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Abstract

Spectral clustering is a powerful clustering technique. It
leverages the spectral properties of graphs to partition data
points into meaningful clusters. The most common criterion
for evaluating multi-way spectral clustering is NCut. Column
Subset Selection (CSS) is an important optimization tech-
nique in the domain of feature selection and dimension reduc-
tion, which aims to identify a subset of columns of a given
data matrix that can be used to approximate the entire ma-
trix. In this study, we show that CSS can be used to compute
spectral clustering and use this to obtain new graph clustering
algorithms.

Definition of the Graph Clustering Problem
General graph definitions: Let G be an undirected graph
of n nodes and m edges. Let wij be the non-negative weight
between nodes i and j, so that the matrix W = (wij) is
n × n. The degree of node i is di =

∑
j wij . The degree

vector is d = (d1, . . . , dn)
T , and the n× n degree matrix is

D = diag(d). The graph Laplacian is L = D−W .

Graph clustering: Consider the vertices of the graph G
partitioned into the k disjoint subsets: A1, . . . , Ak. For
t=1, . . ., k define: Vt =

∑
i∈At

di, Ct =
∑

i∈At,j ̸∈At
wij .

Here Vt is the cluster volume and Ct is the cluster cut. The
following clustering criterion is the most common in the
spectral clustering literature (Von Luxburg 2007):

NCut(A1, . . . , Ak) =
1

2

k∑
t=1

Ct

Vt
. (1)

Edge Matrix
The edge matrix represents the graph as an n × m matrix.
Each column of the matrix contains the information of a sin-
gle edge of the graph. This matrix has some important prop-
erties related to our technique of obtaining graph clustering
methods with CSS. Different kinds of normalization can be
applied to the edge matrix. Here we focus on the specific
normalized matrix which can be used to minimize the NCut
with CSS.
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Definitions and Notation
Edge vectors and the edge matrix:
The edge vector e associated with the edge between the
nodes i, j is defined as the following n-vector:

e =
√
wij (0, . . . , 0,−1, 0, . . . , 1, 0, . . . , 0)T ,

−1 is in the ith location, 1 is in the jth location.
(2)

The edge matrix E associated with the graph G is the fol-
lowing n×m matrix:

E = (e1, e2, . . . , em) , (3)

where ei is the edge vector of the ith edge. (The edge order
is arbitrary.)

Normalized edge vectors and the edge matrix:
Recall that D=diag(d). We write D− 1

2 for (D+)
1
2 , where

the D+ is the pseudo-inverse of D.
The normalized edge vector ẽ associated with the edge be-
tween the nodes i, j is defined as the following n-vector:

ẽ = D− 1
2 e, (4)

where e is the edge vector of the edge between i, j.
The normalized edge matrix Ẽ associated with the graph
G is the following n×m matrix:

Ẽ = (ẽ1, ẽ2, . . . , ẽm) = D− 1
2E. (5)

Properties of an Edge Matrix
The edge matrix has the following properties which can
help us build the connection between spectral clustering and
CSS:
Theorem 1. Let G be a graph with the corresponding nor-
malized edge matrix Ẽ. Let S be a subset of G edges, and
let ẼS be its normalized edge matrix. If the edges in S can
form a circle in G then: The columns of ẼS are not linearly
dependent.
A simple corollary of Theorem 1 is:
Theorem 2. Let G be a graph with the corresponding nor-
malized edge matrix Ẽ. Let S be a subset of G edges, and
let ẼS be its normalized edge matrix. If ẼS is full rank (the
columns of ẼS are linearly independent) then: The edges in
S can not form a circle in G.
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The Column Subset Selection Problem
Let X=(x1, . . . , xm) be an n × m matrix. Let XS be an
n × k matrix constructed from k columns of X . The linear
approximation of X by XS can be written as: X ≈ XSB,
where B is a coefficient matrix of size k ×m. The squared
Frobenius norm of the approximation error is given by:

ApproxErr(X,XS) =
1

2
∥X −XSX

+
S X∥2F . (6)

Here X+
S is the pseudo inverse of XS . The CSS problem

is the problem of finding S that minimizes the error crite-
rion (6). See e.g., (He et al. 2019).

Equivalence
The following theorem shows an equivalence between spec-
tral clustering and CSS:

Theorem 3. Let G be a graph with the corresponding nor-
malized edge matrix Ẽ. Let S be a subset of G edges, and
let ẼS be its normalized edge matrix. Define r as the rank of
ẼS . Then:
(a). Let k = n−r. The edges in S form a subgraph GS with

k connected components A = {A1, . . . , Ak}.
(b). NCut(A) = ApproxErr(Ẽ, ẼS).

See the full paper for the proof.

The Black Box Algorithm
As a result of Theorem 3, spectral clustering can be solved
by CSS. We have the following “black box” algorithm:

Algorithm 1: The black box graph clustering algorithm
Input: G, a graph with n nodes to be clustered. k, the de-

sired number of clusters. A black box CSS algorithm.
Output: The k clustering of the graph.
1. Compute Ẽ from G according to (5).
2. Run the CSS algorithm to select linearly independent S

containing n−k columns from Ẽ.
3. Construct the subgraph GS from the selection.
4. Return the connected components of GS as output.

Examples
We tested the following three algorithms:

NJW. This is the classical spectral clustering algorithm
from (Ng, Jordan, and Weiss 2001).

QRP. QR Factorization with Column Pivoting (QRP) is
a classical CSS algorithm known for nearly 60 years
(Businger and Golub 1965).

It is greedy, and starts by selecting the column with the
largest norm. In each iteration it subtracts projections on
the selected column from each remaining column, and again
selects the one with the largest norm among the reduced
columns.

GREEDY. The GREEDY algorithm is greedy, and starts
by selecting the column that best predicts the entire ma-
trix. In each iteration it subtracts projections on the selected
column from all remaining columns, and then selects the
column that gives the best prediction for the reduced ma-
trix (Farahat et al. 2015).
The following panels show results obtained on graphs com-
puted from an image taken from the publicly available
“COIL” data set. The graph was computed by creating edges
between all adjacent pixels. In terms of NCut, GREEDY
performs the best, NJW second, and QRP third. However,
looking at the images the QRP produced “very reasonable”
clusters.

NJW, k = 2 QRP, k = 2 GREEDY, k = 2
NCut=0.0006 NCut=0.0031 NCut=0.0006

NJW, k = 3 QRP, k = 3 GREEDY, k = 3
NCut=0.0037 NCut=0.0059 NCut=0.0029

NJW, k = 4 QRP, k = 4 GREEDY, k = 4
NCut=0.0076 NCut=0.0164 NCut=0.0058

NJW, k = 6 QRP, k = 6 GREEDY, k = 6
NCut=0.0169 NCut=0.0253 NCut=0.0137

Figure 1: experiments with various algorithms.

For additional results see (Wan et al. 2024).
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