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Abstract

This paper studies safe Reinforcement Learning (safe RL)
with linear function approximation and under hard instanta-
neous constraints where unsafe actions must be avoided at
each step. Existing studies have considered safe RL with hard
instantaneous constraints, but their approaches rely on sev-
eral key assumptions: piq the RL agent knows a safe action
set for every state or knows a safe graph in which all the
state-action-state triples are safe, and piiq the constraint/cost
functions are linear. In this paper, we consider safe RL with
instantaneous hard constraints without assumption piq and
generalize piiq to Reproducing Kernel Hilbert Space (RKHS).
Our proposed algorithm, LSVI-AE, achieves Õp

?
d3H4Kq

regret and ÕpH
?
dKq hard constraint violation when the cost

function is linear and OpHγK
?
Kq hard constraint violation

when the cost function belongs to RKHS. Here K is the learn-
ing horizon, H is the length of each episode, and γK is the
information gain w.r.t the kernel used to approximate cost
functions. Our results achieve the optimal dependency on the
learning horizon K, matching the lower bound we provide
in this paper and demonstrating the efficiency of LSVI-AE.
Notably, the design of our approach encourages aggressive
policy exploration, providing a unique perspective on safe RL
with general cost functions and no prior knowledge of safe
actions, which may be of independent interest.

Introduction
Reinforcement Learning (RL) has shown significant empiri-
cal success in improving online decision-making in various
applications, including games (Silver et al. 2017), robotic
control (Andrychowicz et al. 2020), etc. However, in many
real-world scenarios, it is essential to consider more than just
maximizing rewards. Safety, ethical considerations, and ad-
herence to predefined constraints are crucial aspects, particu-
larly in critical domains like robotics, finance, and healthcare.

RL with instantaneous constraints addresses this need by
introducing constraints that the agent must adhere to at every
single time step during the learning process. Unlike con-
straints imposed on the entire trajectory or episode (Wei, Liu,
and Ying 2022a,b; Ghosh, Zhou, and Shroff 2022; Ding et al.
2021; Liu et al. 2021a; Bura et al. 2021; Wei et al. 2023;
Singh, Gupta, and Shroff 2020; Ding et al. 2021; Chen, Jain,
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and Luo 2022; Efroni, Mannor, and Pirotta 2020), instanta-
neous constraints demand strict compliance with specified
limitations at each moment of decision-making so that un-
safe actions should be avoided at each step. For instance, in
autonomous vehicles, RL agents must consistently adhere to
traffic rules and avoid dangerous maneuvers in any time to en-
sure safety. In healthcare, RL algorithms that respect privacy
and confidentiality restrictions can recommend personalized
treatment plans without violating patient data protection reg-
ulations. By enforcing instantaneous hard constraints, RL
agents can be trusted and relied upon to operate responsibly
in complex and dynamic environments while avoiding unnec-
essary exploratory actions and adhering to safety guidelines.

Existing literature on safe RL with hard instantaneous con-
straints has explored various aspects of this complex problem.
(Amani, Alizadeh, and Thrampoulidis 2019; Pacchiano et al.
2021) studied the linear bandit problem with instantaneous
constraints, which was extended to safe linear MDP with in-
stantaneous constraints in (Amani, Thrampoulidis, and Yang
2021). The most recent work (Shi, Liang, and Shroff 2023)
studied designing a safe policy for both unsafe states and ac-
tions. However, it is important to note that all of the existing
works have made restrictive assumptions. (Amani, Thram-
poulidis, and Yang 2021) requires the knowledge of a safe
action for every state, while (Shi, Liang, and Shroff 2023)
relies on a known safe subgraph where all state-action-state
transitions are guaranteed to be safe. Additionally, all of these
approaches require the cost function to have a linear structure,
which imposes practical limitations on its applicability. In
light of these assumptions, their approaches can ensure safe
learning during the entire learning process with high probabil-
ity due to the inherent capability of the algorithm to construct
confidence sets along the state feature vector associated with
the known safe actions. This, in turn, engenders a more con-
servative exploration strategy for the agent. A comparison of
the theoretical results and the basic assumptions between our
paper and the existing results can be found in Table 1.

