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Abstract

The increasing demands for system complexity and robust-
ness have prompted the integration of temporal logic into
Multi-Agent Reinforcement Learning (MARL) to address
tasks with non-Markovian properties. However, incorporat-
ing non-Markovian properties introduces additional computa-
tional complexities, as agents are required to integrate histori-
cal data into their decision-making process. Also, optimizing
strategies within a multi-agent environment presents signif-
icant challenges due to the exponential growth of the state
space with the number of agents. In this study, we introduce
an innovative hierarchical MARL framework that synthesizes
temporal equilibrium strategies through parity games and
subsequently encodes them as individual reward machines for
MARL coordination. More specifically, we reduce the strat-
egy synthesis problem into an emptiness problem concerning
parity games with optimized states and transitions. Following
this synthesis step, the temporal equilibrium strategy is de-
composed into individual reward machines for decentralized
MARL. Theoretical proofs are provided to verify the consis-
tency of the Nash equilibrium between the parallel composi-
tion of decomposed strategies and the original strategy. Em-
pirical evidence confirms the efficacy of the proposed syn-
thesis technique, showcasing its ability to reduce state space
compared to the state-of-the-art tool. Furthermore, our study
highlights the superior performance of the distributed MARL
paradigm over centralized approaches when deploying de-
composed strategies.

Introduction
A multi-agent system represents a decentralized compu-
tational framework in which a collection of independent
agents engage within a shared environment, collaborating or
competing rationally to optimize task completion and effec-
tively achieve specified objectives. Multi-Agent Reinforce-
ment Learning (MARL) leverages cooperative or adversar-
ial interactions to enhance the problem-solving capabilities
of such systems, aiming to attain desired goals efficiently.
This approach has been widely applied to real-world appli-
cations such as autonomous driving (Yuan et al. 2023) and
cooperative robotics (Omidshafiei et al. 2019).
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The increasing complexity and robustness demands of
multi-agent systems necessitate alignment with predefined
temporal patterns to maintain desired temporal properties
over time. Coordination and communication among agents
require collaborative strategies to achieve collective objec-
tives within designated temporal constraints (Keroglou and
Dimarogonas 2020). In stochastic and dynamic environ-
ments, agents may encounter challenges demanding long-
term planning and temporal reasoning. Nonetheless, tra-
ditional MARL algorithms face significant hurdles when
dealing with non-Markovian properties, requiring agents to
retain historical information. Incorporating non-Markovian
aspects escalates state and action space dimensions, aug-
menting computational complexity (Hammond et al. 2021).
This incorporation also introduces delayed rewards, impact-
ing multi-agent communication and coordination.

Linear Temporal Logic (LTL) is a formalism for express-
ing system requirements, encompassing safety and live-
ness criteria (Pnueli 1977). Integrating LTL to specify high-
level objectives for multi-agent systems gives agents a clear
understanding of desired behavior. This integration assists
agents in learning strategies aligning with these objectives.
Synthesizing LTL strategies as high-level directives guides
agent collaboration while adhering to temporal constraints.
LTL also offers a formalism to articulate requirements, guid-
ing agents toward short-term and long-term goals. However,
verifying temporal logic properties in multi-agent systems
where agents act rationally to achieve individual goals re-
mains challenging.

This paper focuses on multi-agent systems in which
agent goals and requirements are represented as LTL
formulae using the Simple Reactive Modules Language
(SRML) (van der Hoek, Lomuscio, and Wooldridge 2006).
We deploy MARL to learn strategies that satisfy these
specifications. Specifically, we propose a novel hierarchi-
cal MARL framework named Multi-Agent Temporal Equi-
librium Analysis (MATEA), which synthesizes temporal
equilibrium strategies through parity games, encoding them
as individual reward machines for MARL coordination.
The process involves transforming temporal goals into par-
ity games and subsequently using deterministic Streett au-
tomata for high-level temporal strategy synthesis. This syn-
thesized strategy is then decentralized into reward ma-
chines for MARL training. The paper presents theoreti-
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cal proofs ensuring the invariance of Nash equilibrium be-
tween the parallel composition of the decomposed automa-
ton and the original automaton. Empirical results validate
the synthesis method’s efficacy, highlighting its ability to re-
duce state space compared to existing techniques. Addition-
ally, our study demonstrates the superiority of distributed
MARL over centralized paradigms when implementing de-
composed strategies.

