-
gral (2). As is widely known, the Monte Carlo method can
approximate the integral within an error of O(1/N

1
2 ) in-

dependently from the number s of dimensions (Sloan and
Joe 1994). However, most PDEs for physical simulations are
two to four-dimensional, incorporating a three-dimensional
space and a one-dimensional time. Hence, in this paper, we
propose a sampling strategy specialized for low-dimensional
cases, inspired by number-theoretic numerical analysis.

Note that some variants, such as CPINN (Zeng et al.
2023), have proposed alternative objective functions. We
hereafter denote any variant of physics-informed loss by (1),
without loss of generality, as long as it can be regarded as a
finite approximation to an integral over a domain, (2).

Good Lattice Training In this section, we propose the
good lattice training (GLT), in which a number theoretic
numerical analysis is used to accelerate the training of
PINNs (Niederreiter 1992; Sloan and Joe 1994; Zaremba
1972). In the following, we use some tools from this theory.

While our target is a PDE on the unit cube [0, 1]s, we now
treat the loss function P[ũ] as periodic on Rs with a period
of 1. Then, we define a lattice.

Definition 2 (Sloan and Joe (1994)). A lattice L in Rs is
defined as a finite set of points in Rs that is closed under
addition and subtraction.

Given a lattice L, the set of collocation points is defined as
L∗ = {xj | j = 0, . . . , N − 1} := {the decimal part of x |
x ∈ L} ∈ [0, 1]s. Considering that the loss function to be
minimized is (2), it is desirable to determine the lattice L
(and hence the set of collocation points xj’s) so that the dif-
ference |(2)− (1)| of the two functions is minimized.

Suppose that ε(x) := P[ũ](x) is smooth enough, admit-
ting the Fourier series expansion:

ε(x) := P[ũ](x) =
∑

h ε̂(h) exp(2πih · x),

where i denotes the imaginary unit and h = (h1, h2, . . . , hs)
∈ Zs. Substituting this into (1) yields

|(2)− (1)| =
∣∣∣ 1
N

∑N−1
j=0

∑
h∈Zs,h̸=0 ε̂(h) exp(2πih · xj)

∣∣∣ ,
(3)

because the Fourier mode of h = 0 is equal to the integral∫
[0,1]s

ε(x)dx. Before optimizing (3), the dual lattice of lat-
tice L and an insightful lemma are introduced as follows.
Definition 3 (Zaremba (1972)). A dual lattice L⊤ of a lattice
L is defined as L⊤ := {h ∈ Rs | h · x ∈ Z, ∀x ∈ L}.
Lemma 4 (Zaremba (1972)). For h ∈ Zs, it holds that

1
N

∑N−1
j=0 exp(2πih · xj) =

{
1 (h ∈ L⊤)

0 (otherwise.)

Lemma 4 follows directly from the properties of Fourier
series. Based on this lemma, we restrict the lattice point
L to the form {x | x = j

N z for j ∈ Z} with a
fixed integer vector z; the set L∗ of collocation points is
{the decimal part of j

N z | j = 0, . . . , N−1}. Then, instead
of searching xj’s, a vector z is searched. By restricting to
this form, xj’s can be obtained automatically from a given
z, and hence the optimal collocation points xj’s do not need
to be stored as a table of numbers, making a significant ad-
vantage in implementation. Another advantage is theoreti-
cal; the optimization problem of the collocation points can
be reformulated in a number theoretic way. In fact, for L as
shown above, it is confirmed that L⊤ = {h | h · z ≡ 0
(mod N)}. If h · z ≡ 0 (mod N) then there exists an
m ∈ Z such that h · z = mN and hence j

Nh · z = mj ∈ Z.
Conversely, if h · z ̸≡ 0 (mod N), clearly 1

Nh · z /∈ Z.
From the above lemma,

(3) ≤ ∑
h∈Zs,h̸=0,h·z≡0 (mod N) |ε̂(h)|, (4)

and hence the collocation points xj’s should be determined
so that (4) becomes small. This problem is a number the-
oretic problem in the sense that it is a minimization prob-
lem of finding an integer vector h subject to the condition
h · z ≡ 0 (mod N). This problem has been considered in
the field of number theoretic numerical analysis. In particu-
lar, optimal solutions have been investigated for integrands
in the Korobov spaces, which are spaces of functions that
satisfy a certain smoothness condition.
Definition 5 (Zaremba (1972)). The function space that
is defined as Eα = {f : [0, 1]s → R | ∃c, |f̂(h)| ≤

c
(h̄1h̄2···h̄s)α

} is called the Korobov space, where f̂(h) is the
Fourier coefficients of f and k̄ = max(1, |k|) for k ∈ R.