In this paper, we study safe RL with minimal assumptions,
where we neither assume any prior knowledge of cost/con-
straint functions nor any form of safe guidance (e.g., safe
actions or graphs), except the necessary assumption that
the cost functions are within Reproducing Kernel Hilbert
Space (RKHS) to guarantee the learnability of cost func-
tions. Since the agent is required to explore the environ-
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Algorithm Regret Cost Function Assumptions
LSVI-NEW ÕpdH3

?
dK

∆c
q linear known safe subgraph, star convex sets

(Shi, Liang, and Shroff 2023) Lipschitz rewards/transitions
SLUCB-QVI Õp

?
d3H4Kq linear known safe action for each state

(Amani, Thrampoulidis, and Yang 2021) star convex sets
This Paper (LSVI-AE) Õp

?
d3H4Kq linear / RKHS ✗

Table 1: Regret on linear MDPs for safe RL with instantaneous hard constraints. Here d is the dimension of the feature mapping,
H is the duration of each episode, K is the total number of episodes, and ∆c is a safety-related parameter.

ment from scratch, the constraint violation is unavoidable.
We consider the strict hard constraint violation, defined as
řK

k“1

řH
h“1 ghpxk

h, a
k
hq`, which prohibits the cancellation

across different steps. Here, K represents the total num-
ber of episodes, H is the horizon of the (MDP), gh is the
cost function at step h, pxk

h, a
k
hq denotes the state-action

pair selected at step h during episode k, and ghp¨q` :“
maxtghp¨q, 0u. The hard constraint violation is much more
challenging to minimize than the “soft” constraint violation
r
řK

k“1

řH
h“1 ghpxk

h, a
k
hqs`. For example, if we consider a

sequence of decisions such that ghpxk
h, a

k
hq “ ´1 if k is odd

and `1 if k is even. Any positive value of the cost indicates
a violation of the constraint. Then, assuming K “ 100, it
becomes evident that the soft violation is 0, but the constraint
actually violates half of the K episodes. Therefore, an agen-
t/policy with minimal hard violations can guarantee strong
safety. Our main contributions of this paper are summarized
below:

• We propose a novel algorithm, LSVI-AE, an acronym for
Least-squares Value Iteration with Aggressive Exploration,
which integrates adaptive penalty-based optimization with
double optimistic learning. The algorithm guarantees fast
learning in an uncertain environment while keeping the
hard violation minimal (safe and aggressive exploration).
Our design is based on the intuition that aggressive ex-
ploration in the initial periods can significantly improve
safety and efficiency for the majority of subsequent periods,
which is in contrast to the conventional idea of conservative
exploration, typically employed in the previous study of
safe bandits or RL.

• We prove that LSVI-AE achieves a regret of Op
?
d3H4Kq,

and a hard constraint violation of OpHγK
?
Kq (the vio-

lation becomes ÕpH
?
dKq when the cost functions are

linear). To show the sharpness of these results, we provide
lower bounds on regret, which is ΩpHd

?
HKq, and on

the violation which is Ωp
?
HKq. The lower bounds show

that LSVI-AE achieves the order-optimal regret and vio-
lation w.r.t. the episode length K, while the dependencies
on d and H can be further improved to match the lower
bound using the technique of the “rare-switching” idea
(Hu, Chen, and Huang 2022; He et al. 2022). To the best
of our knowledge, these are the first results in safe RL
with instantaneous hard constraints. Further, the numerical
experiments verify the “safe learning” of our algorithm.

Related Work
Safe RL, especially those with expected cumulative con-
straints, has been extensively studied under model-free ap-
proaches (Wei, Liu, and Ying 2022b,a; Wei et al. 2023;
Ghosh, Zhou, and Shroff 2022), and model-based ap-
proaches(Ding et al. 2021; Liu et al. 2021a; Bura et al. 2021;
Singh, Gupta, and Shroff 2020; Ding et al. 2021; Chen, Jain,
and Luo 2022). There are also many works (Liu, Jiang, and
Li 2022; Wu et al. 2018; Caramanis, Dimitrov, and Morton
2014) that have studied the knapsack constraints, wherein
the learning process stops whenever the budget has run out.
(Amani, Alizadeh, and Thrampoulidis 2019; Pacchiano et al.
2021) studied safe linear bandits which require a linear safety
value for each step to be bounded. (Turchetta, Berkenkamp,
and Krause 2016; Wachi et al. 2018) investigated instanta-
neous hard constraints with unsafe states under determinis-
tic transitions. (Amani, Thrampoulidis, and Yang 2021; Shi,
Liang, and Shroff 2023) studied linear MDPs with instanta-
neous hard constraints but with known safe actions or a safe
subgraph, and only for the case with linear cost functions.

Problem Formulation
We consider an episodic Markov decision process (MDP)
denoted by M “ pS,A, H,P, r, gq, where S is the state
set, A is the action set, H is the length of each episode, P “

tPhuHh“1 are the transition kernels at step h, r “ trhuHh“1 are
the reward functions, and g “ trhuHh“1 are the cost functions.
We assume that S is a measurable space with a possibly
infinite number of elements, A is a finite action set. For any
h P rHs, the reward function rh : SˆA Ñ r0, 1s, is assumed
to be deterministic. However, it can be readily extended to
settings where rh is random. The unknown safety measures
for taking an action a at state x is a random variable Ghpx, aq

with expectation ErGhpx, aqs “ ghpx, aq. Without loss of
generality, we assume ghpx, aq : S ˆ A Ñ r´1, 1s.

