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Abstract

Neural-based, data-driven analysis and control of dynami-
cal systems have been recently investigated and have shown
great promise, e.g. for safety verification or stability analy-
sis. Indeed, not only do neural networks allow for an entirely
model-free, data-driven approach, but also for handling ar-
bitrary complex functions via their power of representation
(as opposed to, e.g. algebraic optimization techniques that
are restricted to polynomial functions). Whilst classical Lya-
punov techniques allow to provide a formal and robust guar-
antee of stability of a switched dynamical system, very little
is yet known about correctness guarantees for Neural Lya-
punov functions, nor about their performance (amount of data
needed for a certain accuracy).
We thus formally introduce neural Lyapunov functions for the
stability analysis of switched linear systems: we benchmark
them on this paradigmatic problem, which is notoriously dif-
ficult (and in general Turing-undecidable), but which admits
recently-developed technologies and theoretical results. In-
spired by switched systems theory, we provide theoretical
guarantees on the representative power of neural networks,
leveraging recent results from the ML community. We addi-
tionally experimentally display how neural Lyapunov func-
tions compete with state-of-the-art results and techniques,
while admitting a wide range of improvement, both in the-
ory and in practice. This study intends to improve our un-
derstanding of the opportunities and current limitations of
neural-based data-driven analysis and control of complex dy-
namical systems.

Introduction
The interaction between Lyapunov theory and learning has
motivated emerging research in recent years. For instance,
(Berkenkamp et al. 2017) or (Fazlyab, Morari, and Pappas
2021) employ Lyapunov approaches to certify safety condi-
tions in AI-based systems. Other works (among which the
present one), motivated by the great performance of neu-
ral networks in many computational technologies, tackle the
other direction and use AI techniques in order to learn Lya-
punov functions (Chang, Roohi, and Gao 2020; Abate et al.
2021; Dawson et al. 2021; Farsi et al. 2022; Zhang et al.
2023). They provide promising proofs of concept for au-
tomated, data-driven control solutions that are agnostic of
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the particular properties of the considered control system.
Indeed, a prime advantage of neural networks is that they
can be deployed in an unknown setting and on complex sys-
tems, such as Cyber-Physical Systems, where classical con-
trol techniques would require verifying technical properties
(such as Lipschitz continuity, linearity, or passivity) that are
out of hand in practice.

A main paradigm along these lines is a situation where
a neural network is constructed from observed trajectories,
and its input-ouput relation is interpreted as a Lyapunov
function for the system. Our work falls within this paradigm.
However, a crucial limitation of neural techniques is that
they rarely come with guarantees; that is, the obtained net-
work is tailored to satisfy the properties of a Lyapunov func-
tion on the observed trajectories, but very little is known
about its generalisation properties out of the sample set. In
safety-critical application, one needs generalisation guaran-
tees, where the observed performance of the Lyapunov func-
tion is guaranteed to hold for the whole universe, not only
the sampled set. Even more, Lyapunov functions must have
specific properties, which might be violated by the obtained
neural network (think simply of positive definiteness).

In this work, we are primarily interested in understanding
this (potential) gap between high performance on the sam-
pled set, and behaviour on the true system. For this purpose,
our strategy is to study this approach on a family of complex,
but still well-understood systems, for which alternative com-
putational techniques have been developed, so that one can
compare the performance of neural networks, both in terms
of computational performance and in terms of accuracy. In
this paper we focus on switched systems.

Switched systems have attracted massive research efforts
in Systems and Control, because they provide a relatively
simple framework for representing many complex engineer-
ing applications. As a few examples, they have been used
in bipedal robotics (Hurmuzlu, Génot, and Brogliato 2004),
in image processing (Jungers 2009, Chapter 5), or multihop
control networks (Alur et al. 2011). Closer to AI, switched
systems have been used to model Q-learning algorithms
(Lee and He 2020), and techniques developed for classifica-
tion have been used in switched system identification (Lauer
and Bloch 2008).

