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Abstract

In science and engineering, machine learning techniques are
increasingly successful in physical systems modeling (pre-
dicting future states of physical systems). Effectively inte-
grating PDE loss as a constraint of system transition can im-
prove the model’s prediction by overcoming generalization
issues due to data scarcity, especially when data acquisition is
costly. However, in many real-world scenarios, due to sensor
limitations, the data we can obtain is often only partial obser-
vation, making the calculation of PDE loss seem to be infea-
sible, as the PDE loss heavily relies on high-resolution states.
We carefully study this problem and propose a novel frame-
work named Re-enable PDE Loss under Partial QObservation
(RPLPO). The key idea is that although enabling PDE loss
to constrain system transition solely is infeasible, we can
re-enable PDE loss by reconstructing the learnable high-
resolution state and constraining system transition simultane-
ously. Specifically, RPLPO combines an encoding module for
reconstructing learnable high-resolution states with a transi-
tion module for predicting future states. The two modules are
jointly trained by data and PDE loss. We conduct experiments
in various physical systems to demonstrate that RPLPO has
significant improvement in generalization, even when obser-
vation is sparse, irregular, noisy, and PDE is inaccurate.

Code — https://github.com/HDFengChina/RPLPO
Extended version — https://arxiv.org/abs/2412.09116

Introduction

Using machine learning methods to model physical systems
has become a promising direction in science and engineer-
ing, e.g., fluid dynamics, diffusion, and so on (An, Kim, and
James 2008; Zhang et al. 2023; Wang et al. 2023). Since
the data collection procedure is always both time and cost-
consuming, a limited amount of data will hurt the gener-
alization of the physical system modeling. Recently, some
works have introduced PDE loss in training models and
achieved promising performance (Li et al. 2021b; Gao, Sun,
and Wang 2021a; Goswami et al. 2022a; Ren et al. 2023b;
Huang et al. 2023) to reduce the use of costly data and
improve generalization capacity of physical system mod-
els. Most works rely on high-resolution states to calculate
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or approximate the derivative for PDE loss. However, due
to sensor limitations (Iakovlev, Heinonen, and Lihdesméki
2020; Liitjens et al. 2022; Yin et al. 2022; Boussif et al.
2022; Iakovlev, Heinonen, and Lahdesmiki 2023), the appli-
cation of PDE loss for modeling physical systems is signifi-
cantly challenged by the partially observable nature of mea-
surement. Computing partial derivatives in PDE loss with
partial observation introduces significant biases, leading to
a dilemma: either we avoid using PDE loss in the model,
thereby weakening its generalization, or we use the biased
PDE loss, which can also hurt the model’s performance. As
a result, a scientific problem has been emerged:

Whether and how can we improve the model’s gener-
alization capacity for physical systems modeling by using
PDE loss under partial observation?

In this work, we propose a novel framework named
RPLPO to re-enable PDE loss for physical systems model-
ing under partial observation, thereby enhancing the model’s
capacity to generalize and predict future partially observ-
able states. By using RPLPO, the PDE loss can be used to
reconstruct the corresponding high-resolution state by only
using partial observation and re-enable the PDE loss on the
transition between adjacent learnable high-resolution states
corresponding to the partial observations simultaneously.

RPLPO mainly comprises an encoding module and a tran-
sition module. The fundamental procedure is to reconstruct
the learnable high-resolution state from partial observation
by using the encoding module and then predict the subse-
quent state with the transition module. However, it is hard to
train the encoding module without available high-resolution
data through data-driven supervised methods. Therefore, we
use several recent consecutive observations to reconstruct a
learnable high-resolution state, then train it via a PDE loss.

We design to train the encoding and transition modules
jointly with two periods. In the base-training period, the
encoding module is trained using a PDE loss without requir-
ing high-resolution data. The transition module is trained
collaboratively using the data loss and PDE loss to over-
come the generalization issues due to data scarcity. In the
two-stage fine-tuning period, the framework leverages un-
labeled data in a semi-supervised learning manner to further
improve the model’s generalization. The transition module
is first fine-tuned with unlabeled data and PDE loss indepen-
dently; then, their information is propagated to the encoding



module, which is fine-tuned using data loss calculated on the
original labeled data.

