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Abstract

Conformal prediction is a statistical tool for producing pre-
diction regions of machine learning models that are valid
with high probability. However, applying conformal predic-
tion to time series data leads to conservative prediction re-
gions. In fact, to obtain prediction regions over T time steps
with confidence 1-delta, previous works require that each in-
dividual prediction region is valid with confidence 1-delta/T.
We propose an optimization-based method for reducing this
conservatism to enable long horizon planning and verifica-
tion when using learning-enabled time series predictors. In-
stead of considering prediction errors individually at each
time step, we consider a parameterized prediction error over
multiple time steps. By optimizing the parameters over an ad-
ditional dataset, we find prediction regions that are not con-
servative. We show that this problem can be cast as a mixed
integer linear complementarity program (MILCP), which we
then relax into a linear complementarity program (LCP). Ad-
ditionally, we prove that the relaxed LP has the same optimal
cost as the original MILCP. Finally, we demonstrate the effi-
cacy of our method on case studies using pedestrian trajectory
predictors and F16 fighter jet altitude predictors.

1 Introduction

Autonomous systems perform safety-critical tasks in dy-
namic environments where system errors can be dangerous
and costly, e.g., a mistake of a self-driving car navigating in
urban traffic. In such scenarios, accurate uncertainty quan-
tification is vital for ensuring safety of learning-enabled sys-
tems. In this work, we focus on quantifying uncertainty of
time series data. For instance, for a given time series predic-
tor that predicts the future trajectory of a pedestrian, how can
we quantify the uncertainty and accuracy of this predictor?
Conformal prediction (CP) has emerged as a popular
method for statistical uncertainty quantification (Shafer and
Vovk 2008; Vovk, Gammerman, and Shafer 2005). It aims to
construct prediction regions that contain the true quantity of
interest with a user-defined probability. CP does not require
any assumptions about the underlying distribution or the pre-
dictor itself. Instead, one only needs calibration data that
is exchangeable or independent and identically distributed.
That means that CP can seamlessly be applied to learning-
enabled predictors like neural networks, without the need to
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Figure 1: Sample trajectory of a pedestrian (teal stars), the
pedestrian predictions using a social LSTM from (Alahi
et al. 2016) (blue stars), the conformal prediction regions
for our approach (green circles), and the conformal predic-
tion regions for the approach from (Lindemann et al. 2023a)
(red circles). Notably, our approach is less conservative.

analyze the underlying architecture or change the training
procedure (Angelopoulos and Bates 2023).

One challenge of CP is that its standard variant can not
directly construct valid prediction regions for time series.
This is because datapoints at different time steps are not ex-
changeable. Variants of CP have been developed for time se-
ries, such as adaptive conformal inference (Gibbs and Can-
des 2021; Zaffran et al. 2022). However, their coverage guar-
antees are weaker and only asymptotic. While these types of
guarantees are useful in many contexts, they are insufficient
in safety-critical applications such as self-driving cars.

In previous works (Stankeviciute, M Alaa, and van der
Schaar 2021; Lindemann et al. 2023a,b), this issue was mit-
igated by instead considering a calibration dataset that con-
sists of full rollouts of the time series, which do not violate
the exchangeability assumption. At design time, one runs a
separate instance of CP for each of the T' time steps of the
time series predictor (also referred to as a trajectory predic-
tor). Then at runtime, these CP instances are combined with
the predictor’s T predictions to compute prediction regions.
However, to obtain prediction regions that are valid over all
T time steps with confidence 1 — §, each individual predic-
tion region has to be valid with confidence 1 — §/T.! This
results in conservative prediction regions.

Contributions: To address this conservatism, this paper

' A union bound argument can be used to show this result.
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proposes constructing prediction regions for time series us-
ing linear complementary programming. Our main idea is
based on i) mapping trajectory prediction errors to a sin-
gle parameterized conformal scoring function to avoid union
bounding, and ii) finding the optimal parameters from an ad-
ditional calibration dataset. As opposed to existing works,
our method enables non-conservative long horizon planning
and verification. Our contributions are as follows:

* We propose the conformal scoring function R
max(ay Ry, ...,arRy) for time horizon 7', prediction
errors Iy, and parameters o;. Using R, we show that we
can obtain non-conservative prediction regions with 1 —¢
confidence using conformal prediction.