It is known that if α is an integer, for a function f to be in
Eα, it is sufficient that f has continuous partial derivatives
∂q1+q2+···+qs

∂
q1
1 ·∂q2

2 ···∂qs
s

f, 0 ≤ qk ≤ α (k = 1, . . . , s). For example,

if a function f(x, y) : R2 → R has continuous fx, fy, fxy ,
then f ∈ E1. Hence, if P[ũ] and the neural network belong
to Koborov space,

(4) ≤ ∑
h∈Zs,h̸=0,h·z≡0 (mod N)

c
(h̄1h̄2···h̄s)α

. (5)

Here, we introduce a theorem in the field of number theoretic
numerical analysis:
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Theorem 6 (Sloan and Joe (1994)). For integers N ≥ 2 and
s ≥ 2, there exists a z ∈ Zs such that

Pα(z, N) ≤ (2 logN)αs

Nα +O
(

(logN)αs−1

Nα

)
.

for Pα(z, N) = 1
(h̄1h̄2···h̄s)α

.

The main result of this paper is the following.

Theorem 7. Suppose that the activation function of ũ and
hence ũ itself are sufficiently smooth so that there exists an
α > 0 such that P[ũ] ∈ Eα. Then, for given integers N ≥ 2
and s ≥ 2, there exists an integer vector z ∈ Zs such that
L∗ = {the decimal part of j

N z | j = 0, . . . , N − 1} is a
“good lattice” in the sense that∣∣∣∫[0,1]sP[ũ](x)dx− 1

N

∑
xj∈L∗P[ũ](xj)

∣∣∣ =O
(

(logN)αs

Nα

)
.

(6)

Intuitively, if P[ũ] satisfies certain conditions, we can find
a set L∗ of collocation points with which the objective func-
tion (1) approximates the integral (2) only within an error
of O( (logN)αs

Nα ). This rate is much better than that of the
uniformly random sampling (i.e., the Monte Carlo method),
which is of O(1/N

1
2 ) (Sloan and Joe 1994), if the activa-

tion function of ũ and hence the neural network ũ itself are
sufficiently smooth so that P[ũ] ∈ Eα for a large α. Hence,
in this paper, we call the training method that minimizes (1)
for a lattice L satisfying (6) the good lattice training (GLT).

While any set of collocation points that satisfies the above
condition will have the same convergence rate, a set con-
structed by the vector z ∈ Zs that minimizes (5) leads to
better accuracy. When s = 2, it is known that a good lattice
can be constructed by setting N = Fk and z = (1, Fk−1),
where Fk denotes the k-th Fibonacci number (Niederreiter
1992; Sloan and Joe 1994). In general, an algorithm ex-
ists that can determine the optimal z with a computational
cost of O(N2). See Appendix “Theoretical Background” for
more details. Also, we can retrieve the optimal z from nu-
merical tables found in references, such as Fang and Wang
(1994); Keng and Yuan (1981).

Periodization and Randomization Tricks The integrand
P[ũ] of the loss function (2) does not always belong to the
Korobov space Eα with high smoothness α. To align the
proposed GLT with theoretical expectations, we propose pe-
riodization tricks for ensuring periodicity and smoothness.

Given an initial condition at time t = 0, the periodic-
ity is ensured by extending the lattice twice as much along
the time coordinate and folding it. Specifically, instead of
t, we use t̂ as the time coordinate that satisfies t = 2t̂ if
t̂ < 0.5 and t = 2(1 − t̂) otherwise (see the lower right
panel of Fig. 1, where the time is put on the horizontal axis).
Also, while not mandatory, we combine the initial condi-
tion u0(x/t) and the neural network’s output ũ(t, . . . ) as
exp(−t)u0(x/t) + (1 − exp(−t))ũ(t,x/t), thereby ensur-
ing the initial condition, where x/t denotes the set of co-
ordinates except for the time coordinate t. A similar idea
was proposed in Lagaris, Likas, and Fotiadis (1998), which
however does not ensure the initial condition strictly. If a

periodic boundary condition is given to the k-th space coor-
dinate, we bypass learning it and instead map the coordinate
xk to a unit circle in two-dimensional space. Specifically,
we map xk to (x