Related Work
Temporal Equilibrium Analysis Several tools are avail-
able for checking temporal logic equilibrium properties
within multi-agent systems. PRALINE, for instance, utilizes
the alternating Büchi automata approach to determine Nash
equilibrium within concurrent game structures (Brenguier
2013). MCMAS, on the other hand, employs Strategy Logic
with memoryless strategies to verify the existence of a Nash
equilibrium in multi-agent systems (Čermák et al. 2014).
Employing statistical model checking, UPPAAL-SMC ap-
proximates Nash equilibria in multi-agent games (David
et al. 2015). With a focus on CTL goals, EAGLE verifies if a
given strategy profile constitutes a Nash equilibrium (Toumi,
Gutierrez, and Wooldridge 2015). PRISM-games primar-
ily engage in strategy synthesis for turn-based stochastic
games (Kwiatkowska et al. 2020). EVE, meanwhile, com-
putes a bisimulation-invariant Nash equilibrium for multi-
agent systems by addressing the parity game derived from
the multi-agent LTL game (Gutierrez et al. 2018). However,
the computational complexity of these tools is 2EXPTIME-
complete (Gutierrez et al. 2020), making it less suitable for
large state spaces.

In comparison, our work yields two key contributions.
Firstly, our tool significantly reduces the state space when
compared to EVE, thereby enhancing strategy synthesis per-
formance. Additionally, our framework facilitates the inte-
gration of MARL with synthesized strategies from tempo-
ral equilibrium analysis, allowing for learning within larger
state and action spaces within complex environments.

Integrating MARL with LTL In recent years, integrat-
ing LTL as prior knowledge into reinforcement learning
has garnered attention for tackling complex tasks (Ding
et al. 2014). This involves constructing non-Markovian re-
ward functions derived from LTL specifications. Commonly
employed methods transform LTL formulae into automata,
which are then integrated with the system’s Markov Deci-
sion Process (MDP) through the product operation. Com-
monly used automaton types include Deterministic Ra-
bin Automata (DRA), Limit-Deterministic Büchi Automata
(LDBA), and Deterministic Finite Automata (DFA).

Approaches utilizing DRA and LDBA often design re-
wards based on the reachability probability of the resulting
product MDP (Gao et al. 2019; Wolff, Topcu, and Murray
2012; Hasanbeig et al. 2019). However, DRA-based strate-
gies may lead to suboptimal outcomes and underestimate
specification satisfaction probabilities (Hahn et al. 2019).
Similarly, LDBA methods design rewards around repeated
reachability of states satisfying Büchi conditions, which
can result in sparse rewards. While some approaches trans-

form multi-agent LTL specifications into LDBA and employ
function approximation to ensure correctness and conver-
gence (Toro Icarte et al. 2022), they are limited to system-
level specifications, not individual agents.

Additionally, certain approaches employ DFA to con-
struct reward machines, enabling precise reward specifi-
cation and function structure depiction (Toro Icarte et al.
2022). Neary et al. advocate the decomposition of reward
machines into individual units for decentralized training in
MARL, demonstrating faster learning compared to central-
ized paradigms (Neary et al. 2021). However, their method
imposes strict constraints on verifying bisimilarity between
the original reward machine and parallel compositions of de-
composed counterparts, limiting real-world applicability. In
contrast, our proposed approach operates without such lim-
itations, allowing us to verify the preservation of temporal
equilibrium through forward simulation.

Preliminaries
Multi-agent Reinforcement Learning

In MARL, multiple agents learn to make decisions by simul-
taneously interacting with the environment and each other.
The MARL problem can be formalized as a Decentral-
ized Partially Observable Markov Decision Process (Dec-
POMDP), which can be used to model a team of coopera-
tive agents in a stochastic environment (Oliehoek and Am-
ato 2016). A modified version of Dec-POMDP is shown in
Definition 1.

Definition 1 (Dec-POMDP) A Dec-POMDP is a tuple
M = 〈N,S, s0, (Oi, Ai)i∈N , T, R〉, where:

• N = {1, . . . , n} is a set of agents, where n denotes the
number of agents;

• S is a set of states, with the initial state s0 ∈ S;
• Each (Oi, Ai) is a set of observation-action pair for

agent i ∈ N , where Oi denotes the partial observation
of S and Ai denotes the action set taken by agent i;

• T ∈ S×A1×· · ·×An → Dist(S) denotes the transition
probability distribution;

• R ∈ S × A1 × ×An → R denotes the reward function
that gives the immediate reward for the agents taking the
action, where R is the real number.

In the context of MARL, Q-learning is a well-known
value-based method where each agent aims to learn a value
function Qi ∈ S × Ai → R that gives the expected fu-
ture reward for taking actions in a certain state (Clifton
and Laber 2020). The agents in decentralized Q-learning
update their policies based on their individual experiences
independently (Arslan and Yuksel 2017). Given the reward
Ri ∈ S × Ai → R, the Q-values of agent i is updated with
Equation (1). Here α ∈ [0, 1] denotes the learning rate and
γ denotes the discount factor.