In particular, we focus on the stability analysis problem
for switched systems, which is encapsulated by the notion of
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joint spectral radius (in short, JSR). It has been proven that it
is extremely hard to compute the JSR (Blondel and Tsitsik-
lis 2000b), and in full generality, the problem of computing
this quantity is Turing-undecidable (Blondel and Tsitsiklis
2000a). However, different computational techniques have
been developed, relying essentially on Lyapunov theory,
with good practical performance. One of the main families
of such techniques rely on the power of Semi-Definite Pro-
gramming (SDP), and provides quadratic/ellipsoidal (Blon-
del, Nesterov, and Theys 2005) or Sum-Of-Squares (SOS)
(Parrilo and Jadbabaie 2008) Lyapunov functions. Despite
the hardness of the JSR computation, these references pro-
vide approximation guarantees; that is, one can obtain an es-
timate of the JSR, with a bound on the error made by the es-
timate. See (Jungers 2009) for a whole review on this topic.

As a first theoretical contribution, we provide similar the-
oretical approximation guarantees for neural network-based
Lyapunov functions. For this, we leverage results from con-
vex geometry, and combine them with recent results in Ma-
chine Learning (ML), about the representation power of neu-
ral networks. Results on the approximation power of neu-
ral networks are well established, but have not previously
been tailored to Lyapunov functions constructed as neural
networks.

Our second contribution is empirical. It is well known
that ReLU neural networks compute piecewise linear func-
tions. Such functions are another popular technique to com-
pute the JSR, however with less efficient computational
power: the computation of a piecewise linear norm cannot
be achieved efficiently since it requires to solve a bilinear
program (Athanasopoulos and Jungers 2019), which cannot
be done in polynomial time. ReLU neural networks offer an
alternative to compute this type of Lyapunov functions. We
thus provide numerical experiments in order to benchmark
this alternative way of obtaining piecewise linear Lyapunov
functions. We first consider a low-dimensional switched sys-
tem as proof of concept where we observe that we are com-
petitive in terms of approximation precision. Then we in-
crease the dimension to show that we compete with SDP-
based techniques both in terms of computation time and ap-
proximation precision.

Towards the end of the paper, we provide an overview
of technical problems that are encountered, and investigate
techniques from ML and from control to alleviate these
problems.

Notation
Given an integer m ∈ N, the notation ⟨m⟩ refers to all the
integers smaller than or equal to m, i.e. {1, . . . ,m}. Given
a real number x ∈ R, ⌊x⌋ denotes the floor of x, i.e. the
largest integer which does not exceed x, while ⌈x⌉ denotes
the ceiling of x, i.e. the smallest integer exceeding x.

Background
Switched Systems and Joint Spectral Radius
In classical linear systems theory, a typical question is
whether the discrete-time linear system xk+1 := Axk is sta-
ble, that is, whether all the trajectories asymptotically tend to

zero. A necessary and sufficient condition for this is that the
spectral radius of the square matrix A ∈ Rn×n with n ∈ N
defined by

ρ(A) := lim
k→∞

∥∥Ak
∥∥1/k

is less than one. The spectral radius expresses the maximal
rate of growth of the system, and has been proved to be equal
to the maximal modulus of the eigenvalues of the matrix A.

Discrete-time linear systems can be generalised to
switched linear systems defined by

xk+1 = Aσ(k) xk (1)
where the dynamics evolves at each time step according to a
finite set of square matrices Σ := {A1, . . . , AM} ⊂ Rn×n,
n ∈ N, and the switching signal σ : N → ⟨M⟩. Here, the
switching signal can be interpreted as an exogenous pertur-
bation (think of an operator who may switch the operating
mode of a system, or any other situation where the law of
dynamics may switch from time to time e.g. due to external
disturbance, or change of specification) and the system is
thus defined by several matrices rather than a single one, as
is the case for classical linear systems. A switched system
is (worst-case) stable if for all x0 ∈ Rn, for all switching
signals σ(.), xk → 0 when k → ∞.