We formulate the problem of finding the parameters oy
that minimize R from an additional calibration dataset
as a mixed integer linear complementarity program, and
we show how we can derive a linear complementarity
program that has the same optimal value.

On two case studies, we demonstrate that our method
produces much smaller valid conformal prediction re-
gions compared to (Stankeviciute, M Alaa, and van der
Schaar 2021; Lindemann et al. 2023a,b), see Figure 1.

1.1 Related Work

Conformal prediction was originally proposed by Vovk in
(Vovk, Gammerman, and Shafer 2005; Shafer and Vovk
2008) to quantify uncertainty of prediction models. The
original method, however, required training a prediction
model for each calibration datapoint, which is computa-
tionally intractable for learning-enabled predictors. Induc-
tive conformal prediction, also referred to as split conformal
prediction, addresses this issue by splitting the calibration
data into two sets, one used for training the prediction model
and one for applying conformal prediction (Papadopoulos
2008). Split conformal prediction has been extended to pro-
vide conditional probabilistic guarantees (Vovk 2012), to
handle distribution shifts (Tibshirani et al. 2019; Fannjiang
et al. 2022), and to allow for quantile regression (Romano,
Patterson, and Candes 2019). Further, split conformal pre-
diction has been used to construct probably approximately
correct prediction sets for machine learning models (Park
et al. 2020; Angelopoulos et al. 2022), to perform out-of-
distribution detection (Kaur et al. 2022, 2023), to guaran-
tee safety in autonomous systems (Luo et al. 2022), and to
quantify uncertainty for F1/10 car motion predictions (Tumu
et al. 2023). Additionally, in (Stutz et al. 2022) the authors
encode the width of the generated prediction sets directly
into the loss function of a neural network during training.
However, the aforementioned methods cannot directly be
applied to time series data. Multiple works have adapted
conformal prediction algorithms for the time series domain,
including enbpi (Xu and Xie 2021), adaptive conformal in-
ference (Gibbs and Candes 2021), fully adaptive conformal
inference (Gibbs and Candes 2022; Bhatnagar et al. 2023),
and copula conformal prediction (Sun and Yu 2022; Tonkens
et al. 2023) . However, they either only provide averaged
coverage guarantees over long horizons or require a lot of
extra calibration data. Regardless, these methods have been
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used for analyzing financial market data (Wisniewski, Lind-
say, and Lindsay 2020), synthesizing safe robot controllers
(Dixit et al. 2022), and dynamically allocating compute re-
sources (Cohen et al. 2023). For a more comprehensive
overview of the conformal prediction landscape see (An-
gelopoulos and Bates 2023).

Our paper is motivated by (Stankeviciute, M Alaa, and
van der Schaar 2021; Lindemann et al. 2023a,b). These
works apply inductive conformal prediction in a time series
setting, which requires constructing individual prediction re-
gions with confidence 1—4 /T to obtain 1—¢ coverage for all
time steps. This results in unnecessarily conservative predic-
tion regions that are impractical for downstream tasks such
as motion planning. We overcome this limitation by con-
sidering a parameterized conformal scoring function that is
defined over multiple time steps.

2 Background

In this section, we present background on time series predic-
tors and split conformal prediction for time series.

2.1 Time Series Predictors

We want to predict future values Y7,..., Yy of a time se-
ries for a prediction horizon of T' from past observed val-
ues Y7, ,..., Yy for an observation length of T,p,. Let D
denote an unknown distribution over a finite-horizon time
series Y := (Yr,,_,..., Yo, Y1,..., Y7 ), ie., let

(YTOLS7"'3Y07Y17"~7YT) ~ D

denote a random trajectory drawn from D where Y; € R™
is the value at time . We make no assumptions about the
distribution D, but we do assume availability of a calibra-
tion dataset in which each trajectory is drawn independently
from D. Particularly, define

Dear :i={Y WM ... vy}
AL AL GRS GO}
is independently drawn from D, i.e., Y@ ~ D.

A key challenge lies in constructing accurate predictions
of future values Y7, ..., Yr of the time series. We assume
here that we are already given a time series predictor h :
R™Tovs 1) R™T that maps (Yr,,., . - ., Yo) to estimates
of the next 7" values (Y7, ..., Yr), denoted as

(Yi,...,Yp) :=h(Y7,.,...,Yo).

