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Abstract

We present a new loss function that addresses the out-of-
distribution (OOD) network calibration problem. While many
objective functions have been proposed to effectively cali-
brate models in-distribution (ID), our findings show that they
do not always fare well OOD. Based on the Principle of
Maximum Entropy, we incorporate helpful statistical con-
straints observed during training, delivering better model cal-
ibration without sacrificing accuracy. We provide theoretical
analysis and show empirically that our method works well
in practice, achieving state-of-the-art calibration on both syn-
thetic and real-world benchmarks. Our code is available at
https://github.com/dexterdley/MaxEnt-Loss.

Introduction

Recent advances in machine learning have given rise to large
neural networks with strong recognition performance in
fields such as computer vision and natural language process-
ing. Neural networks are increasingly used in areas where
safety is a concern, such as self-driving cars (Bojarski et al.
2016), medical prognosis (Esteva et al. 2017; Bandi et al.
2019) and facial expression recognition (Vonikakis, Neo,
and Winkler 2021; Neo, Chen, and Winkler 2023; Neo and
Chen 2023b). Despite their popularity, deep neural networks
have a tendency to be poorly calibrated.

Calibration refers to the model’s correctness with regard
to its predicted probabilities. In other words, models tend to
overconfidently misclassify samples and erroneously recog-
nize correct classes with low confidence. This often creates
mistrust due to the mismatch between model correctness and
confidence. For severe cases, uncalibrated models can cause
harm, resulting in serious consequences such as overconfi-
dently misidentifying cancerous cells (see Figure 1). This
is especially common when uncalibrated models encounter
samples that are out-of-distribution (OOD) from the training
set. Ideally, a well-calibrated classifier should behave uncon-
fidently and predict low probabilities whenever it misclassi-
fies samples. Furthermore, we would like our models to not
only remain accurate and well-calibrated in-distribution (ID)
but to also provide further robustness against OOD shifts for
safe deployment (Thulasidasan et al. 2019; Kumar, Liang,
and Ma 2019).
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Figure 1: Uncalibrated models (left) make overconfident
OOD misdiagnoses, resulting in dire consequences. Well-
calibrated models (right) exhibit lower confidence, reflect-
ing their uncertainty for OOD samples.

The current hypothesis as to why modern neural networks
are miscalibrated is that these large models with millions
of parameters have the capacity to learn and overfit to the
given training data (Guo et al. 2017). This is especially true
if model training is done using the cross-entropy (CE) loss,
since the CE loss can only be fully minimized when proba-

bilities P are equal to the one-hot ground truth y. This means
that even though the accuracy is at 100%, CE loss can still
be positive and minimized further by increasing the confi-
dence of the predicted probabilities, resulting in overfitting
and miscalibration. While many techniques have been pro-
posed to address calibration, a category of methods include
objective functions that pair CE loss with auxiliary terms.
Specifically, objective functions such as Focal, Inverse Focal
and Poly loss (Lin et al. 2017; Wang, Feng, and Zhang 2021;
Leng et al. 2022) add an additional penalty term to control
the confidence of predictions. Other objective functions such
as AvUC and Soft-AvUC loss introduce a differentiable util-
ity term based on accuracy and uncertainty (Krishnan and
Tickoo 2020; Karandikar et al. 2021).

Contrary to these methods, we follow the work of
Mukhoti et al. (2020) and further explore the Principle of
Maximum Entropy (MaxEnt) (Jaynes 1957). We propose
a novel regularization technique in the form of a general
loss function for improving calibration based on constrained
maximum entropy. Our method works by introducing addi-
tional constraints that complement loss functions typically
used in supervised learning. We provide systematic compar-
isons of model accuracy and calibration for image classifi-
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cation tasks. Our main contributions can be summarized as
follows:

1. MaxEnt Loss: We explore the theoretical relations be-
tween the Principle of Maximum Entropy and Focal loss,
based on which we propose a novel loss function with
three different forms, showing how constraints can be in-

troduced to further improve calibration.

Automated Hyperparameter Tuning: Based on the
constraints, our framework provides an automated esti-
mate of the optimal Lagrange multipliers, with no need
for manual tuning.

. Evaluation on OOD shifts: Our experiments show that
MaxEnt loss remains robust in terms of accuracy and cal-
ibration for both synthetic and in-the-wild distribution
shift benchmarks. We also analyze the ordering of the
model’s feature norms under increasingly shifted inputs.

Ad-hoc calibration: Our method is non-restrictive and
works well in combination with popular ad-hoc cali-
bration methods such as temperature scaling and label
smoothing.