A policy π “ tπhuHh“1 for an agent is a set of functions
with πh : S Ñ A. In an episodic MDP, every episode starts
by arbitrarily selecting an initial state x1. In each subsequent
step, an agent observes the state xh P S, takes an action ah P

A according to policy πh, and receives a reward rhpxh, ahq

and incurs a cost ghpxh, ahq. The MDP then moves to the
next state xh`1 based on the transition kernel Php¨|xh, ahq.
The episode ends after the action aH is taken at the step H.

Given a policy π, let V π
h pxq : S Ñ R denote the expected

value of the cumulative reward function starting from step h
and state x, when the agent selects action using the policy
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π “ tπhuHh“1, which is defined as

V π
h pxq “ E

«

H
ÿ

i“h

ripxi, aiq|xh “ x, π

ff

,@x P S, h P rHs,

where E is taken with respect to the policy π and the transition
kernels P. Accordingly, we also let Qπ

hpx, aq : S ˆ A Ñ R
denote the expected value of the cumulative reward starting
from step h and the state-action pair px, aq and follows the
policy π as

Qπ
hpx, aq “ E

«

H
ÿ

i“h

ripxi, aiq|xh “ x, ah “ a, π

ff

,

@px, aq P S ˆ A,@h P rHs. (1)

To simplify the notation, we define

rPhVh`1spx, aq :“ Ex1„Php¨|x,aqVh`1px1q. (2)

Then we can express the Bellman equation for a given policy
π as follows:

Qπ
hpx, aq “ prh ` PhV

π
h`1

qpx, aq, (3)

V π
h pxq “ Qπ

hpx, πhpxqq, (4)
V π
H`1pxq “ 0. (5)

For an episodic MDP with instantaneous hard constraints,
the agent needs to learn the optimal policy while satisfying
the constraints at each step of any episode by interacting with
the environment. The objective of the agent is to find a safe
and optimal policy to solve the following problem:

max
π

V π
1 px1q (6)

s.t. ghpxh, πpxhqq ď 0,@h P rHs. (7)

Assumption 1. (Feasibility) There exists at least a “safe”
action for each state xh P S,@h P rHs.

Assumption 1 is necessary to ensure the feasibility of the
problem. We remark that the safe actions are unknown to the
learner.

Note that given complete knowledge of reward functions
rh, cost functions gh, and the transition kernel Ph, one could
use dynamic (constrained) programming to determine the
optimal policy π˚ to (6)-(7) (thought dynamic programming
might suffer from high computational overhead). However,
this knowledge is not available in advance, and we have to
learn this information while interacting with the environment.

To measure the performance of an agent in an online learn-
ing setting, we consider two metrics w.r.t. rewards and con-
straints. Let a policy selected by the agent at episode k be
πk “ tπk

huHh“1. We define the performance metrics:

RegretpKq “

K
ÿ

k“1

V π˚

1 pxk
1q ´ V πk

1 pxk
1q, (8)

ViolationpKq “

K
ÿ

k“1

H
ÿ

h“1

“

ghpxk
h, a

k
hq
‰

`
, (9)

where r¨s` “ maxt¨, 0u. The regret is defined as the gap
between the total rewards returned by the optimal policy π˚,

and that obtained by following the agent’s policy πk over K
episodes. The constraint violation captures the total constraint
violation without cancellation over all the episodes K. Note
that the violation is unavoidable for an online policy because
we do not have the knowledge of the environment (e.g., the
cost functions gh). Moreover, the “hard” violation is much
stricter than the “soft” violation r

řK
k“1

řH
h“1 ghpxk

h, a
k
hqs`,

which is especially important for safety-critical applications.

Linear Constrained Markov Decision Processes
In order to handle a large number or even an infinite number
of states, we consider the following linear MDPs.
Assumption 2. The MDP is a linear MDP with feature
map ϕ : S ˆ A Ñ Rd, if for any h, there exists d un-
known measures µh “ tµ1

h, . . . , µ
d
hu over S such that for

any px, a, x1q P S ˆ A ˆ S,

Phpx1|x, aq “ xϕpx, aq, µhpx1qy, (10)

and there exists vector θr,h P Rd such that for any px, aq P

S ˆ A,
rhpx, aq “ xϕpx, aq, θr,hy.

With loss of generality, we assume }ϕpx, aq} ď 1, for all
px, aq P S ˆ A, and maxt}µhpSq}, }θr,h}u ď

?
d for all

h P rHs.
Under Assumption 2, we know that (Jin et al. 2020a) for a

linear MDP and any policy π, there exists twπ
huHh“1 such that

Qπ
hpx, aq “ xwπ

h , ϕpx, aqy,@px, a, hq P S ˆ A ˆ rHs.