We demonstrate the performance of RPLPO on five PDEs
dynamics, which represent common physical systems in the
real world, e.g., Burgers equation, wave equation, Navier
Stokes equation, linear shallow water equation, and non-
linear shallow water equation. The results show that, with
our framework, learned models have significant improve-
ments in generalization capacity to predict future partial ob-
served states both in single-step and multi-step. Moreover,
RPLPO is validated to be: (a) effective in different data
numbers, sparsity levels, irregular partial observations, in-
accurate PDE, and noisy data; (b) robust in implementation
and hyperparameters; (¢) computationally efficient under the
premise of generalization improvement.

Our contributions can be summarized in two parts: (1) We
propose a novel framework called RPLPO to re-enable PDE
loss for physical systems modeling under partial observation
to improve the model’s generalization. (2) We demonstrate
that RPLPO leads to a significant improvement in general-
ization for predicting the future partial observed state, than
baseline methods, across various physical systems.

Related Works

We briefly discuss the highly related works here and leave
the detailed version in Technical Appendix.
Physics-informed machine learning: More and more
physics-informed machine learning methods have been pro-
posed to learn the solutions of PDEs (Karniadakis et al.
2021), including neural operator (Lu, Jin, and Karniadakis
2019; Li et al. 2020a,b, 2021b; Wang, Wang, and Perdikaris
2021; Gupta, Xiao, and Bogdan 2021; Goswami et al.
2022b; Boussif et al. 2022; Yin et al. 2023; Iakovlev,
Heinonen, and Lihdesmaéki 2023; Hansen et al. 2023; Chen
et al. 2023) and physics-informed neural networks (PINNs)
(Raissi, Perdikaris, and Karniadakis 2019; Yang, Meng, and
Karniadakis 2021; Cai et al. 2021; Karniadakis et al. 2021).
These works used PDE loss to model or solve PDEs dynam-
ics. The key to their success is the incorporation of accurate
PDE, including high-resolution states or formulas. However,
they cannot be applied to learn partial observation directly,
as their physics-informed training manner has significant
bias when calculating by partial observation.
High-resolution state reconstruction: In computer vi-
sion (CV) and physical systems modeling, several works aim
to reconstruct a high-resolution state from its partial obser-
vation, also known as super-resolution (Zhu et al. 2020; Li
et al. 2021a). In CV, numerous deep learning-based models
(Dong et al. 2014; Lim et al. 2017; Soh et al. 2019; Nazeri,
Thasarathan, and Ebrahimi 2019; Zhao et al. 2020), and gen-
erative models (Ledig et al. 2017; Liu, Siu, and Wang 2021;
Gao et al. 2023) have emerged. In physical systems, the task
has attracted more and more attention (Ren et al. 2023a),
which aims to use PDE loss in models (Wang et al. 2020; Es-
maeilzadeh et al. 2020; Fathi et al. 2020; Jangid et al. 2022;
Ren et al. 2023b; Shu, Li, and Farimani 2023) or not need
for data (Gao, Sun, and Wang 2021b; Kelshaw, Rigas, and
Magri 2022; Zayats et al. 2022). Most of these works rely on
high-resolution states to do supervised learning; only a small
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part relies on PDE loss, thus resulting in relatively larger re-
construction errors without leveraging data information or
hard to model the unsteady dynamics (Gao, Sun, and Wang
2021b). There is a work (Rao et al. 2023) that is most related
to our work. In this work, Chengpeng Rao, et al. also con-
sidered the high-resolution state reconstruction and the time-
series prediction problem, but unlike our work, it is similar
to the neural PDE solvers like PINNs rather than operator
learning. It cannot generalize to different initial conditions.
We have also leveraged this work as one of our baselines.

Different from the above related works, our framework
does not require high-resolution states but rather shows that
by a carefully designed framework, the physics-informed
training manner can be incorporated with partial observation
and further improve model’s generalization capacity.

Problem Description

Problem setting: We aim to use PDE loss to improve
model’s generalization for predicting future partially ob-
served states under partial observation in physical systems.
Denote u; = u(t) € U as an observed state, we want to infer
Uy for 7 > 0 at any time ¢. U/ is the functional space of
form 0 — R™, where Q0 C RP is the set of observational
point location, and 7 is the number of system variable. That
is to say, u; is a function of z € (), with vectorical output
ut(x) € R™; cf. examples of Section Experiments Setup.
In such problems, trajectories share the same dynamics but
vary by their initial conditions (ICs) ug € U. We observe a
finite training set of trajectories D with label and 1 lacks fu-
ture observations (without label), using a partial spatial ob-
servation grid X C 2 on discrete times ¢t € T C [0,7]. In
inference, the partial observation dataset is observed with X'.
Note that inference is performed on test data observed from
trajectories given different ICs to verify model’s generaliza-
tion to different trajectories.