We make no assumptions about h. For example, it can
be a long short-term memory network (LSTM) (Hochreiter
and Schmidhuber 1997) or a sliding linear predictor with ex-
tended Kalman filters (Wei et al. 2023). Using the predictor
h, we can obtain predictions for the calibration data in D,;.
Specifically, for each Y@ € D.,1, we obtain

W vy = ) LY. (1)

1 bs? "
The predictor h may not be exact, and the inaccuracy of

its predictions (Y1,...,Y7) is unknown. We will quantify
prediction uncertainty using the calibration dataset D.,; and
split conformal prediction, which we introduce next.

where the element Y () := (
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2.2 Split Conformal Prediction

Conformal prediction was introduced in (Vovk, Gammer-
man, and Shafer 2005; Shafer and Vovk 2008) to obtain valid
prediction regions for complex predictive models such as
neural networks without making assumptions on the distri-
bution of the underlying data. Split conformal prediction is
a computationally tractable variant of conformal prediction
(Papadopoulos 2008) where it is assumed that a calibration
dataset is available that has not been use to train the predic-
tor. Let R®, ... . R® be k + 1 exchangeable real-valued
random variables.2 The variable R is usually referred to
as the nonconformity score. In supervised learning, it is of-
ten defined as R := || Z() — ;(X®))]|| where the predictor
w attempts to predict the output Z(*) based on the input X ().
Naturally, a large nonconformity score indicates a poor pre-
dictive model. Our goal is to obtain a prediction region for
R based on the calibration data R, ... R ie., the
random variable R(?) should be contained within the pre-
diction region with high probability.
Formally, given a failure probability § € (0, 1), we want
to construct a valid prediction region C' € R so that?
Prob(R(®) < ) >1-4. )
We pick C' := Quantile({R™M,...,R® oo}, 1 — §)
which is the (1 — ¢)th quantile of the empirical distribution
of the values R, ..., R®*) and co. Equivalently, by assum-
ing that RV ..., R® are sorted in non-decreasing order
and by adding R* 1 .= oo, we can obtain C' := R®)
where p = [(k + 1)(1 — 0)] with [-] being the ceiling
function, i.e., C' is the pth smallest nonconformity score.
By a quantile argument, see (Tibshirani et al. 2019, Lemma
1), one can prove that this choice of C' satisfies Equa-
tion (2). We remark that k > [(k + 1)(1 — 6)] is required
to hold to obtain meaningful, i.e., bounded, prediction re-
gions. It is known that the guarantees in (2) are marginal
over the randomness in R(®), RV ... R as opposed to
being conditional on R, ...  R¥) In fact, the probabil-
ity Prob(R(® < C|RM,..., R"®) is a random variable
that follows a beta distribution centered around 1 — § with
decreasing variance as k increases, see (Angelopoulos and
Bates 2023, Section 3.2) for details. As a result, larger cali-
bration datasets reduce the variance of conditional coverage.

Remark 1. Note that split conformal prediction assumes
that the non-conformity scores R, ... R"¥) are exchange-
able. This complicates its use for time series data where
Y, 11 generally depends on Y,. However, with a calibration
dataset D.,; of trajectories independently drawn from D,
the application of conformal prediction is possible (Stanke-
viciute, M Alaa, and van der Schaar 2021; Lindemann et al.
2023a,b). In summary, one defines T' non-conformity scores

?Exchangeability is a slightly weaker form of independent and
identically distributed (i.i.d.) random variables.

3More formally, we would have to write C(R™ ... R™) as
the prediction region C' is a function of RW ... R™ For this
reason, the probability measure P is defined over the product mea-
sure of R® ... R®,
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REZ) = ||Yt(l) - Yt(l)H for each time t € {1,....T} and
each calibration trajectory Yy e D.ais Rgl) can be inter-
preted as the t-step ahead prediction error. Using conformal
prediction, for each time t we can then construct a predic-
tion region C so that Prob(||Y; — Y;|| < C) > 1 — 4.
To then obtain a prediction region over all time steps, i.e,
Prob(||Y; — Y| < Cy, Yt € {1,...,T}) > 1 — 6, we sim-
ply set § := §/T. As previously mentioned, this results in
conservative prediction regions that are not practical.