Qi(s, ai)←Qi(s, ai) + α(Ri(s, ai)

+ γmaxa′
i
Qi(s

′, a′i)−Qi(s, ai))
(1)
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Multi-agent LTL Game
Pnueli introduced Linear Temporal Logic (LTL) as a formal-
ism for specifying properties of discrete systems, enriching
propositional logic with a suite of temporal operators such
as the ’eventually’ operator (♦), the ’always’ operator (�),
the ’until’ operator (U ), and the ’next’ operator (©). Given
the set of atomic propositions as AP , the syntax of LTL can
be presented as follows:

ϕ ::=p | ¬ϕ | ϕ1 ∧ ϕ2 | ϕ1 ∨ ϕ2 | ϕ1⇒ ϕ2 | ϕ1 ⇔ ϕ2

| ϕ1 U ϕ2 | ©ϕ2 | �ϕ | ♦ϕ
Here p ∈ AP is the atomic proposition. LTL formulas can

be interpreted over the infinite sequence of states π ∈ Sω

with a labeling function L ∈ S → 2AP . Basically, the infi-
nite sequence of propositional interpretations L(π) satisfies
ϕ if (L(π), 0) |= ϕ. Given the trace L(π) and a temporal
index i ∈ N, the following inductive rules are applied on the
structure of ϕ to show that (L(π), i) |= ϕ, which verifies
that the trace L(π) satisfies the LTL formula ϕ at index i:
• (L(π), i) |= p iff p ∈ L(πi)

• (L(π), i) |= ¬ϕ iff (L(π), i) 2 ϕ
• (L(π), i) |= ϕ1 U ϕ2 iff ∃k · k ≥ i, (L(π), k) |= ϕ2 ∧
∀j · i ≤ j < k, (L(π), j) |= ϕ1

• (L(π), i) |=©ϕ iff (L(π), i+ 1) |= ϕ

• (L(π), i) |= ♦ϕ iff ∃k · k ≥ i, (L(π), k) |= ϕ

• (L(π), i) |= �ϕ iff ∀k · k ≥ i, (L(π), k) |= ϕ

In the later notations, we write L(π) |= ϕ if (L(π), i) |= ϕ
to denote L(π) satisfies ϕ.

In the context of LTL and Dec-POMDP, a multi-agent
LTL game can be defined as Definition 2 by introducing
the labeling function L, the goal ϕi of each agent and the
goal of the system. By playing the game, each agent would
have a strategy σi with a format of a Non-deterministic
Büchi Automaton on Words (NBW)A = 〈AP,Q, q0, ξ,F〉.
Here, Q represents a collection of internal states. Notably,
the internal states are presumed to be encoded with the cur-
rent state s ∈ S by the labeling function L. q0 is the ini-
tial state, F ⊆ Q is the set of accepting state, which re-
quires that states in F should be visited infinitely often.
ξ ∈ Q × AP → Q is the transition function between states
with corresponding actions. We use ~σ to denote the team
strategy of the agents and Π(~σ) to denote the collection of
sequences π(~σ).
Definition 2 (Multi-agent LTL Game) A multi-agent LTL
game is defined as a tuple: GM = 〈N,M̃,L, (ϕi)i∈N ,Φ〉,
where:
• M̃ = 〈S̃, s̃0, (Ãi)i∈N , T̃ 〉;
• S̃ ⊆ S is the abstract state set and s̃0 ∈ S̃ is the initial

abstract state;
• Ãi ⊆ Ai is the abstract action set;
• T̃ ∈ S̃×Ã1×· · ·×Ãn → S̃ is the deterministic transition

function;
• L ∈ S → 2AP is the labeling function that maps the

states inM to 2AP ;
• ϕi is the goal of each agent i presented as an LTL for-

mula over AP ;

• Φ is the system goal presented as an LTL formula over
AP .

We initially establish the preference relation between
strategies based on the multi-agent LTL game. Specifically,
we define that an agent favors strategy ~σ over another strat-
egy ~σ′, denoted as ~σ �i ~σ

′ in Equation (2). This formula-
tion demonstrates that the set of sequences generated by the
strategy π(~σ) satisfying the property ϕi is inclusively con-
tained within the set of sequences generated by π(~σ′) satis-
fying ϕi. In simpler terms, for every sequence adhering to
ϕi produced by π(~σ), there exists at least one corresponding
sequence in π(~σ′), yet the strategy ~σ is subject to additional
constraints.

~σ �i ~σ
′ , Π(π(~σ) |= ϕi) ⊂ Π(π(~σ′) |= ϕi) (2)

Then on the basis of Nash equilibrium (Gutierrez et al.
2018), we can define the set of Nash equilibria of GM as
NE(GM) in Definition 3. If there exists Nash equilibrium
for the multi-agent LTL game, then NE(GM) 6= ∅.

Definition 3 (Set of Nash Equilibria)

NE(GM) = {~σ | ∀i·i ∈ N,~σ �i (~σ−i, σ
′
i)}

Here ~σ−i denotes the collection of strategies without strat-
egy of agent i and (~σ−i, σ

′
i) denotes that the strategy of agent

i in ~σ is replaced by some other strategy σ′i.