Evaluation scenarios: We select four criteria that our
framework should meet. First, models trained by RPLPO
should be generalized to the change of trajectories to predict

future partial observations. It is measured by relative error

W as Eqn. 5. Second, it should also reconstruct
T2

accurate high-resolution states. It is measured by relative re-
he—hy A
IRl Hfht”fH% where h¢, h: are recon-
2
struction and label of high-resolution states (only available
to calculate ¢ in inference). Third, it should be generalized
to multi-step prediction, which requires better generaliza-
tion to reduce growth of errors. Finally, it should be effective
for different data numbers, irregular observation, inaccurate
PDE, and noisy data, robust to different encoding modules
and parameters, and computationally efficient.

construction error € =

Methodology

Here, we describe the overview of our framework, its key
components, and our designed training strategy.

Overview of RPLPO

As we mentioned in the introduction, the using of PDE loss
in the model is crucial for the model generalization but is



significantly challenged by partial observation. To re-enable
the use of PDE loss, RPLPO constructs PDE loss on the
adjacent learnable high-resolution outputs of the encoding
module. Then, the PDE loss can also facilitate the learning
of transition process in the learnable high-resolution space.
RPLPO jointly trains these two modules to effectively em-
ploy PDE loss to enhance the model’s generalization. As
shown Fig. 1 (left), there are two training periods: Base-
training period: The encoding module is trained with a
PDE loss without high-resolution states, while the transi-
tion module is trained collaboratively using data loss and
PDE loss. Two-stage fine-tuning period: It utilizes unla-
beled data semi-supervisedly for further improvement. The
first stage involves fine-tuning (FT) transition module in-
dependently, with PDE loss calculated on unlabeled data.
Then, their information is propagated to encoding module
in the second stage by fine-tuning with data loss calculated
on original labeled data.

Model Components

We presented all the model components in Fig. 1. Here we
introduce each of them separately.

Encoding module: Fy(u}). The encoding module com-
putes the learnable high-resolution state h; given the partial
observation. To input more temporal information, we use n
temporal features of u}’ = {us—.r }1 to compute the more
reliable h; as:

hi = Eg(u}), t €T,
where 6 is the trainable parameters.

Transition module: f,(h,). After the encoding mod-
ule outputs the learnable high-resolution state h;, we then
model their dynamics using a neural network. Specifically,
fs : R% — R (o predict the subsequent high-resolution
state hy -, where dj, defines the dimensionality of the high-
resolution state:

ey

hivr = fo(he), t €T,

where ¢ denotes the trainable parameters.

Down-sampling: D(h;, ). Please note that data in D
is partial observed, according to Fig. 1 (left), we define a
down-sampling operation as D : R% — I{ after the tran-
sition module, with the known coordinates. Specifically, for
a learnable high-resolution state h; ., it is represented as a
n X n matrix where hyy,(z, y) denotes the value at coordi-
nates (z,y).As we mentioned in problem settings, X' C (2
is the set of the coordinated in which we sample the partial
observation. Applying the operation, the predicted partially
observed state ;4 is:

at-&-f = {ht+‘r(x7y) | (I7y) € X} (3)

By doing this, we down-sample the subsequent partially ob-
served state u;4 . from Ay, in high-resolution space.

Inference: Combined altogether, our components define
the inference, shown in Fig. 1 (right), as:

Upgr = D(f¢(E9(u?)))7 teT. (4)

The usage of encoding module is different during train-
ing and inference periods. In training, given the “input-
output” pair (uj’,uf, ), it will encode both uj" and u}, .