For switched systems, one can generalise the notion of
spectral radius (Rota and Strang 1960) to the finite set of
square matrices Σ.
Definition 1 (Joint spectral radius). Given a finite set of
square matrices Σ := {A1, . . . , AM} ⊂ Rn×n with n ∈ N,
the joint spectral radius (JSR) of Σ, denoted by ρ(Σ), is de-
fined by

ρ(Σ) := lim sup
k→∞

{
∥A∥1/k : A ∈ Σk

}
(2)

where Σk :=
{
Aσk

:= Aσk(1) · · ·Aσk(k) | σk : ⟨k⟩ → ⟨M⟩
}

encodes all the possible products of length k of the matrices
in Σ.
Similar to the linear case above, the JSR actually expresses
the maximal asymptotic behaviour of a switched linear sys-
tem. The joint spectral radius of Σ can be related to the sta-
bility of (1) by the following Theorem.
Theorem 1 (Corollary 1.1 in (Jungers 2009)). Given a fi-
nite set of M square matrices Σ := {A1, . . . , AM}. The
corresponding switched linear system is stable if and only if
ρ(Σ) < 1.

Approximation of the JSR
Unfortunately, the JSR does not share the same nice al-
gebraic properties as the spectral radius and is extremely
hard to compute in practice. Indeed, approximating the JSR
is NP-hard (Blondel and Tsitsiklis 1997), whereas decid-
ing whether the JSR is smaller than one or not is Turing-
indecidable (Blondel and Canterini 2008), and there does
not exist any algebraic criterion to decide the stability (non-
algebraicity) of switched systems (Kozyakin 1990). Despite
these theoretical limitations, the approximation of the JSR
has been tackled by many researchers. In particular, Lya-
punov methods have been exploited thanks to the following
characterization of the JSR.
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Theorem 2 (Proposition 1 in (Rota and Strang 1960)). For
any bounded set of matrices Σ such that ρ(Σ) ̸= 0, the joint
spectral radius of Σ can be defined as

ρ(Σ) := inf
∥·∥

max
A∈Σ

∥A∥ . (3)

This result in particular tells that any norm ∥·∥ : Rn → R≥0

provides an upper-approximation of the JSR. Therefore, one
can in principle compute the JSR of a finite set of matrices
Σ by looking at all norms and their corresponding approxi-
mation ρ(Σ, ∥ · ∥) := maxA∈Σ ∥A∥, and keep the smallest.

In practice, one usually looks through a subset of norms
for which the computation can be more easily performed.
This is for instance the case for the ellipsoidal approximation
of the JSR, defined as

ρQ(Σ) := inf
P≻0

max
A∈Σ

∥A∥P (4)

where ∥A∥P denotes the matrix norm induced by the ellip-
soidal vector norm associated to P , i.e. ∥x∥P :=

√
x⊤Px.

Note that this denomination stems from the shape of the
unit ball B∥·∥P

of this norm. From a computational point
of view, the ellipsoidal approximation ρQ can be computed
efficiently thanks to SDP, see (Blondel, Nesterov, and Theys
2005) for details. Moreover, the following theorem provides
theoretical guarantees on the accuracy of the technique.
Theorem 3 (Theorem 14 in (Blondel, Nesterov, and Theys
2005)). Let ρ(Σ) be the joint spectral radius of a finite set
of matrices Σ of dimension n ∈ N. Then

1

τQ
ρQ(Σ) ≤ ρ(Σ) ≤ ρQ(Σ), (5)

where τQ :=
√
n.

A similar SDP-based approach using SOS polynomials in-
stead of quadratic functions has been developed (Parrilo and
Jadbabaie 2008, Theorem 3.4). In this case, the SOS ap-
proximation of degree 2d, d ∈ N of the JSR denoted by
ρSOS,2d(Σ) satisfies the following inequalities

1

τSOS(n, d)1/2d
ρSOS,2d(Σ) ≤ ρ(Σ) ≤ ρSOS,2d(Σ),

(6)

where τSOS(n, d) =

(
n+ d− 1

d

)
. See (Jungers 2009) for

a comprehensive review on the JSR.

