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Abstract
Generative Flow Networks, known as GFlowNets, have been
introduced in recent times, presenting an exciting possibil-
ity for neural networks to model distributions across various
data structures. In this paper, we broaden their applicability
to encompass scenarios where the data structures are optimal
solutions of a combinatorial problem. Concretely, we propose
the use of GFlowNets to learn the distribution of optimal so-
lutions for kidney exchange problems (KEPs), a generalized
form of matching problems involving cycles.

Introduction
In the literature, there are many combinatorial optimiza-
tion models motivated by real-world problems. Most of
these problems are usually tackled using mixed-integer pro-
gramming techniques such as branch-and-bound. They are
usually formulated as mathematical programs and fed to a
solver that finds an optimal solution. These optimization
techniques aim to be effective methods to search the solu-
tion space for a solution that is optimal, or close to optimal,
and feasible, i.e., satisfying a set of constraints.

One particular example of a combinatorial optimization
problem that has a real-life application is a set of problems
referred to as kidney exchange problems (KEPs). These are
allocation problems where the resources to be distributed are
organs. Their solutions are referred to as exchange plans and
their goal is typically concerned with designing a mecha-
nism to select an exchange plan. In kidney exchanges, the
evolution of the patients-donor pool is subject to uncertainty
and they often have multiple optimal solutions; any policy
for selecting a solution needs to account for the impact it can
have on its patients. Different approaches have been tried to
define fairness in the context of kidney exchanges. The two
main flavours either prioritize outcomes with certain prop-
erties (Dickerson, Procaccia, and Sandholm 2014) or give
guarantees to patients in the form of distributions over solu-
tions (Farnadi et al. 2021). These definitions of fairness are
related to the static case (i.e., single-round KEP), but in the
dynamic case, it is not obvious what is a good definition of
fairness. The two main obstacles to definitions in this setting
are uncertainty and computing candidate solutions to build a
distribution in the first place.
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Objective: The goal of this research project is to devise ef-
ficient methods to sample exchange plans that match a high
number of patients, while also guaranteeing some fairness
notions as part of the allocation mechanism. We will char-
acterize some natural fairness notions that can arise in the
context of dynamic KEPs and propose methods to compute
exchange plans in order to push the evolution of the KEP
pool in a desired direction, i.e. whose matching dynamics
fulfill high transplant counts and fair allocations.

Related Work
Before diving into the proposed research projects on the dy-
namic setting, we first summarize the work that has been
done so far on the static case. In St-Arnaud, Carvalho, and
Farnadi (2023), we combine a utilitarian objective with a fair
allocation mechanism, referred to as a fairness scheme. This
idea is motivated by the need for kidney exchange alloca-
tion policies to match as many patients as possible, while
also ensuring that the allocation of compatible pairs is done
in a fair and equitable way. We successfully demonstrate that
it is possible to effectively balance utility and fairness in two
multi-objective frameworks which we refer to as the social
welfare program and the Nash social welfare program (Gass
and Saaty 1955). We provide an efficient column generation
method for both frameworks in order to compute our solu-
tions. We refer the reader to supplementary material for a
less cursory overview of our results.

In order to design fair allocation mechanisms for kid-
ney exchange systems, we have identified the need to ef-
ficiently compute multiple optimal solutions or exchange
plans. We have surveyed the literature and identified sev-
eral candidate methods that can sample solutions. From the
literature on Monte Carlo sampling, we have found Monte
Carlo Markov chain methods (MCMC) such as variations
of the Metropolis-Hastings algorithm that can converge to
some desired probability distribution over time. In the re-
inforcement learning (RL) literature, policy gradient meth-
ods such as proximal policy optimization (PPO) (Schulman
et al. 2017) and deep Q-learning (Hausknecht and Stone
2015) have both been deployed to learn policies. This ex-
ploration of available methods will allow us to identify the
most promising sampling methods and also understand their
limitations in the context of KEPs.
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Approach
Because kidney exchange systems are run over time and
since the pool is a function of previously realized exchange
plans, we must extend the dual utilitarian-fair design of poli-
cies to the dynamic setting. As an initial step towards this
goal, we apply GFlowNets (Bengio et al. 2023) to learn
to sample exchange plans proportionally to a reward func-
tion. This enables us to explore the space of solutions effi-
ciently by providing a sampler that can return high-reward
exchange plans. We train a GFlowNet with multiple tra-
jectories on both a single KEP graph (OptLearn) and mul-
tiple graphs (OptLearn-Multi), where trajectories are built
from sequences of selected cycles in order to form exchange
plans. We use a trajectory-decomposable loss in order to
satisfy the trajectory balance equation, giving us a flow (in
practice, this equation is approximately satisfied). We com-
pare the number of patients included in sampled exchange
plans against the optimal solution given by a MIP solver
(OptMIP) and two random baselines selecting cycles greed-
ily according to size (RandGreedy) and uniformly at random
(RandUniform). The results can be found in table 1.

Expected ratio of optimal solution
Method Single instance Multiple instances

OptMIP 1.000 1.000
RandUniform 0.873 0.795
RandGreedy 0.877 0.821

OptLearn 0.928 -
OptLearn-Multi - 0.897

Table 1: Performance of OptLearn against baselines

We also measure the capacity of the learning procedure to
generalize to larger instances (i.e. KEP graphs) by training
on trajectories from multiple KEP graphs of size 50 (i.e. 50
patient-donor pairs) and sampling solutions from graphs of
size 100 and 200 (see table 2). Again, we see that our ap-
proach outperforms the baselines on larger instances. While
not definitive, our initial results for the static case are encour-
aging by showing that it is possible to sample such solutions.
Again, we encourage the reader to seek a more detailed de-
scription of our results in the supplementary materials. We
wish to stress the fact that this work on static KEPs is a pre-
liminary step towards tackling the general case of dynamic
KEPs. We will eventually need to extend the learning of the
flows to a dynamic setting and to also account for fairness
requirements. This is what we will set out to do in our future
research, as discussed below.

Expected Ratio of Optimal Solution
Method 50 100 200

OptMIP 1.000 1.000 1.000
RandUniform 0.829 0.795 0.631
RandGreedy 0.841 0.821 0.706

OptLearn-Multi 0.936 0.872 0.782

Table 2: Training on instances of size (i.e. λN ) 50 and test-
ing against instances of size 50, 100, and 200.

Future Work
The work that we have done so far in static KEPs forms a
strong basis on which we can build extensions to tackle the
dynamic setting. The ultimate goal of this research project
is to compute fair and high-utility KEP policies that are not
myopic. To help us achieve this goal in the dynamic set-
ting, we propose to extend kidney exchange optimization,
define fairness notions, combine utilitarian and fair alloca-
tion schemes and provide interpretable policies to patients
and decision-makers to help guide their decisions and also
better predict changes in the environment. For this purpose,
we will continue to apply GFlowNets to KEPs by extending
their use to the dynamic setting. With this line of inquiry, we
wish to determine if this method is able to effectively learn to
sample solutions proportionally to a pre-determined reward
when we extend the optimization horizon. We will make use
of a simulator to capture the uncertainty of the environment
in the dynamic case (e.g. arrival and departure of patient-
donor pairs). As part of our experiments, we will try out dif-
ferent flow parameterizations in order to select the best one
for our needs. The modelization will follow, as a basis, the
work of Pan et al. (2023). Our hypothesis is that we will be
able to show that this method provides an improvement over
other alternatives such as MCMC and energy-based meth-
ods. We would also like to compare against other RL base-
lines such as deep-Q learning.
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