@
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Algorithm 1: RPLPO

Input: Dataset D, I3, Parameters 6, ¢, Gaps between each fine-
tuning g, Steps of fine-tuning my, mo.
Initialize 6 and ¢ of two modules Ey, fy.
while True do
for:=1toqdo
Update 6, ¢ using Lp, L%, Lf;; for each (u¢, ugtr) in D.
end for
for i = 1tom; do
Update ¢ using Li,, for each u; in B.
end for
for i = 1 to ma do
Update 6 using Lp, for each (u¢, u¢4-) in D.
end for
end while

from two ends into h; and hyy. to calculate PDE loss. In
inference, only input «} is available, and h; is computed to
downstream transition module. We eliminate the uncertainty
caused by missing information in partial observation by con-
taining previous temporal observations into input, which can
also be handled by Bayesian neural networks (Louizos and
Welling 2017) and VAE (Kingma and Welling 2013), but it
is not the focus of this paper.

The “encoding-transition-sampling” framework can
leverage the PDE loss to improve the generalization
of model only based on partial observation data using
following our designed training strategy.

Model Learning

Based on the previous components, there are three problems
in training them jointly with data loss and PDE loss. The first
is how to train the encoding module when we do not have the
data of high-resolution states required by supervised learn-
ing. The second is how to use PDE loss to improve general-
ization. The third is how to use unlabeled data. To solve the
above problems, we propose a learning strategy with two pe-
riods using the PDE loss function, including a base-training
period given the labeled train sequences D and a two-stage
fine-tuning period given the unlabeled data 5. We summa-
rize the implementation in Algorithm 1.

Loss functions: We design the loss function with data
loss and PDE loss as follows:

Lp1(0,¢,D) = Lp(0,$,D) +7Lp(0,D) +vL5 (¢, D),

[der — uetrll 7 (5)

wetr |l
L5(0,D) = F(h{,his,)*, L3(,D) = F(h{,h},,)*,

where Lp (0, ¢, D) =

where D is the labeled dataset and (u, us4r) € D; Lp is
the relative [, data loss calculated on partial observation. E?D
and Eﬁ denote the PDE losses of encoding module and tran-
sition module; y is the weight of PDE loss; w4, is defined
in Eqn. 3, hY and hY, . are outputs of Eqn. 1, hY, . is an out-
put of Eqn. 2. By expressing the finite difference formulae
of PDEs following Huang et al. (2023); Ren et al. (2023b) as
F (¢, r4+) = 0, where 1) and )4, are ¢ and t 4+ 7 solu-
tions of PDEs, PDE losses £% and E‘f) can be represented as
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Figure 1: RPLPO. Training (left): In the base-training period, the encoding module is trained by £p and £%, and the transition
module is trained by £p and L}@. These losses are calculated on labeled dataset D. Then, in the two-stage fine-tuning period,

the transition module is tuned by L%, calculated on unlabeled dataset 5, and the encoding module is tuned by £p, calculated
on D, in order. Inference (right): given the partial observation to predict future partially observed states. For the two-stage
fine-tuning period, please check Technical Appendix Figure 4.

Eqn. 5. We apply the widely-used standard 4th-order Runge-
Kutta (RK4) and 4th-order central difference scheme in PDE
loss calculation.

Base-training period: The base-training period can be
formalized as a data loss and a PDE loss joint optimization
problem that we solve in parallel:

0", ¢" = argmin, , Lp1(0, ¢, D). 6)
Here, we apply distinct training on each module in physics-
informed manner, as shown in Fig. 1 (left). (1) For train-
ing the encoding module to offset the complete lack of fine-
grained data, we propose to encode input u* and label uj', .
to learnable high-resolution states h; and h;y, using the
same encoding module, which can be used to calculate E%
in training. The derivative of £% with respect to the param-
eter 6 in the encoding module is calculated. (2) To train the
transition module and improve generalization for predicting,
L’?; is computed between the input h; and the predicted sub-

sequent h4,, and the derivative of E‘ﬁ, with respect to the
parameter ¢ in the transition module is calculated. Along
with the above physics-informed manner, the L£p is also
used to train two modules end-to-end.

Two-stage fine-tuning period: We leverage unlabeled
data to tune both modules after the base-training period to
improve model’s generalization further, as shown in Fig. 1
(left). We first optimize ¢ and then optimize §. The period
can be formalized as an optimization problem:

¢" = argmin, £%(¢,B), 0° = argmin, £L%(0,D), (7)

where B is the unlabeled dataset and the definition of C?Q is
same as Eqn. 5, except for u; € B. Please note two stages of
fine-tuning have an order that is important for optimization.
Intuitively, we first fine-tune the transition module with only
ﬁ}@ on unlabeled data B to make h; and predicted h;, more
in line with PDE loss. However, as the encoding module and
transition module are first trained via £ together in base-
training period, the fine-tuned transition module mismatches
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encoding module now, leading to deteriorating performance
in general. Thus, we then fine-tune encoding module with
Lp on D. Because the encoding module has to be trained
using both input and label, while the transition module can
be trained without labels, we can propagate information of
unlabeled data and PDE from transition module to encoding
module by using this order.