Forward simulation has been used in formal verification
to establish a relation between two systems such that one
system can take a particular transition and the simulating
system can take a corresponding transition without violating
the relationship between their states. Let A1 and A2 be two
automaton.A1 is forward simulated byA2, denoted asA1 v
A2, if there exists a binary relation J ∈ Q1 ↔ Q2 such that:

• (q0
1 , q

0
2) ∈ J ;

• ∀(q1, q2) ∈ J , if q′1 ∈ ξ1(q1, a), then there exists q′2 such
that (q′1, q

′
2) ∈ J and q′2 ∈ ξ2(q2, a);

Bisimulation is stricter, ensuring a bidirectional relationship:
A1 v A2 and A2 v A1.

Multi-agent Temporal Equilibrium Analysis
The design of reward functions in MARL poses challenges
due to the dynamic nature of environments and the dimen-
sionality of state and action spaces. We first use an example
to illustrate the challenges.

Motivation Example In this scenario, three agents tra-
verse a grid world with randomly generating task locations.
They aim to collaborate in reaching distinct task locations
to achieve the system’s final goal. The setup involves seven
task locations labeled as a, b, c, d, e, f , and g, assigned to
three agents: ma, mb, and mc. The task specifications en-
compass the following:

• Agent ma is tasked with reaching locations a, b, and
e, while Agent mb is assigned to locations c, d, and f .
Agent mc is responsible for reaching location g;

• The initial positions are specified: ma is positioned at a,
mb is located at c, and mc is not present at g initially;
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Figure 1: Overall Framework of Decomposing Temporal Equilibrium Strategy for Coordinated Distributed Multi-Agent Rein-
forcement Learning

• Agents’ movements are interlinked: ma can move from
a to b only if mb reaches c first. Subsequently, ma can
proceed from b to e only when mb reaches d, and ma
can return from e to a provided mb reaches f ;

• Similarly, mb can progress from c to d when ma reaches
b. mb can advance from d to f if ma attains e, and mb
can transition from f back to c with the condition that
ma reaches e;

• Agent mc can access location g when ma reaches b and
mc reaches d. Conversely, mc must leave g when ma
reaches e and mc reaches f .

The goals of the agents and the environment are listed as
follows:
• Agent ma is required to visit location e infinitely often;
• Agent mb must recurrently visit location d;
• Agent mc is tasked with periodically visiting location g;
• The specific locations e, d, and g are mandated to be vis-

ited infinitely often.
Illustrated by the presented example, different agents op-
erate under distinct task specifications within a large
state space. Using tools like EVE and PRISM-games to
tackle the temporal equilibrium strategy synthesis is under
2EXPTIME-complete complexity. Moreover, the LTL speci-
fications involve non-Markovian properties, requiring agents
to incorporate past states and actions to accomplish periodic
tasks, which also brings challenges in precisely formulat-
ing reward functions. Further complexity arises as agents’
strategies evolve during training, contributing to the non-
stationarity of the environments.

In this study, we introduce a novel hierarchical framework
named MATEA, depicted in Figure 1, to effectively address
these challenges. Initially, we transform agent goals and en-
vironmental specifications, expressed through Linear Tem-
poral Logic (LTL) formulas, into Deterministic Parity Words

(DPW). Next, we reduce the synthesis of the temporal equi-
librium strategies problem to check the emptiness problem
of the intersection of diverse DPWs and the Kripke struc-
ture of the multi-agent LTL game. Following deriving these
synthesized strategies, we decompose them into individual
strategies based on each agent’s local events. Subsequently,
the Dec-POMDP is extended with these reward machines for
decentralized training. However, the parallel composition of
the decomposed strategies might not be bisimilarly equiva-
lent to the original strategy. So the Nash equilibrium may
not be preserved after the decomposition. In the following
sections, we focus on the theoretical foundations for strat-
egy synthesis and prove that Nash equilibrium is preserved
for the parallel composition of the decomposed strategies.
Also, we use experiments to show that training with decom-
posed strategies is more efficient than training with the orig-
inal strategy.

Temporal Equilibrium Analysis
LTL synthesizing problem is 2EXPTIME-complete (Pnueli
and Rosner 1989). In this work, we incorporate several tech-
niques to improve the temporal equilibrium analysis for the
mutli-agent games. Algorithm 1 shows the procedure of
temporal equilibrium analysis for multi-agents.