Related Work

Network Calibration: Existing methods for calibrating
neural networks can be categorized roughly as follows: (1)
Methods that approximate the true joint distribution or la-
tent hidden vector z using generative models such as VAE
(Kingma and Welling 2014), Cycle-GAN (Zhu et al. 2017).
(2) Methods that directly regularize the output probabili-
ties such as isotonic regression (Zadrozny and Elkan 2002),
Bayesian binning (Naeini, Cooper, and Hauskrecht 2015),
splines (Gupta et al. 2021), objective functions (Krishnan
and Tickoo 2020; Karandikar et al. 2021; Wang, Feng, and
Zhang 2021; Leng et al. 2022; Cheng and Vasconcelos 2022)
and temperature scaling methods (Guo et al. 2017; Kull et al.
2019). A recent summary of model calibration can be found
in (Minderer et al. 2021).

Calibration under OOD shift: For OOD problems, test in-
puts do not align with the training set (Ovadia et al. 2019).
This phenomenon can be caused by either (1) completely
OOD test inputs that belong to an OOD class not from the
ground truth labels (Du et al. 2022), or (2) shifted OOD test
inputs caused by perturbations and corruptions (Hendrycks
and Gimpel 2017). Apart from the loss functions intro-
duced previously, many other strategies have been proposed
to tackle OOD calibration. This includes methods such as
multi-domain temperature scaling (Yu et al. 2022), sampling
Gaussians for domain drifts (Tomani et al. 2021) and trans-
ferable calibration (Wang et al. 2020). For this work, we
mainly focus on loss functions for on-the-fly OOD calibra-
tion for both synthetic and in-the-wild data, rather than pre-
or post-hoc techniques. For a recent review of OOD shifts,
we refer to (Wiles et al. 2022).

Maximum Entropy: Pereyra et al. (2017) have shown that
directly penalizing neural networks with the maximum en-
tropy term helps prevent overconfidence, resulting in better
generalization. The Principle of Maximum Entropy (Jaynes
1957) has a long standing in information theory where we
maximize the model’s entropy subject to constraints derived
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from the training set (Berger, Della Pietra, and Della Pietra
1996). Focal loss (Lin et al. 2017) was originally pro-
posed for object detection, yet it can also be used for im-
proving calibration. Mathematically, Focal loss is a general
form of CE loss with an additional entropy term (Mukhoti
et al. 2020) — reducing Focal loss simultaneously mini-
mizes the KL divergence and maximizes the entropy, dis-
couraging overconfidence. The MaxEnt method is also used
in other tasks, such as Fine-Grained Visual Classification
(Dubey et al. 2018), where classes may be visually similar,
and reinforcement learning (Haarnoja et al. 2018; Neo and
Chen 2023a), where high entropy policies tend to encourage
stochasticity and improve exploration .

Preliminaries

Consider a classification task over a dataset D with N num-
ber of samples (x;,y;)Y ;, where X, Y denote input fea-
ture and label space, and YV = [1,2,...,K] is a fixed ar-
ray containing all K class indices. Given an arbitrary in-
put datum z;, the task is modelled by a neural network with
learnable parameters € and a penultimate layer containing
K neurons, which output logits g¢ (). The model learns to
estimate the posterior distribution which are a set of valid
probabilities such that 25:1 Pi(yk|x) = 1, after the soft-
exp g ()

i, exp gl (x)
then simply § := argmax g?(z), with the corresponding
confidence score P := max P;(y|z). In theory, a model is
considered perfectly calibrated iff the model’s probabilities
match the true posterior distribution, satisfying the defini-
tion P(j = y|P = P) = PV € P[0 — 1]. Realistically,
achieving this level of calibration is infeasible as the true
posterior distribution remains unknown. In the following we
list a few error metrics have been proposed to approximate
calibration; for the definitions of additional calibration met-
rics and results please refer to the Appendix.

Expected Calibration Error (ECE): Calibration error
is commonly estimated using ECE (Naeini, Cooper, and
Hauskrecht 2015). It is computed by splitting the model’s
probabilities into B bins. Let ny, acc and conf represent
the number of samples, average accuracy and confidence for
each partitioned bin. The weighted absolute differences be-
tween acc and conf for each bin is calculated using the fol-

lowing formula: ECE = 211;3:1 R Jacc(b) — conf(b)|.
Classwise ECE (CECE): ECE only considers the max con-
fidence of the predicted probabilities. In certain scenarios,
one would also require the probabilities of all other classes
to be well calibrated, therefore CECE is proposed as an sim-

ple extension of ECE, considering all K classes (Nixon et al.

2019): CECE = £ 3207 SO | ™ Jacc(b, k) —conf(b, k)|
Kolmogorov-Smirnov Error (KSE): The approximation of
calibration errors often requires the histograms/binning of
empirical distributions. This causes an over-reliance on bin-
ning, which is sensitive to the number of bins chosen. In-
spired by the Kolmogorov-Smirnov test, (Gupta et al. 2021)
propose a numerical approximation of the equality between
two cumulative distributions without the need for binning.