(1)
k , x

(2)
k ) = (cos(2πxk), sin(2πxk)), as-

suring the loss function P[ũ] to take the same value at the
both edges (xk = 0 and xk = 1) and be periodic. Given a
Dirichlet boundary condition u = 0 at ∂Ω to the k-th axis,
we multiply the neural network’s output ũ(. . . , xk, . . . ) by
xk(1−xk), and treat the result as the approximated solution.
This ensures the Dirichlet boundary condition is met, and the
loss function P[ũ] takes zero at the boundary ∂Ω, thereby
ensuring the periodicity. If a more complicated Dirichlet
boundary condition is given, one can fold the lattice along
the space coordinate in the same manner as the time coordi-
nate and ensure the periodicity of the loss function P[ũ].

These periodization tricks aim to satisfy the periodicity
conditions necessary for GLT to exhibit the performance
shown in Theorem 7. However, they are also available for
other sampling methods and potentially improve the practi-
cal performance by liberating them from the effort of learn-
ing initial and boundary conditions.

Since the GLT is grounded on the Fourier series founda-
tion, it allows for the periodic shifting of the lattice. Hence,
we randomize the collocation points as

L∗ = {the decimal part of j
N z + r | j = 0, . . . , N − 1},

where r follows the uniform distribution over the unit cube
[0, 1]s. Our preliminary experiments confirmed that, if using
the stochastic gradient descent (SGD) algorithm, resampling
the random numbers r at each training iteration prevents the
neural network from overfitting and improves training effi-
ciency. We call this approach the randomization trick.

Limitations Not only is this true for the proposed GLT,
but most strategies to determine collocation points are not
directly applicable to non-rectangular or non-flat domain
Ω (Shankar et al. 2018). To achieve the best performance, the
PDEs should be transformed to such a domain by an appro-
priate coordinate transformation. See Knupp and Steinberg
(2020); Thompson et al. (1985) for examples.

Previous studies on numerical analysis addressed the peri-
odicity and smoothness conditions on the integrand by vari-
able transformations (Sloan and Joe 1994) (see also Ap-
pendix “Theoretical Background”). However, our prelimi-
nary experiments confirmed that it did not perform optimally
in typical problem settings. Intuitively, these variable trans-
formations reduce the weights of regions that are difficult to
integrate, suppressing the discretization error. This implies
that, when used for training, the regions with small weights
remain unlearned. As a viable alternative, we introduced the
periodization tricks to ensure periodicity.

The performance depends on the smoothness of the
physics-informed loss, and hence on the smoothness of the
neural network and the true solution. See Appendix “Theo-
retical Background” for details.
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Experiments and Results
Physics-Informed Neural Networks We modified the
code from the official repository1 of Raissi et al. (2019), the
original paper on PINNs. We obtained the datasets of the
nonlinear Schrödinger (NLS) equation, Korteweg–De Vries
(KdV) equation, and Allen-Cahn (AC) equation from the
repository. The NLS equation governs wave functions in
quantum mechanics, while the KdV equation models shal-
low water waves, and the AC equation characterizes phase
separation in co-polymer melts. These datasets provide nu-
merical solutions to initial value problems with periodic
boundary conditions. Although they contain numerical er-
rors, we treated them as the true solutions u. These equations
are nonlinear versions of hyperbolic or parabolic PDEs. Ad-
ditionally, as a nonlinear version of an elliptic PDE, we cre-
ated a dataset for s-dimensional Poisson’s equation, which
produces analytically solvable solutions with 2s modes with
the Dirichlet boundary condition. We examined the cases
where s ∈ {2, 4}. See Appendix “Experimental Settings”
for further information.