Given an LTL formula ϕ, an NBW A can be constructed
so that some strategy σ is accepted by A and satisfies ϕ.
And NBW with n states can be translated to Deterministic
Parity Automata (DPW) with nO(n) states and parity index
O(n) (Safra and Vardi 1989). In the parity condition, each
priority value corresponds to a set of states that must be vis-
ited infinitely often. The DPW sets the parity condition F
as a partition {F1, . . . , Fn} of Q, where each Fi is a set
of states with priority i that must be visited infinitely of-
ten. The parity condition can be interpreted as a Streett con-
dition. For each priority value Fi in the parity condition, a
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Algorithm 1: Temporal Equilibrium Analysis
Input: GM
Output: Team strategy ~σ

1: ∀i ∈ N,Ai = LTL2DPW (ϕi);
2: AΦ = LTL2DPW (Φ);
3: σa = M̃

⊗×i∈N Ai based on Definition 4;
4: σa = Simplify(σa);
5: if σa exists then
6: σb = σa

⊗
streettAΦ;

7: σb = Simplify(σb);
8: end if
9: if σb exists then

10: return σb;
11: else
12: return Nash Equilibrium does not exist;
13: end if

pair of sets (Ei, Ci) can be created for the Streett condition,
whereEi = F2i+1 specifies the states with the same priority
value, and Ci =

⋃
j≤i F2j includes states with lower prior-

ity values.m = n/2 pairs of (Ei, Ci) are used as acceptance
condition of DPW. This formulation ensures that if a state
from the set Ei is visited infinitely often, then there must
also be a state from the set Ci that is visited infinitely of-
ten, which mirrors the requirements of the parity condition.
The emptiness of DPW of Streett condition can be solved
in polynomial time (Perrin and Pin 2004). Here we first use
Theorem 1 to demonstrate the invariance of the Nash equi-
librium set GM during the transformation process from LTL
to DPW.

Theorem 1 The set of Nash equilibria NE(GM) re-
mains unchanged when the individual LTL specifications
(ϕi)i ∈ N and the global specification Φ are transformed
to DPWs.

Proof: Based on the Definition, given the strategy ~σ,
π(~σ) |= ϕ iff ~σ is accepted by the constructed NBWAϕ. We
proceed by employing a proof by contradiction. We assume
the existence of a strategy vector ~σ that belongs to the set of
Nash equilibria NE(GM), but post transformation, it does
not qualify as a Nash equilibrium. In simpler terms, there is
a player i with an altered strategy σ′i such that the outcome
(~σ−i, σ′i) �i ~σ. This leads to the validity of Equation (3).

Π(π(~σ) |= ϕi) ⊂ Π(π((~σ−i, σ
′
i)) |= ϕi), ∀i ∈ N (3)

However, if σ′i is accepted by the constructed NBW, then
Equation (4) also holds true, This, in turn, results in a contra-
diction with Equation (3). The ensemble of Nash equilibria
remains unchanged following the transformation.

Π(π((~σ−i, σ
′
i)) |= ϕi) ⊂ Π(π(~σ) |= ϕi) (4)

�
As outlined in Algorithm 1, our approach begins by con-

verting the individual agent specifications (ϕi)i ∈ N and the
environment specification Φ into DPWs. Subsequently, we
execute a product operation between the game structure M̃

and the individual automata
⊗×i∈N Ai, following Defini-

tion 4, resulting in the synthesized strategy σa. The strategy
σa undergoes a simplification process to eliminate strongly
connected components and self-loops using the Simplify
function. Afterward, a check is conducted to ascertain the
existence of σa. If it exists, a Streett product is then per-
formed between σa and the automaton AΦ, yielding the
strategy σb. Like before, σb is subjected to the simplifica-
tion process to remove strongly connected components and
self-loops using the Simplify function. If σb exists, it is
returned as the team strategy for the temporal equilibrium
analysis. On the contrary, if σb does not exist, this indicates
the absence of a Nash Equilibrium in the multi-agent LTL
game.

Definition 4 (Product Operation) Given the underlying
game structure M̃ of GM, let Ai be the DPW of agent i’s
goal ϕi, then A′ = M̃

⊗
×i∈NAi is defined as a tuple

〈AP,Q′, q′0, ξ′,F〉, where:

• Q′ = S̃ ××i∈N Qi \ D, where D ⊆ S̃ ××i∈N Qi con-
tains the set of tuples (s, q1, . . . , qn) that are duplicated;

• q′0 = (s0, q
0
1 , . . . , q

0
n);

• ξ′ ∈ S̃ ××i∈N Qi ×AP → S̃ ××i∈N Qi. ξ′ is defined
only when the tuple (s, q1, . . . , qn) ∈ S̃ ××i∈N Qi \ D
and T̃ (s) and (ξ(pi))i∈N are defined;

• For each Streett acceptance condition pairs (E′i, C
′
i), E′i

is the set of states from Q′ that correspond to Ei in
(Ai)i∈N . C ′i is the set of states from Q′ that correspond
to the union of Cj for j ≤ i in (Ai)i∈N .