Algorithm
In this section, we propose our algorithm, called Least-
Squares Value Iteration with Aggressive Exploration (LSVI-
AE), in Algorithm 1. The design of our algorithm is based
on an adaptive penalty-based optimization with double opti-
mistic learning framework to minimize the cumulative hard
constraint violation by encouraging aggressive exploration.
In this framework, in episode k, at step h, our algorithm
learns both the Q´value function pQk

hq and the cost function
pĝhpx, aqq optimistically. By imposing an adaptive rectified
operator on the estimated cost, actions are selected at each
step h to maximize a surrogate function:

akh “ argmax
a

tQk
hpxk

h, aq ´ Zk
hpĝkhpxk

h, aq`qu. (11)

The agent’s decision-making process encourages aggressive
exploration throughout the learning, in contrast to the conser-
vative policies commonly employed in addressing safe RL
with episode constraints or budget limitations. This insight
highlights a crucial observation: in the context of safe RL
with instantaneous hard constraints and no prior knowledge
of safe actions, finding a safe policy requires the agent’s
prompt exploration of actions that might initially appear un-
safe. This strategic emphasis on early exploration of poten-
tially risky actions stands as a foundational principle in our
approach.

The nonnegative value Zk
h is an adaptive penalty factor to

control cumulative constraint violation. Note that a standard
approach to solving a constrained optimization problem is to
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optimize the Lagrange function instead, that is, to select an
action to maximize:

Lpxk
h, νq :“ Qk

hpxk
h, aq ´ νĝhpxk

h, aq, (12)

where ν is the dual variable related to the cost ghpx, aq ď 0.
We approximate the dual variable ν with an adaptive penalty
factor Zk

h which is updated according to the observed cost
function: Zk`1

h :“ Zk
h ` ghpxk

h, a
k
hq` to track the constraint

violation during learning. The idea behind the adaptive factor
Zk
h lies in two folds. First the operator ĝkhpx, aq` only penal-

izes the “unsafe” actions that do not satisfy the constraints.
Secondly, a minimum penalty price ηkh is established as a
lower bound for Zk

h to prevent aggressive decisions when
the constraint is not satisfied. Therefore the adaptive rectified
factor Zk

h is updated as

Zk`1
h :“ maxtZk

h ` ghpxk
h, a

k
hq`, η

k
hu. (13)

This design is inspired by constrained online convex optimiza-
tion (Guo et al. 2022) and constrained bandit optimization
(Guo, Zhu, and Liu 2022). However, reinforcement learning
with instantaneous constraints is much more complicated due
to its stateful nature where the states/actions and rewards/-
costs are all coupled. For example, if a dangerous/unfavorable
action has been taken at the initial step in an episode, it might
result in cascade effects to the sequential steps. The setting in
(Guo et al. 2022; Guo, Zhu, and Liu 2022) can be regarded
as a special case of H “ 1 in this paper.

We remark here that another classical method to track
constraint violation is using a virtual queue update approach
such that the dual variable is updated as

Zk`1
h :“ maxtZk

h ` ghpxk
h, a

k
hq, 0u. (14)

This approach is usually referred to as the primal-dual ap-
proach or the drift-plus-penalty method, which is the most
commonly used method for dealing with constraint RL/ban-
dits (Efroni, Mannor, and Pirotta 2020; Ding et al. 2020,
2022; Bai et al. 2022; Liu et al. 2021b) or online convex opti-
mization (Yi et al. 2022, 2021; Yu and Neely 2020). However,
this approach or its variants usually require an assumption of
Slater’s condition or the knowledge of the Slater/slackness
constant to achieve a safe policy. The design is primarily due
to their target on “soft violation”, where the virtual queues/d-
ual variables are the proxy for “soft violation” and the Slater’s
condition is to guarantee the bounded violation. Apparently,
this design cannot handle the RL setting with instantaneous
hard constraints. This observation also has been justified in
the simulation results.

Next, we present the idea of double optimism in estimating
Q´value functions and cost functions g.

Optimistic Estimates of Q: Estimating Q´value func-
tions need to solve a regularized least-squares problem (Jin
et al. 2020a); however, we should use a SARSA-type up-
date instead of Q´learning because Bellman optimally is no
longer hold in RL with constraints, i.e., the Vh`1p¨q in Line 8
in Algorithm 1 is not a maximize of the Qh`1 functions but
from the Q function under the current policy.