Using the authors’ notation, the model’s probabilities are ab-

max function . The predicted top-1 class is
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Figure 2: In the face of unknown OOD, we argue that pre-
dictions should not deviate too far from the observed global
Gibbs distribution. For different values of constraints, higher
u values tend toward larger classes, while a higher o2 results
in distributions being more spread out.

breviated as zj with the integral form of the Kolmogorov-
Smirnov error for top-1 classification defined as: KSE =

fol |P(k|zk) — 2| P(2k)d 2.

Methodology

In this section, we show the relationship between Maximum
Entropy (Jaynes 1957), confidence penalty term (Pereyra
etal. 2017) and Focal loss (Lin et al. 2017). We also show the
effects of different constraints placed on the MaxEnt method
and describe how they can be developed into a novel objec-
tive function for model calibration that we call MaxEnt Loss.

Principle of Maximum Entropy

The Principle of Maximum Entropy’ is a probability distri-
bution that maximizes the Shannon entropy subject to the
given inequality constraints. Specifically, the general dis-
crete form of the MaxEnt method is given by:

K
max H (P;(yg|z)) = — sz(yk|$) log P;(yx|x)
k=1

subject to Z P;(yr|x) fn(Y) < ¢, for all constraints f,,())

k
ey

where f,()) is a function of the random variable vector
and the respective Lagrange multipliers \,, for each n num-
ber of constraints c,,. In theory, the MaxEnt method allows
for any arbitrary function f,,()’) to be computed within the
expectation, in practice we can simply assign a fixed vector
Y containing the class labels as our function.

! We refer readers to (Jaynes 1957) along with examples in-
cluded in the Appendix for an extended background of the Princi-
ple of Maximum Entropy.
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Following Equation (1), we build a simple MaxEnt model
using a ten-class example and illustrate the effects of dif-
ferent values of c¢,, in Figure 2. We show the global Gibbs
distribution as a function of the given random variable
and subjected constraints. The constraints are scalars com-
puted from the expectation of the random variable such as
E[)] and E[)?]. For example, if the class label frequen-
cy/prior distribution P()’) of the training set is uniform,

then the expected average p would be 52:110 YP(Y) =
4.5, with the corresponding expected variance o2 given as

kalm (¥ — 1)>P(Y) = 8.25 (see column 1 of Figure 2).
In row 1, increasing px > 4.5 results in a shift towards larger
classes and increasing o> > 8.25 will give a distribution
with a higher variance. For row 3, when both constraints
are combined, the distributions shift to jointly accommodate

both the mean and variance.

Relation to Focal Loss

Next, we show the relation between the Principle of Max-
imum Entropy and Focal loss, which reduces the empha-
sis on easily classified samples (Lin et al. 2017). Consider
the multi-class form of Focal loss where Lp = — >, (1 —
Pl-(yk\xi))7 log P;(yk|z;), with the hyperparameter vy > 0.
By setting v = 1, L can be expanded and re-written as the
CE loss with a confidence penalty term (Shannon’s entropy):

Lr =~ log Pilyil) — H(Pi(yir))
k

2)

CE Loss Shannon term

Supposedly, even if other values of v > 1 are chosen, Equa-
tion (2) still holds true such that the Shannon term is paired
with a polynomial. This additional entropy term is useful for
preventing peaked distributions and delivers better general-
ization (Mukhoti et al. 2020).

Connecting Equation (1) and Equation (2), we argue that
maximizing the model’s entropy subject to constraints com-
puted from the prior knowledge observed would be a pos-
sible approach for OOD scenarios. Since it is impossible to
know beforehand the type or intensity of OOD shift, utiliz-
ing any additional information during training can be use-
ful OOD. For example, if the class label frequencies of the
training set are uniform, we should expect the expectations
of the classifier’s predictions to be closer to that of a uniform
distribution, especially if the inputs are progressively shifted
from the training samples.

MaxEnt Loss for End-to-End Training

Given the above, we now demonstrate how constraints can
be added to the Focal loss. We propose three forms of Max-
Ent Loss for end-to-end model calibration:

Definition 1 (Mean Constraint). Consider the expected av-
erage p of the target distribution to be constrained, we can
add the following mean constraint terms to Equation (2) and
aim to minimize the following objective function:
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Algorithm 1: Constrained MaxEnt Loss Optimization

Data: Given training set D = (x;,y;) Y ;