Experiments

In this section, we validate our framework’s generalization
capability through experiments, comparing it with baselines
for both single and multi-step predictions which is more
challenge due to error accumulation. Then, we demonstrate
the effectiveness of our framework in terms of data num-
bers, sparsity level of observation, irregular partial obser-
vation, inaccurate PDE, and noisy data. We also assess the
framework’s adaptability and robustness by varying encod-
ing modules, hyperparameters and necessity of fine-tuning.
Finally, we studies the computational cost of our framework
under the premise of performance by contrasting cost and
GPU memory usage. Due to space limitation, we leave the
details of architecture and implementation in Technical Ap-
pendix Model Architecture and Implementation Details.

Experiments Setup

Benchmarks: We consider five PDEs that can repre-
sent common physical systems in real world. Details are
in Technical Appendix Benchmarks. (1) Burgers equa-
tion (Burgers) has a one-dimensional output scalar velocity
field u. (2) Wave equation (Wave) has the two-dimensional
output velocity field u and potential field ¢. (3) Navier
Stokes equation (NSE) corresponds to incompressible vis-
cous fluid dynamics with three-dimensional output vector
velocity (u”,u¥) and pressure field p. (4) Linear shallow
water equation (LSWE) corresponds to the inviscid lin-
earized shallow water equation with three-dimensional out-
put vector velocity (u*,u¥) and height h. (5) Nonlinear



Experiments | PIDL LNPDE  GNOT  PeRCNN FNO FNO* PINO*  RPLPO

B Lp | 143E-1  1.05B-1  1.93E-2 3.03E-1 1.68E2  1.69E-2  6.35E2  1.37E-2

urgers € 9.80E-6 - - 0.98 - 6.84E-5 9.81E-6  1.85E-6

Wave Lo 1.28 993E-1  1.33E-1 5.44E-1 1.11E-1  3.58E-2 1.01 2.64E-2
€ 1.19 - - 1.18 - 2.17 2.09 1.06

NSE Lp | 645E-1  635E-1  1.18E-1 5.07E-1 1.06E-1  1.68E2  4.70E-1  1.34E-2

€ 1.71E-2 - R 1.07 R 18562  1.07E2  2.76E-8

Lswg | £p 7.60 926E-2  1.19E-1 4.92E-1 7.92E-2  4.75E-2 7.60 2.44E-2

€ 1.38E-3 § - 0.97 - 6.82E3  1.63E-3  1.47E-3

NSWE | LD | 234E-1 670E2  163E-l 4.06E-1 1.0IE-1  6.41E2  2.32E-1  3.50E-2

€ 3.16E-1 - R 1.30 R 1.74 3.18E-1  2.03E-1

Table 1: Relative loss £ (]) and ¢ (]) on five benchmarks. Our framework achieves better prediction results than all other
baseline methods. The results are the mean of three times running with different seeds. Best in bold and second best underline.

ID| | FNO*  RPLPO  RPLPO w/o FT
50 | 128E-1  8.8IE-2 9.53E-2
100 | 1.07E-1  6.88E-2 7.34E-2
300 | 641E2  3.50E-2 3.69E-2
350 | 5.59E-2  3.21E-2 3.32E-2

Table 2: Relative loss £ ({) of the data numbers.

shallow water equation (NSWE) is more challenge than
LSWE, which retains nonlinear features including uneven
bottom. In all benchmarks, ICs are randomly sampled from
i.i.d. Gaussian Random Fields and models learn to general-
ize to various trajectories with different ICs, as detailed in
Technical Appendix Data Generation.