Unless otherwise stated, we followed the repos-
itory’s experimental settings for the NLS equa-
tion. The physics-informed loss was defined as
P[ũ] = 1

N

∑N−1
j=0 ∥N [ũ](xj)∥2 given N collocation points

{xj}N−1
j=0 . This can be regarded as a finite approximation

to the squared 2-norm |N [ũ]|22 =
∫
Ω
∥N [ũ](x)∥2dx. The

state of the NLS equation is complex; we simply treated it
as a 2D real vector for training and used its absolute value
for evaluation and visualization. Following Raissi et al.
(2019), we evaluated the performance using the relative
error, which is the normalized squared error L(ũ, u;xj) =

(
∑Ne−1

j=0 ∥ũ(xj) − u(xj)∥2)
1
2 /(

∑Ne−1
j=0 ∥u(xj)∥2)

1
2 at

predefined Ne collocation points {xj}Ne−1
j=0 . This is also a

finite approximation to |ũ− u|2/|u|2.
We applied the above periodization tricks to each test and

model for a fair comparison. For Poisson’s equation with
s = 2, which gives the exact solutions, we followed the orig-
inal learning strategy using the L-BFGS-B method preceded
by the Adam optimizer (Kingma and Ba 2015) for 50,000
iterations to ensure precise convergence. For other datasets,
which contain the numerical solutions, we trained PINNs us-
ing the Adam optimizer with cosine decay of a single cycle
to zero (Loshchilov and Hutter 2017) for 200,000 iterations
and sampled a different set of collocation points at each it-
eration. See Appendix “Experimental Settings” for details.

We determined the collocation points using uniformly
random sampling, uniformly spaced sampling, LHS, the
Sobol sequence, and the proposed GLT. For the GLT, we
took the number N of collocation points and the correspond-
ing integer vector z from numerical tables in (Fang and
Wang 1994; Keng and Yuan 1981). We used the same values
for uniformly random sampling and LHS to maintain consis-
tency. For uniformly spaced sampling, we selected numbers
N = ms for m ∈ N that were closest to a number used in
the GLT, creating a unit cube of m points on each side. We

1https://github.com/maziarraissi/PINNs (MIT license)

103 104

10−7

10−6

N

std of loss

good

bad

uniformly random

uniformly spaced

LHS

Sobol

GLT (proposed)

Figure 2: The number N of collocation points and the stan-
dard deviation of the physics-informed loss, which approxi-
mates the discretization error |(2)− (1)|.

additionally applied the randomization trick. For the Sobol
sequence, we used N = 2m for m ∈ N due to its theoret-
ical background. We conducted five trials for each number
N and each method. All experiments were conducted using
Python v3.7.16 and tensorflow v1.15.5 (Abadi et al. 2016)
on servers with Intel Xeon Platinum 8368.

Results: Accuracy of Physics-Informed Loss First, we
evaluate the accuracy of the physics-informed loss (1) in
approximating the integrated loss (2). Note that it is in-
tractable to obtain the integrated loss (2), which motivates
the present study. Instead, we use the standard deviation of
the physics-informed loss (1) as an approximation to the
discretization error |(2) − (1)|. This is because the average
of the physics-informed loss (1) is assumed to converge to
the integrated loss (2), and the standard deviation represents
the average error. We trained the PINNs on the NLS equa-
tion with N = 610 collocation points determined by LHS.
Then, we evaluated the physics-informed loss (1) for dif-
ferent methods and different numbers of collocation points.
For each combination of method and number, we performed
10,000 trials and summarized their results in Fig. 2.

Except for the Sobol sequence and GLT, the other meth-
ods exhibit a similar trend, showing a linear reduction on
the log-log plot. This trend aligns with the theoretical re-
sult that the convergence rate O(1/N

1
2 ) of the Monte Carlo

method and that O(1/N
1
s ) of the uniformly spaced sam-

pling. The Sobol sequence shows a slightly faster reduction,
and the GLT demonstrates a further accelerated reduction as
the number N increases. This result implies that by using
the GLT, the physics-informed loss (1) approximates the in-
tegrated loss (2) more accurately with the same number N
of collocation points, leading to faster training and improved
accuracy.

The Sobol sequence produces the discretization error of
O( (logN)s

N ) for smooth solutions u and neural networks,
which is smaller than that O(1/N

1
2 ) of the Monte Carlo

method for a large number N (Lye et al. 2020; Mishra and
Molinaro 2021). As shown in Theorem 7, the proposed GLT
produces the discretization error of O( (logN)αs

Nα ), which is
comparable to the Sobol sequence for solutions with α = 1
and is much smaller for smoother solutions with α > 1.
These are several higher-order quasi-Monte Carlo meth-
ods, which potentially suppress the discretization errors for
smooth solutions with α > 1. However, these methods re-
quire the prior knowledge about the smoothness α and care-