// Use a root-finder to obtain \,,

// Sample mini-batch of size B

/I Update parameters 0 by gradient descent

/I' A small tolerance or stopping condition

/I Update Lagrange Multipliers \,,

1: Initialize neural network parameters 6 and learning rate schedule «
2: Compute the global and local expectations for the mean and variance constraints j, o2
3: — E[Y] = pand E[Y?] = o2
4: Solve numerically for \,, < NewtonRaphson ()
5: for e € epochs do
6: for : € B do
7: Calculate MaxEnt Loss: Ly g = Lp + 271\1/1:1 An (25:1 VP (yr|z:) — cn>
8: 0+ 0—alALyg
9: return 0
10:
11: Function NewtonRaphson () :
12: 6 =1le-15
13: while g()\) > 0 do
. _ M)
14: Antl = A — gg,m
15: return )\,

Litp = — Y log Pi(yrle) — H(Pi(yrlz)
k

+ M| D YPilysle) = pe + ) YPilykle) — ,ULk‘|
k k

Global mean constraint Local mean constraint

3

where p¢ is the global expected average E[Y] computed
from the prior distribution described earlier, and yizx is the
local expectation for the kth class, which can be computed
from the target labels Ek Yyr = pri and ), is the La-
grange multiplier for the mean constraint form.

Definition 2 (Variance Constraint). Next, consider the case
where the expected variance o2 of the target distribution is
to be constrained, the variance constraints can be added to
Equation (2):

Ly =— Y log Pi(yklz) — H(P;(yx|z))
k

+ A2 | Y VP Pi(ykle) — 08+ Y Y Pilykle) — o7
k k

Local variance constraint

“

where o2 is the global expected variance E[}?] and
> Y2y, = o2, is the expected local variance for the kth
class with A2 as the corresponding Lagrange multiplier. For
this form, we assume that there is no knowledge of the ex-
pected average/mean constraint.

Global variance constraint

Definition 3 (Mean and Variance Constraints). Finally,
when both the expected average and variance of the target
distribution are to be considered, we can combine both con-
straints. The objective function for this form is given by:
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Ly =L+ M\ Z)}Pi e +Zypi _MLk:|
k k
(5)
A [ PR ot S PP a]
% %

For this case, the variances are computed together with
the expected average >, (Y — p)?yr, = o%,, and the La-
grange multipliers )\, and A2 need to be solved simultane-
ously. For all three definitions, the respective Lagrange mul-
tipliers \,, can be solved cheaply using traditional numerical
root-finders that require only CPU. In our work, we select
Newton Raphson’s method as our root-finder which utilizes
a helper function g(\) and its derivative g’(\) to solve for
An in O(n) time. This step is described in lines 4 and 11-15
of Algorithm 1, along with more details on the rest of our
method.

We highlight that global expected mean and variance are
computed from the prior distribution P(y); the local mean
and variances are computed for each class label. For exam-
ple, in the case of one-hot labels the local averages are al-
ways urx = Yk, however this is no longer true if the ground
truth labels are not one-hot (e.g. label smoothing).

After the constraints are computed, each of the Lagrange
multipliers A, are solved numerically before training is per-
formed. The Appendix contains examples and proofs on this
computation for single and multiple constraints. In our abla-
tion study, we also include a discussion regarding the empir-
ical effects of local constraints.

Experiments and Results

We perform experiments on six popular OOD shift image
classification benchmarks and evaluate our method against
recently proposed calibration objective functions. Specifi-
cally, we compare against the following baseline losses: CE,
Focal, Inverse Focal (Wang, Feng, and Zhang 2021), AvUC
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Figure 3: Test and calibration error curves highlighting the performance of different loss functions on CIFAR/CIFAR-C. As
distribution shifts worsen from 0 to 5, all methods converge to similar test errors, while our method remains well calibrated.

(Krishnan and Tickoo 2020), Soft AvUC (Karandikar et al.
2021) and Poly loss (Leng et al. 2022).

For our analysis on synthetic OOD, we use ResNet-18 and
ResNet-50 (He et al. 2016) with SGD optimizer for CIFAR
and TinylmageNet, respectively. For in-the-wild OOD, we
use ResNet-18 and DenseNet-121 (Huang, Liu, and Wein-
berger 2017) with Adam optimizer (Kingma and Ba 2015).
Additional details about the OOD corruptions, experimental
setup, and hyperparameters are provided in the Appendix.
We show examples of each dataset in Figure 4 and describe
the details of the following tasks.

Synthetic OOD: We make use of standard benchmarks
for CIFAR10/CIFAR100/TinyImageNet and their corrupted
forms CIFAR10-C/CIFAR100-C/TinyImageNet-C.

1. CIFAR10/CIFAR100 (Krizhevsky and Hinton 2009)
contains RGB colored images (32x32) with ten or hun-
dred classes. 45,000/5,000/10,000 images for training/-
validation/testing.

Tinylmagenet (Deng et al. 2009) is a subset of ImageNet

with 200 classes, with images of size 64x64. 100,000 for

training and 10,000 for validation/testing.