Baselines: We reimplement several methods as base-
lines (details in Technical Appendix Baseline Methods):
(1) PIDL, a physics-informed deep learning approach us-
ing finite difference-based PDE loss, previously applied in
Liu and Wang (2021). (2) LNPDE (lakovlev, Heinonen,
and Lihdesmiki 2023), a state-of-the-art model for learn-
ing physical dynamics, independent of the space-time con-
tinuous grid. (3) GNOT (Hao et al. 2023), an effective
transformer for learning operators. (4) PeRCNN (Rao et al.
2023), a framework encoding physics to learn spatiotempo-
ral dynamics. (§) FNO (Li et al. 2020b), a neural operator
with FFT-based spectral convolutions. (6) FNO*, enhancing
FNO by attaching the same encoding module as in RPLPO,
with v = 0 in Eqn. 5. (7) PINO (Li et al. 2021b), a hybrid
approach merging data and PDE loss like FNO*, calculating
PDE loss between u; and u;,. Attaching the same encod-
ing module in FNO* and PINO* levels the playing field to
evaluate our method versus modified baselines.

| FNO* RPLPO

w/o high-resolution states 6.41E-2 3.50E-2
with 1/3 high-resolution states | 5.13E-2  3.41E-2
with 1/2 high-resolution states | 5.01E-2  3.35E-2
with all high-resolution states | 4.70E-2  3.29E-2

Table 3: Relative loss Lp () of the number of correspond-
ing high-resolution states if available.

107
/ 107 107
Burgers Wave NSE
104 02 4 6 810
107
LSWE NSWE

Prediction Steps
02 46 810

FNO *
Prediction Steps

Lo (log scale)

—RPLPO
0 2 4 6 810
Prediction Steps

Figure 2: The results of multi-steps prediction from 1%
to 10" step. RPLPO achieves a significant improvement
against FNO* on five benchmarks at all prediction steps.

Comparison With Baselines

We compare our proposed RPLPO with seven baselines; the
results are shown in Table. 1 for single-step prediction. We
visualize some prediction results in Technical Appendix
Result Visualization. Specifically, RPLPO shows a signifi-
cant improvement against all baselines on five benchmarks.
RPLPO has at least 25% (against FNO* in NSE) to more
than 99% (against PINO* in LSWE) improvement on Lp
compared with all baselines. Moreover, RPLPO simultane-
ously has over 36% (against PINO* in NSWE) improvement
on e than most of the baselines, which means RPLPO can
reconstruct the more accurate high-resolution state. We con-
sider it a reason why RPLPO can learn the physical system
models with better generalization. Note that in LSWE, re-
construction error € of PIDL is slightly better than ours, but
its data loss £p is much larger than ours because PIDL fo-
cuses on training the model with PDE loss only, ignoring the
data constraint for predicting. In general, RPLPO achieves
better performance than all baselines, which demonstrates
its modeling and generalization.

Furthermore, we evaluate our framework on the multi-
step prediction and compared it with baselines. The results
are shown in Fig. 2 against FNO* (the best method among
baselines), and more detailed results of others are left in
Technical Appendix Multi-step Prediction. Our proposed
RPLPO achieves a significant improvement against FNO*
on all benchmarks among prediction steps. In general, the
gap between Lp of RPLPO and FNO* is increasing along



Tu Xyu | FNO* RPLPO
3x3 7.86E-2 4.43E-2
5 x5 7.08E-2 3.30E-2
TxT 6.41E-2 3.50E-2

Table 4: Relative loss Lp (|) of different sparsity levels of
partial observation.

FNO* RPLPO
749E-2 5.03E-2

MP-PDE  MeshGraphNets
3.44E-1 1.85E-1

Table 5: Relative loss Lp ({) of irregular observation.

with the prediction steps. The reason is that the growth of cu-
mulative error may slow down due to the model being con-
strained to meet the PDE loss at each step, thus maintaining
higher generalization in multi-step prediction.

Ablation Studies

We conduct comprehensive experiments to verify the ef-
fectiveness, robustness, and computational cost of RPLPO.
The additional ablation studies, including zero-shot super-
resolution, types of data loss, finite-difference schemes of
PDE loss, and physics metrics, are available in the Techni-
cal Appendix.

Effectiveness In this subsection, we demonstrate how
RPLPO effectively operates across data numbers, sparsity
level of observation, irregular partial observation, inaccurate
PDE, and noisy data.

Ablation study on data numbers: We evaluate the im-
pact of data numbers for the partial observation D and high-
resolution states, if available, by experiments on NSWE. (1)
Using different numbers of trajectory |D|, and (2) assum-
ing almost 1/3, 1/2, and all partial observations have corre-
sponding high-resolution states used as labels for the encod-
ing module, allowing more accurate state reconstruction to
explore if they can improve the performance.