599



# of points N† relative error L‡

NLS KdV AC Poisson NLS KdV AC Poisson

s = 2 s = 4 s = 2 s = 4

▲ uniformly random >4,181 >4,181 4,181 >4,181 1,019 3.11 2.97 1.55 28.53 0.28

▲uniformly spaced 2,601 4,225 >4,225 >4,225 >4,096 2.15 3.28 1.95 5.16 1437.12
■ LHS >4,181 4,181 4,181 4,181 701 2.75 3.06 1.25 246.29 0.24
■ Sobol 2,048 2,048 4,096 >4,096 1,024 2.05 2.52 1.22 14.74 1.22

• GLT (proposed) 987 987 1,597 610 307 1.22 2.19 0.93 0.76 0.15

† # of points N at competitive relative error L (under horizontal red line in Fig. 3).
‡ relative error L at competitive # of points N (on vertical green line in Fig. 3). Shown in the scale of 10−3.

Table 1: Trade-Off between Number N of Collocation Points and Relative Error L.
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Figure 3: The results of PINNs. The number N of collocation points and the relative error L.

102 103

10−3

10−2

N

∆θ1

102 103
10−5

10−4

10−3

N

∆θ2

102 103

10−2

10−1

100

N

∆θ1

102 103

10−4

10−3

N

∆θ2

KdV θ1 KdV θ2 AC θ1 AC θ2

Figure 4: The results of system identification. The number N of collocation points and the relative error ∆θ of the learnable
parameter θ. The legend can be found in Fig. 3.

ful adjustments of hyperparameters (Longo et al. 2021). On
the other hand, the proposed GLT is free from these prior
knowledge or adjustments and achieves better performances
depending on the smoothness α of the solution u and the
neural network, which is a significant advantage.

Results: Performance of PINNs Figure 3 shows the aver-
age relative error L using solid lines, with the maximum and
minimum errors depicted by shaded areas. As N increases,
the relative error L decreases and eventually reaches satura-
tion. This saturation is attributed to several factors: the limi-
tations in the network architecture as mentioned in Theorem
1, numerical errors in the datasets, discretization errors in
relative error L, and rounding errors in computation.

We report the minimum numbers N of collocation points
with which the relative error L was saturated in the left half
of Table 1. Specifically, we consider a relative error L below
130 % of the minimum observed one as saturated; the thresh-
olds are denoted by horizontal red lines in Fig. 3. The pro-
posed GLT exhibited competitive performances with consid-
erably fewer collocation points. Specifically, it required less
than half the number of points as compared to the second-
best methods, and in the case of s = 2-dimensional Pois-
son’s equation, it needed only a seventh of the points. These

findings indicate that the proposed GLT can reduce compu-
tational costs significantly. Note that, for s = 4-dimensional
Poisson’s equation, the performance of the uniformly spaced
sampling was extremely inferior, resulting in it not being
captured in the image.

Following this, we standardized the number N of col-
location points (and hence, the computational cost). In the
right half of Table 1, we list the relative error L observed
for collocation points where the relative error L of one of
the comparison methods reached saturation, as denoted by
vertical green lines in Fig. 3. A smaller error L indicates
that a method outperforms others at the same computational
cost. The proposed GLT yielded the smallest relative errors
L across all cases, with a particularly pronounced difference
in Poisson’s equation with s = 2. We show the true solu-
tions and the residuals of example results with such N in
Appendix “Additional Results.”

Therefore, we conclude that the proposed GLT can solve
various PDEs with better performances and fewer colloca-
tion points, provided the dimension number s of the do-
main Ω is four or less—a range adequate for most phys-
ical simulations. We also confirmed that the periodization
tricks significantly improve the overall performance in Ap-
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pendix “Additional Results.” Refer to Appendix “Higher Di-
mensional Case” for higher-dimensional cases.

Results: System Identification We further assessed the
performance of white-box system identification, in a sim-
ilar way as in those in Raissi et al. (2019). For the KdV
and AC equations, we treated two parameters, (θ1, θ2), as
learnable parameters (θ̃1, θ̃2) and initialized them to zero.
We extracted the true solutions u at Ns randomly selected
points {xj}Ns−1

j=0 as observations. During the training, in
addition to the physics-informed loss, we minimized the
mean squared error of the state ũ at these points, that is,
1
Ns

∑Ns−1
j=0 ∥u(xj) − ũ(xj)∥2. This procedure guides the

learnable parameters (θ̃1, θ̃2) to the true values (θ1, θ2). We
set the number of points Ns to 100 for the KdV equation
and 200 for the AC equation, which were nearly the mini-
mum required for successful system identification. All other
experimental settings were identical to those in the previous
experiments.