. CIFAR10-C/CIFAR100-C/TinyImagenet-C (Hendrycks
and Dietterich 2019) The corrupted form of CIFAR and
TinyImagenet, comprising a total of 19 different transfor-
mations, with the initial 10,000 images of severity level
one and the last 10,000 images of severity five.

Real-world OOD: We use the following in-the-wild com-
puter vision datasets with their provided ID training sets and
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Figure 4: Samples from training and augmented valida-
tion/test sets for CIFAR10, CIFAR100 and TinyImageNet
respectively (synthetic OOD, top 3 rows). Samples from
Camelyon17-Wilds, iWildCam-Wilds and FMoW-Wilds are
shown in the bottom 3 rows.

Transformation
shifts

Synthetic OOD

iR
0 T imad

OOD sets for validation and testing. We denote real-world
datasets with “Wilds” as per (Koh et al. 2021).

1. Camelyon17-Wilds (Bandi et al. 2019): Binary classifi-
cation task on whether a (32x32) tissue slide contains any
malignant/benign tumours.

1iWildCam-Wilds (Beery, Cole, and Gjoka 2020): Static
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(a) CIFAR10-C
Loss Fn. |Accuracy ECE CECE KSE | Accuracy

(b) CIFAR100-C (c) Tiny ImageNet-C
ECE CECE KSE |Accuracy ECE CECE KSE

CE 77.9£0.3 14.5£0.4 3.30£0.1 14.5+0.4]52.5£0.1
Focal 77.8£0.4 9.30£0.1 2.704+0.1 9.10+0.1|52.8+0.1
Inv Focal |77.94+0.1 16.44+0.2 3.60+0.1 16.4£0.2|52.8£0.1
AvUC 77.8£0.3 17.8£0.3 3.804+0.1 17.5+0.3|51.2+0.1
Soft AvUC |72.3+0.1 10.7£0.1 3.3040.1 9.90+0.2|47.7+0.1
Poly 77.2£0.2 15.6£0.4 3.504+0.1 15.6+0.4|52.6+0.1
MaxEntM |77.1£0.2 8.70+0.2 2.80£0.1 8.50+0.2|52.740.1
MaxEnt V. |76.8£0.6 8.90£0.2 2.70+0.1 8.70+0.2|51.7+0.1
MaxEnt M+V | 76.6:£0.5 11.5+0.5 3.50£0.1 9.7040.5]|52.240.1

10.2£0.1 0.40£0.1 7.40+£0.1]125.2+0.1 15.7£0.5 0.30£0.1 15.7£0.5
8.80+0.7 0.40£0.1 8.20+0.8|24.44+0.1 13.9£0.1 0.3040.1 13.9+0.1
13.1£0.1 0.504+0.1 11.84+0.1|26.4+0.1 16.3+0.4 0.30£0.1 16.3£0.4
25.4+0.2 0.60£0.1 25.04+0.3|25.94+0.3 11.3+0.3 0.30+0.1 11.2+0.3
11.7£0.1 0.60+0.1 11.0+0.1|21.8+0.5 10.84+0.2 0.30£0.1 10.7£0.2
11.4£0.3 0.4040.1 8.90+0.3|25.2+0.2 17.44+0.1 0.30+£0.1 17.4£0.1
6.30+£0.2 0.40+0.1 5.90+0.2|22.04+0.1 10.24+0.1 0.3040.1 10.2+0.1
8.60+1.2 0.50£0.1 8.00£1.2|21.24+0.1 9.40+0.1 0.30+0.1 9.40+0.1
7.30£0.5 0.40£0.1 6.90+0.4]|22.64+0.1 10.54+0.1 0.3040.1 10.5+0.1

(d) Camelyon17-Wilds
Loss Fn. |Accuracy ECE CECE KSE | Accuracy

(e) iWildCam-Wilds () FmoW-Wilds
ECE CECE KSE |Accuracy ECE CECE KSE

CE 81.7£0.7 15.5+1.1 16.7£1.3 15.5£1.152.2£0.3
Focal 83.3+1.6 12.4+1.7 14.9+£2.0 12.4£1.7|53.4£0.4
Inv Focal |84.3+2.7 14.242.7 15.0+£2.8 14.2£2.7|55.9£0.6
AvUC 82.6+0.9 16.0+0.8 16.5£1.0 16.0+0.8|52.64+0.9
Soft AvUC |80.0+£3.8 15.6£2.5 24.04£1.5 15.7+£2.5|51.1+0.5
Poly 80.5+0.2 17.5+0.2 18.8+0.2 17.5£0.2|54.6£1.3
MaxEntM |82.7£1.0 12.3+0.7 14.6£0.9 12.34+0.7|53.940.6
MaxEnt V. |83.0£1.1 11.9+0.7 13.24£0.7 11.940.7|50.640.2
MaxEnt M+V | 83.4£0.9 8.30+2.0 12.2+1.9 8.30+£2.0|51.8£0.5