3 Problem Formulation and Main Idea

Our goal is to construct valid conformal prediction regions
for time series. The main idea is to use a parameterized non-
conformity score that considers prediction errors over all T'
time steps. We consider the non-conformity score

R :=max(oy R,(Y1,Y1),...,arR,(Yr, Yr))  (3)

where 1, ..., a7 > 0 are parameters and where I?,, is the
prediction error for an individual time step. For the purpose
of this paper, we use the Euclidean distance between the ac-
tual and the predicted value of the time series at time ¢ as

R,(Y.,Y:) = ||Y; - Y| 4)

We note that 7, can in general be any real-valued function
of Y; and Y;. In this paper, however, we set I2, to be the

Euclidean distance between Y; and Y; as in 4).

Taking the maximum prediction error over all 7' time
steps as in equation (4) will allow us to avoid the poten-
tially conservative prediction regions from (Stankeviciute,
M Alaa, and van der Schaar 2021; Lindemann et al. 2023a,b)
as we, in our proof, do not need to union bound over the in-
dividual prediction errors. However, the choice of the pa-
rameters «q,...,ar is now important. If we apply con-
formal prediction as described in Section 2.2 to the non-
conformity score in (3) with oy = ... ar = 1, this
would typically result in large prediction regions for the
first time step since prediction errors usually get larger over
time, i.e., R,(Yr, YT) in (3) would dominate so that R =
R,(Yrp, )A/T) The a4, . .., ap parameters serve to weigh the
different time steps, and we generally expect o for larger
times to be smaller than «; for smaller times.

Given the parameterized function R as in Equation (3) and
a failure threshold of 6 € (0, 1), we are in this paper particu-
larly interested in computing the parameters oy, . . ., ar that
minimize the constant C' that satisfies

Prob(R < (C) >1-4.

For given parameters «, . . . , ap, note that the constant C'
can be found by applying conformal prediction to the non-
conformity score R using the calibration set D.,;. When we
have found this constant C', we know that

Prob(||Y; — Y| < C/ow, Vte{l,...,T}) >1—4.

To solve the aforementioned problem, we split the cali-
bration dataset D, into two sets D.q;,1 and D.q;.2. We will
use the first calibration dataset D, 1 to compute the values
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of ay, ..., ar that give the smallest prediction region C' for
R (see Section 4). In a next step, we use these parameters
that now fully define the nonconformity score R along with
the second calibration dataset D.,; 2 to construct valid pre-
diction regions via conformal prediction (see Section 5).

4 Nonconformity Scores for Time-Series via
Linear Programming
We first have to set up some notation. Let us denote
the elements of the first calibration dataset as D;q; 1 :=
{yM .Y} where n; > 0 is the size of the first
calibration dataset. Recall that each element Y () of Deara
is defined as YO = (v}) ... Y0y v,
Using the trajectory predictor h, we obtain predictions
(Yl(i), e YT(7)) for (Yl(i), e YT(i)) as per equation (1).
We then compute the prediction error R,@ according to

equation (4) for each calibration trajectory and for each time
step, i.e., foreacht € {1,...,T}andi € {1,...,n1}

R = Ry, 7). )
We can now cast the problem of finding the parameters
aq, ..., ar as the following optimization problem.
min  Quantile({R™, ..., R™J} 1 - §) (62)
Q...
st. RW = max(ongi)7 .. ,aTRg)),i =1,....m
(6b)
T
Sa; =1 (6c)
j=1
a; >0,7=1,...,T (6d)

where Quantile({R(™), ... R(™)} 1 — §) denotes the em-
pirical 1 — § quantile over RV, ..., R(™) We removed
the value oo from Quantile, as required in Section 2.2.
However, this only affects the computation of a;, ..., ar,
but not the correctness of our method as shown later
in Section 5. Note also that one could alternatively
use Quantile({RM ..., R™I} (1 + 1/ny)(1 — §)) as
it holds that Quantile({R™,... R(™) o0}, 1 — §) =
Quantile({RW, ..., R™I} (1 + 1/ny)(1 — 9)) if (1 +
1/n1)(1-=9) € (0,1). Finally, note that Constraint (6d) con-
strains a1, . . ., ar to be non-negative. However, one of the
oy could be zero which would be a problem. Equation (6c)
normalizes a4, . . ., ag so that this does not happen. Partic-
ularly, we show next that the optimal values «;, ..., ar of

(6) will be positive as long as all REi)

Theorem 1. Assume that Rgi) > O0foralt e {1,...,T}
and for all i € {1,...,n1}. Then, the optimal values

aq,...,ar of (6) are positive, i.e., of,...,ap > 0.

are non-zero.

The proof of this theorem, along with subsequent theo-
rems, is in the Appendix of (Cleaveland et al. 2023).