(i) Table 2 shows that £ decreases as |D| increases;
larger data volumes enhance model generalization. With less
data, our framework still outperforms FNO¥*, although it’s
more effective with more data. (ii) Table 3 reveals that both
FNO#* and RPLPO benefit from increased high-resolution
states, with RPLPO showing greater improvements. Please
note that the relative improvement of RPLPO over FNO*
decreases with the increase of high-resolution states, indi-
cating RPLPO’s function in compensating for the lack of
high-resolution states.

Sparsity level of observation and irregular observa-
tion: We consider the impact of sparsity level and irregular-
ity in partial observations. (1) Using different sparsity levels
of observation data x,, X ¥, in training. (2) Using irregular
partial observation, sampled randomly from high-resolution
states as shown in Technical Appendix Fig. 5 to verify the
performance on irregular observation.

(i) Table 4 shows improved performance with relatively
more observation (5 X 5,7 X 7) during training, are more
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0 10% 20% 30%
Accurate PDE | 3.50E-2 5.05E-2 6.11E-2 6.80E-2
GRFs withstd 1 | 3.52E-2 5.06E-2 6.16E-2 6.76E-2
GRFs withstd 5 | 4.00E-2 544E-2 6.30E-2 6.91E-2
GRFs with std 10 | 5.12E-2 5.92E-2 6.79E-2 8.50E-2
FNO* 6.41E-2 8.47E-2 8.98E-2 9.66E-2

Table 6: Relative loss L£p () of noisy data and inaccurate
PDE. The column means the noise percentages (10%, 20%,
30%) on observed data. 0 means data do not have noise. The
row means baseline FNO* and different scales GRFs added
on the PDE used in the RPLPO.

Architecture | FNO* RPLPO
U-Net 6.41E-2 3.50E-2
Transformer 6.79E-2 4.70E-2

Table 7: Relative loss Lp (]) using U-Net and Transformer.

significant. Across various x,, X 3,,, RPLPO consistently out-
performs FNO*. (ii) For experiments on irregular observa-
tion, as shown in Table 5, we compared RPLPO with two
popular methods of irregular data MP-PDE (Brandstetter,
Worrall, and Welling 2022) and MeshGraphNets (Pfaff et al.
2020). RPLPO can improve performance over the baselines,
consistent with the conclusion on the regular observations.

Inaccurate PDE and noisy data: To simulate the chal-
lenges in real-world practices, including noisy data and in-
accurate PDE, we consider the above two challenges to eval-
uate the performance of RPLPO. We add the unknown terms
as the Gaussian random fields (GRFs) in PDE to represent
the inaccuracy and use the data with different levels (10%,
20%, and 30%) Gaussian noise following the previous work
(Rao et al. 2023). We use the GRFs with mean O and std 1, 5,
and 10. From the results in Table 6, we can see that RPLPO
improves performance against the baseline in all settings. It
illustrates that our method is effective even when the PDE is
not accurate and the data has noise.

Error‘FNO"< NN bilinear bicubic RPLPO
€ ‘ 1.74 8.40E-1 5.98E-1 5.83E-1 2.03E-1

Table 8: Relative reconstruction error € (|) of the proposed
encoding module and interpolations.

Computational Cost and Analysis

Adaptability and Robustness We change the network
architecture of encoding module, hyperparameters, and
RPLPO without fine-tuning to verify the framework always
has improvement under different implementations.
Network architecture of encoding module: To demon-
strate RPLPO’s independence from specific network archi-
tectures, we substitute the encoding module’s U-Net with
a Transformer in the NSWE setting, using ViT’s official
Transformer implementation (Dosovitskiy et al. 2020). Ta-



Method Inference (s) Training (s) Inference (MiB) Training (MiB)

32 48 64 32 48 64 32 48 64 32 48 64
FNO* 0.0751 0.1445 0.2387 | 0.4555 1.5786 2.8061 | 3479 3955 5445 | 4311 5731 8457
RPLPO | 0.0764 0.1398 0.2374 | 0.8007 2.5895 3.8649 | 3479 3955 5445 | 4383 5851 8615

Table 9: The increasing of computational cost (s J) and GPU memory utilize (MiB |) along the resolutions of high-resolution
states increase in inference and training. Headers are three resolutions, like 64 x 64.