30.6£0.8 0.40£0.1 30.6+0.8]64.9+0.5 39.8+0.2 1.50+0.1 39.8+0.2
20.84+1.2 0.30+0.1 20.8£1.2|64.9£0.5 33.1£0.6 1.20£0.1 33.140.6
29.9+0.8 0.40£0.1 29.94+0.8|64.8+0.4 15.74£2.0 0.70+0.1 15.7£2.0
20.2+1.3 0.40£0.1 19.74+1.6|65.1+0.3 5.80£1.2 0.50+0.1 5.80+1.2
18.7£2.8 0.5040.1 16.3+4.1{66.9+0.9 12.74+0.6 0.80+0.1 12.7+0.6
27.6£0.7 0.40£0.1 27.6+0.7| 64.5+0.3 15.24+2.1 0.70+0.1 15.2+2.1
20.0£1.2 0.40£0.1 20.04+1.2|65.6+0.1 5.60+0.5 0.50+0.1 5.60+0.5
25.0+0.5 0.40+0.1 25.0£0.5/66.5£0.1 4.60+0.3 0.50+0.1 4.70+0.3
19.443.6 0.40+£0.1 12.2£0.5|66.1£0.3 8.50+0.3 1.00£0.2 7.40+0.3

Table 1: Test scores (%) for synthetic (top) and real-world (bottom) OOD benchmarks computed across different approaches,

with our method achieving state-of-the art OOD calibration.

mean scores highlighted in bold.

camera traps deployed across different terrains with rad-
ical shifts in camera pose, background and lighting. The
task is to identify the species in the photo out of 182 ani-
mal classes.

3. FMoW-Wilds (Christie et al. 2018): Satellite images
across different functional buildings and terrain from
over 200 countries. The task is to detect one out of 62
categories, including a “false detection” category.

Benchmarking Results

Synthetic OOD Evaluation We plot the test error, ECE
and KSE in Figure 3 for each method on the different dis-
tribution shifts of CIFAR10/100-C. At level 0 of distribu-
tion shift (ID test set) we find that most methods are rela-
tively well calibrated with < 5% ECE. However, they tend
to become miscalibrated with higher test errors as the distri-
butions increasingly shift away from the training set, with
the poorest calibration coming from InvFocal and AvUC
loss on both sets of CIFAR. On the other hand, Focal and
Soft-AvUC loss perform relatively well OOD, with the best
performance coming from our method. We note that the au-
thors’ original results for Soft-AvUC did not beat the Focal
loss baseline, whereas in our experiments we choose the hy-
perparameters (7, k) to the best of our ability, resulting in
better performance than Focal loss OOD.

We compare the bin-strength and reliability diagrams
(Niculescu-Mizil and Caruana 2005) for the different loss
functions averaged across distribution shifts of CIFAR100-
C in Figure 5. The bin-strengths plots show that the pre-
dictions of most methods remain concentrated in high-
confidence bins, which suggests that these loss functions
produce “peaky” distributions and over-confidence. In con-
trast, all three forms of our method mean (M), variance (V),
mean plus variance (M+V) provide a better spread of pre-
dictions across bins, having significantly “softer” probabili-

=+ indicates the standard errors for 3 random seeds, with the best

=
=)
=
=]
Iy
=)
=
=]

Samples (%)
o
w

7 Focal
0.5 =3 InvFocal

 AvUC

CE
= 0.5 HEE SAVUC

Poly

Samples (%)
o
%
o
Samples (%)
o
Samples (%)
z2<z

+V |
_alllling L1 IT] ]
080" o5 107080 05 10

Pred. Probability Pred. Probability Pred. Probability Pred. Probability
0 1.0 1.0

1.0
A\
1 llll
‘0.0 0.5 1.0

05 1. 05 10 %80 05 10 08
Confidence Confidence Confidence Confidence

0-990”“%.“5“”“1 0-9%““%%“”@

=

S

A\
2 g
K S

Accuracy
o
w
Accuracy
o
w
%

%
Accuracy
o
w
Accuracy
o

o
[=>)
p=
-
)

o
[=>)
o

Figure 5: Bin-strength densities (top) and reliability dia-
grams (bottom) computed using B = 10 bins for different
loss functions, evaluated on CIFAR100-C. MaxEnt Loss de-
livers a more uniform spread of probability densities and a
reliability bar plot that better matches the ideal diagonal.

ties. From the reliability diagrams, the bars of most methods
lie below the ideal diagonal, indicating that their predictions
are over-confident and miscalibrated. On the other hand, our
method produces bars that follow the diagonal more closely,
demonstrating better calibration performance.