Note that the intuition behind this result is that Equa-
tion (6¢) assigns a budget for the parameters oy, . . . , ap that
need to sum to one. If a; = 0, one can increase oy to allow
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another o with 7 # ¢ to decrease which will result in lower-
ing the cost in equation (6a). We note that the assumption of

having non-zero values of R(Z) is not limiting as in practice
t
prediction errors are never zero.

Remark 2. We note that the optimization problem in equa-
tion (6) is always feasible. This follows since any set of pa-
rameters o, ...,ar that satisfy Equations (6¢) and (6d)
constitute a feasible solution to (6).

To solve the optimization problem in equation (6), we
transform it into a linear complementarity program (Cottle,
Pang, and Stone 2009) that has the same optimal value as (6).
To do so, we first reformulate the max() operator in equation
(6b) as a set of mixed integer linear program (MILP) con-
straints, which we then transform into a set of linear program
constraints. We show that this transformation preserves the
optimal value of (6) (Section 4.1). Then, we reformulate the
Quantile function from equation (6a) into a linear program
(LP) that we reformulate using its KKT conditions (Section
4.2), resulting in a linear complementarity program.

4.1 Reformulating the Max Operator

We first use ideas from (Bemporad and Morari 1999; Ra-
man et al. 2014) for encoding the max operator in (6b)
as an MILP. Therefore, we introduce the binary variables
bﬁ” € {0,1} for each time ¢t € {1,...,T} and calibra-
tion trajectory ¢ € {1,...,n;}. The equality constraint
R® = max(alel), o aTRgﬁ)) in equation (6b) is then
equivalent to the following MILP constraints:

R >qRY ¢t=1,....T (7a)

R <RV +(1-bM, t=1,....,T (7b)
T .

S oo =1 (7¢)
t=1

v ef{0,1}, t=1,....,T (7d)

where M > 0 is a sufficiently large and positive constant.*

By replacing the max operator in Equation (6b) with the
MILP encoding in Equation (7), we arrive at the following
optimization problem:

min Quantile({RW, ... R™)} 1 — ¢) (8a)
arg,b)  RG)

st. RO>aqRY i=1,... mAt=1,...T

(8b)
RO <aRy? + (1=b)M, i=1,....m
ANt=1,....,T (8c)

T .

S b =1 (8d)
t=1
b ef{0,1}, t=1,....T (8e)

(60), (6d)

4See (Bemporad and Morari 1999). In this case, we need M to

satisfy M > maxX;e(1,....n },te{1,..., T} Rgi).
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The constraints in (8) are linear in their parameters, i.e., in

Qy, R and bii). The cost function in (8a) can be reformu-
lated as a linear complementarity program (LCP), as shown

in the next section. Thus, (8) is an MILCP since the b@ vari-
ables are binary due to equation (8e¢). Commercial solvers
can solve MILCPs, but they present scalability issues for
larger time horizons 7' and calibration data n,. Therefore,
we present an LCP reformulation of (8) which will achieve
the same optimality in terms of the constraint function (8a)
while providing better scalability.

Linear complementarity relaxation of the MILCP in (8)
We first remove the upper bound on R in equation (8c)

and the binary variables bgi) in equations (8d) and (8e) from
the MILCP in (8). This results in the optimization problem:

min_ Quantile({R™M, ... RM™J} 1 - ¢) (9a)
ay, R
st. RO >RV i=1,... . niAt=1,...,T (9b)
(6¢), (6d)

Note that the above optimization problem is now a linear
complementarity program due to the removal of the binary

variables bgl). While the LCP in (9) is clearly computation-
ally more tractable than the MILCP in (8), one may ask in
what way the optimal solutions of these two optimization
problems are related. We next prove that the optimal values
(in terms of the cost functions in (8a) and (9a)) of the two
optimization problems (8) and (9) are the same.

Theorem 2. Let 6 € (0, 1) be a failure probability and Ril)
be the prediction errors as in (5) for times t € {1,...,T}
and calibration trajectories i € {1,...,n1} from Dgg 1.
Then, the optimal cost values of the optimization problems
(8) and (9) are equivalent.