Complexity Analysis In terms of complexity analysis, the
conversion of LTL formula ϕ into an NBW Aϕ yields a
size of 2|ϕ|. Subsequently, the state space of the DPW is
determined to be 22|ϕ|

, characterized by a parity index of
2|ϕ|. As a result, the total number of states encapsulating
the product of the underlying game, along with the spec-
ifications of agent goals and environment goals, is given
by | S̃ | ·22|ϕ1| · · · · · 22|ϕn| · 22|Φ|

. Notably, the compu-
tational task of verifying the emptiness of the DPW, sub-
ject to Streett conditions, requires polynomial complexity
concerning the state space of the automaton, as highlighted
by (Perrin and Pin 2004). Thus, the overall computational
complexity for Nash equilibrium analysis emerges as | S̃ |
·22|ϕ1| · · · · · 22|ϕn| · 22|Φ|

. Removing duplicated states and
eliminating strongly connected components and self-loops
clearly demonstrates a substantial reduction in the computa-
tional complexity associated with tasks related to temporal
equilibrium analysis.

Decomposing Temporal Equilibrium Strategy
The synthesized strategy is structured as an automaton ~σ =
〈AP,Q, q0, ξ,F〉, which can be used for constructing re-
ward machines to guide the reinforcement learning pro-
cess (Camacho et al. 2019). Considering the advantages of
decentralized MARL in terms of scalability and communica-
tion efficiency, we propose a method to decompose the syn-
thesized strategy into sub-strategies for individual agents.
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Figure 2: Temporal equilibrium strategy derived from
MATEA tool and its individual strategies for each agent: (a)
overall temporal equilibrium strategy, (b) individual strategy
for agent ma, (c) individual strategy for agent mb, (d) indi-
vidual strategy for agent mc

This decomposition is based on the local event set Hi spe-
cific to each agent i. To achieve this, we introduce a mapping
function δi ∈ q → Q̂ through Equation (5), aimed at associ-
ating a state q ∈ Q with a set of states Q̂ ⊆ Q that are not
transitioned from their corresponding local events.

δi(q) = {q′ ∈ Q | q′ = ξ(q, a), ∀q ∈ Q∧a ∈ AP \H} (5)

Figure 2 shows the temporal equilibrium strategy syn-
thesized from MATEA tool with its decomposed strategies
for each agent for the motivation example. The synthesized
team strategy mandates a synchronized sequence of actions,
wherein agents ma and mb must reach locations a and c,
respectively, to transition to the subsequent state. Subse-
quently, ma advances from a to b, followed by mb proceed-
ing from c to d. Upon ma reaching b, mb gains the liberty to
shift from d to f , and ma concurrently traverses from b to e.
Additionally, agent mc traverses from its present position to
g, completing a well-coordinated coordination. Subsequent
steps entail ma and mb returning to a and c respectively, ef-
fectively initiating an iterative cycle. This cyclic progression
ensures that the corresponding locations are visited infinitely
often.

The decomposed strategies only require each agent to
move to different locations based on its local event set. Con-
sider the instance of agent ma: it initiates by progressing
from a to b, subsequently transitioning from b to e. Ulti-
mately, it navigates from e back to a, thereby perpetuating
the recurring cycle.

Then we construct the individual strategy automaton from
the synthesized strategy for MARL in Definition 5.
Definition 5 (Individual Strategy Automaton) Given the
synthesized strategy ~σ and the local event set Hi for
each agent, the individual strategy is defined as σi =
〈Hi, Qi, q

0
i , ξi,Fi〉, where:

• Qi = {δi(q) | q ∈ Q}, q0
i ∈ δi(q);

• ξi ∈ Qi × Hi → Qi, q′i = ξe(qi, a) is defined iff qi ∈
δ(q), q′i ∈ δ(q′) and q′ = ξ(q, a);

• Fi = {δi(q) | q ∈ F};
The strategy ~σ represents the Nash equilibrium, ensuring

that the runs of the automaton satisfy both the agents’ and
the environment’s goals. Nonetheless, the parallel compo-
sition of the decomposed individual strategies may not be
bisimilar equivalent to the initial automaton (Karimadini and
Lin 2011). Hence, we need to verify the persistence of the
Nash equilibrium following the decomposition and parallel
composition.

There have been theories to prove that the automaton is
forward simulated by the parallel composition of its decom-
posed automaton based on local event sets (Zhu et al. 2023).
Based on the result, we have ~σ v||ni=1 σi. Then we construct
Theorem 2 to prove that if ~σ is one of the Nash equilibrium
strategies of GM, then ||ni=1 σi also preserves the Nash equi-
librium of GM.
Theorem 2 If ~σ ∈ NE(GM), then ||ni=1 σi ∈ NE(GM).

Proof: Based on the fact that ~σ is forward simulated by
||ni=1 σi, then for any run of π(||ni=1 σi), there exists a corre-
sponding run π(~σ). So we can get Equation (6) holds.

Π(π(||ni=1 σi)) ⊆ Π(π(~σ)) (6)

Based on the definition, if ~σ ∈ NE(GM), then:

Π(π(~σ) |= ϕi) ⊂ Π(π((~σ−i, σ
′
i)) |= ϕi), ∀i ∈ N

Then we can get Equation (7), which can be used to prove
||ni=1 σi ∈ NE(GM).