To encourage exploration, an additional UCB bonus term
βpϕJΛ´1

h ϕq1{2 (Line 6 in Algorithm 1) is added when esti-
mating the Q´value functions, where Λh is the Gram matrix

Algorithm 1: Least-Squares Value Iteration with Ag-
gressive Exploration (LSVI-AE)

1 Initialization: Z1
h “ 1,@h P rHs, ηkh “ k,@k P rKs ;

2 for episode k “ 1, . . . ,K do
3 Receive the initial state xk

1 “ x1. for
h “ H,H ´ 1 . . . , 1 do

4 Λk
h “

řk´1
τ“1 ϕpxτ

h, x
τ
hqϕpxτ

h, a
τ
hqJ ` λI ;

5 wk
h Ð pΛk

hq´1r
řk´1

τ“1 ϕpxτ
h, a

τ
hqrrhpxτ

h, a
τ
hq `

Vh`1pxτ
h`1qs ;

6 Qk
hp¨, ¨q Ð mintxwk

h, ϕp¨, ¨qy `

βpϕp¨, ¨qJpΛk
hq´1ϕp¨, ¨qq1{2, Hu ;

7 ax “ argmaxatQk
hpx, aq ´ Zk

hpĝkhpx, aq`qu.

8 V k
h pxq “ Qk

hpx, axq.
9 end

10 for h=1,. . . ,H do
11 Take action akh according to Eq. (11) and

observe the next state xk
h`1, and cost

ghpxk
h, a

k
hq;

12 Update estimates of the cost ĝkhpx, aq ;
13 end
14 for h=1,. . . ,H do
15 Zk`1

h “ maxtZk
h ` pghpxk

h, a
k
hqq`, η

k
hu.

16 end
17 end

of the regularized least-square problem, and β is a scalar. The
term pϕJΛ´1

h ϕq´1 basic represents the effective number of
samples that the agent has observed so far along the ϕ di-
rection, and the bonus term represents the uncertainty along
the ϕ direction. Therefore, we can prove that the estimate
Q´value function Qk

h is always an upper bound of Q˚
h for

all state-action pairs (see Lemma 3). Proving this property
also leverages the design of the adaptive penalty operator on
the cost function.

Optimistic Estimates of g: Assuming the cost functions
belongs to RKHS, we present the optimistic estimation when
gh are approximated by GP and also illustrate a special case
when gh are approximated by linear functions.

• Gaussian Process approximation of cost functions:
When Ghpx, aq is a Gaussian process. We let y “ px, aq

denote a state-action pair and denote Y “ S ˆ A to sim-
plify the notation. Gaussian process GP pµpyq, kerpy, y1qq

over a state space y P Y is specified by its mean µpyq

and covariance kerpy, y1q. If we assume that for any
h P rHs the cost function Ghpyq is a Gaussian process such
that ghpyq “ ErGhpyqs, and kerhpy, y1q “ Erpghpyq ´

µhpyqqpghpy1q ´ µhpy1qqs, where kerh is the kernel func-
tion associated with the Reproducing Kernel Hilbert Space
(RKHS) with a bounded norm. Then given a collection
of states and actions Bk

h “ ty1h, . . . , y
k´1
h u, we use the

GP-LCB (Chowdhury and Gopalan 2017) to optimistically
estimate the cost function for h P rHs, k P rKs, y P Y
in particular, ĝkhpyq “ gkhpyq ´ βk

hpp{Hqσk
hpyq, where
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βk
hppq “ 1 `

b

2pγk
h ` 1 ` lnp2{pqq with p P p0, 1q. The

information gain γk
h :“ maxyPY:

1
2 ln |I ` λ´1KERk

h|.

The estimate model includes parameters tµk
h, σ

k
huHh“1 and

for h P rHs they are updated as:

gkhpyq “ kerkhpyqpV k
h pλqq´1g1:kh , kerkhpy, y1q “

kerhpy, y1q ´ kerkhpyqJpV k
h pλqq´1kerkhpy1q

σk
hpyq “

b

kerkhpy, yq,

where V k
h pλq “ KERk

h ` λI, λ “ 1 ` 2{K,KERk
h “

rkerhpy, y1qsy,y1PBk
h
, g1:kh “ tg1hpy1hq, . . . gk´1

h pyk´1
h qu,

and kerkhpyq “ rkerhpy1h, yq, . . . , kerhpyk´1
h , yqsJ. With-

out loss of generality, we assume that the RKHS norm of
the cost function is bounded, i.e., }f}ker “

a

xf, fyker ď

1.

• Linear function approximation for cost functions: For
any h P rHs, px, aq P S ˆ A, the cost function ghpx, aq :
S ˆ A Ñ r´1, 1s is assumed to be linear such that there
exists vector θg,h P Rd and ghpx, aq “ xϕpx, aq, θg,hy.
Recall that at the kth episode, we have the Gram matrix
Λk
h “

řk´1
τ“1 ϕpxτ

h, a
τ
hqϕpxτ

h, a
τ
hqJ ` λI and then we can

have an optimization for any px, aq at the step h with high
probability according to:

θ̂khpx, aq “ pΛk
hq´1

k´1
ÿ

τ“1

ϕpxτ
h, a

τ
hqghpxτ

h, a
τ
hq

β̃k
hppq “

?
λd `

a

d logpp1 ` k{λq{pq

ĝkhpx, aq “ xϕpx, aq, θ̂khpx, aqy ´ β̃k
hp

p

H
q}ϕpx, aq}pΛk

hq´1 ,

where }x}Σ “
?
xJΣx.