ReLU-Activated Neural Nets, CPWL Functions
We consider neural networks with ReLU activation func-
tions.
Definition 2 (ReLU neural network). A Rectified Linear
Units (ReLU) feedforward neural network with k + 1 ∈ N
hidden layers is defined by k affine transformations T (j) :
Rnj−1 → Rnj , x 7→ W (j)x+ b(j) for j ∈ ⟨k⟩, and a linear
transformation T (k+1) : Rnk → Rnk+1 , x 7→ W (k+1)x.
The network represents the function V : Rn0 → Rnk+1

given by

V := T (k+1) ◦ σ ◦ · · · ◦ T (2) ◦ σ ◦ T (1), (7)

where σ is the component-wise rectifier function, i.e. σ(x) =
(max{0, x1}, . . . ,max{0, xn}). The matrices W (l) and the
vectors b(l) are respectively the weights and the biases of the
l-th layer while nl is the width of the l-th layer. The maxi-
mum width of all the hidden layers is called the width of the
neural network, and the depth is k + 1.

Any function represented by a ReLU neural network is a
continuous piecewise affine (CPWA) function whose sub-
level sets are polytopes.

Definition 3 (Continuous piecewise affine/linear function).
We say that a function f : Rn → R is a continuous piece-
wise affine (resp. linear) function (CPWA/L function) if there
exists a finite set of polyhedra whose union is Rn, and fur-
thermore if f is affine (resp. linear) over each polyhedron.
The number of pieces of f is the minimal number of polyhe-
dra necessary to express f as above.

This function is positively homogeneous if and only if all the
biases are zero, see (Hertrich et al. 2021, Proposition 2.3).

Expressivity Power of ReLU Neural Networks
It is well-known (Hornik 1991) that ReLU neural networks
can approximate arbitrarily well any continuous function,
even with a single hidden layer. More recently, researchers
(Arora et al. 2018; Hertrich et al. 2021; Dereich and Kassing
2021) have provided quantified approximation guarantees in
terms of complexity of the represented function, as a func-
tion of the depth and width of the network. In the theorem
below, the complexity of the function is expressed by the
number of its pieces.

Theorem 4 (Theorem 4.4 in (Hertrich et al. 2021)). Let f :
Rn → R be a CPWL function with p affine pieces. Then
f can be represented by a ReLU neural network with depth
⌈log2(n+ 1)⌉+ 1 and width O(p2n

2+3n+1).

Note that the depth of the network depends exclusively on
the input size, and not on the number of pieces.

Problem Statement
As a paradigm of safety constraint, we now study the ability
of neural networks to provide guarantees for the stability of
a given switched linear system. In view of Theorem 4 above,
we are interested in approximating the JSR of a finite set of
matrices using continuous piecewise linear (CPWL) func-
tions, which we call a CPWL approximation of the JSR.

Problem 1. Can one provide a guarantee on the accuracy
of the best neural approximation of the JSR, that is, on the
bound obtained from (3) when the norms ∥ · ∥ are restricted
to be of the form (7)? What is the relation between such a
guarantee and the number of layers, of neurons, of the width
of the network? How can one guarantee that the output V of
the network is indeed a valid norm?

Theoretical Results
CPWL Approximation Guarantees
Inspired by the approximation results in (5) and (6) we ex-
ploit Theorem 2, additionally leveraging the following result

The Thirty-Eighth AAAI Conference on Artificial Intelligence (AAAI-24)

21012



from Barvinok about the approximation power of a convex
set by a polytope as a function of the dimension and the
number of vertices in the approximation polytope.

Theorem 5 (Theorem 1.1 in (Barvinok 2013)). Let τ > 1
be a real number and n and k be positive integers and such
that(

τ −
√
τ2 − 1

)k
+
(
τ +

√
τ2 − 1

)k
≥ 6 D(n, k)1/2,

(8)
where

D(n, k) :=

⌊k/2⌋∑
m=0

(
n+ k − 1− 2m

k − 2m

)
. (9)

Then, for any symmetric, compact and convex set K ⊂ Rn

with non-empty interior and containing the origin, there ex-
ists a symmetric polytope P ⊂ Rn with at most 8D(n, k)
vertices such that

P ⊆ K ⊆ τP. (10)

We can now derive approximation guarantees on the CPWL
approximation of the JSR.