Π(π(||ni=1 σi)) ⊆ Π(π(~σ)) ⊂ Π(π((~σ−i, σ
′
i)) |= ϕi), ∀i ∈ N

(7)
�

Subsequently, we formulate reward machines based on
these individual strategies to guide MARL within the con-
text of Dec-POMDPs. As outlined in Definition 6, a reward
machine primarily introduces the reward function ξri to the
strategy automaton. The function ξri allocates a real-value
reward r exclusively when the subsequent state corresponds
to one of the acceptance states. Conversely, a reward of 0 is
assigned in other cases.
Definition 6 (Individual Reward Machine) Given the in-
dividual strategy automaton σi, the individual reward ma-
chine Ni can be defined as a tuple 〈σi, ξri 〉, where ξri ∈
Qi × Hi → R defines a reward function. ξri (q, a) = r if
ξi(q, a) ∈ Fi, otherwise ξri (q, a) = 0.

The Dec-POMDP is subsequently extended by incorpo-
rating individual reward machines denoted as Ni, to re-
ward the participating agents. The extension process is elu-
cidated using Definition 7, which expounds on the aug-
mented Dec-POMDP. We used the labeling function λi ∈
S × Ai × S → Hi to abstract the state transitions to the
higher level of abstract strategies. In cases where the tu-
ple (qi, λi(s, ai, s

′)) ∈ dom(ξi), the automaton progresses
from state qi to ξi(qi, λi(s, ai, s′)), concurrently acquiring
the corresponding reward ξri (qi, λi(s, ai, s

′)). Conversely, if
the condition is not met, the reward remains 0.
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Definition 7 (Extend Dec-POMDP with Reward Machine)
Given the Dec-POMDP M, the labeling function L
and the individual reward machines (Ni)i∈N , the ex-
tended Dec-POMDP for agent i can be defined as
MNi = 〈N, Ŝ, ŝ0, (Oi, Ai)i∈N , T̂ , R̂〉, where:

• Ŝ = S ×Qi;
• ŝ0 = s0 × qi0;
• T̂ (〈s′, q′i〉 | 〈s, qi〉, a1, . . . , an) = T (s′ | s, a1, . . . , an);

• R̂(〈s, qi〉, a1, . . . , an, 〈s′, q′i〉) = ξri (qi, λi(s, ai, s
′));

Experiments
In this section, we mainly evaluated the performance tem-
poral equilibrium analysis and the sample efficiency of the
agents that uses temporal equilibrium for MARL under the
decentralized and centralized paradigm.

Experiment Setup
We first use our tool to generate temporal equilibrium strate-
gies and their corresponding decomposed counterparts from
the multi-agent LTL game, as specified using the high-level
description language SRML. To evaluate our approach, we
constructed six distinct scenarios, including varying agent
counts and settings. Specifically, The ”coop(*)” tasks keep
the same settings as the motivation example yet exhibit vari-
ations in agent quantities. The ”gossip(3)” scenario, derived
from the work in (Hammond et al. 2021), emulates a net-
working protocol mirroring the information diffusion pat-
terns observed in social networks. In this context, multiple
replica managers periodically exchange gossip messages to
ensure the up-to-date status of system data. During their
operational phase, each replica manager can persist in its
current servicing mode or transition to a gossiping mode.
Should a replica manager be in the gossiping mode while
another manager simultaneously engages in such activity,
the former reverts to the servicing mode in the subsequent
step. This is designed to support the bounded nature of in-
formation exchange during the gossip process. The funda-
mental goal for each replica manager is to engage in gos-
sip interactions perpetually. The system requires that, among
the three replica managers, at least two must remain in
gossiping mode infinitely often. The ”ring-based(3)” sce-
nario, as adopted from work in (Gutierrez, Harrenstein, and
Wooldridge 2017), represents a ring-based mutual exclu-
sion model. All agents are organized in a cyclic arrangement
within this scenario, and a token is passed along this cycle.
Agents possessing the token are thereby granted access to
the critical section. Agents collectively aspire to attain con-
tinuous entry into the critical section, while the overarching
systemic goal focuses on the first agent to enter the critical
section infinitely often.

We conducted experiments to record the number of states
and state transitions, as well as the time used for temporal
equilibrium analysis, with results being compared against
those obtained using the EVE tool to check the existence
of Nash equilibrium (Gutierrez et al. 2018). These experi-
ments are conducted on a PC with an Intel i9-12900KF GPU

Exp(num
of agents)

EVE MATEA
state trans time(ms) state trans time(ms)

coop(2) 10 11 1.16 5 6 0.86
coop(3) 8 9 1.08 5 6 0.96
coop(5) 352 705 40.45 10 16 6.81
coop(7) 1092 3841 449.69 14 22 42.03

gossip(3) 36 146 7.21 9 32 2.83
ring-based

(3) 136 269 13.13 8 13 2.96

Table 1: Comparison the Performance of Temporal Equilib-
rium Analysis between EVE and MATEA

clocked at 6.7GHz, accompanied by 64 GB of RAM, and
operating on the Ubuntu 18.04 platform.