Note that ĝkhpx, aq is called an optimistic estimation of
ghpx, aq because we are optimistic about ghpx, aq ď 0,
which would imply ĝkhpx, aq ď 0 with high probability. Next,
we introduce an important condition on the estimation error,
which is the key to quantify regret and violation.
Condition 1. There exist nonnegative values ekhpp, x, aq, we
have for all x P S, a P A, and h P rHs, k P rKs, for any
p P p0, 1q we have with probability at least 1 ´ p :

0 ď ghpx, aq ´ ĝkhpx, aq ď ekhpp, x, aq, (15)

where ekhpp, x, aq “ 2β̃k
hpp{Hq}ϕpx, aq}pΛk

hq´1 for the lin-
ear case and 2βk

hpp{Hqσk
hpx, aq for the Gaussian approxi-

mation case.
We will show that Condition 1 is satisfied by our optimistic

learning in Lemma 6, and we defer the proof to the appendix
due to the page limit.

Main Results
In this section, we present the main theoretical result of our
algorithm (LSVI-AE), which includes a double optimistic
estimation and an adaptive penalty-based rectified factor to
encourage aggressive exploration. We also present a theorem
that establishes an information-theoretic lower bound for
episodic MDP with instantaneous hard constraints to show
the tightness of our results.

Performance Guarantee
Our results are shown as follows:
Theorem 1. Under Condition 1 and Assumptions 1 and 2,
there exists an absolute constant c ą 0 that for any fixed
p P p0, 1{2q, if we set λ “ 1, β “ cdH

?
ι in Algorithm 1

with ι “ logp2dHK{pq, then with probability at least 1´2p,
the total regret and violation of Algorithm 1 satisfy:

RegretpKq “

K
ÿ

k“1

V π˚

1 pxk
1q ´ V πk

1 pxk
1q

“ Op
?
d3H4Kι2q,

ViolationpKq “

K
ÿ

k“1

H
ÿ

h“1

ghpxk
h, a

k
hq`

ď

K
ÿ

k“1

H
ÿ

h“1

ekhpp, x, aq ` 2H2 logpKq.

We can observe that the dominant term for constraint viola-
tion comes from the error in the estimation of cost functions.
For the different types of cost functions mentioned above, we
have the following results.
• Gaussian Processes:

Lemma 1. Considering the cost function is a Gaussian
process, the cumulative estimation error can be bounded
as follows:

K
ÿ

k“1

H
ÿ

h“1

ekhpp, x, aq ď OpHγK
?
Kq, (16)

where γK “ maxhtγK
h u.

• Linear cost function:
Lemma 2. Considering the cost function in a linear struc-
ture, the cumulative estimation error can be bounded as:

K
ÿ

k“1

H
ÿ

h“1

ekhpp, x, aq ď ÕpH
?
dKq (17)

Lower Bound
To demonstrate the sharpness of our results, We construct
a hard-to-learn linear CMDP with the same state space S,
action space A, episode length H, reward function trhuHh“1,
cost function tghuHh“1 and the transition kernel tPhuHh“1 as in
(Zhou, Gu, and Szepesvari 2021; Hu, Chen, and Huang 2022).
This is the first result in safe RL under instantaneous hard
constraints. The information-theoretic lower bound for the
episodic CMDP with hard instantaneous constraints setting
studied in this paper is shown is the following theorem.
Theorem 2. Let d ě 4, H ě 3, and suppose that K ě

maxtpd ´ 1q2H{2, pd ´ 1q{p32Hpd ´ 1qqu. Then there ex-
ists an episodic linear CMDP parameterized by µh, θ and
satisfies the norm assumption given in Assumption 2, such
that the expected regret and violation of constraints are lower
bounded as follows by using any algorithm:

ErRegretpKqs “ΩpHd
?
HKq, (18)

ErViolationpKqs “Ωp
?
HKq. (19)
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We can observe that both our regret and violation have
the optimal dependencies on the episode length K when
p ď 1{

?
K. The dependencies on d and H can be further

improved to match the lower bound using the technique of
the “rare-switching” idea in (Hu, Chen, and Huang 2022; He
et al. 2022).

Discussion on Extension to More General MDPs
Our adaptive penalty-based optimization with a double op-
timistic learning framework can be generalized to general
function approximation beyond linear MDPs when the cost
function belongs to RKHS. The more general LSVI-AE with
function approximation is meant to solve a least-squares re-
gression problem:

Q̂k
h Ð min

fPF

" k´1
ÿ

τ“1

rrhpxτ
h, a

τ
hq ` V k

h`1pxτ
h`1q

´ fpxτ
h, a

τ
hqs2 ` penpfq

*

, (20)

where penpfq is a regularization term, F is a function class.
Then to ensure an overestimation, we can update Q function
by adding a bonus term bkh : S ˆ A Ñ R :

Qk
hpx, aq :“ min

␣

Q̂k
h ` β ¨ bkhpx, aq, H

(

, (21)

and V k
h pxq “ Qk

hpx, aq, where

a “ argmax
a1PA

tQk
hpx, a1q ´ Zk

hpĝkhpxk
h, a

1qq`u.