Note that Theorem 2 guarantees that the optimal values
of the optimization problems in (8) and (9) are equivalent.
However, we do not guarantee that the optimal parameters
aj,...,ah obtained by solving (8) and (9) will be the same
as the optimization problem in (8) may have multiple opti-
mal solutions a7, ..., ag. Nonetheless, the linear reformu-
lation in (9) is computationally tractable and cost optimal. In
our experiments in Section 6.1, we also show that we obtain
parameters from (8) and (9) that are almost equivalent.

4.2 Reformulating the Quantile Function
We note that the Quantile function in (6a) can be written as
the following linear program (Koenker and Bassett 1978):

Quantile({R™M, ... RM™J} 1 - §)

1

= argmin, Z (1—6)ef +de;) (10a)
i=1

s.t. ef—e;:R(i)—q, i=1,...,n1 (10b)

efe; >0,i=1,....m (10c)

where the optimal solution ¢ of (10) is equivalent to
Quantile({R™, ..., R} 1—§). However, we cannot di-
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rectly replace Quantile({R(), ..., R(")} 1—4¢) in the opti-
mization problem in (6a) with the linear program from equa-
tion (10) as that would result in a problem with an objective
function that is itself an optimization problem. To address
this issue, we replace the optimization problem in (10) with
its KKT conditions, which we provide in equation (17) in
Appendix C due to space limitations.

The KKT conditions form an LCP because every con-
straint is either linear ((17a)-(17¢) and (17f)-(17j)) or an
equality constraint stating the multiple of two positive vari-
ables equals 0 ((17d) and (17e)).’ Despite the slight non-
linearity, LCPs can be efficiently solved with existing tools
(Yu, Mitchell, and Pang 2019). Because feasible linear opti-
mization problems have zero duality gap (Bradley, Hax, and
Magnanti 1977), any solution to the KKT conditions in (17)
is also an optimal solution to Problem (10).

4.3 Summarizing the Optimization Programs
Based on the results from the previous subsections, we can
formulate two optimization problems that solve (6).

First, we can exactly solve (6) by replacing the max oper-
ator in (6b) with the MILP in (7) and the quantile function
in (6a) with its KKT conditions in (17). The following result
follows by construction (for sufficiently large M ).

Proposition 1. The MILCP
min (11a)
q,at;R(i)7b§”

s.t. (8b), (8c), (8d), (8e)

(17a), (17b), (17¢), (17d), (17¢)

(176), (17g), (17h), (171), (17))
(6¢), (6d)

is equivalent to the optimization problem in (6).

Second, by further removing the upper bound from the
max operator as described in Section 4.1, we can solve a
linear complementarity program that has the same optimal
cost value as (6). This result follows from Theorem 3.

Proposition 2. The LCP

min q (12a)
g0, R()
s.t.  (8b)

(17a), (17b), (17c), (17d), (17e)

(176), (17g), (I'7h), (171), (17))
(6¢), (6d)

has the same optimal value as the optimization problem (6).

5 Conformal Prediction Regions for
Time-Series

Finally, after obtaining the parameters ay, .. ., ar from the
first calibration dataset D41 by solving (11) or (12), we
can apply conformal prediction with the non-conformity
score I as defined in (3) to obtain prediction regions for

SThese constraints ensure that one of the variables equals 0.
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time series. We do so by following Section 2.2 and using the
second calibration dataset D 2.
More formally, let us denote the elements of the second

calibration dataset as Dq; 2 := {Y(”1+1), .. ,Y(")} where
n—mny > 01is the size of the second calibration dataset.® For
each calibration trajectory i € {n; +1,...,n}, we compute

the nonconformity score as

RO = max (aa Ry (V" 1), . ar By (v, 117))
(13)

We are now ready to state the final result of our pa-
per in which we obtain prediction regions for R
max (Olep(yl, :’;1)7 ey OéTRp(yT, :IQT))

Theorem 3. Let Y be a trajectory drawn from D and let
Y = h(Yp,.,...,Yy) be predictions from the time series
predictor h. Let 6 € (0,1) be a failure probability and Rgl)
be the prediction error as in (5) for times t € {1,...,T}
and calibration trajectories i € {1,...,n1} from Dcq 1.
Let oy, . .., ar be obtained by solving (11) or (12). Further,
let R be the nonconformity score as in (13) for calibration
trajectories i € {n1 + 1,...,n} from D.q 2. Finally, let

R = max (alRp(Yl, Yl), e aTRp(YT,YT)) Then

Prob(R<C)>1-¢ (14)

where C := Quantile({R™*Y ... RM™ oo} 1 - ).