The synthesized strategies are then used for MARL
scenarios, instantiated within the OpenAI Gym environ-
ment (Brockman et al. 2016), and reproducing the 40 × 40
grid-world task settings outlined in the motivational exam-
ple. We generate three distinct maps adorned with randomly
positioned task locations to impart diversity. Subsequently,
we employ the ”coop(2),” ”coop(3),” and ”coop(5)” speci-
fications to derive temporal equilibrium strategies, steering
multi-agent learning processes across these maps. Our focus
lies in comparing two distinct learning paradigms: central-
ized MARL Q-learning, which adheres to the team strategy,
and decentralized MARL Q-learning, which operates based
on decomposed strategies.

Our experimental setup set the learning rate α as 0.1 and
the discount factor as 0.9. For each experiment, five indepen-
dent trials were conducted to ensure the robustness and reli-
ability of the results. The ”coop(2)” experiment was trained
with 1 ∗ 104 episodes, each with 1000 steps. Moreover,
the ”coop(3)” and ”coop(5)” experiments were trained with
2 ∗ 104 episodes, each episode with 1000 steps.

Discussions
Table 1 provides a comprehensive comparison between the
EVE and MATEA tools in various scenarios, each involv-
ing a different number of agents. Notably, MATEA con-
sistently surpasses EVE in terms of state space reduction
and the count of state transitions required for the synthe-
sized strategy. This distinction is particularly evident in co-
operative tasks with more agents, where MATEA achieves
a remarkable reduction in both state space and state tran-
sitions compared to EVE. Additionally, the efficiency of
MATEA is noteworthy, as it significantly reduces the analy-
sis time across all scenarios. Notably, in the ”coop(7)” task,
MATEA requires merely 42.03 ms for analysis, compared
with 449.69 ms of EVE. This performance enhancement po-
sitions MATEA as an efficient solution for real-world appli-
cations, particularly when dealing with complex specifica-
tions and a substantial number of agents.

Figure 3 provides a comparative analysis of learning
curves within the centralized and decentralized paradigms
across various maps and specifications. The progressive in-
crease in the accumulated reward per episode over train-
ing steps in Figures 3a to 3c illustrates the consistent
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Figure 3: Analyzing learning curves in centralized vs decentralized systems across diverse maps and specifications with constant
hyper-parameters: experiments with α=0.1, γ=0.9 conducted in five independent trials. Row one (a, b, c) focuses on varied
specifications and agent numbers on a single map; row two (d, e, f) examines a consistent specification across multiple maps.

performance enhancement achieved by the decentralized
paradigm. Furthermore, it is apparent that the decentralized
approach consistently outperforms the centralized counter-
part, evident from both the learning curves and the accumu-
lated reward per episode.

For instance, considering the ”coop(2)” case, the decen-
tralized paradigm attains a steady accumulated reward of 90,
while the centralized paradigm only reaches 10. Similarly,
in the ”coop(3)” scenario, multi-agents within the decentral-
ized paradigm start to learn around 5 ∗ 106 steps, whereas
the centralized approach initiates learning around 1.5 ∗ 107

steps. Moreover, the decentralized paradigm achieves an ac-
cumulated reward of 250, whereas the centralized counter-
part only reaches 30. In the case of ”coop(5),” the decentral-
ized paradigm continues learning despite the complicated
agent requirements, while the centralized approach struggles
due to the extensive requirements of different agents.

Figures 3d through 3f consistently apply the same spec-
ification across diverse maps. Evidently, there is an impact
on sample efficiency due to the spatial proximity of task-
related locales on the map. In instances where destinations
such as d and e are in close proximity, the learning pro-
cess for agents becomes more facile, whereas distance cor-
relates with increased complexity in learning. Regardless of
the variability in final steady-state rewards across different
maps, the decentralized paradigm consistently outperforms
its centralized counterpart. This correspondence underscores
the augmented efficiency and resilience of the decentralized
approach, spotlighting its applicability across a variety of

settings and environments.

Conclusion and Future Work

This paper presents a novel hierarchical MARL framework,
MATEA, which synthesizes temporal equilibrium strategies
through parity games. The results of our comparative analy-
sis underline MATEA’s capability to reduce state and action
spaces across diverse multi-agent tasks, ultimately enhanc-
ing the efficiency of temporal equilibrium analysis. Further-
more, the experimental evaluations conducted under both
centralized and decentralized paradigms reveal the benefits
of decomposing temporal equilibrium strategies for decen-
tralized training.

Our current work only employs Q-learning within dis-
crete state and action spaces. In forthcoming research, more
advanced models such as DQN and DDPG could be used
to accommodate continuous state and action spaces, further
broadening the applicability of our approach.
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