Theorem 6. Let ρ(Σ) be the joint spectral radius of a finite
set of matrices Σ of dimension n ∈ N. For any τ > 1 for
which there exists kτ ∈ N such that relation (8) is satisfied,
the following relation holds :

1

τ
ρP(Σ) ≤ ρ(Σ) ≤ ρP(Σ), (11)

where ρP is the optimal solution of (3) where the norms are
restricted to CPWL norms with at most 8D(n, k) vertices.

Proof. Consider a finite set of m matrices Σ :=
{A1, . . . , Am} ⊂ Rn×n of dimension n ∈ N, and ρ(Σ)
its joint spectral radius. By Theorem 2 and by definition of
an infimum, for any value ε > 0, there exists an ε-norm ∥·∥⋆
such that ∀i = 1, . . . ,m

∀x ∈ Rn, ∥Aix∥⋆ ≤ (ρ(Σ) + ε) ∥x∥⋆ .

This norm defines a convex set K ⊂ Rn (which contains the
origin) that can be approximated by a polytope. By Theo-
rem 5, for any positive integer d and any real number τ > 1
satifying (8), there exists a symmetric polytope P ⊂ Rn

with at most 8D(n, k) vertices such that

P ⊆ K ⊆ τP.

Therefore, the homogeneous function V (x) whose 1-level
set is P , satisfies that for all x ∈ Rn,

V (x) ≤ ∥x∥⋆ ≤ τ V (x),

and then for any i = 1, . . . ,m and any x ∈ Rn:

V (Aix) ≤ ∥Aix∥⋆ ,

≤ (ρ(Σ) + ε) ∥x∥⋆ ,

≤ (ρ(Σ) + ε) τ V (x).

Figure 1: Evolution, as a function of the dimension (n), of
the number of variables required to achieve precision val-
ues τ on the JSR approximation with the CPWL approach
(dashed line) and with the SOS approach (continuous line).
In blue, τ = τSOS(n, 3), in red, τ = τSOS(n, 4). These
values are the minimal required accuracy to outperform the
guarantee (6) for, respectively, degree-3 and -4 SOS. One
can see that for large values of n, the CPWL approximation
needs far fewer variables, for any given precision.

Then, V (Ai) ≤ (ρ(Σ) + ε)τ for all i = 1, . . . ,m and for
any ε > 0. Therefore, at the worst case, we have that

1

τ
ρP(Σ) ≤ ρ(Σ) ≤ ρP(Σ),

where the second inequality is direct since we consider a
subset of norms.

Using this theorem, we can compute an upper-bound on
the number of variables required to achieve a given preci-
sion τ as the number of vertices multiplied by the dimen-
sion of the state space. In Figure 1, we show the evolution
with the dimension of this number of variables, for differ-
ent values of τ . For the sake of comparing with the perfor-
mance of the SOS approximations of degree 3 and 4, we
selected τ = τSOS(n, d) for d = 3 and d = 4. These re-
sults show that for small dimensions, the CPWL approach
requires slightly more variables than the SDP solution. How-
ever, when we consider higher dimensions, the trend is re-
versed. These observations motivate the CPWL approach
rather than the polynomial approach since we need less vari-
ables in high dimension. However, computation methods
rapidly suffer from the curse of dimensionality: the com-
plexity is polynomial for SDPs while it is exponential for the
CPWL norms, which necessitate solving a bilinear program
as explained previously. For this reason, we now investigate
generating CPWL approximations with neural networks.
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Bounds on the Structure of the Network
Theorem 6 provides a relation between the CPWL approxi-
mation precision and the number of vertices of its polytopic
sublevel sets. Now, combining it with Theorem 4, we are
able to derive bounds on the network structure (i.e. its depth
and its width) to be able to achieve this precision.

To do so, we first need to bound the number of faces of
a polytope, i.e. the number of pieces of the corresponding
CPWL function, given the number of vertices.