The function F can be chosen as a RKHS as in (Yang et al.
2020), which covers the linear MDP discussed in this pa-
per, or a more general function F with low Bellman Eluder
Dimension (Jin, Liu, and Miryoosefi 2021).

Proof of Theorem 1
Next, we briefly review the key intuitions behind the main
results in Theorem 1. We first introduce two lemmas that are
useful to prove the theorem. The first lemma shows that Qk

h
is always an upper bound on Q˚

h at any episode k.

Lemma 3. Given the event E defined in Lemma 15 and
condition 1, the following inequality holds simultaneously
for all px, aq, step h and episode k,

Qk
hpx, aq ě Q˚

hpx, aq. (22)

In the lemma, we bound the difference between the value
function maintained in Algorithm 1 and the true value func-
tion under policy πk used in each episode k.

Lemma 4. Under the event E defined in Lemma 15, for any
fixed p P p0, 1q, if we set λ “ 1, β “ c ¨ dH

?
ι in Algorithm

1 with ι “ logp2dHK{pq, then with probability at least
1 ´ p{2, we have :

K
ÿ

k“1

V k
h pxk

1q ´ V πk

1 pxk
1q “ Op

?
d3H4Kι2q. (23)

In the next lemma, we show an upper bound on the entire
“regret plus violation” term over K episodes using the results
from Lemma 3 and Lemma 4.

Lemma 5. Under the event E defined in Lemma 15 and
condition 1, for any fixed p P p0, 1q, we set the parameters in
our algorithm as indicated in Lemma 4, then with probability
at least 1 ´ p{2, we have:

K
ÿ

k“1

V ˚
h pxk

hq ´ V πk

h pxk
hq ` Zk

hpĝkhpxk
h, a

k
hq`q

“Op
?
d3H4Kι2q (24)

Proof. For any h P rHs, k P rKs, according to the action
selection (Eq.(11)) in our algorithm we have

Qk
hpxk

h, a
k
hq ´ Zk

hpĝkhpxk
h, a

k
hq`q

ěQk
hpxk

h, a
˚
hq ´ Zk

hpĝkhpxk
h, a

˚
hq`q

` Q˚
hpxk

h, a
˚
hq ´ Q˚

hpxk
h, a

˚
hq, (25)

where a˚
h is the optimal action selected by the optimal pol-

icy π˚. Therefore rearranging the equation and subtracting
Qπk

h pxk
h, a

k
hq at both sides we have:

Q˚
hpxk

h, a
˚
hq ´ Qπk

h pxk
h, a

k
hq ` Zk

hpĝkhpxk
h, a

k
hq`q

ďQ˚
hpxk

h, a
˚
hq ´ Qk

hpxk
h, a

˚
hq (26)

` Zk
hpĝkhpxk

h, a
˚
hq`q (27)

` Qk
hpxk

h, a
k
hq ´ Qπk

h pxk
h, a

k
hq. (28)

Eq. (26) is nonpositive due to the overestimation Lemma 3.
Eq. (27) is also nonpositive because the optimistic estima-
tion of the cost function ensures that Zk

hpĝkhpxk
h, a

˚
hq`q ď

Zk
hpghpxk

h, a
˚
hq`q ď 0. Bounding the last term (28) with

Lemma 4 we prove the lemma.

Using the results from Lemma 5, we are ready to prove
the main results:
Regret: According to the results from Lemma 5, we have:

RegretpKq “

K
ÿ

k“1

V π˚

1 pxk
1q ´ V πk

1 pxk
1q

“Op
?
d3H4Kι2q ´ Zk

1 pĝk1 pxk
1 , a

˚
1 q`

“Op
?
d3H4Kι2q (29)

Violation: Using the intermediate results in Lemma 5
(Eq. (26)-(28)) we have that:

ĝkhpxk
h, a

k
hq` ď

1

Zk
h

ˆ

rQk
hpxk

h, a
k
hq ´ Qπk

h pxk
h, a

k
hqsq

´ rQ˚
hpxk

h, a
˚
hq ´ Qπk

h pxk
h, a

k
hqs

˙

ď
1

k

ˇ

ˇ

ˇ

ˇ

rQk
hpxk

h, a
k
hq ´ Qπk

h pxk
h, a

k
hqs

´ rQ˚
hpxk

h, a
˚
hq ´ Qπk

h pxk
h, a

k
hqs

ˇ

ˇ

ˇ

ˇ

. (30)