We point out the necessity to split the dataset D,,; into the
datasets D41 and D4 2 to conform to the exchangeabil-
ity assumption in conformal prediction. To convert equation
(14) into practical conformal prediction regions, note that

R =max (oq||y1 “Vill,...,ar||Yr — YT||) <C

< ||Yt—f/,¢||§0/0(t VtE{L,T}

Intuitively, the conformal prediction regions provide geo-
metric balls of radius C'/a; around each prediction g; due to
the use of the Euclidean norm. For an example, we refer to
Figure 1. We remark that other choices of the prediction 12,
may lead to different shapes. We summarize this result next.

Corollary 1. Let all conditions of Theorem 3 hold. Then
Prob(||Y; = V3| < Clay Vte {1,...,T}) >1-34.

6 Case Study

We consider two case studies to evaluate our approach. The
first case study is about predicting pedestrian paths, while
the second case study is about predicting the altitude of an
F16 fighter jet performing ground avoidance maneuvers. We
compare our method to the approach from (Stankeviciute,
M Alaa, and van der Schaar 2021; Lindemann et al. 2023a,b)
that is described in Section 2.2, which requires conserva-
tive union bounding to obtain valid prediction regions. We
colloquially refer to this method as the union bound ap-
proach. We use Gurobi (Gurobi Optimization, LLC 2023)

®Recall the n is the size of D.q; and nq is the size of Decair.
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to solve the optimization problems on a Windows machine
running an Intel i7-8550U CPU with 4 cores and 16GB of
RAM. The code for the case studies can be found at https:
//github.com/earnedkibbles58/timeParamCPScores and ad-
ditional figures can be found in the Appendix of (Cleaveland
et al. 2023). Throughout this section, we use (12) to compute
the « values and we set 6 := 0.05.

6.1 ORCA Pedestrian Simulator

For the first case study, we analyze pedestrian location pre-
dictions using data generated from the ORCA simulator
(Van den Berg, Lin, and Manocha 2008). We use the social
LSTM (Alahi et al. 2016) architecture to make predictions
up to 2.5 seconds into the future at a rate of 8Hz (so that
T = 20 predictions in total) with the previous 2.5 seconds
as input (so that Ty, = 20) using the trajnet++ framework
(Kothari, Kreiss, and Alahi 2021). For the exact details of
training, we refer the reader to (Lindemann et al. 2023a).

We collect a dataset of 1291 trajectories. We randomly
select 646 of these points for D.,; and use the rest to form
Dy,q1, which we use for validation. We randomly select 50
trajectories from D.q; for D.q,1 (to compute the o values)
and the remaining trajectories for D4 2 (to compute the
conformal prediction regions). We first show the results for
one realization of this data sampling process and then we
run 100 trials to statistically analyze the results.

Statistical Analysis For one realization, trajectories of the
actual and predicted pedestrian locations are shown along-
side the conformal prediction regions in Figure 1, the « val-
ues are shown in Appendix E, and scatter plots of the pre-
diction errors over D,,,; are shown in Appendix F.

Over 100 trials, the average (trajectory level) coverage for
our approach was 0.9558 and the average coverage for the
union bound approach was 0.9945. Histograms of the val-
idation coverage for the two approaches are shown in Fig-
ure 2a. The union bound approach has larger coverage due
to the conservatism introduced by union bounding. We also
computed the average size of the conformal regions for each
time horizon, which are shown in Figure 2b. This highlights
that our method produces valid conformal prediction regions
that are significantly smaller than previous approaches.

5 Our approach

Union bound

Our approach

20 Union bound

15

Counts

10

5

0
0.92 0.94 0.96 0.98

Validation Coverage

(a) Validation coverage his- (b) Average area of the confor-
tograms mal prediction regions

1.00 0 5 10 15

Prediction Lookahead Time

Figure 2: Comparison of our approach and the union bound
approach over 100 trials for the ORCA case study.

Original v. Relaxed Problem Difference For each trial
we also computed the objective function and « values using



The Thirty-Eighth AAAI Conference on Artificial Intelligence (AAAI-24)

Equation (11) to compare to those computed using Equa-
tion (12). The average difference between the objective func-
tion values is 1.847 * 10~°. The average [? norm difference
between the a values is 3.495% 107 and the largest [? norm
difference is 3.453 * 10~°. These differences are well within
the solver’s default tolerance of 10~*, which empirically
validates the equivalence from Theorem 2. The average run-
time for solving the original problem was 0.525 seconds and
the relaxed problem was 0.207 seconds.