Figure 4 shows the median of the relative error ∆θ1 =
|θ̃1 − θ1|/|θ1| for the five trials. Our proposed GLT demon-
strated the highest precision. Remarkably, it achieved com-
parable accuracy with approximately half the number of
collocation points N required for the Sobol sequence in
most cases, and significantly fewer than other methods. Re-
call that the observations {xj}Ns−1

j=0 were selected using the
Monte Carlo method, leading to the error in the order of
O(1/N

1
2
s ) for all methods. Nonetheless, the accuracy of pa-

rameter identification relies heavily on the strategy to de-
termine the collocation points for the physics-informed loss
and its number N . The proposed GLT method proved to be
superior in this aspect as well.

Competitive Physics-Informed Neural Networks Com-
petitive PINNs (CPINNs) are an improved version of PINNs
with an additional neural network D : Ω → R called a
discriminator (Zeng et al. 2023). Its objective function is
1
N

∑N−1
j=0 D(xj)N [ũ](xj); the discriminator D is trained

to maximize it, whereas the neural network ũ is trained to
minimize it, forming a zero-sum game. The Nash equilib-
rium offers the solution to a given PDE. CPINNs employed
the competitive gradient descent algorithm to accelerate
the convergence (Schaefer and Anandkumar 2019; Schae-
fer et al. 2020). The objective function is also regarded as a
finite approximation to the integral

∫
x∈Ω

D(x)N [ũ](x)dx;
therefore, the proposed GLT in applicable to CPINNs.

We modified the code accompanying the manuscript and
investigated the NLS and Burgers’ equations2. The NLS
equation is identical to the one above. See Appendix “Exper-
imental Settings” for details about Burgers’ equation. The
number N of collocation points was 20,000 by default and
varied. We folded the coordinates to ensure the periodicity
of the loss function for the proposed GLT but did not ensure
the initial and boundary conditions; we trained neural net-
works to learn the initial and boundary conditions following

2See Supplementary Material at https://openreview.net/forum?
id=z9SIj-IM7tn (MIT License)
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Figure 5: The results of CPINNs. The number of iterations
and the relative error L.

the original experimental settings. Also, we did not apply the
randomization trick. All experiments were conducted using
Python v3.9.16 and Pytorch v1.13.1 (Paszke et al. 2017) on
servers with Intel Xeon Platinum 8368 and NVIDIA A100.

Results We have summarized the results in Fig. 5. In the
case of the NLS equation, using LHS, the relative error L
declines slowly even when N = 20, 000, and there was al-
most no improvement for N ≤ 4, 181. Conversely, using
GLT rapidly reduces the relative error L at N = 6, 765. In
most cases, GLT requires only one-third of the collocation
points that LHS needs to achieve a comparable level of per-
formance. In the case of the Burgers’ equation, CPINNs us-
ing GLT demonstrated progress in learning with N = 2, 584
collocation points, whereas CPINNs using LHS method
with N = 10, 946 achieved a worse performance rate. These
results indicate that the proposed GLT exhibits competitive
or superior convergence speed with 3 to 4 times fewer collo-
cation points. The original paper demonstrated that CPINNs
have a faster convergence rate than vanilla PINNs, but the
GLT can further accelerate it.

Conclusion
This paper highlighted that the physics-informed loss, com-
monly used in PINNs and their variants, is a finite approxi-
mation to the integrated loss. From this perspective, we pro-
posed good lattice training (GLT) to determine collocation
points. This method enables a more accurate approxima-
tion of the integrated loss with a smaller number of colloca-
tion points. Experimental results using PINNs and CPINNs
demonstrated that the GLT can achieve competitive or supe-
rior performance with much fewer collocation points. These
results imply a significant reduction in computational cost
and contribute to the large-scale computation of PINNs.

As shown in Figs. 3 and 5, the current problem setting
reaches performance saturation with around N = 1, 000
collocation points due to the network capacity and numer-
ical errors in the datasets. However, Figure 2 demonstrates
that the GLT significantly enhances the approximation ac-
curacy even when using many more collocation points. This
implies that the GLT is particularly effective in addressing
larger-scale and high-precision problem settings, which will
be explored further in future research.
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