The inequality holds because our choice of Zk
h in our algo-

rithm such that Zk
h ě ηk “ k. Therefore we have:

ViolationpKq “

K
ÿ

k“1

H
ÿ

h“1

ghpxk
h, a

k
hq`
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“

K
ÿ

k“1

H
ÿ

h“1

`

ghpxk
h, a

k
hq ´ ĝhpxk

h, a
k
hq ` ĝhpxk

h, a
k
hq
˘

`

ď

K
ÿ

k“1

H
ÿ

h“1

`

ghpxk
h, a

k
hq ´ ĝhpxk

h, a
k
hq
˘

`

`

K
ÿ

k“1

H
ÿ

h“1

ĝhpxk
h, a

k
hq`

ď

K
ÿ

k“1

H
ÿ

h“1

ekhpp, x, aq `

K
ÿ

k“1

H
ÿ

h“1

1

k

ˇ

ˇ

ˇ

ˇ

rQk
hpxk

h, a
k
hq

´ Qπk

h pxk
h, a

k
hqs ´ rpQ˚

hpxk
h, a

˚
hq ´ Qπk

h pxk
h, a

k
hqs

ˇ

ˇ

ˇ

ˇ

ď

K
ÿ

k“1

H
ÿ

h“1

ekhpp, x, aq `

K
ÿ

k“1

2H2

k

ď

K
ÿ

k“1

H
ÿ

h“1

ekhpp, x, aq ` 2H2 logpKq, (31)

where the first inequality holds because of the fact pa `

bq` ď a` ` b`, the second inequality is due to Eq.(30), the
third inequality is because of the assumption that reward is
bounded by 1, and the last inequality is true by using the fact
that

řK
k“1

1
k ď

şK

1
1
kdk ď logpKq.

Simulation
In this section, we evaluate the performance of our algorithm
in the Frozen Lake environment (Amani, Thrampoulidis, and
Yang 2021), as illustrated in Figure 1. The agent’s objective is
to navigate a 10ˆ10 grid map to reach a goal while avoiding
hazards. At each time step, four actions are available, with
a 0.9 probability of moving in the intended direction, and
a 0.05 probability for each orthogonal direction. For this
simulation, we set H “ 15, K “ 1000, and d “ |S| ˆ |A|.
The feature vector is defined as ϕpx, aq “ ex,a, where ex,a
is a d-dimensional vector with the element corresponding to
the state-action pair px, aq set to 1 and zero for other values.
The agent receives a reward of 6 upon reaching the goal,
and 0.01 otherwise. Taking dangerous actions (hitting the
hazards) incurs a cost of 1, while safe actions result in a cost
of ´1. If the agent reaches the goal, it remains there until the
end of the episode.

To highlight the benefits of our algorithm and its aggressive
exploration strategy in addressing safe RL with instantaneous
hard constraints, we compare our approach against two base-
lines:

• Classical Least-Squares Value Iteration (LSVI) (Jin et al.
2020a) without accounting for any constraints during
learning.

• LSVI-Primal, representing the virtual queue (dual vari-
able) update based on Eq. (14) in the traditional primal-
dual/drift-plus-penalty approach for dealing with long-
term or budget constraints in safe RL.

We present the results of our evaluation in Figure
2, depicting the moving average reward and the cost

Figure 1: Frozen Lake Environment

Figure 2: Reward and Cost Performance During Training

p
řH

h“1 ghpxh, ahq`q return. Our LSVI-AE algorithm ob-
tains an optimal reward comparable to that achieved by the
LSVI algorithm designed for unconstrained MDPs. However,
our approach significantly outperforms in terms of cost. In-
triguingly, the LSVI-Primal approach designed for episodic
constraint scenarios fails to perform effectively in this envi-
ronment, exhibiting limited learning progress and only sur-
passing the unconstrained case in terms of cost. However,
this cost improvement still fails to guarantee the desired per-
formance of safe RL with instantaneous hard constraints,
where the objective is to ensure

řH
h“1 ghpxh, ahq` ď 0.

These observations validate the key principles underlying
our approach. A head map illustrating the exploration and
exploitation of the agent can be found in the Appendix.

Conclusion

In this paper, we introduce LSVI-AE, an innovative algorithm
designed for safe reinforcement learning with instantaneous
hard constraints, addressing scenarios where no prior knowl-
edge of safe actions or safe graphs is available. For the first
time, we propose an adaptive penalty-based optimization with
a double optimistic learning framework for taking care of
this setting under a more general cost function. Our approach
establishes both sub-linear regret bound and hard constraint
violation bound, which both are optimal w.r.t K and match
the information-theoretic lower bound. A notable feature of
our approach lies in its emphasis on promoting aggressive
policy exploration, contributing to the paradigm of algorithm
design in this context.
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