6.2 F16 Fighter Jet

For the second case study, we analyze the F16 fighter jet
ground avoidance maneuver from the open source simulator
(Heidlauf et al. 2018). We again use an LSTM to predict the
altitude of the F16 fighter jet up to 2.5 seconds into the future
at a rate of 10Hz (so that is 7' = 25 predictions in total) with
the altitude from the past 2.5 seconds as input. The trajectory
predictor consists of an LSTM with two layers of width 25
neurons each followed by two Relu layers with 25 neurons
each and a final linear layer. We used 1500 trajectories, each
5 seconds in duration, to train the network.

We collect a dataset of 1900 trajectories, all of length 5
seconds. We randomly select 1000 trajectories for D.,; and
the rest for D,,,;. We randomly select either 100, 200 or 400
trajectories from D, for D41 and the remaining trajec-
tories in Dy for Dcq2. We run 100 trials to statistically
analyze the approach, just as in Section 6.1.

Statistical Analysis The average (trajectory level) cov-
erage for our approach was 0.953 for each of |D.g 1| =
400, 200, 100 and the average coverage for the union bound
approach was 0.993. Histograms of the validation cover-
ages for the union bound approach and our approach with
|Decai,;1] = 400 are shown in Figure 3a. The union bound
approach has larger coverage due to the conservatism intro-
duced by union bounding. For one realization trajectories of
the actual and predicted altitudes along with the conformal
prediction regions for our approach using |De¢q1| = 400
and the union bound approach are shown in Appendix G.

The variance of the coverage for our approach using
|Dear 1| = 400,200, 100 was 9.04 1075, 7.63 * 107>, and
5.89% 1075, while the variance of the coverage for the union
bound approach was 1.51%10~°. For our approach, note that
using larger D.q; 1 results in slightly higher variance for the
coverage. That is because one is left with less data in D 2
for running the conformal prediction step.

The average width of the conformal regions for each time
horizon are shown in Figure 3b. This demonstrates that our
approach results in smaller prediction regions. Additionally,
note that the prediction regions get slightly smaller as one
uses more data for D, 1. That is because more data allows
for selecting better o values. This highlights that there is a
tradeoff in how much data one uses in D, 1 as opposed to
Decq1,2. Making D, 1 larger will result in slightly smaller
prediction regions, but the coverage of the regions will have
higher variance, due to the smaller amount of data available
in D4 2 for running the conformal prediction step.

Original v. Relaxed Problem Difference We also com-
puted the « values using Equation (11) to compare to those
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(b) Average conformal predic-
tion region width for the union
bound approach and our ap-
proach.

(a) Validation coverage his-
tograms for the union bound ap-
proach and our approach.

Figure 3: Comparison of our approach and the union bound
approach over 100 trials for the F16 case study.

computed using Equation (12). In this case study, they were
exactly the same, which empirically validates Theorem 2.

6.3 Case Study Comparison

Our method produced bigger relative improvements over the
union bounding approach for the ORCA case study than for
the F16 case study, see Figs. 2b and 3b. We hypothesize that
this is due to the distributions of the non-conformity scores
having longer tails in the ORCA case study, see histograms
of individual prediction errors for each case study in Ap-
pendix H. This explains the larger difference in the ORCA
case study between our approach, which looks at the 1 — §
quantile, and the union bounding approach, which looks at
the 1 — §/T quantile. The 1 — § and 1 — §/T quantiles for
the two case studies are shown in Figure 4. The difference in
quantile values is much larger for ORCA than the F16 case
study, confirming our hypothesis.

0.6 -
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delta/T quantiles
delta quantiles  ,~
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(b) F16 case study

0 5 10 15 25

Prediction Lookahead Time

(a) Pedestrian case study

Figure 4: Non-conformity score quantiles for the calibration
and testing data for the two case studies.

7 Conclusion

In this paper, we have presented a method for producing
conformal prediction regions for time series data that are
significantly tighter than previous approaches. To do this,
we define a parameterized non-conformity score function
and use optimization to fit the function to calibration data.
This allows us to use standard inductive conformal predic-
tion to get valid prediction regions. For future work, we plan
to integrate our conformal prediction approach into plan-
ning and control frameworks and apply parameterized non-
conformity score functions to the non-time series setting.
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