Theorem 7 ((McMullen 1970)). Let P be a polytope in di-
mension n ∈ N with k vertices. Then, P has at most(

k − ⌊n+1
2 ⌋

k − n

)
+

(
k − ⌊n+2

2 ⌋
k − n

)
faces.

We are finally able to state the following theorem, which
provides original theoretical bounds on the structure of a
ReLU neural network to provide a CPWL approximation of
the JSR with a given precision τ . To the best of our knowl-
edge, this is the first universal approximation result tailored
to neural Lyapunov functions.

Theorem 8. Let ρ(Σ) be the joint spectral radius of a finite
set of matrices Σ of dimension n. For any real τ > 1 for
which there exists kτ ∈ N satisfying relation (8), there exists
a CPWL function represented by a ReLU neural network of
depth

⌈log2(n+ 1)⌉+ 1

and width

O

[(Dτ
n − ⌊n+1

2 ⌋
Dτ

n − n

)
+

(
Dτ

n − ⌊n+2
2 ⌋

Dτ
n − n

)]2n2+3n+1


where Dτ
n := 8D(n, kτ ) as defined in (9), which approxi-

mates ρ(Σ) with a precision of τ .

Proof. This theorem results from the successive application
of Theorems 6, 7 and 4.

Experimental Evaluation
The above theoretical results provide a proof of concept that
neural network can approximate the JSR up to an a priori
fixed guarantee of accuracy. However, all the bounds above
are on the worst case, and we now provide an empirical in-
vestigation of the practical efficiency of the neural approach,
in comparison with the more classical SDP-based approach.

Setup
Given a switched linear system (1) in dimension n, we con-
sider a ReLU neural network without biases. This is without
loss of generality, since we may restrict ourself to homo-
geneous functions V. We train the network with a sample
set S of data points uniformly distributed on the unit sphere
Sn−1 := {x ∈ Rn : ∥x∥2 = 1} (by linearity and ho-
mogeneity, it is sufficient to consider sample points on the

sphere). We structurally enforce during training the positiv-
ity of the represented function V (·) by imposing nonnega-
tivity for the output weights. We consider the loss function
defined by

L(V,S) := max
i=1,...,M

max
x∈S

V (Aix)

V (x)
, (12)

which provides a sample-based approximation of (3) where
the norms are of the form V (·), as represented by the net-
work. Therefore, given a ReLU neural network with k hid-
den layers and m neurons in each of them, the neural ap-
proximation of the JSR denoted by ρNN(k,m)(Σ) is de-
fined as the lowest value of the loss function during the
entire training campaign. Note that ρNN(k,m)(Σ) depends
on the sampled set S and for this reason, the quantity
maxx∈S

V (Aix)
V (x) is not formally a norm and thus nothing

guarantees that the network provides a formal upper bound
on the JSR (it would be if S was replaced by Rn, in Equation
(12) above).

Numerical Results
As reference benchmarks, we consider two switched linear
systems in dimension 2 and 8 respectively, which are chal-
lenging as they are known to lead to poor approximation
with classical techniques (see (Debauche, Della Rossa, and
Jungers 2023, Section 5) and (Ahmadi et al. 2014, Exam-
ple 5.2)). The first one serves as proof of concept, while
the second example shows that in higher dimensions, neural
Lyapunov functions are competitive with SOS-based tech-
niques both in terms of precision and (as suggested earlier
in Figure 1) in computation time. Note that all experiments
were run on an Intel i7 laptop with 4 cores and 8GB of RAM.

Example 1 (Low dimension). We consider the switched lin-
ear system Σ2 := {A1, A2} ⊂ R2×2 defined by

A1 =

[
1.5519 0.4474

7.6412 7.4716

]
and A2 =

[
0.4750 9.1755

1.8955 0.1850

]
.

(13)

Neural approximation
ρNN(k,m)(Σ2)

k m Best Mean Std.