We further show the OOD results on the CIFAR10/100-
C and TinyImageNet-C test sets, namely the accuracy, ECE,
CECE (both computed with 15 bins) and KSE in Table 1. For
the experiments shown in these tables, we use one-hot labels
during training and report their performance without temper-
ature scaling. We report the mean scores and the standard er-
ror (standard deviation divided by the square root of random
seeds). When evaluated ID, all methods produce similar ac-
curacies and are roughly within 95%, 75% and 50% for the
original test sets of CIFAR and TinyImageNet respectively.

Real-world OOD Evaluation We further evaluate our
method on real-world datasets, where distribution shifts oc-
cur naturally in-the-wild. Contrary to the synthetic datasets,
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MaxEnt MaxEnt MaxEnt MaxEnt MaxEnt MaxEnt MaxEnt MaxEnt MaxEnt
Dataset Mean Var Mult |Mean w/ TS Var w/ TS Mult w/ TS |Mean w/ LS Varw/LS Mult w/LS
CIFARI10-C 8.70+0.2 8.90+0.2 11.5£0.5| ]6.90+£0.1 ]6.70+0.2 ]9.30+0.5| 9.60+0.7 9.80+0.9 11.6£0.1
CIFAR100-C 6.30+0.2 8.60+1.2 7.30+0.5| 11.1+0.1 7.60+0.2 12.3+0.4 154+2.5 13.0+24 162428
TinyImageNet-C 10.2+0.1 9.40+0.1 10.5+0.1| 10.44+0.1 10.4+0.1 ]9.604+0.1 | |9.00+1.0 9.504+0.1 9.60+0.8
Camelyon17-Wilds | 12.3£0.7 11.9£0.7 8.30+2.0| |[7.40+1.4 [7.40+0.5 [4.60+t1.1 | [6.50+0.1 [7.00£1.0 9.40+0.4
iWildCam-Wilds  |20.0+£1.2 25.04+0.5 19.4+3.6| |8.204+0.8 [7.40+1.0 [11.84£2.0 | |7.40+1.1 |9.204+0.4 |18.540.1
FmoW-Wilds 5.60+0.5 4.60+0.3 8.50+0.3| [3.504+0.4 |4.40+0.3 [4.00+0.9 | 6.20+0.9 4.604+0.3 |7.60+2.3

Table 2: ECE (%) scores showcasing the effects of temperature scaling (TS) and label smoothing (LS) for the different OOD
datasets. | indicates improvements over the baseline and + shows the standard errors with the best scores highlighted in bold.

the prior distribution for the Wilds datasets can be non-
uniform, which might result in some form of bias for cer-
tain classes. Regardless, this does not negatively impact the
performance of our method, as shown in Table 1. In gen-
eral, we observe similar results as for synthetic OOD. Firstly,
most loss functions produce relatively similar recognition
accuracies across all datasets, regardless of synthetic or wild
OOD. There are no significant drops in test set recognition
when models are trained using our method. Secondly, mod-
els trained with MaxEnt loss are competitive and generally
achieve state-of-the art performance alongside other base-
lines in terms of the various calibration metrics.

Importantly, MaxEnt loss is able to consistently deliver
well calibrated models, even without the use of ad-hoc cal-
ibration techniques such as temperature scaling. We notice
that the three forms of MaxEnt loss produce roughly simi-
lar performance, which is unsurprising since the constraints
come from the same training set. However, as illustrated
in Figure 2, these entropies are maximized subject to the
given constraints, which can yield different results after op-
timization. This helps to explain why combining the mean
and variance constraints does not necessarily lead to better
calibration. In the Appendix, we report similar results when
evaluating our method with different calibration metrics on
both synthetic and wild OOD.

Pre- and Post-hoc Calibration

In this section, we discuss how MaxEnt loss complements
commonly used ad-hoc techniques such as label smoothing
and temperature scaling.

Pre-hoc Calibration: Label smoothing artificially softens
the target distribution and seeks to encourage high entropy
predictions (Miiller, Kornblith, and Hinton 2019). Formally,
the smoothed vector s; is obtained after uniformly redis-
tributing the probabilities of the correct class to other classes
by a smoothing factor o 5; = (1 — @)yx + 7.

In contrast, our method performs smoothing non-
uniformly with the help of constraints derived from the train-
ing distribution. In Appendix C.3, we can see that label
smoothing only applies a linear shift in the bin-strength den-
sities, whereas MaxEnt loss delivers different distributions
with different global constraints. When label smoothing is
applied together with our method, we are able to obtain mod-
els with even flatter” bin-strength densities. We show the
performance of our method with and without label smooth-
ing in the right column of Table 2, using « = 0.01. Label
smoothing is only able to improve the ECE of our method
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in some cases. If the model is already well-calibrated, label
smoothing can negatively affect calibration.