T FNO* I RPLPO
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0.00 43 g1 1 0007 40 T 0.00 50,10 100/5100/10
14 n q/mi(my)

Figure 3: Relative loss L£p(]) of hyperparameters. In the
right one, we omit “ms” on x-coordinate means mo = mj.

ble 7 shows that RPLPO can still significantly outperforms
the data-driven approach FNO* by using PDE loss, partic-
ularly when fine-tuning both the U-Net and Transformer
encoding modules. Moreover, we replace the PDE loss-
trained encoding module with interpolation methods, in-
cluding nearest neighbors (NN), bilinear, and bicubic inter-
polations. The result, shown in Table 8, verifies the necessity
and effectiveness of the proposed encoding module.

Ablation study on hyperparameters: We examine three
critical hyperparameters in RPLPO for robustness: (1) PDE
loss weight v from Eqn. 5, (2) lengths of recent tempo-
ral observations n as input, and (3) the number of epochs
m1, my and gaps g between each fine-tuning period. (i) Fig-
ure 3 (left) indicates clearer model improvement at y = 1E-1,
chosen for this work. RPLPO shows consistent enhancement
regardless of v, demonstrating robustness. (ii) Longer n val-
ues (n = 4, 6) lead to better RPLPO performance, as seen
in Figure 3 (middle), by utilizing more temporal observa-
tions. (iii) Figure 3 (right) shows RPLPO’s improvements
across all parameters, confirming RPLPO can adapt to vary-
ing training setups. We also study the impact of two PDE
losses with different v and the higher upscale factor of the
encoding module. Their results are shown in Technical Ap-
pendix Table 18 and Table 24.

Necessity of fine-tuning: The two-stage fine-tuning pe-
riod is an important part of RPLPO as the data scarcity
tend to cause the generalization issues, especially when data
acquisition is costly and only partial observation is avail-
able. We conduct the ablation study on the relationship be-
tween the data and the effect of fine-tuning. In Table 2, the
RPLPO w/o FT means RPLPO is not trained by the two-
stage fine-tuning period. RPLPO has greater improvement
than RPLPO w/o FT when data is limited, as leveraging the
unlabeled data provides additional information.

We design experiments to study the computational cost
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Method | 32() 48 (s) 64 (s)
fs» of RPLPO | 0.0030  0.0032  0.0032
Solver 0.0159 00168  0.0175

Table 10: Computational cost (s J.) of our proposed transition
module and numerical solver. Headers are three resolutions
of high-resolution states, like 64 x 64.

and GPU usage impacted by introducing PDE loss, and
cost on the transition module on a single Nvidia V100
16GB GPU under the premise of the above effectiveness,
adaptability, and robustness to demonstrate the efficiency of
RPLPO.

Impact of PDE loss on cost and GPU usage: We assess
the rise in computational cost along the increasing of reso-
lutions of the learnable high-resolution state. Table 9 shows
that regardless of resolution, FNO* and RPLPO incur sim-
ilar costs and GPU memory usage due to identical model
structures. However, RPLPO’s training costs are higher than
FNO#*’s due to differing loss functions, involving calcula-
tions of PDE loss and its derivatives across two modules,
but these costs remain within a reasonable range.

Cost on transition module: We study the computational
cost of our transition module against the numerical solver
(RK4) to verify the efficiency and necessity of our proposed
component. As shown in Table 10, the cost taken for a step
forward using solver is more than five times that of our
transition module. Moreover, as the resolution increases, the
computational cost of our transition module does not sig-
nificantly change, as only the input and output layers are
affected, with small changes in the hidden layers. These re-
sults indicate that, in terms of computational cost, whether
in training or inference, our transition module offers con-
siderable advantages over the solver. Detail is available in
Technical Appendix Cost on Transition Module.

Conclusion

In this paper, we propose RPLPO, a novel framework to
re-enable PDE loss under partial observation to improve
the model’s generalization for predicting future partially ob-
served states. Within RPLPO, we use the encoding module
and transition module in order and develop a training strat-
egy with two periods to address challenges associated with
partial observation and data scarcity. Using five physical sys-
tems as examples, we demonstrate that RPLPO can suc-
cessfully re-enable PDE loss and thus improve the model’s
generalization capacity. Technical Appendix is in the ex-
tended version.
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