1 layer 5 neurons 8.6977 9.0251 0.8800

10 neurons 8.6910 8.6969 0.0056

2 layers 5 neurons 8.6983 8.9312 0.4645

10 neurons 8.6944 8.7049 0.0077

3 layers 5 neurons 8.6967 9.1984 0.7293

10 neurons 8.6946 8.7130 0.0175

Table 1: Best and mean/std. (over 20 seeds) approximation
of the JSR of system (13) provided by a ReLU neural net-
works with different architectures.
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(a) Evolution with the computation time of
the loss function of a ReLU neural network
with different widths and depths. For each
configuration, only the best seed (which pro-
vides the lowest approximation) is illustrated.

(b) Sublevel sets of the best CPWL approx-
imation with 1 hidden layer and 5 neurons,
and the partition induced by the network. The
sublevel sets of the ellipsoidal approximation
have been added for comparison.

(c) Sublevel sets of the best CPWL approx-
imation with 1 hidden layer and 10 neurons,
and the partition induced by the network. The
sublevel sets of the ellipsoidal approximation
have been added for comparison.

Figure 2: Approximation of the JSR of system (13) using a ReLU neural network with 500 sample points, alongside sublevel set
of the best approximation from two networks. With 5 neurons (2b) , the CPWL approximation appears geometrically similar to
the ellipsoidal approximation. As more neurons are added (2c), the geometry of the sublevel sets diverges from the ellipsoidal
approximation, corresponding to an improved approximation of the JSR (Table 1).

The joint spectral radius of Σ2 is 8.6881, the ellipsoidal ap-
proximation ρQ(Σ2) is 9.5868 and the SOS approximation
of degree 4, i.e. ρSOS,4(Σ2), is 8.7203. We consider a ReLU
neural network with different depths and widths that we train
with 500 sample points for 20 different seeds. The best (i.e.
the smallest) approximation, the mean and the standard de-
viation are summarized in Table 1.

Not surprisingly, the more neurons there are, the better
the approximation. We also observe that with more neurons,
there is significantly less variability with respect to the seed.
In terms of approximation precision, the neural approach
is more efficient than both the ellipsoidal and the SOS ap-
proaches, since the average approximation with 10 neurons
is smaller than ρQ(Σ2) and ρSOS,4(Σ2). Figures 2b and 2c
illustrate the partition and the sublevel sets of the Lyapunov
function encoded by the best 1-layer network with 5 and 10
neurons respectively, and one can notice the similarity with
the ellipsoidal sublevel sets. However, the computation of
the ellipsoidal and the SOS approximation are very fast in
such low dimension (they clock 0.2816 and 1.5156 seconds
respectively), and the novel neural network approach cannot
compete with them: for example, Figure 2a shows that in the
best case, we need a few seconds, but in the worse cases, we
need almost one minute.

Let us now consider a 8-dimensional switched system, such
that the computation time of the ellipsoidal and SOS approx-
imation are larger and the network starts to be competitive.

Example 2 (High dimension). We consider a switched sys-
tem in dimension 8 with 8 different modes, defined by the ma-
trices Σ8 := {Ai} ⊂ {0, 1}8×8 such that for i = 2, . . . , 8,

Ai(k, l) :=


−1 if k = l = i,

1 if l = i and k ̸= i,

0 otherwise,

(14)

while the matrix A1 = 1e⊤1 . One can prove that the
joint spectral radius of this finite set of matrices is 1, i.e.
ρ(Σ8) = 1. Regarding the approximation of the JSR us-
ing classical techniques, the ellipsoidal approximation gen-
erates ρQ(Σ8) = 2.4286 but the computation is relatively
fast (≈ 2.5 seconds), while the SOS approximation is bet-
ter since ρSOS,4(Σ8) = 1.0006 but it requires much more
computation time (≈ 258 seconds).