Post-hoc Calibration: For post-hoc calibration, we choose
the standard temperature scaling technique, which linearly
scales the classifier’s output logits with a scalar T > 0. We
follow the recommendations of Mukhoti et al. (2020) and
perform grid-search over a typical range of temperature val-
ues [1.25, 1.50, 1.75, 2.00], picking the optimal temperature
that minimizes the negative log-likelihood (NLL) (Hastie,
Tibshirani, and Friedman 2001) of the validation set. We
highlight that temperature scaling does not affect accuracy
and is only helpful for model calibration under i.i.d. as-
sumptions of the test set (Ovadia et al. 2019). In the case
where the validation set is ID and not OOD shifted, tem-
perature scaling may not be useful for improving calibration
(Karandikar et al. 2021). As compared to label smoothing,
our method exhibits the best calibration performance after
temperature scaling, with significant improvements in ECE.
This is particularly encouraging, because our method com-
plements temperature scaling and does not restrict users with
regards to post-hoc calibration.

Effects of Local Constraints

Figure 6 shows the empirical calibration error curves on
CIFAR10-C, where we only consider the global constraints
for each form of MaxEnt loss versus when the local con-
straints are included.

Firstly, without local constraints all three forms of our

40 CIFAR-10 / CIFAR-10-C

Distribution-Shift Intensity
—— MaxEnt V

——

MaxEnt M

——

MaxEnt M+V

Figure 6: With only global constraints (dotted), predictions
tend to be underconfident. Better calibration can be achieved
by combining both global and local constraints (solid).



The Thirty-Eighth AAAI Conference on Artificial Intelligence (AAAI-24)

CIFAR-10 / CIFAR-10-C

40
5
5
30 . >
-~ . . 5
1y 20 s 4 y 5
w 454 303 5 2 4 2
10 3 L8052 %2 1 3 1
2 el . 0°12 o
PO L ‘
60 80 100 120 140 160
Feature norm
CIFAR-100 / CIFAR-100-C
40 5
_.30 4
o\c 3
20 s
8 '4?‘ 5 5 0 5
10 v Y5 L, *3 4
it ;'f dz‘m'&a 4 %3
0 100 150 200 250 300
Feature norm
CE AvUC MaxEnt M (Ours)
Focal SoftAvUC MaxEnt V (Ours)
InvFocal Poly MaxEnt M+V (Ours)

Figure 7: ECE vs. L2 norm of features from the penultimate
layer of ResNet-18 trained using different methods, com-
pared across CIFAR-C. Our method produces lower errors
with smaller norms.

methods tend to be miscalibrated and underconfident for the
lower intensity shifts. Secondly, all three global forms tend
towards the same calibration performance across all shifts.
With the inclusion of local constraints, all three forms of our
method become better calibrated on lower intensity shifts,
with the best calibration performance achieved by the mean
constraint form.

Ordering of Feature Norms

We further analyze the performance of each loss function
and show the ECE scatter plot as a function of the L2 norm
of the learnt features in Figure 7. Specifically, each num-
bered point represents the average ECE per feature norm
for the six intensity shifts extracted from the logits of the
penultimate layer. We observe a correlation between ECE
and feature norms, where lower feature norms tend to de-
liver smaller calibration errors. Apart from AvUC and Soft-
AvUC, most methods tend to support the findings from (Guo
et al. 2017) that there is a strong relationship between mis-
calibration and overfitting. Our method generally produces
small clusters with low calibration errors, which suggests
that constraints provide robustness against distribution shifts
and overfitting.

Limitations and Future Work

Choice of Constraints: In the current setup, we attribute the
improvements in calibration to the given constraints. This
assumes that the ratio/prior distribution P()) observed dur-
ing training is aligned with the test distribution. For test dis-
tributions that vary greatly from the training set, we believe
that our method (along with many others) would not fare
well. Since it is difficult to know the true distribution of the
task (e.g. during model deployment), further approximations
may be needed.
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Unique Lagrange Multipliers: Our proposed framework
approximates the Lagrange multipliers for each form of
our method. Currently, we use a single Lagrange multiplier
shared universally across both the global and local con-
straints. It may be possible to introduce unique Lagrange
multipliers to control the trade-off between global and local
constraints. However, this is non-trivial since it would re-
quire careful tuning and selection of hyperparameters, which
is largely dependant on a separate validation set.

Conclusion

We presented MaxEnt loss, a novel loss function with multi-
ple forms for calibrating deep neural networks across both
synthetic and in-the-wild OOD computer vision datasets.
We also showed the relationship between Focal loss and
the Principle of Maximum Entropy. MaxEnt Loss achieves
state-of-the art calibration with no significant increase in
computation costs and requires only a few additional lines
of code. Predictive uncertainty typically worsens under in-
creasing dataset shift, whereas MaxEnt loss remains ro-
bust without any additional ad-hoc calibration. Furthermore,
MaxEnt loss complements other ad-hoc calibration methods
such as temperature scaling and label smoothing.
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