For the neural approximation of the JSR, we use a ReLU
neural network with a single hidden layer and different num-
bers of neurons: 10, 15 and 30. We train it using 500 sam-
ple points. Figure 3 shows the evolution of the mean and
the min-max area of the JSR approximation with the com-

Figure 3: Evolution of the JSR approximation for the 8-
dimensional system (14) provided by a ReLU neural net-
work with different number of hidden layers and different
numbers of neurons. The value of the JSR, the ellipsoidal ap-
proximation and the SOS degree-4 (in black) bisection have
been added for comparison.
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(a) Comparison of the evolution with the
computation time of the JSR approximation
provided by a ReLU network with 1 hidden
layer and 15 neurons with and without L1-
regularization.

(b) Comparison of the evolution with the
computation time of the JSR approximation
provided by a ReLU network with 1 hidden
layer and 15 neurons with and without incre-
mental learning.

(c) Comparison of the sublevel sets of the
output of a 2-hidden-layer neural network
with 10 neurons (ρNN(2,10)(Σ2) = 8.5788)
trained with 100 sample points and the post
processed norm N(·) (ρN (Σ2) = 9.4157).

Figure 4: Techniques to avoid overfitting in higher dimensions.

putation time for each configuration. One can see that in
dimension 8, the neural approach is almost as fast as the
SOS (d = 2) method. However, the network overfits the data
and then provides an approximation which is smaller than
the true JSR value, except with 10 neurons where half of the
seeds provide an approximation larger than 1. One way to
prevent this behaviour is to consider more sample points.
However, the computation time increases as the sample set
grows and we are no longer competitive with SDP-based
techniques.

Techniques for Improved Performance
As we have seen, the numerical experiments suffer from
classical issues in ML such as overfitting, large number of
sample points needed, etc. In this section, we consider some
methods to mitigate these behaviours.

Regularization In Figure 3, we have seen that neural net-
works tend to overfit the data resulting in an incorrect esti-
mate of the JSR. One classical method to prevent overfitting
is regularization, i.e. for the problem at hand we penalize the
network by adding a new term in the loss function to prevent
it from learning overly-complex functions. Figure 4a shows
promising results for system (14) using L1-regularization.

Incremental Learning The number of sample points is a
key parameter since it determines a trade-off between com-
putation time and the risk of overfitting. However, it seems
that the network does not need many points at the begin-
ning, but progressively requires more and more points dur-
ing training. Figure 4b illustrates the evolution of the JSR
approximation of system (14) provided by a 2-hidden-layer
neural network with 15 neurons, where we now add succes-
sively new sample points to the training set. In this example,
after combining the incremental learning with the regular-
ization, the resulting network did not reach a wrong over-
approximation value.

Post Processing Until now we have seen with Examples 1
and 2 that neural networks can approximate well the JSR,

but if badly tuned, they may under-estimate it. In safety-
critical applications, we want a firm guarantee of stability:
for this, we can leverage the information learnt by the net-
work on the sample set S into an actual norm ∥ · ∥N , which
provides a valid upper bound, at the price of a more conser-
vative estimate of the JSR. One way to do that is to consider
the absolutely homogeneous function whose unit ball is de-
fined by

B∥·∥N
:= conv

{
xi

V (xi)
: xi ∈ S

}
,

such that V and the induced norm ∥ · ∥N coincide on the
sample set. See Figure 4c for an example with system (13).

Conclusions
Motivated by recent developments in neural Lyapunov tech-
niques, we have introduced for it a benchmark applica-
tion and a theoretical framework, for the particular case of
switched systems. These are a family of popular models
for complex Cyber-Physical systems, that is algorithmically
challenging, but rather well understood from a theoretical
standpoint.

We have shown that one can determine theoretical bounds
for the accuracy of neural Lyapunov functions, as a function
of the parameters of the network. These guarantees are com-
petitive with classical SDP-based Lyapunov approaches in
terms of number of variables. From the empirical point of
view, we have shown that in practice as well, the approach is
competitive while our neural networks were trained on sim-
ple personal computers, which leaves an important room for
improvement. We have emphasized the problem of overfit-
ting, and proposed several avenues for mitigating it.

We see much possible further work, among which con-
firming the experiments at a more general level (different
network architectures, different benchmark examples), po-
tentially improving the learning algorithm (in particular, the
loss function), and pushing further the approaches for miti-
gating overfitting.
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